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Preface 

It is a great pleasure to welcome you to the 16th International Conference on 
Computational and Mathematical Methods in Science and Engineering (CMMSE 
2016), will be held at Rota, Cádiz (Spain), July 4th-8th, 2016. This consolidate international 
conference offers the opportunity of discuss on new breakthrough ideas in different applied 
mathematics disciplines and creates synergies among the attendants in order to advance the 
frontier of knowledge and, as a consequence, to propose new (European) research projects. 

Horizon 2020 is the new EU Framework Programme for Research and Innovation. 
New Societal and Technology problems have been raised where Applied Mathematics 
seems to be a fundamental field in the vast majority of them. The importance of this 
discipline in other areas, such as Engineering, Computer Science, Physics and Chemistry, 
must be a value in order to be part of the funded projects.  

The different advances are included in the extended abstracts and papers accepted to 
the conference and will be collected in these proceedings of CMMSE 2016. The 
proceedings we have pleasure to present here has five volumes, the first four correspond to 
the articles typeset in LaTeX and the fifth to articles typeset in Word. During CMMSE 
2016 you will have the opportunity of discuss about current and new challenges, 
exchanging ideas, comments and suggestions leading to the improvement and deepening 
of the papers presented to allow further development of the research occurs. The attendants 
must also take advantage of the plenary speakers and important attendant researchers, in 
order to get new ideas and, maybe, propose future collaborations.

Twenty symposia show the variety of disciplines considered in the conference, which 
are formed from high quality accepted papers. The first one, high-performance computing,
considers new large-scale problems that arise in fields like bioinformatics, computational 
chemistry, and astrophysics. Mathematically modeling the future Internet and developing 
future Internet security technology is a self-explanatory session. The third symposium 
addresses analytical, numerical and computational aspects of partial differential equations 
in life and materials science. Computational finance is a session focusing on solving 
problems related to asset pricing, trading and risk analysis of financial assets that have no 
analytic solutions under realistic assumptions and thus require computational methods to 
be resolved. A forum for discussion of the growing impact of new technologies on teaching 
and the development of new tools to increase learning efficiency is provided in the 
symposium: new educational methodologies supported by new technologies. The 
symposium on mathematical models and information-intelligent systems on transport
researches in the field of flow-modelling of particles with motivated behavior in complex 
networks, applied to traffic flows, pedestrian flows, ecology, etc. The seventh symposium 
studies computational methods for linear and nonlinear optimization and numerical 
methods for solving nonlinear problems is given in another session. Bio-mathematics 
studies both theoretical and practical applications of population dynamics, eco-
epidemiology, epidemiology of infectious diseases and molecular and antigenic evolution.
The 10th symposium will put particular emphasis on species involving Coulombically
interacting particles either trapped by external potentials or confined to hypersurfaces:
Quasi-Solvable Systems in Quantum Chemistry and Physics. Model interesting problems 
arisen in Computer Science, considering algebraic and computational (fuzzy) techniques, 
is the main goal of mathematical models for computer science. The aim of the 12th
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symposium is to obtain a consistent description of the transition from clusters to the solid 
state, which is a major challenge in computational chemistry and physics.  

The enormous potential of fixed point theory, which is needed in mathematics, 
engineering, chemistry, biology, economics, computer science, and other sciences, justifies
the great interest in fixed point theory in various abstract spaces and related applications. 
Computational methods in direct and inverse (systems of) PDE’s covers general 
phenomena formulated as control problems or inverse problems associated with 
mathematical models described by partial differential equations (PDE). An overview of 
mathematical and computational research focusing on corporate or government 
applications and problems arising from different economic sectors is presented in the 16th
mini-symposium: Industrial Mathematics. Parallel implementation using hybrid 
architectures with accelerators, either GPUs or FPGAs, of numerical methods for solving 
problems within the following topics of interest: industrial mathematics, fluid mechanics, 
global optimization, finance, geophysical flows, computational chemistry, 
electromagnetism, magneto hydrodynamics, atomic physics, relativistic flows; is given in 
the symposium: Numerical simulation on GPUs. Mathematics in the Information Society
aims at presenting recent advances in practical applications of Cryptology, Coding Theory 
and Development of Technologies that address challenges related to Communication 
Systems. The computational methods for fluid flow are considered in this symposium, 
which provides a forum for discussion of current problems and recent advances in the area. 
Finally, the last symposium, Uncertainty and Imprecision Modelling in Decision Making, 
introduces new results about the concepts and procedures commonly used in decision-
making processes where an imprecise knowledge of the data is present.

We want to conclude this preface giving thanks to the plenary speakers for their 
outstanding contributions to research and leadership in their respective fields, including 
physics, computer science and engineering. We would also like to thank the special session 
organizers and scientific committee members, who have played a very important part in 
setting the direction of CMMSE 2016. Finally, we would like to thank the participants
because, without their interest and enthusiasm, the conference would not have been 
possible. 

We cordially welcome all participants. We hope you enjoy the conference. 

Costa Ballena, Rota, Cádiz (Spain), July 3rd, 2016 

I. P. Hamilton, J. Medina & J. Vigo-Aguiar
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CMMSE 2016 Mini-symposia 

Session Title Type of Session/Organizers
High Performance Computing (HPC) J. Ranilla
P.D.E.'S in Life and Material Sciences Regular Session

Computational Finance
New Educational Methodologies 
Supported by New Technologies

Regular Session

Mathematical Models and Information-
Intelligent Systems on Transport

Alexander P. Buslaev & M. Yashenina

Computational Methods for Linear and 
Nonlinear Optimization

Maria Teresa Torres Monteiro

Numerical Methods for Solving Nonlinear 
Problems

Juan R. Torregrosa & A. Cordero

Bio-mathematics Ezio Venturino & Nico Stollenwerk & 
Maíra Aguiar

Quasi-Solvable Systems in Quantum 
Chemistry and Physics

Jerzy Cioslowski

Mathematical Models for Computer 
Science

Jesús Medina & Manuel Ojeda-Aciego

From clusters to the solid State Ian Hamilton & Peter Schwerdtfeger 
Computational Linear and NonLinear 
Algebra

P. Alonso

Fixed Point Theory in various abstract 
spaces and related applications

Regular Session

Computational methods in direct and 
inverse (systems of) PDE’s

Regular Session

Industrial Mathematics Regular Session
Mathematics in the Information Society P. Caballero Gil & F.J. Lobillo Borrero &

J.A. López Ramos & E. Martínez Moro
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Uncertainty and Imprecision Modelling in 
Decision Making

P. Alonso, H. Bustince, I. Díaz & S.
Montes



@CMMSE  Preface- Page vi 

Acknowledgements 

We would like to express our gratitude to the University of Cádiz,
especially to the group of Prof Medina of the dept. of Mathematics and 
professor José Antonio Álvarez Bermejo - Universidad de Almería,  

We also would like to thank all of the local organizers for their efforts devoted 
to the success of this conference:

o Pedro Alonso, Universidad Oviedo
o Jose Ranilla, Universidad Oviedo
o Raquel Cortina, Universidad Oviedo
o Carmelo Clavero, Universidad Zaragoza
o Higinio Ramos, Universidad Salamanca
o José Antonio Álvarez Bermejo - Universidad de Almería,
o María Eugenia Cornejo Piñero - Universidad de Cádiz,
o Juan Carlos Díaz Moreno - Universidad de Cádiz,
o Eloisa Ramírez Poussa - Universidad de Cádiz,
o M.T. Torres Monteiro Univerisdade Braga Protugal

CMMSE 2016 Plenary Speakers

� Wolfgang Sprößig - TU Bergakademie Freiberg, Germany
� Nico Stollenwerk - Lisbon University, Portugal
� Humberto Bustince – University Public of Navarra, Spain
� Motoko Kotani - Tohoku University, Japan



 

 

 

 

 

 

 

 

 

 

 

 

 



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.
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Abstract

In this paper an eco-epidemiological predator-prey model is proposed, in which the
presence of a disease in the prey is assumed. Even if the disease does not affect the
predators, it can lead to extinction of both populations. Assuming the latter to be
a useful resource, the prey vaccination as control measure is introduced in order to
protect biodiversity. Boundedness of solutions and equilibria feasibility are obtained.
Stability around the different equilibrium points is analyzed through eigenvalues and
the Routh-Hurwitz criterion. Simulations are carried out to support the theoretical
results.

Key words: vaccination, predator-prey model, population models, epidemics
MSC 2000: AMS codes: 92D25, 92D10, 92D40

1 Introduction

Eco-epidemiology is a branch in mathematical biology which considers simultaneously both
the ecological and the epidemiological issues. Ecological populations suffer from various
infectious diseases, which have a significant role in regulating population sizes. Mathemat-
ical studies of such eco-epidemiological models have explored several unknown aspects of
ecological population interactions, see e.g. [6].

In ecosystems, the interaction between the predator and their prey is a nonlinear and
rather complex process. The effects of disease-induced mortality or disease-reduced repro-
duction in regulating natural populations, decreasing their population sizes, reducing their
natural fluctuations, or causing destabilization of equilibria into oscillations of the popula-
tion states have been considered in [3, 4]. The findings of [1] indicate that from both the
ecological and the mathematical points of view it is important to study ecological systems
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subject to epidemiological factors. The aim of this study is to investigate the impact of a
vaccine provided on the infected prey population in an eco-epidemiological mathematical
predator-prey model. Costs coming from vaccination strategy can be high. However, it is
evident that the impact on the system may be beneficial and thereby regulate and preserve
the populations in the system.

The paper is organized as follows. After a brief introduction, In Section 2 basic as-
sumptions are considered and the model is then formulated. Section 3 investigates first of
all the model boundedness and consequently the feasible equilibra, the stability of which is
hence examined. Finally Section 4 includes numerical simulations, in order to support and
illustrate the analytical result achieved.

2 Model Formulation

Amathematical model is proposed, involving three populations: the prey population density
N , partitioned among susceptible, infected and vaccinated, N(t) = S(t) + I(t) + V (t), and
the predator population P (t). The model assumptions are:
In the absence of the disease, the prey population N(t) grows logistically with intrinsic
growth rate r and carrying capacity k.
In the disease presence, prey are partitioned among susceptible S(t) and infected I(t).
Susceptible prey become infected by contact with infected prey, at rate λ; they are also
removed by predation at rate h.
Healed infected prey are not immune and return to the susceptible class at rate γ.
Susceptible prey can be vaccinated at rate ν.
Newborns from vaccinated prey are susceptible, whereas infected do not reproduce.
Susceptible, infected and vaccinated experience intraspecific competition and predation.
Predators die at rate n.

Thus the model, in which all parameters are nonnegative, reads⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dS

dt
= rS

(
1− S + I + V

k

)
+ rV − λIS + γI − νS − hSP

dI

dt
= λIS − μI − γI − gIP − rI

S + I + V

k
dV

dt
= νS − lV P − rV

S + I + V

k
dP

dt
= −nP + e

(
hS + gI + lV

)
P

. (1)

The first equation for susceptibles accounts for their reproduction and intraspecific com-
petition, for vaccinated reproduction, the infection process at rate λ, the vaccination at
rate ν, disease recovery at rate γ, and predation, at rate h. The second equation for in-
fected includes new recruitments, through successful contact with a susceptible, natural
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plus disease-related mortality μ, disease recovery, predation and intraspecific competition.
The third equation for the vaccinated class accounts for the new entries, the predation at
rate l, and intraspecific competition. Finally the fourth equation for the predators considers
their mortality at rate n and the benefit of hunting on the three prey classes, scaled via the
conversion coefficient e < 1. The Jacobian of (1) is

J =

⎡⎢⎢⎣
J11 − r

kS − λS + γ − rS
k + r −hS

λI − rI
k J22 − rI

k −gI
ν − rV

k − rV
k J33 −lV

ehP egP elP J44

⎤⎥⎥⎦ (2)

with

J11 = r − λI − ν − hP − 2
Sr

k
− rI

k
− rV

k
, J33 = −lP −

rS

k
− rI

k
− 2

rV

k
,

J22 = λS − μ− γ − gP − Sr

k
− 2

rI

k
− rV

k
, J44 = −n+ e (hS + gI + lV )

3 Model analysis

3.1 Boundedness

To show that the model proposed is well posed, we prove its boundedness. Let U = S+I+V
and W = U + P . Then

dW

dt
+ ηW ≤(r + η)U − r

k
U2 + (η − n)P,

dU

dt
+ ηU ≤ (r + η)U − r

k
U2.

The right hand side of the second inequality represents a concave parabola Ψ, with maximum
value at U = k(r+η)

2r . Hence, Ψ(U) = k
4r (r + η)2 and we have

U ′ + ηU ≤ Ψ(U), W ′ + ηW ≤ Ψ(U) + (η − n)P.

Since η is arbitrary, we choose it so that 0 < η < n for which it follows

W ′ ≤ Ψ(U)− ηW,

giving

W ≤ Ψ(U)

η
(1− e−ηt) +W (0)e−ηt.

As t→∞, we have W ≤ max{Ψ(U)η−1,W (0)} = Z, implying that the solutions U , i.e. S,
I, V , and P are bounded. All the solutions for the model for any ε > 0 are confined in the
region:

Γ =
{
(S, I, V, P ) ∈ R4

+ : W ≤ Z + ε
}
.
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3.2 Equilibrium points

In addition to the origin E0, and coexistence, the remaining equilibria Ek = (Pk, Sk, Ik, Rk)
are the following: the predator-and-disease-free point E1 = (S1, 0, V1, 0), the disease-free
point E2 = (S2, 0, V2, P2) and the predator-free point E3 = (S3, I3, V3, 0). Specifically, we
analyse each one of them below.

Equilibrium E1

For the predator-and-disease-free point respectively the third and first equations in
system (1) give the two isoclines:

S1 =
rV 2

νk − rV
, V1 =

rS + k(ν − r)

r(k − S)
S. (3)

S1 has a positive branch raising up from the origin to infinity at the vertical asymptote
V̂ = νkr−1. Instead V1 has a similar behavior if r < ν, raising up to Ŝ = k, or from
S0 = k(1 − νr−1) < k = Ŝ if r > ν. The two curves in the S − V phase subplane meet
always in the first quadrant, even when they both go through the origin, since V1 is convex
and S−1

1 is concave. The intersection occurs in the box which is the cartesian product of
the intervals 0 < V < νkr−1 and m̂ < S < k, where we have set m̂ = max{0, S0}. This
ensures that both S1 and V1 are positive. Therefore the feasible existence of E1 is always
guaranteed.

Equilibrium E2

For the disease-free point from the third equilibrium equation we have

S2 =
n

eh
− l

h
V, (4)

which entails the feasibility condition:

0 < V2 < Ṽ =
n

el
. (5)

The remaining equilibrium populations are the intersection of the following isoclines:

P = ϕ1(V ) =
rl
kh

(
l−h
h

)
V 2 − 1

h

(
lν − r

(
l − 2 nl

hke +
n
ek − h

))
V − n

eh

(
r − ν − rn

keh

)
lV − n

e

=
Π(V )

l(V − Ṽ )
,

(6)

P = ϕ2(V ) =
r(l − h)eV 2 − (νlek + rn)V + νnk

kehlV
=

Γ(V )

kehlV
. (7)
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Study of the curve ϕ1

ϕ1 is defined for all V ≥ 0, except for V = Ṽ . It intersects the vertical axis at
P̃0 = h−1

(
r
(
1− ν − n(ekh)−1

))
, whereas the intersections with the horizontal one, existing

if its discriminant Δ1 is nonnegative, are the roots V2± of the parabola Π(V ) in the numer-
ator. The latter is convex if and only if l > h. Let P0 = n(eh)−1

(
r
(
1− n(ekh)−1

))
= Π(0)

denote the parabola intersection with the vertical axis. Then P0 = −ne−1P̃0. There are
several cases depending on the convexity of Π and on the location of its roots with respect
to Ṽ . Only in some of them φ1 admits a positive branch, which are discussed below. The
ranges for a viable V are specified.
We begin with the cases for Δ1 > 0 and l > h:
[1] V− < V+ ≤ 0 < Ṽ ≤ V ; here φ1 has a branch coming down on the right of the vertical
asymptote at Ṽ to a minimum positive value and then tending to +∞ as V → +∞.
[2] V− ≤ 0 ≤ V ≤ V+ < Ṽ ≤ V ; there is an arc joining (0, P̃0) with (V+, 0) and further also
a branch coming down on the right of the vertical asymptote at Ṽ to a minimum positive
value and then tending to +∞ as V → +∞.
[3] 0 ≤ V− ≤ V ≤ V+ < Ṽ < V ; there is a positive concave arc joining (V−, 0) and (V+, 0)
and a branch coming down on the right of the vertical asymptote at Ṽ to a minimum pos-
itive value and then tending to +∞ as V → +∞.
[4] V− < 0 ≤ V < Ṽ < V+ ≤ V ; there are two branches raising up, the first one to the
vertical asymptote from (0, P̃0), the second one going from the point (V+, 0) to +∞ as
V → +∞.
[5] 0 < V− ≤ V < Ṽ < V+ ≤ V ; two branches raise up, the first one to the vertical asymp-
tote from (V−, 0), the second one going from the point (V+, 0) to +∞ as V → +∞.
[6] 0 < Ṽ < V ≤ V− < V+ ≤ V ; again there are two branches, one coming down on the
right of the vertical asymptote to (V−, 0), the second one going from the point (V+, 0) to
+∞ as V → +∞.
Next, the cases for Δ1 > 0 and l < h:
[7] V− < V+ ≤ 0 ≤ V < Ṽ ; here φ1 has a branch raising up from (0, P̃0) to the vertical
asymptote at Ṽ .
[8] V− ≤ 0 ≤ V+ ≤ V < Ṽ ; there is an arc raising up from (V+, 0) to the vertical asymptote
at Ṽ .
[9] 0 ≤ V ≤ V− ≤ V+ ≤ V < Ṽ ; there are two branches, the first one coming down from
(0, P̃0) to (0, V−), the second one going from the point (V+, 0) to the vertical asymptote at
Ṽ .
[10] V− < 0 ≤ V+ ≤ V < Ṽ ; there is an arc raising up from (V+, 0) to the vertical asymptote
at Ṽ .
[11] 0 ≤ V ≤ V− < Ṽ < V ≤ V+; two branches come down, the first one from (0, P̃0) to
(V−, 0), the second one coming down from the vertical asymptote to the point (V+, 0).
[12] 0 ≤ V < Ṽ ≤ V− ≤ V ≤ V+; one branch raises up from (0, P̃0) to the vertical asymptote
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at Ṽ , and then a concave arc joining (V−, 0) with (V+, 0).
Finally we consider the case for Δ1 < 0 and l < h, as the opposite one cannot arise:
[13] 0 < Ṽ < V there is a branch coming down on the right of the vertical asymptote at Ṽ
to a minimum positive value and then tending to +∞ as V → +∞.

Study of the curve ϕ2

ϕ2 is defined for all positive values of V , with a vertical asymptote at the origin.
The intersections V ± of Γ with the horizontal axis exist depending on its discriminant
Δ2 = (rn+ νlek)2 − 4rnkν(l − h).
[A] For l > h and Δ2 < 0, Γ > 0 everywhere, so that ϕ2 from the vertical asymptote at the
origin comes down to a minimum positive value and then raises up to +∞ as V → +∞.
[B] For l < h and Δ2 > 0, since Γ(0) > 0, Γ is positive for 0 < V < V +, so that ϕ2 comes
down from the vertical asymptote at the origin to the value zero at V = V +.
For l > h and Δ2 > 0, Γ is positive for V < V − and V > V +, and since Γ(0) > 0, there are
two cases:
[Ca] V − < V + < 0, for which ϕ2 is convex and comes down from the vertical asymptote at
the origin to a minimum positive value and then tends to +∞ as V → +∞;
[Cb] 0 < V − < V +; in this situation ϕ2 comes down from the vertical asymptote at the
origin to the point (V −, 0) and then raises up from (V +, 0) to +∞.

Study of the intersections of the curves ϕ1 and ϕ2

We now combine the above situations in order to see whether an intersection between
ϕ1 and ϕ2 is guaranteed. There are other cases in which with further conditions other
intersections may occur, but we do not explore them. The intersection exists unconditionally
in the following cases. We give also the interval in which the abscissa V∗ lies.
For Δ1 > 0, Δ2 > 0 and l > h: [4Ca] (V∗ < Ṽ ), [5Ca] (V− < V∗ < Ṽ ), [6Ca] (Ṽ < V < V−).
For Δ1 > 0, Δ2 < 0 and l > h: [1Cb] (max{V +, Ṽ } < V ∗), [2Cb] (max{V +, Ṽ } < V ∗),
[3Cb] (max{V +, Ṽ } < V ∗), [4Cb] (V ∗ < min{V −, Ṽ }), ; for [5Cb] the intersection exists if
V− < V ∗ < min{V −, Ṽ }.
For Δ1 > 0, Δ2 > 0 and l < h: for [7B] and [12B] the location is V ∗ < min{V +, Ṽ }; in the
next three cases the intersection exists conditionally, namely if V+ < V ∗ < min{V +, Ṽ }:
for [8B], [9B] and [10B]. For [11B] the intersection exists if max{V +, Ṽ } < V ∗ < V +.
The case Δ1 < 0, Δ2 < 0 and l > h instead does not guarantee an intersection without
further stricter conditions, which we do not explore.

Equilibrium E3

For the predator-free point from the second equation

I = η1(S, V ) =

(
λk

r
− 1

)
S − V − k

r
(μ+ γ). (8)
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From (8) I is nonnegative if:

V3 <

(
λk

r
− 1

)
S3 −

k

r
(μ+ γ). (9)

Substituting (8) into the other equations, two functions are obtained, depending on S:

V = η2(S) =
ν

λS − (μ+ γ)
S, (10)

V = η3(S) =
λ2kS2 − {r(r − ν + μ) + λk[γ + r(μ+ γ)]}S + kγ(μ+ γ)

r (λS + r − γ)
=

Ω(S)

rλ(S − S)
.

(11)

Study of the curve η2
The function η2 goes through the origin, it has a vertical asymptote at Ŝ = (μ+ γ)λ−1

but it is positive only when S > Ŝ. It is always decreasing, having an always negative
derivative

S′ = −ν μ+ γ

[λS − (μ+ γ)]2
. (12)

Therefore there is only one possibility:
[I] η2 it comes down from the asymptote at S = Ŝ to the horizontal asymptote V̂ = νλ−1.

Study of the curve η3
The isocline η3 is feasible for S ≥ 0, it has a vertical asymptote at S = (γ − r)λ−1. It

crosses the vertical axis at the height V0 = kγ(μ+γ)[r(r−γ)]−1. The parabola Ω is convex,
with positive height at the origin, Ω(0) = kγ(μ+ γ) > 0.
The roots of Ω are complex if its discriminant is negative, Δ3 < 0. Then for η3 there is:
(a) a positive branch from (0, V0) tending to +∞ as S → +∞ if S < 0, i.e. r > γ;
(b) a positive branch coming down from the right of the vertical asymptote at S = S to a
minimum and then tending to +∞ as S → +∞ if S > 0, i.e. r < γ.
For Δ3 > 0 since Ω(0) > 0, both roots have the same sign. For negative roots we have:
(c) S < S− < S+ < 0, (d) S− < S < S+ < 0, (e) S− < S+ < S < 0, all imply that for η3
there is a positive branch from (0, V0) tending to +∞ as S → +∞;
(f) S− < S+ < 0 < S the positive branch of η3 comes down from the right of the vertical
asymptote at S to a positive minimum and then raises up to +∞ as S → +∞.
When the roots are positive instead we find:
(g) S < 0 < S− < S+ gives to two positive branches for η3, one coming down from (0, V0)
to (S−, 0), the other one raising up from (S+, 0) to +∞ as S grows;
(h) 0 < S < S− < S+ gives to two positive branches for η3, one coming down from the right
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of the vertical asymptote at S to (S−, 0), the other one from (S+, 0) to +∞ as S grows;
(i) 0 < S− < S < S+ gives to two positive branches for η3, one raising up from (S−, 0) to
the vertical asymptote, the other one raising up from (S+, 0) to +∞ as S grows;
(j) 0 < S− < S+ < S gives two positive branches for η3, a concave one joining (S−, 0) with
(S+, 0), the other one coming down from the right of the vertical asymptote to a positive
minimum and then raising up to +∞ as S → +∞.

Study of the intersections of the curves η2 and η3
Combining these cases, a feasible intersection always occurs at the abscissa S∗ for:

For [Ia], [Ic], [Id], [Ie] the intersection lies in Ŝ < S∗; for [Ig], [Ih] it lies in S+ < S∗;
[Ib], [If], [Ij], all give an intersection Ŝ < S∗ if S < Ŝ;
[Ii] gives an intersection S+ < S∗ if S < Ŝ and a second one Ŝ < S∗ < S if Ŝ < S.

Equilibrium E3 is feasible if η2 and η3 intersect as discussed above and (9) holds.
Finally, the coexistence equilibrium will be analyzed numerically.

3.3 Stability analysis

Equilibrium E0

The Jacobian here shows two negative eigenvalues, Λ1 = −(μ+ γ) and Λ2 = −n. The
other ones are the roots of the equation Λ2 − tr(J(E0))Λ + det(J(E0)) = 0 coming from a
minor J of the Jacobian, where tr(J(E0)) and det(J(E0)) provide the stability condition
tr(J) = r − ν < 0 but the remaining one cannot be satisfied, det(J) = −rν < 0 so that E0

is always unstable.
Equilibrium E1

At E1 we find

Λ1 = J22|E1 = λS − r

k
S − r

k
V − μ− γ, Λ2 = J44|E1 = −n+ ehS + elV

The other two eigenvalues do not affect the result. In fact, the Routh-Hurwitz conditions
on the remaining 2 by 2 minor J̃ are satisfied,

tr(J̃(E1)) = −
r

k
(S+V )− r

V

S
− ν

S

V
< 0, det(J̃(E1)) =

r

k

(
r
V 2

S
+ ν

S2

V
+ rV + νS

)
> 0.

Thus the stability conditions are:

h

l

( n

eh
− S

)
> V >

λk − r

r
S − k

r
(μ+ γ) (13)

The second condition (13) is exactly the opposite of (9), thereby showing a transcritical
bifurcation between E3 and E1, while comparing the first one with (4), it follows that
whenever E2 is feasible, E1 must be unstable. Thus, when equilibrium E1 is stable, equilibria
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E2 and E3 do not exist. On the other hand, if at least one of them is feasible, then E1 is
unstable.

Equilibrium E2

Here one eigenvalue is explicitly obtained, Λ2 = J22|E2 = λS − (μ + γ) − gP −
rk−1(S + V ). The characteristic polynomial is the cubic

a0Λ
3 + a1Λ

2 + a2Λ + a3 = 0

with

a1 =
r

k
(S + V ) + ν

S

V
+ r

S

V
, a3 = hl(νS + rV ) +

(
rl2

V 2

S
+ νh2

S2

V

)
+

r

k
(l − h)2SV,

a0 = 1, a2 = 2
r2

k2
SV + el2V P + 2rν +

r

k

(
r
V 2

S
+ ν

S2

V

)
− r

k
(νS + rV ) + eh2SP.

Stability occurs when the Routh-Hurwitz conditions hold, but since a1 > 0 and a3 > 0, we
need only to require the last one, as well as the negativity of the eigenvalue Λ2 < 0:

a1a2 > a3, λS2 < (μ+ γ) + gP2 +
r

k
(S + V ). (14)

Equilibrium E3

At E3 = (S3, I3, V3, 0), again one eigenvalue is Λ4 = J44|E3 = −n+e (hS + gI + lV ). Us-
ing the Routh-Hurwitz criterion for the remaining cubic characteristic equation

∑3
i=0 biΛ

i,
with b0 = 1

b1 = −
(
r

k
I + r

V

S
−
(
r

k
(S + V ) + γ

I

S
+ ν

S

V

))
b2 =

r

k
(γ + r)

IV

S
+

rν(S + V )S

kV
+ νr + λγI+

−
(
r2(S + V )I

k2
+

r(rV 2 + γI2)

kS
+ I

(
λ2S +

νγ

V
+

rγ

k

))
b3 = I

(
r3V 2

k2S
+

rνS

kV
+

rλ2S2

k
+ νλ2S

2

V
+

rνγ

k

)
+

− I

(
r2γIV

k2S
+

rγλV

k
+ λνγ

S

V
+

r3

k3
S2 +

r2νS2

k2V
+

rλνS

k

)
Stability is achieved when Λ4 < 0, and the Routh-Hurwitz conditions hold, i.e. explicitly

hS + gI + lV < n
e , b1b2 > b3,

r
kI + r V

S < r
k (S + V ) + γ I

S + ν S
V , (15)

r
k

(
r2

k
V 2

S + ν S
V + λ2S2 + νγ

)
+ νλγ S2

V > r
k

(
r
kγ

IV
S + r2

k2
S2 + r

kν
S2

V + γλV + λνS
)
.
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4 Simulations

The simulations, implemented with the Matlab solver ode45, are run for selected sets of
parameter values, in part obtained from the literature and in part taken as hypothetical.
They are summarized in Table1.

Parameter Value Explanation Source

r 11.2 intrinsic growth rate [5],[6]

K 10000 carrying capacity hypothetical

λ susceptible to infected rate of conversion simulated

μ 0.4 infected mortality due to disease [5],[6]

n 0.3 predators mortality [7]

ν vaccination rate simulated

h 0.1 predation of susceptible hypothetical

g 0.3 predation of infected hypothetical

l 0.1 predation of vaccinated hypothetical

γ infected to susceptible conversion rate simulated

e 0.25 conversion factor of prey into new predators [5],[6]

Table 1: Model parameters

Figure 4, left frame, represents the endemic state: the four populations coexist. In
this way the infection is not eradicated. Coexistence is feasible with the parameters choice:
λ = 5, ν = 0.3, γ = 11. In this way only a very small portion of the susceptible population
is treated with vaccine. Moreover, it is assumed that the disease spreads easily, but also
infected recover at high rate. The same situation is reproduced with λ = 9: infection is
assumed to have a higher incidence with the same portion of vaccinated as in the previous
situation, in the right frame of Figure 4. The equilibrium E2 is stably attained for the
following choice of parameters: λ = 1.2, ν = 10, γ = 3. Initial conditions are S = 100,
I = 500, M = 10, N = 50. Infected prey become quickly extinct and susceptible prey,
vaccinated and predators show decaying oscillations before they reach the stable values, 4
left frame. Even on the assumption of having a greater number of contacts λ = 5 between
susceptible and infected prey, with the same rate of vaccination equilibrium E2 is achieved,
see right frame of Figure 4.

5 Conclusions

In this paper, a nonlinear predator-prey ecoepidemic model is proposed and analyzed in
order to study the effect of a vaccine on the prey population suffering from a disease.

Apart from the extinction point, other four equilibria have been shown to be feasible
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Figure 1: Susceptible, infected, vaccinated and predators around coexistence with parame-
ters given in Table 1 and with λ = 5, ν = 0.3, γ = 11 (left) and with λ = 5, ν = 0.3, γ = 11
(right).

and two different situations can arise. In some conditions, the predator-free equilibrium
point with endemic disease is a possible case. When this equilibrium becomes unstable,
the system settles to the infection-and-predator-free point. Here only susceptible prey are
found, which is not a good result from the biodiversity point of view. On the other hand, the
two populations can coexist with the endemic disease. Thus in this case the vaccine cannot
eradicate the disease. But in suitable conditions disease eradication is possible, showing that
vaccine is effective. In this case biodiversity is preserved. The numerical simulations show
that the populations can coexist when the disease is highly virulent, with large incidence rate
and when vaccinations are not administered or alternatively implemented at a too low rate.
Increasing the latter, good results are obtained: it is possible to overcome the illness and
to preserve the different populations in the environment. The theoretical analysis allows to
compare different types of vaccination control measures and their effect on the populations
global evolution.
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Abstract

In this paper we use the arrowhead matrices as a tool to study Graph Theory, more
precisely, an interesting class of directed multigraphs, the hub-directed multigraphs.
We associate the arrowhead matrices with the adjacency matrices of a class of directed
multigraph and we obtain new properties of the second objects by using properties of
the first ones. The hub-directed multigraphs with potential use in applications are also
defined. As main result, we show that a hub-directed multigraph G(H∗) with adjacency
matrix H∗ is a dominant hub-directed multigraph if and only if H∗ = CE, where C is
the adjacency matrix of another directed multigraph, and E is the adjacency matrix of
a particular elementary dominant hub-directed pseudo-graph. Another decomposition
of its Gram (arrowhead) matrix A = (H∗)T H∗ is also given.

Key words: arrowhead matrices, hub-matrices, directed multigraphs
MSC 2000: 65F15; 05C50; 05C20.

1 Introduction

Using relationships between different knowledge fields leads to one of the most stimulating
research in Mathematics. Indeed, with this approach, new alternative techniques raise to
improve well-known theories or find new ones. As an example of it, the reader can consult
the research started in [4, 5], where a mapping between Lie algebras and combinatorial
structures was introduced in order to translate properties of Lie algebras into the language
of Graph Theory and vice versa, research which was later extended to Leibniz algebras in [6].
In an analogous way, several works concerning certain connection between the evolution
algebras and Graph Theory can be found in [10, 11].
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In this paper, we are studying and analyzing the link between Graph Theory and
arrowhead matrices. We use also hub-matrices in this study.

Regarding Graph Theory, the study of its properties and applications is currently run-
ning in a high level due to its very widespread use as a tool to solve many important
problems in other disciplines. Indeed, graphs (and more particularly, trees) have been es-
sential previously to study several properties on semi-simple Lie algebras due to its role in
determining the Dynkin diagrams associated to such algebras [13].

With respect to arrowhead matrices, there exists a current and increasing interest in the
use of those of large order in the theory of the hub matrices, due to their useful applications
in networks, wireless communication, and the world wide web (see [9, 14] and the references
therein, for instance).

The main goal of this paper is to obtain an association between arrowhead matrices
and graphs, particularly directed multigraphs. The aim is to make easier the study of each
of them by dealing with their associated object. Properties of each of them could be later
translated into the language of the other.

The structure of the paper is as follows: First, we recall some preliminaries on arrowhead
matrices, hub-matrices and directed multigraphs. Section 3 is devoted to the study of
hub-directed multigraphs, which allows us to set the relationship between them and the
arrowhead matrices. By using its link we obtain that a hub-directed multigraph with
adjacency matrix H∗ is a dominant hub-directed multigraph if and only if H∗ = CE, where
C is the adjacency matrix of another directed multigraph and E the adjacency matrix of a
particular elementary dominant hub-directed pseudo-graph. Another decomposition of its
Gram (arrowhead) matrix A = (H∗)T H∗ is also given. In this way, we have given some
steps towards a better knowledge of arrowhead matrices by means of Graph Theory. In
Section 4 some applications and extensions of this research are outlined briefly.

2 Preliminaries

We recall some basic features regarding arrowhead matrices [8, 12, 15], hub matrices [9],
and directed multigraphs [2, 3, 7]. In this work, only the finite case will be considered.

2.1 Arrowhead matrices

A matrix A ∈ Kn×n, with K an arbitrary real or complex field, is arrowhead if A is of the
form

A =

⎛⎜⎜⎜⎜⎜⎝
b0 c1 c2 · · · cn−1

a1 b1 0 · · · 0
a2 0 b2 · · · 0
...

...
...

. . .
...

an−1 0 0 · · · bn−1

⎞⎟⎟⎟⎟⎟⎠, (1)
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in short A = {ai, bi, ci}n. If the entries ai, i = 1, 2 . . . , n − 1 are zero, A is called an upper
triangular arrowhead matrix. Alternatively, if the entries ci = 0, i = 1, 2 . . . , n− 1 are zero,
A is a lower triangular arrowhead matrix.

Triangular arrowhead matrices have interesting properties. For instance, if A,B are
n × n upper triangular arrowhead matrices, and λ ∈ K, then A + B, λA, and AB are
also upper triangular arrowhead matrices. If A is a nonsingular lower triangular arrowhead
matrix, its matrix inverse A−1 = (dij)

n
i,j=1 has the entries

dij =

⎧⎨⎩
1/bi, if i = j,
−ai/bi, for the entries of the first column j �= i,
0, otherwise.

(2)

The same properties are verified for upper triangular arrowhead matrices. The proofs of
these sentences are trivial.

The determinant, |A|, of an arrowhead matrix A as given in (1), with bj �= 0 for
j = 1, 2, . . . , n− 1, can be obtained easily by expanding |A| successively by its first row or
column.

|A| = b0

n−1∏
i=1

bi −
n−1∑
i=i

aici

n−1∏
j=2
j �=i

bj =

[
b0 −

n−1∑
i=i

aici
bi

]
n−1∏
j=1

bj = u

n−1∏
j=1

bj , (3)

where the value u,

u = b0 −
n−1∑
i=1

aici
bi

, (4)

is either zero or nonzero depending on whether A is singular or nonsingular, respectively.

However in the symmetric eigenvalue problem [12, 15] and also in real-world applications
[9], the term arrowhead is most commonly used for the symmetric arrowhead matrices. From
here on, we take this convention by assuming ci = bi, and denoting A = {ai, bi}n without
loss of generality. Some known results [1] are adapted here to the symmetric case.

Theorem 1 ([1]). Every arrowhead matrix A = {ai, bi}n, with bi �= 0, i = 1, 2, ..., n − 1,
has a UDUT factorization of the form

A =

⎛⎜⎜⎜⎜⎜⎝
1 a1

b1
a2
b2
· · · an−1

bn−1

1
1

. . .

1

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
u

b1
b2

. . .

bn−1

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
1
a1
b1

1
a2
b2

1
...

. . .
an−1

bn−1
1

⎞⎟⎟⎟⎟⎟⎠, (5)

where the value u = b0 −
∑n−1

i=1 a2i /bi.
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Note that the matrix D is invertible for A nonsingular. Thus the matrix inverse A−1

can be factored trivially.

Corollary 1 ([1]). The inverse A−1 of a nonsingular arrowhead matrix A = {ai, bi}n sat-
isfying Theorem 1, with u �= 0, has a triangular factorization of the form, A−1 = LD−1LT ,
where L =

(
UT

)−1
.

From Corollary 1 we can obtain a simple decomposition of A−1, which can be computed
in linear time.

Corollary 2 ([1]). The matrix inverse A−1 of a nonsingular arrowhead matrix A = {ai, bi}n
satisfying Theorem 1, with u �= 0, can be decomposed as a symmetric rank-one perturbation
of a singular diagonal matrix,

A−1 =

⎛⎜⎜⎜⎜⎜⎝
0

1
b1

1
b2

. . .
1

bn−1

⎞⎟⎟⎟⎟⎟⎠+
1

u

⎛⎜⎜⎜⎜⎜⎜⎝
1

−a1
b1−a2
b2
...

−an−1

bn−1

⎞⎟⎟⎟⎟⎟⎟⎠
(
1 −a1

b1
−a2
b2

· · · −an−1

bn−1

)
. (6)

2.2 Hub-matrices

A hub-matrix H ∈ Rn×m is a matrix whose first column (called hub-column) has an Eu-
clidean norm greater than or equal to the one of any other column, and the usual scalar
product of the hub-column with any other column is nonzero. In addition, these remaining
n−1 columns (called nonhub-columns) are orthogonal each other with respect to the scalar
product. In other words, if H is a hub-matrix then its associated Gram matrix A = HTH is
an arrowhead matrix; see Theorem 1 from [9]. The fact that H is a hub-matrix is sufficient
to claim that its Gram matrix A = HTH is an arrowhead matrix, but the hub condition is
not necessary. For its possible extension to the infinite case, we have taken the first column
as the hub-column, instead of the last one defined in [9].

An example of a hub-matrix and its associated Gram matrix is the following

H =

⎛⎜⎜⎜⎜⎝
1 1 0 0
3 0 0 1
0 1 0 0
2 0 1 0
1 0 0 2

⎞⎟⎟⎟⎟⎠ , A = HTH =

⎛⎜⎜⎝
15 1 2 5
1 2 0 0
2 0 1 0
5 0 0 5

⎞⎟⎟⎠ . (7)

2.3 Directed multigraphs

Recall that a simple graph is a pair G = (V,E) where V is a finite non-empty set of elements,
called vertices, and E is a set of 2-subsets of elements of V , called edges. The adjacency
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matrix of a simple graph with vertex set V = {v1, . . . , vn} is an n × n matrix, where the
element in the i-th row and j-th column is 1 if there exists an edge from vertex vi to vertex vj
(for 1 ≤ i, j ≤ n) and 0 otherwise. The adjacency matrix of any simple graph is symmetric
and binary.

The simple graph denoted by K1 has vertex set V = {v1} and edge set E = ∅. The
simple, noncomplete, graph denoted by K1,n has vertex set V = {v1, . . . , vn+1} and edge set
E = {{v1, vi}, for i = 2, . . . n+1}. Notice that K1,n displays the star topology (in fact, it is
named the star graph), where the non-hub vertices have a unique edge connected with the
hub-vertex {v1}. The adjacency matrix of K1,n is a traceless zero-one (binary) arrowhead
matrix.

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 1 1 1 1
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
1

2 3

45

Figure 1: The simple graph K1,4 and its adjacency matrix.

A directed multigraph is a pair G = (V,D), where V is a finite non-empty set of elements
called vertices and D is a set of ordered pairs of elements of V , called directed edges,
admitting loops which are edges with both vertices equal. When multiple edges are not
allowed, we refer to these graphs as directed pseudo-graphs, and they can be considered as a
particular case of directed multigraphs. When neither multiple edges nor loops are allowed,
we have a simple directed graph, digraph shortly.

The adjacency matrix of a directed multigraph with vertex set V = {v1, . . . , vn} is an
n×n matrix with nonnegative entries. When there are α edges from vertex vi to vertex vj ,
for 1 ≤ i, j ≤ n, the (ij)-entry is α, a nonnegative integer. For a directed pseudo-graph, its
adjacency matrix is binary since α = 1 or α = 0.

A morphism between two directed multigraphs, G1 = (V1, D1) and G2 = (V2, D2), is
a map φ : V1 → V2 such that if (u, v) ∈ D1, then (φ(u), φ(v)) ∈ D2. An isomorphism
between directed multigraphs is a bijective morphism and its converse is also morphism.

Given a square matrix A of order n with nonnegative entries, there is an only directed
multigraph associated to A, up to isomorphism. Conversely, given a directed multigraph
G, its adjacency matrix may be not unique. In general, it depends on the labelling of the
vertex set of G, V = {v1, . . . , vn}. However, if A and A′ are two adjacency matrices of
G, the matrices A and A′ are cogredient, i.e. there is a permutation matrix P verifying:
A′ = P−1AP = P TAP .
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3 Hub-directed multigraphs

In the general case, the adjacency matrix of a directed multigraph maybe not a hub-matrix.
Nevertheless, given a square hub-matrix H of order n, we are interested in considering the
directed multigraph of n vertices whose adjacency matrix is precisely the hub-matrix H.

1

2

3

4 5

B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 0 0 0
1 0 0 1 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Figure 2: Hub-directed pseudo-graph whose adjacency matrix is B.

When the hub-matrix H is of order n×m (n �= m), it is possible to add some rows or
columns of zeros in order to obtain a square matrix denoted H∗. Therefore, H∗ can be con-
sidered as an adjacency matrix of a new directed multigraph, the hub-directed multigraph.
We introduce the following

Definition 1. Given a hub-matrix H of order n×m, the hub-directed multigraph, G(H) of
max{n,m} vertices is the graph whose adjacency matrix is precisely H∗ defined as follows:

• If max{n,m} = n, H∗ is the matrix H with n − m columns of zeros added on the
right.

• If max{n,m} = m, H∗ is the matrix H with m−n rows of zeros added on the bottom.

• In both cases, G(H) is called the hub-directed multigraph associated to H.

Next, we consider the transpose of the hub-matrix B given in Figure 2 that is also a
square matrix, but it is not a hub-matrix. Its associated directed pseudo-graph is depicted
in Figure 3.

Let us illustrate an example of an arrowhead matrix, which is the Gram matrix, BTB,
of the hub-matrix B. The associated directed multigraph to BTB, Figure 4, has multiple
edges and it has the simple graph with star topology K1,3∪K1 as subjacent graph, which is
the simple graph obtained by suppressing the loops and considering only the simple edges
{{1, 2}, {1, 3}, {1, 4}}; see e.g. Figure 1 for K1,4.
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1

2

3

4 5

BT =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 1 1 1
1 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

Figure 3: Directed pseudo-graph associated to the matrix BT .

BTB =

⎛⎜⎜⎜⎜⎝
1 1 1 1 1
1 0 1 0 0
0 0 0 1 0
0 1 0 0 1
0 0 0 0 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 1 0 0 0
1 0 0 1 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
5 2 1 2 0
2 2 0 0 0
1 0 1 0 0
2 0 0 2 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠
Note that this property can be generalized to the case of any hub-matrix H as follows

Proposition 1. Let H be a hub-matrix of order n×m. The arrowhead matrix A = HTH is
the adjacency matrix of a directed multigraph whose subjacent graph is K1,n, which displays
the star topology, with possibly some isolated vertices.

1

2 3

45
5

2

2

2

2

2

2

Figure 4: Directed multigraph associated to the arrowhead matrix BTB.

3.1 Dominant hub-directed multigraph

We are interested in hub-directed multigraphs that can be factored as the composition of
another directed multigraph by a simpler hub-directed pseudo-graph.
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Definition 2. A hub-directed multigraph whose adjacency matrix satisfies < v1, vj > ≥
< vj , vj >, for every nonzero column vj, with the usual scalar product <,>, is called a
dominant hub-directed multigraph.

Notice that the hub-directed pseudo-graph from Figure 2 is a dominant hub-directed
pseudo-graph. However, if we zeroing the (3, 1)-entry of the adjacency matrix B of Figure
3, because now < v1,v2 > = 1 < 2 = < v2,v2 >, the new hub-directed pseudo-graph is
not dominant.

Definition 3. An elementary dominant hub-directed pseudo-graph is a dominant hub-
directed pseudo-graph whose adjacency matrix H∗ satisfies < v1, vj > = 1 = < vj , vj >,
for every nonzero binary column vj, with j �= 1.

The adjacency matrix of an elementary dominant hub-directed pseudo-graph charac-
terizes the dominant hub-directed multigraph. We now introduce a new concept.

Definition 4. The n×n square hub-matrix E which has one-entries on its hub-column and
for j = 2, ..., n, the nonhub-columns of E are the same as those of the n× n unit matrix is
called elementary hub-matrix of order n.

Lemma 1. The matrix H∗ satisfies H∗ = CE, where C coincides with H∗ with the exception
that the first column of C is the hub-column of H∗ minus the nonhub-colums of H∗ and E
is the elementary hub-matrix.

Remark 1. Notice that the matrix C has a directed multigraph associated, while E is
associated with an elementary dominant hub-directed pseudo-graph. Observe also that the
elementary hub-matrix of order n, E, is the adjacency matrix of a particular elementary
dominant hub-directed pseudo-graph with the star topology. See, for instance, the graph on
the right of Figure 5.

Definition 5. A decomposition given by lemma 1, H∗ = CE, is called C−E decomposition.

Theorem 2. A hub-directed multigraph G(H∗) with adjacency matrix H∗ is a dominant
hub-directed multigraph if and only H∗ admits a C − E decomposition, where E is the ele-
mentary hub-matrix and C is the adjacency matrix of another directed multigraph associated
to G(H∗).

The proof is trivial by observing that C = H∗E−1. As an illustration, we observe
the C − E decomposition of the adjacency matrix of a dominant hub-directed multigraph.
Figure 5 shows the associated graphs.

H∗ =

⎛⎜⎜⎝
2 1 0 0
7 0 0 3
0 0 0 0
4 0 2 0

⎞⎟⎟⎠ =

⎛⎜⎜⎝
1 1 0 0
4 0 0 3
0 0 0 0
2 0 2 0

⎞⎟⎟⎠
⎛⎜⎜⎝

1 0 0 0
1 1 0 0
1 0 1 0
1 0 0 1

⎞⎟⎟⎠.
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1 2

34

2 7

34

2

G(H∗)

1 2

34

4

32

2

G(C)

1 2

34

G(E)

Figure 5: C −E decomposition of the hub-directed multigraph with adjacency matrix H∗.

Note that, in the particular case of hub-directed pseudo-graphs, the following result
holds.

Corollary 3. A hub-directed pseudo-graph G(H∗) with adjacency matrix H∗ is a dominant
hub-directed pseudo-graph if and only if H∗ can be factored in the form H∗ = CE, with C
the adjacency matrix of another directed pseudo-graph and E the elementary hub-matrix.

More precisely, the adjacency matrix C is the same than H∗, but the first column of C
is a zero column.

As an illustration, the decomposition of the adjacency matrix B of the dominant hub-
directed pseudo-graph from Figure 2 is B = CE,

B =

⎛⎜⎜⎜⎜⎝
1 1 0 0 0
1 0 0 1 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0 1 0 0 0
0 0 0 1 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

⎞⎟⎟⎟⎟⎠
Notice as the factorization (5) for an arrowhead matrix A = BTB yields A = ETDE,
where B is the adjacency matrix of a dominant hub-directed pseudo-graph, Corollary 3.
Here the diagonal matrix D = CTC. Moreover, as an immediate consequence of Theorems
1 and 2, we can obtain the following results regarding dominant hub-directed multigraphs
and arrowhead matrices. It can be applied as a particular case to dominant hub-directed
pseudo-graph.

Lemma 2. The arrowhead matrix A = (H∗)T H∗ satisfies A = DE, where D coincides
with A with the exception that the first column of the matrix D is the same as A but the
new first column is the first column of A minus the remaining columns of A and E is the
elementary hub-matrix.

Definition 6. A decomposition given by LEMMA 2, A = DE is called D−E decomposition.
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Theorem 3. A hub-directed multigraph G(H∗) with adjacency matrix H∗ is a dominant
hub-directed multigraph if and only if its Gram (arrowhead) matrix A = (H∗)T H∗ admits a
D−E decomposition, where E is the elementary hub-matrix and D is the adjacency matrix
of another directed multigraph.

For example, the Gram matrix A related with the adjacency matrix B of the dominant
hub-directed pseudo-graph from Figure 2 yields A = DE,

A =

⎛⎜⎜⎜⎜⎝
5 2 1 2 0
2 2 0 0 0
1 0 1 0 0
2 0 0 2 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
0 2 1 2 0
0 2 0 0 0
0 0 1 0 0
0 0 0 2 0
0 0 0 0 0

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 0 0 0 0
1 1 0 0 0
1 0 1 0 0
1 0 0 1 0
1 0 0 0 1

⎞⎟⎟⎟⎟⎠.

The matrix D from Theorem 3 is related with degrees and loops of the vertices of the
factored directed multigraph with adjacency matrix A. Indeed, the (ij)-entry (j �= 1) of D
gives us the number of edges from vertex vi to vertex vj (including loops) of the directed
multigraph associated to the Gram matrix A. The (1j)-entry (j �= 1) of D gives us the
number of edges from vertex vj to the vertex v1 minus the number of loops of the vertex vj .
The (11)-entry gives the number of loops of the vertex v1 minus the number of (no loops)
edges starting from v1.

4 Conclusions

The hub-directed multigraph, in particular the dominant hub-directed multigraph, has been
introduced and characterized through its adjacency matrix H∗ and also its Gram (arrow-
head) matrix A = (H∗)T H∗. The results obtained can be of use in applications [9, 14], e.g.
in the study of the gap and the ratio of second to first eigenvalue of a dominant hub-matrix
H with respect to a nondominant one, which is a matrix rearrangement of H. The same
can be used for the last to first eigenvalue. Also it can be applied in the performance of
hub-networks, with star topology, with respect to other (ring, hybrid) network topologies.
Of both theoretical and applied interest can be the characterization of the hub-directed
multigraph isomorphism.
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Abstract

To generalize the current inversion procedures for n × n nonsingular k-tridiagonal
matrices T

(k)
n , a fast and accurate numerical solver is proposed for the matrix equation

T
(k)
n X = B. The solution is evaluated in O(n2) time at most, using Givens reduction

and adapted back substitution. In particular, the matrix inverse of T
(k)
n is computed in

O(n2/k) time. The solution of the k-tridiagonal vector linear equation is also evaluated
in O(n) time.

Key words: Fast sequential algorithms, Givens reduction, k-tridiagonal matrix linear
equation.

MSC 2000: 15B99, 65F99.

1 Extended abstract

The tridiagonal matrices appear frequently in the solution of initial and boundary value
problems in differential equations that modeling many real-world applications. It gave rises
to design special algorithms for inverting such matrices; see e.g. [1, 2] and references therein.
A generalization of the tridiagonal matrix is the k-tridiagonal matrix, GNkT matrix shortly
for the nonsingular case, with entries

[
T (k)
n

]
ij
=

⎧⎪⎪⎨⎪⎪⎩
di, if i = j
ai, if j − i = k;
bi, if i− j = k;
0, otherwise.

(1)
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The inversion of the GNkT matrices is of current interest; see e.g. [3, 4, 5]. It motivates
our proposal of a specific numerical and sequential procedure for solving the general GNkT
matrix linear equation,

T (k)
n X = B, whereX, B ∈Mn×m (R) , (2)

with arbitrary m ∈ N. The matrix X is the solution to be evaluated. If m = n and B = In,

the solution is X =
(
T
(k)
n

)−1
, the matrix inverse of T

(k)
n . Specially, we have the GNkT

vector linear equation,

T (k)
n x = b; T (k)

n ∈ Rn×n; x, b ∈ Rn, (3)

We focus without loss of generality on the vector linear equation (3). In [3, 4] the matrix

inverse of T
(k)
n was evaluated using recurrence relations and, if necessary, a symbolic variable.

However, procedures based on recurrence relations are frequently unreliable [6]. Overflow or
underflow can appear. Also, the symbolic procedure has resulted slow, even unfeasible, for
large order matrices. In [4, 5] was suggested the division in k proper tridiagonal matrices

obtained from the GNkT matrix T
(k)
n using elementary modular arithmetic. The tridiagonal

matrices were inverted separately. Then, the entries of such inverses were reallocated in

the adequate positions of
(
T
(k)
n

)−1
to complete the matrix inverse. Although of possible

interest in parallel procedures, managing modular arithmetic, matrix division, symbolic
variable, and matrix reallocation reduces the speed of direct and sequential algorithms.

To avoid the explicit computation of the matrix inverse (unless it coincides with the

solution of (2)) and the previous drawbacks, Givens reduction of T
(k)
n to triangular form is

proposed, which preserves sparsity. Although complex Givens rotations are available, we
handle real GNkT matrices. Thus the simpler system, equivalent to (3), yields

Ux = v; U = QTT (k)
n ∈ Rn×n; x, v = QT b,∈ Rn, (4)

where the new coefficient matrix U is an upper triangular matrix, with a well-defined zero
band-pattern, with only one (for n ≤ 2k) or two (2k < n) nonzero bands above the main
diagonal. In the orthogonal reduction, the usual procedure for computing the coefficients
of the Givens rotations can be used. The particular structure of U is exploited using an
adapted back substitution scheme for solving the system (4) in linear time.

The simple procedure is summarized in the following algorithm. Its extension to the
GNkT matrix linear equation (2) is immediate.

Algorithm 1

Input: The n× n GNkT matrix T
(k)
n and the vector b from (3)

Output: An approximation of the vector solution x

Step 1: Computing U and v from (4)

1.a) Givens rotations to obtain U zeroing the k-th subdiagonal of T
(k)
n .

1.b) The same Givens rotations on b to obtain v.

Step 2: Solving the equivalent determined vector equation (4).
2.a) Computing x from (4) using back subtitution.
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Degree 500 1500 2000 5000 7500

mldivide 3.97e−3 7.64e−2 1.68e−1 2.10e−0 6.54e−0

Algorithm 2 4.01e−3 1.70e−2 2.59e−2 1.17e−1 2.41e−1

Table 1: Mean elapsed times (in seconds and after 100 trials) for computing the vector
solution of Example 1.

Degree 500 1500 2000 5000 7500

mldivide 6, 31e−16 1, 09e−15 1, 22e−15 1.89e−15 2.44e−15

Algorithm 2 1, 24e−15 2, 19e−15 2, 65e−15 4.14e−15 4.94e−15

Table 2: Residual for the outcomes of Example 1.

1.1 Numerical examples

Two current examples are used for the numerical comparison of the Algorithm 1, and its
slight adaptation for computing the matrix inverse, called Algorithm 2, with respect to the
advanced mldivide built-in solver of Matlab�’s package (R2015a). For a fair comparison,
we take Matlab�’s variable MaxNumCompThreads = 1. The trials have been done in a
CPU Intel� Core i7 4770 of 3.40 GHz and 8 GB of RAM.

Example 1. The performance of the Algorithm 1 with respect that of the mldivide solver

is compared by solving Equation (3). The n× n GNkT matrix T
(2)
n is as given for n = 7 in

[5], Section 3. That is,
[
T
(k)
n

]
ii
= 8 for i odd (1 for i even);

[
T
(k)
n

]
i,i−k

= 2 for i− k odd (1

for i− k even);
[
T
(k)
n

]
j−k,j

= −2 for j − k odd (1 for j − k even);
[
T
(k)
n

]
ij
= 0, otherwise.

The vector b ∈ Rn has entries b(i) = (−1)ii/(n+ i). In Table 1, the mean elapsed times

are compared. In Table 2, the residual ||T (2)
n x̂− b||F (Frobenius norm) are checked.

Example 2. We compare in Table 3 the accuracy of the Algorithm 2 with respect that of
Algorithm 3.2 from [4], KTRINV Algorithm given in [3], and the usual mldivide solver, by

evaluating ||T (k)
n X − In||F /||In||F , the residual norm. The GNkT matrix to be inverted is

the diagonally dominant matrix T
(k)
n , with k = 2, given in [4], Example 4.3, with entries

[
T (k)
n

]
ij
=

⎧⎪⎪⎨⎪⎪⎩
8.5 + (−1)i0.5, if i = j;
−1.5 + (−1)j0.5, if i− j = 2;
−3.5 + (−1)i0.5, if j − i = 2;
0, otherwise.

c©CMMSE ISBN: 978-84-608-6082-227



K-TRIDIAGONAL MATRIX LINEAR EQUATIONS

Degree Jia-Li�, [4] KTRINV�, [3] mldivide Algorithm 2

1000 1.8010e−16 1.8053e−16 1.8106e−16 1, 0760e−16

1500 1.8120e−16 1.8171e−16 1.8213e−16 1, 0191e−16

2000 1.8175e−16 1.8229e−16 1.8259e−16 9.891e−17

2500 1.8208e−16 1.8264e−16 1.8294e−16 9.707e−17

3000 1.8230e−16 1.8288e−16 1.8312e−16 9.582e−17

Table 3: Residual norm ||T (2)
n X − In||F /||In||F supply for the algorithms using the matrix

of Example 2. The outcomes of algorithms marked with � were obtained from [4], Table 2.

Degree 1000 1500 2000 2500 3000

mldivide 8.38e−2 2.565e−1 5.892e−1 1.1089e0 1.8733e0

Algorithm 2 1.12e−2 2.30e−2 4.00e−2 5.96e−2 8.49e−2

Table 4: Mean elapsed times (in seconds and after 100 trials) for computing the matrix

inverse of the GNkT matrix T
(k)
n of Example 2 with k = n/2.

The inverse is the solution of Equation (2), taking B = In. For k = n/2, the (mean) times
elapsed by Algorithm 2 with respect to that of the mldivide solver, in the computation of the

inverse of T
(k)
n , are detailed in Table 4.
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Abstract

A class of tests for the two-sample problem for count data whose test statistic is an
L2-norm of the difference between the empirical probability generating functions is con-
sidered. The null distribution of the test statistic is unknown, so some approximations
are investigated. Specifically, the bootstrap, permutation and weighted bootstrap esti-
mators are considered. All of them provide consistent estimators. A simulation study
analyzes the performance of these approximations for small and moderate sample sizes.
This study also includes a comparison with other two-sample tests based on comparing
the empirical characteristic functions associated to the samples.

Key words: two-sample problem, count data, probability generating function, simu-
lation

1 Introduction

The problem of testing whether two samples come from the same population is a statistical
issue of great interest and many different approaches have been proposed to deal with it.
One of them is related to the use of the characteristic function (CF) and its empirical
counterpart (ECF) by means of an L2-norm between both ECFs. Since the resultant test
statistic is not distribution free, Meintanis [2] suggested that it could be approximated by
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means of permutation and bootstrap procedures (see Alba-Fernández et al. [3] for a sound
justification). Jiménez-Gamero et al. [4] studied the use of a weighted bootstrap estimator
(in the sense of Burke [5]). The latter estimator is showed to have the same asymptotic
properties than the former ones, but it is more efficient from the computational point of
view.

This paper studies the two-sample problem for count data. When dealing with this
sort of data, Nakamura and Pérez-Abreu [1] argue in favor of using inferential methods
based on the empirical probability generating function (EPGF). The motivation for using
the PGF is that it is usually much simpler than the corresponding probability mass function
(PMF), fully characterizes the distribution and possesses convenient features not shared by
the characteristic or moment generating function such as being a real valued continuous
analytic function which always exists in the range [0, 1]d, where d is the dimension of the
random vector under study.

Motivated by Nakamura and Pérez-Abreu [1], a class of tests based on the L2-norm
between the EPGFs associated with both samples is considered. The limiting distribution
of the test statistic under the null hypothesis is derived. It is not distribution free, so some
approximations, such as bootstrap, permutation and weighted bootstrap, are studied.

Because the tests based on the EPGFs and those based on ECFs have similar asymptotic
properties, a simulation study is carried out in order to investigate the performance of both
approaches for small or moderate sample sizes. As anticipated by Nakamura and Pérez-
Abreu [1], we found that the test based on comparing the EPGFs behaves better than that
based on the ECFs.

2 The two-sample problem

Let X and Y be two random vectors taking values in Nd
0, for some fixed d ∈ N, with

cumulative distribution functions (CDF) FX and FY , respectively. Let us consider the
problem of testing for the equality of both distributions. The null hypothesis is stated as

H0 : FX(x) = FY (x), ∀x ∈ Nd
0 ⇐⇒ CX(t) = CY (t), ∀t ∈ Rd, (1)

where CX and CY are the probability generating functions (pgf) of X and Y , respectively.
Let X1, . . . , Xn and Y1, . . . , Ym be two independent random samples from X and Y , with
sizes n and m, respectively. For testing (1), we consider the following test function

Φn,m =

{
1,
0,

if Dn,m ≥ dn,m,α,
otherwise,

(2)

where

Dn,m =

∫
|CX,n(t)− CY,m(t)|2 w(t)dt,
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w is a probability density function defined on [0, 1]d, CX,n(t) and CY,m(t) denote the em-
pirical probability generating functions (egpf) associated with the samples,

CX,n(t) =
1

n

n∑
j=1

tXj , CY,m(t) =
1

m

m∑
l=1

tYl ,

and dn,m,α is the 1− α percentile of the null distribution of Dn,m.
To decide when to reject H0, that is, to calculate dn,m,α or, equivalently, to calculate

the p-value of the observed value of the test statistic, we need to know the null distribution
of Dn,m. In general, this task is quite difficult, so one has to approximate it. Here, we
consider some approximations to the null distribution of Dn,m: the bootstrap (B), the
permutation (P ) and the weighted bootstrap (WB). It can be shown that these methods
provide consistent estimations of the null distribution. For saving space the theoretical
results are omitted. Next section summarizes some simulation results.

3 Simulation study

This section empirically investigates the finite sample size properties of the proposed approx-
imations by means of several numerical experiments. All computations in this paper have
been performed using programs written in the R language (http://www.cran.r-project.org).

First, we study the goodness of the B, the P and the WB approximations to the
null distribution of the test statistic Dn,m. For doing this, we generated two independent
samples with equal sample sizes n = m = 20, from a univariate Poisson distribution with
mean λ = 2, P (2); the approximation of the p−value (for P , B and WB approximations),
say p̂, was calculated by considering 1000 replications. As weight function w(t) several
options are possible. We considered the following two: the uniform weight U(0, 1), and
the Beta weight β(2, 2). The experiment was repeated 1000 times and the fraction of p̂s
less than or equal to 0.05, i.e. the estimated type I error probability for α = 0.05, was
calculated. For the WB approximation, as multipliers data from a univariate standard
normal distribution were generated. As competitors, in the simulation experiment, we have
also included the test statistic for testing (1) similar to that presented here but based on
the ECFs. Based on Alba-Fernández et al. [3] as weight function of the ECFs test the
uniform and the standard normal distribution was considered. The whole experiment was
repeated for n = m = 50 and the results are displayed in Table 1. Looking at this table we
see that the estimated type I error probabilities are quite close to the nominal values; all
approximations –B, P and WB– show similar results.

Next, we compared the approximations of the null distribution of Dn,m in terms of the
power, and we also compared them with the test based on the ECFs. Here, we have only
included the estimated power when the first sample is coming from a Poisson distribution
while the second one from the discrete Lindley (DL) distribution introduced by Gómez and
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Table 1: Estimated type I errors for the univariate Poisson with mean 2, P (2).
PGF

Sample size Uniform weight Beta weight

n = m B P WB B P WB
20 0.053 0.055 0.062 0.056 0.052 0.064
50 0.059 0.055 0.065 0.057 0.057 0.064
100 0.045 0.047 0.050 0.047 0.046 0.048

ECF
Sample size Uniform weight Normal weight

n = m B P WB B P WB
20 0.056 0.061 0.068 0.057 0.061 0.071
50 0.047 0.048 0.057 0.046 0.050 0.051
100 0.046 0.046 0.050 0.048 0.050 0.052

Caldeŕın [6]. This last distribution was obtained by discretizing the continuous model of
the Lindley distribution. The resultant model is over-dispersed and competitive with the
Poisson distribution. Figure 1 displays the PMF of the Poisson and DL laws considered for
the power study. The estimated powers are shown in Table 2. From the results given in
Table 2 it can be said that the test based on the EPGFs provides better results (in term
of the power) than those obtained by using the ECFs. Other alternative distributions were
also considered and the obtained results follow similar conclusions.
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Table 2: Estimated power (α = 0.05). Poisson versus Discrete Lindley laws.
PGF

Uniform weight Beta weight

P (0.75) vs. DL(0.25) B P WB B P WB
n = m = 20 0.345 0.347 0.393 0.297 0.285 0.330
n = m = 50 0.752 0.750 0.769 0.638 0.639 0.654

P (0.5) vs. DL(0.1)
n = m = 20 0.333 0.321 0.352 0.245 0.238 0.277
n = m = 50 0.676 0.664 0.682 0.494 0.493 0.507

ECF
Uniform weight Normal weight

P (0.75) vs. DL(0.25) B P WB B P WB
n = m = 20 0.123 0.122 0.148 0.115 0.118 0.138
n = m = 50 0.282 0.289 0.295 0.289 0.291 0.302

P (0.5) vs. DL(0.1)
n = m = 20 0.095 0.092 0.114 0.148 0.149 0.182
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Abstract

Transactional Memory (TM) is a technique that aims to mitigate the performance
losses that are inherent to the serialization of accesses in critical sections. Some stud-
ies have shown that the use of TM may lead to performance improvements, despite
the existence of management overheads. However, the relative performance of TM,
with respect to classical critical sections management depends greatly on the actual
percentage of times that the same data is handled simultaneously by two transactions.
In this paper, we compare the relative performance of the critical sections provided
by OpenMP with respect to two Software Transactional Memory (STM) implementa-
tions. These three methods are used to manage concurrent data accesses in ATLaS, a
software-based, Thread-Level Speculation (TLS) system. The complexity of this appli-
cation makes it extremely difficult to predict whether two transactions may conflict or
not, and how many times the transactions will be executed. Our experimental results
show that the STM solutions only deliver a performance comparable to OpenMP when
there are almost no conflicts. In any other case, their performance losses make OpenMP
the best alternative to manage critical sections.

Key words: Software Transactional Memory, STM, Thread-Level Speculation, TLS,
OpenMP, ATLaS

1 Introduction

Current multicore processors offer an opportunity to speed up the computation of sequential
applications. To exploit these parallel technologies, the software needs to be parallelized,
that is, transformed in order to correctly distribute the work among different threads.
This process usually involves synchronizing the accesses to certain memory areas that are
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shared by the concurrent threads, with the aim of avoiding potential data races. This
synchronization is usually performed by using critical sections that protect shared memory
structures.

To simplify this process, parallel programming models such as OpenMP [1] offer com-
piler directives, not only to parallelize the code, but also to synchronize accesses and define
and manage critical sections. Despite their simplicity, these solutions present a problem:
Critical sections introduce performance losses, not only because they serialize the code, but
also because of the cost associated to locking management.

Software Transactional Memory (STM) [2] arises as a possible solution to the first
problem, allowing programmers to transform critical sections in transactions that are con-
currently and atomically executed. This is based on the optimistic assumption that the
code inside the transaction will access to different locations of the shared memory being
protected. In these cases, accesses are carried out concurrently. If this is not the case,
conflictive transactions should be rolled back and executed one at a time.

Works such as [3] have shown that STM can outperform OpenMP critical sections,
despite the relatively high overheads of STM. However, the relative performance of STM
versus OpenMP critical sections is highly dependent on the running profile of each particular
application. Different patterns of accesses to the same critical section may lead to different
performance figures.

This paper compares the OpenMP critical sections approach with two STM libraries,
using them to handle the critical sections that appears in the runtime library of ATLaS [4],
a state-of-the-art, software-based Thread Level Speculation (TLS) system. Our goal is to
study the relative performance of both approaches when managing concurrent accesses in
such a complex piece of code.

The rest of this paper is structured as follows: Section 2 briefly describes the fundamen-
tals of software TLS. Section 3 details how our TLS runtime library handles the speculative
execution of a source code, and how critical data structures are protected to ensure cor-
rectness. Section 4 describes how this protection can be ensured using OpenMP and two
different STM libraries. Section 5 shows the performance results obtained by each OpenMP
and the STM libraries considered. Finally, Sect. 6 concludes this paper.

2 Thread-Level Speculation in a Nutshell

Speculative parallelization (SP), also called Thread-Level Speculation (TLS) or Optimistic
Parallelization [5, 6, 7, 8, 9, 10, 11], is a technique that allows the parallel execution of frag-
ments of code (typically blocks of iterations of a loop) without the need for a compile-time
analysis, which guarantees that the fragments do not present data dependences between
them. Instead, TLS solutions assume that the loop can be optimistically executed in par-
allel, and rely on a runtime monitor to ensure that no dependence violations appear. TLS
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solutions can be implemented in software or hardware. From here on, we will focus on
software-based TLS.

A dependence violation appears when a given thread generates a datum that has already
been consumed by a thread executing a subsequent set of iterations with respect to the
original sequential order. In this case, the results calculated so far by the successor (called
the offending thread) are not valid and should be discarded. Early proposals [5, 6] stop the
parallel execution and restart the loop serially. Other proposals stop the offending thread
and all its successors, re-executing them in parallel [7, 8, 9, 10].

Figure 1 shows an example of thread-level speculation. The figure represents four
threads executing one out of four consecutive iterations, and the sequence of events that
occurs when the loop is executed in parallel. All threads access certain data elements
from the SV vector. If the values of x are not known at compile time, the compiler is
not able to ensure that accesses to the SV structure do not lead to dependence violations
when executing them in parallel. However, the indexes of the data elements being accessed
are known at runtime, so dependence violations can be detected and corrected while the
program is running.

Speculative parallelization works as follows. If the programmer labels the SV vector as
speculative, the code should be instrumented at compile time to monitor at runtime that
all uses of SV follow sequential semantics. At runtime, each thread maintains a version copy
of the elements of the SV vector being accessed. All read operations to SV are replaced by a
function that performs a speculative load. This function obtains the most up-to-date value
of the element being accessed. This operation is called forwarding. If a predecessor (that is,
a thread executing an earlier iteration) has already read or written that element then the
value is forwarded (as Thread 2 does in Fig. 1). If not, then the function obtains the value
from the main copy of the speculative data structure (as Thread 3 does in the figure).

Regarding modifications to the speculative data structure, all write operations are re-
placed at compile time by a speculative store function. This function writes the datum in the
version copy of the current processor, and ensures that no thread executing a subsequent
iteration has already consumed an outdated value for this structure element, a situation
called “dependence violation”. If such a violation is detected, the offending thread and its
successors are stopped and restarted, in a so-called squash operation.

If no dependence violation arises for a given thread, it should commit all the data stored
in its version copy to the main copy of the speculative structure. Note that commits should
be done in order, to ensure that the most up-to-date values are stored. After performing
the commit operation, a thread can assign itself a new iteration or block of iterations to
continue the parallel work.
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t5

t8

t10

LocalVar1 = SV[x]

SV[x] = LocalVar2

t6
t7

t9

LocalVar1 = SV[x]

SV[x] = LocalVar2

t2

t4

t6

LocalVar1 = SV[x]

SV[x] = LocalVar2

(c) In−order commit of data from successfully−finished threads

t0

t1

t3 SV[x] = LocalVar2

Time

LocalVar1 = SV[x]

Thread 1 (non spec)
(iteration 1, x = 1) (iteration 2, x = 1)

Thread 2
(iteration 3, x = 2)

Thread 3 Thread 4 (most−spec)
(iteration 4, x = 2)

Reference
copy of

sv[2]

(Time t4: Thread 2 forwards updated value for sv[1] from thread 1)

(Time t3: thread 1 detects no dependence violations)

(Time t8: Thread 3 forwards value of sv[2] from reference copy)

(Time t7: Thread 4 forwards value of sv[2] from reference copy)

(Time t10: Thread 3 detects violation: thread 4 squashed)

(b) Speculative loads with most−recent value forwarding

(a) Speculative stores plus detection of dependence violations

(Time t6: thread 2 detects no dependence violations)

Figure 1: Example of speculative execution of a loop and summary of operations carried
out by a runtime TLS library.

3 The ATLaS framework and runtime library

We have developed an extension to OpenMP that incorporates Thread-Level Speculation
support. The ATLaS framework [4] allows any loop to be executed in parallel without the
need of a prior dependence analysis. This is done by defining a new OpenMP variable
classification clause, namely speculative. If the user is unsure about whether the access in
parallel to a variable or structure inside a given loop may lead to a dependence violation,
he/she may simply classify it as speculative, instead of labeling it as private or shared. In this
case, the source code is instrumented at compile time to add TLS execution support. This
is done with the help of a GCC compiler plugin [12] that transforms the code, inserting
calls to the ATLaS TLS runtime library. When running in parallel, the runtime library
ensures that all the accesses to all data elements classified as speculative follows sequential
semantics.

The ATLaS runtime library [13] supports all the operations described in the previous
section. It follows the design principles of the speculative parallelization library developed
by Cintra and Llanos [7], with several improvements that allow, for example, the speculative
parallelization of loops that use pointer arithmetic or complex data structures.

One of the key advantages of this library over previous designs is that the ATLaS
runtime library is almost free of critical sections. The only critical section needed is the
one that manages the data structure that maintains the assignment of chunks of iterations
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Figure 2: Updating the sliding window that handles the parallel, speculative execution. At
a given moment (left), the thread C working in slot 1 is running. When Thread C finishes,
it frees its slot and gets a new one, updating non-spec and most-spec pointers (right).

to each thread. ATLaS handles the parallel execution of each chunk of iterations through a
sliding window mechanism, which is implemented by a matrix with W columns representing
W window slots. Figure 2 depicts a simplified version of the sliding window implementation
(see [4, 13] for more details). The figure represents a sliding window with four slots, hosting
the execution of three parallel speculative threads.

The thread executing the earliest chunk of iterations (Thread C in our example) is
called non-speculative, since it has no predecessors that may squash it. Conversely, the
thread executing the latest chunk is called the most-speculative thread. As can be seen
in Fig. 2, two pointers indicate the slots where the non-speculative and most-speculative
threads are being executed. The part of the window being used is always the one from the
non-spec pointer to the right, up to the most-spec pointer.

The only critical section in the ATLaS runtime library is the one that protects this
sliding window. If two or more threads finish at the same time, they could be assigned to the
same Free slot, resulting in an incorrect execution. Therefore, in order to ensure the correct
operation of the ATLaS runtime library, it is necessary to protect the accesses to these shared
structures, including the matrix that implements the sliding window mechanism, and the
variables that point to the non- and most-speculative slots.

Figure 2 shows what happens when a non-speculative thread successfully finishes its
execution. Suppose that Thread C, the one executing the non-speculative thread, finishes
its execution and commits its data (the commit operation is not shown in the figure). After
this, it enters the critical section to perform several actions. It marks slot 1 as Free; it
advances the non-speculative pointer to slot 2; after checking that the slot past the most-
speculative one is Free, it assigns it to itself, setting the most-speculative pointer to 4 and
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changing its state to Running; and finally, after getting the following chunk of iterations to
be executed (iterations 30 to 39 in our example), it exits the critical section. Note that the
implementation of the sliding window works in a circular way: When Thread B eventually
finishes, it will assign itself the slot that follows the one used by Thread C, in our case the
leftmost slot.

The sliding window is modified in three different locations within the ATLaS runtime
library. Therefore, the same lock is used in three different parts of the code to protect
the access to these data structures. As will be seen, the place from where the access is
performed has a noticeable impact in the performance of the protecting system being used.
These places are the following:

• (A) Each time a dependence violation is detected. In the case of a write to a
speculative variable, the thread in charge should update its version copy, and check
whether a successor has consumed an outdated value of this variable. If this is the
case, a dependence violation has happened, so the offending thread should be restarted
in order to consume an updated version of the variable. This is done in several steps.
First, the thread that has detected the situation should enter the critical section to
change the state of the offending thread, from Running to Squashed, and the most-
speculative pointer should be moved backwards to the last Running thread. After
these changes, the thread exits the critical section and resumes its normal operation.
The offending squashed thread will eventually discover its new state and will enter
the critical section (see below).

• (B) Each time a thread finishes its work, either because the chunk has been suc-
cessfully executed or because the thread discovers that it has been squashed. In both
cases, the thread enters the critical section to change its own state from Running (resp.
Squashed) to Free. After this operation, if the slot following the most-speculative one
is Free, the thread assigns it to itself, and advances the most-speculative pointer by
one. Otherwise, it means that the following slot is occupied either by a Running thread
(this means that the window is full) or by another Squashed thread. In both cases our
thread should exit the critical section and attempt to re-enter again, in order to give
the thread that is using the slot the opportunity to free it1 (see below).

• (C) Each time a thread should wait for a free slot. If a thread is not able to
get a free window slot to work, because the following slot is not Free yet, it should get
out and try to gain access again to the critical section to assign itself the following
slot and to advance the most-speculative pointer.

1Our thread cannot simply wait inside the critical section, because it should get out in order to let the
thread using that slot to get in and change its own state.
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4 Protecting data accesses with OpenMP and STM

The original TLS runtime library uses the OpenMP critical directive to guarantee exclusive
access of the threads to the three parts of the code mentioned above. Because the same
data structures are accessed from three different places, the same lock is used to protect
them in all cases. Recall that a block of code marked with an OpenMP critical directive
is only executed by one thread at a time, whilst the rest of the threads that have reached
the same point in the code have to wait. This procedure ensures that the sliding window
is always in a consistent state, thus avoiding multiple threads concurrently updating this
structure with the potential loss of consistency.

It is easy to see that the serialization of operations described above should imply a
noticeable overhead in the performance of the speculative runtime library. A possible way
to reduce this performance penalty would be to replace the strict, OpenMP critical construct
with the more optimistic constructs that offer the Transactional Memory paradigm. The
goal of STM is precisely to help in explicit parallel programming by reducing the costs of the
locks required to avoid race conditions in critical sections [14, 15]. While OpenMP critical
constructs only allow one single thread at a time inside the critical section, a transactional-
based implementation allows several threads inside it, permitting their concurrent execution
as long as consistency is not compromised.

However, the optimism of STM, as well as that of TLS, comes at the cost of some
overheads, because of the extra instrumentation needed to handle the transactions, as well
as the cost associated to the extra runs of particular transactions when a conflict appears.
As can be seen, both OpenMP and STM approaches to protect data integrity have iden-
tified overheads. It is extremely difficult to predict which approach will be better for a
particular problem, since it depends on the application, its running profile, and how often
the benchmark accesses the potentially conflictive shared variables, among other factors.

Regarding the programmability, OpenMP has been designed to simplify, to a great
extent, the process of parallelization, while the direct use of STM libraries involves a non-
trivial instrumentation of the source code, from the definition of the transactional region to
monitoring each access to speculative variables. This effort is mitigated by the existence of
STM solutions that rely on the compiler to replace STM constructs with calls to the STM
library. Some STM approaches propose language extensions or new constructs to declare
transactional code regions that comprises statements that must be executed atomically.
Then, either an ad-hoc compiler, or an existing compiler modified for this purpose, parses
these new constructs, and generates all the instrumentation, in the same way as compilers
process OpenMP constructs.

As we said above, OpenMP allows the user to delimit the critical sections with the
construct omp critical. To declare a transactional region, STM libraries rely on different
alternatives, such as new constructs (e.g. GCC-TM’s transaction_atomic{} [16], the
Intel’s tm_atomic{} [17], or the more generic transaction{}), new compiler directives (such
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Application % Max. speedup % of iterations # of potentially Size of Critical
target P = 64 that present speculative chunks Sections
loop (Amhdahl) dep. violations scalar variables issued accessed

FAST 100 64 0.001% 2 25 A, B
TREE 95.17 15.84 0% 259 100 B
2D-MEC 43.75 1.76 0.009% 10 1 800 A, B
2D-Hull, Kuzmin 100 64 0.0008% 1 206 11 000 A, B, C
2D-Hull, Square 100 64 0.0032% 3 906 3 000 A, B, C
2D-Hull, Disc 100 64 0.0219% 26 406 1 250 A, B, C
Delaunay 97.60 25.47 0.5% 12 030 060 2 A, B, C

Table 1: Percentages of potentially parallelism for the benchmarks and loops considered,
together with some benchmarks’ characteristics. Chunk sizes were selected to obtain max-
imum speedups.

as IBM’s [18] tm_atomic{}), or even new OpenMP pragmas, such as omp transaction,
defined by OpenTM [19]. Unfortunately, Intel STM compiler and OpenTM are not currently
available, while the IBM compiler’s transactional built-in memory functions are only valid
for Power8 architecture and Blue Gene/Q.

In this work, we have used OpenMP, the GCC-TM, and the TinySTM libraries [20, 21]
to protect the accesses to the sliding window described previously. These three approaches
simplify the parallelization process with the mentioned constructs and directives. Moreover,
GCC-TM defines a specification for transactional language constructs that other STM li-
braries can leverage, and hence, changing the underlying STM library is just a process of
proper linking. In fact, TinySTM is compatible with GCC-TM, allowing programmers to
use the same interface and save some programming effort.

Handling the critical sections with OpenMP is straightforward: The programmer should
simply delimit the region by using the defined omp critical directive. This process is
similar when using the GCC-TM specification. However, to ensure that the transaction is
atomically executed, there may be certain functions inside the transaction that must not be
executed. Since the compiler is not able to detect this issue for the functions called within
a transaction, it is also necessary to annotate their declaration and specify whether they
are safe to be called, with the transaction_safe attribute.

The following section describes the performance results obtained by ATLaS when using
these three solutions to execute a set of real-world and synthetic benchmarks.

5 Experimentation

Experiments were carried out on a 64-processor server, equipped with four 16-core AMD
Opteron 6376 processors at 2.3GHz and 256GB of RAM, which runs Ubuntu 12.04.3 LTS. All
threads had exclusive access to the processors during the execution of the experiments, and
we used wall-clock times in our measurements. We have used the OpenMP implementation
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from GCC 4.8.2, and the transactional libraries from GCC-TM 4.8.2, and TinySTM 1.0.5.

To perform the experiments, we used both real-world and synthetic benchmarks. The
real-world applications include the 2-dimensional Minimum Enclosing Circle (2D-MEC)
problem [22], the 2-dimensional Convex Hull problem (2D-Hull) [23], the Delaunay Tri-
angulation problem [24, 25], and a C implementation of the TREE benchmark [26]. We
have also used a synthetic benchmark called Fast [4], which presents almost no dependences
between iterations, and which was designed to test the overheads of the ATLaS runtime
library.

Table 1 summarizes the characteristics of each benchmark, including the percentage
of execution time consumed by each target loop, an estimation of the maximum speedup
attainable (applying Amhdahls Law), the percentage of iterations of the target loop that lead
to runtime dependence violations, the number of speculative variables within the loop, and
the size of the chunk of consecutive iterations speculatively executed. I/O time consumed by
the benchmarks were not taken into account. We also give an indication of which accesses
to the sliding window protected by the critical section are more frequent in the benchmark
(bold letters indicate that the corresponding call is more frequent). The performance results
obtained by each benchmark and library used are summarized in Fig. 3.

The Fast benchmark was designed to test the efficiency of the speculative scheduling
mechanism, with few iterations leading to a dependence violation, although they are enough
to prevent a compiler from parallelizing the loop. This benchmark has very few dependence
violations, so the critical section is primarily accessed to get the following chunk of iterations
to be executed (access of type B in our library). As can be seen in the corresponding
performance plot, OpenMP and the STM libraries handle the critical sections equally well,
delivering almost identical performances, with a speedup of up to 37× with 64 processors.

Unlike the rest of the benchmarks, TREE does not suffer from dependence violations,
but it is still not parallelizable at compile time because the compiler is not able to ensure that
there are no data dependencies. Since it does not present dependence violations, the code
that accesses the critical section is primarily B. Again, OpenMP and STM solutions deliver
the same performance, with a peak speedup of 6× when running this benchmark with a
4096-point input set. As can be seen in the figure, the overheads of the TLS runtime library
lead to a performance loss when using 48 threads or more, regardless of the implementation
chosen to handle critical sections.

The 2D-MEC benchmark is a tricky code which has only 10 speculative variables that
are frequently accessed. This benchmark calls the speculative loop many times with a very
different number of iterations each time, making threads access the sliding window system
frequently to get the following chunk. As long as it presents some dependence violations,
the critical sections are accessed by codes A, but mostly B (C is rarely accessed in this
benchmark). For this benchmark, the use of the OpenMP critical sections leads to the best
performance, while the STM libraries leading to much poorer results. OpenMP gets a peak
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Figure 3: Speedups by number of processors for each tested benchmark, comparing the
performance obtained by using OpenMP critical sections, and GCC-TM and TinySTM
transactional libraries
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speedup of 2.5×, outperforming the speedup of TinySTM (1.9×) and GCC-TM (1.3×).
The overheads of TinySTM and GCC-TM are even more noticeable for the Delaunay

problem, the benchmark with the highest number of dependence violations (0.5%) and the
smallest optimum chunk size (just two iterations). Therefore, critical sections are accessed
quite frequently, because of the detection of dependence violations (code A), the need to
schedule the execution of many chunks (code B), and some degree of load imbalance which
frequently makes the window to be full, leading to contention (code C). The stress on the
exclusive access management is so high that, in fact, the TinySTM library is not able to
properly handle the accesses to the protected sliding window when running this problem
with two or more threads. Hence, we cannot present performance figures for this library in
this case. Meanwhile, GCC-TM leads to very modest speedups compared with the use of
OpenMP critical sections.

A similar issue occurs with the execution of the 2D-Hull problem with different input
sets. We have found that runs of the 2D-Hull problem, with datasets whose execution
involves a larger amount of conflicts and dependence violations (as happen when the Square
and Disc input sets are used), do not finish when using TinySTM, regardless of the number
of parallel threads. TinySTM also fails when using 2 threads and the Kuzmin dataset,
producing different, unexpected outcomes on each execution. Besides this, although both
STM libraries perform similarly for each dataset, their performance is consistently worse
than the one offered by the OpenMP critical sections.

From the results described above we can make the following observations:

1. Not surprisingly, the relative performance of the lock implementations depends, to a
great extent, on the running profile and the particular characteristics of each bench-
mark. In our case, this profile not only depends on the number of dependence viola-
tions (that requires accesses through code A to squash the offending threads), but the
number of chunks of iterations that should be scheduled (requiring accesses to codes
B and C).

2. In general terms, the more frequent the accesses to the protected data structures, the
poorer the performance of the STM libraries with respect to the OpenMP critical
sections. In fact, if the number of accesses is high enough, TinySTM starts to fail. In
this sense, we have found that the GCC-TM implementation is more robust.

3. While we expected that the performance of the STM implementations would decay
when the number of accesses to the protected structures increases, we also expected
that, when the number of accesses were relatively low, the performance obtained with
STM would be better than using the OpenMP critical sections. As our performance
figures show, this is not the case, the use of the OpenMP critical sections being the
best choice for our problem.
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6 Conclusions

The aims of this study were to test whether the use of STM might lead to an improvement
in the performance of our software-based, thread-level speculation system, and to assess the
efficiency and maturity of STM libraries. Our experimental results show that, in general,
STM solutions deliver poorer performance than the use of the classical OpenMP critical
sections for our problem. Regarding the maturity of STM libraries, in our experience,
the GCC-TM implementation is mature enough to be used for production purposes, while
TinySTM still presents room for improvement. Our present and future work includes testing
the performance of hardware TM solutions in this same context.
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Abstract

In this work, we provide conditions to obtain fixed point theorems for both parallel and
sequential graph dynamical systems with (Boolean) maxterms and minterms as global
evolution operators. In order to do that, we previously study the orbital structure of
such discrete dynamical systems.

Key words: parallel dynamical system, sequential dynamical system, orbital struc-
ture, fixed point theorem

1 Introduction

In the last two decades, graph dynamical systems (GDS) have revealed as an important tool
for the mathematical modeling of computer processes. For the formulation of such models,
these systems are decomposed in the lower unities of aggregation, called entities, where
each entity i has a (numerical) value xi which represents its state. When the possible states
of each entity are activated or deactivated, the state value of an entity i is formalized by
considering xi ∈ {0, 1}. The relations among entities are represented by a graph called the
dependency graph of the system, while the evolution or update of the system is implemented
by local (Boolean) functions which together constitute a global (evolution) operator. That
is, for the dynamic evolution of the state of any entity, the corresponding local function acts
on such state and those ones corresponding to entities related to it.

When the states of the entities are updated in a synchronous manner, the system is
called a parallel dynamical system (PDS) [2, 5], while if they are updated in an asynchronous
way, the system is named sequential dynamical system (SDS) [6].

The main aim regarding the study of a dynamical system is to give a complete charac-
terization of its orbit structure. That is, to derive as much information as possible about
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the phase diagram, based on the initial states and the evolution operator of the system.
Specifically, it means to determine the length and number of coexisting limit cycles and
which different initial states arrive in the same limit cycle.

In this sense, for the case of PDS with a maxterm or minterm as evolution operator it
was shown in [2] that the periodic orbits of such graph dynamical systems are fixed points
or 2-periodic orbits.

The main objective of this paper is to establish results for PDS and SDS with gen-
eral maxterm or minterm as evolution operators regarding their orbital structure, and in
particular in the sense of the Fixed Point Theorem by Banach.

2 Results

Next, we briefly enumerate the results that make up our talk.

• For PDS [3]:

– We describe which structure these systems must have in order to admit fixed
points.

– We show that fixed points and (eventually) 2-periodic orbits cannot coexist.

– We find conditions to assure that these systems have a unique fixed point (Fixed
Point Theorem).

• Regarding SDS [4]:

– We prove that, in contrast with the case of PDS, periodic orbits of any period
can appear.

– We demonstrate that the coexistence of orbits of any different periods greater
than or equal to two is possible, although we also prove that the existence of
fixed points excludes the presence of other periodic orbits.

– We give a characterization of SDS for which the unique periodic orbits are fixed
points.

– We provide conditions that characterize the uniqueness of a fixed point and
establish a Fixed Point Theorem.
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Abstract

The goal of this work is to show, based on concrete data, that fractional differential
equations with variable fractional order are more efficient to model the world popu-
lation growth than the classical differential equation, or even a fractional differential
equation with constant order. With these new models, we can predict more efficiently
the population growth based on the present data.

Key words: Fractional calculus, fractional differential equation, least squares, un-
constrained optimization

1 Introduction

The Malthusian growth model was proposed in 1798 by the English economist Thomas
Malthus in his book An Essay on the Principle of Population. The theory states that
the population number has exponential growth based on a constant rate, applied to ideal
circumstances or to a short period of time, when an individual lives in region with no
constraints on food and with no natural enemies. In this case, if N(t) represents the size of
the population at an instant t, the dynamic differential equation

N ′(t) = P ·N(t)
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models the growth of the population. The constant P , called the Malthusian parameter, is
given by the difference between the fertility and the mortality rates, assuming that these
rates are constant in time. If N0 is the initial level of the population, the function

N(t) = N0 exp(Pt) (1)

gives the exact number of individuals at a given time t. Although there are several models
to describe the dynamics of the population growth, the Malthusian model has the advantage
that it is given by a linear differential equation. Later, when we model the same problem
but using a fractional differential equation, we know the analytic expression of solution to
the problem.

To test the different models that we purpose here, we will see how close they are to real
data, by fitting the solution with dependence on some parameters with the observations.
One of the most used methods is the least squares technique. Suppose that the data consists
inm points, say (t1, x1), . . . , (tm, xm), and we intend to fit these values in a theoretical model
t �→ x(t), where the form x is known but it depends on some unknown parameters β1, . . . , βk.
If we consider in each step the error di := xi − x(ti), for i = 1, . . . ,m, then the total error
is given by

E :=
m∑
i=1

(di)
2.

The goal is to find the values of the parameters β1, . . . , βk for which E attains a minimum
value.

2 World population

In [1], a fractional approach was considered tomodel theWorld Population Growth. Starting
with the classical model

N ′(t) = P ·N(t), (2)

the ordinary derivative was replaced by the Caputo fractional derivative, and the dynamic
was described by the fractional differential equation (for fractional calculus theory, see [2, 3])

CDα
0+N(t) = P ·N(t), t ≥ 0, α ∈ (0, 1). (3)

The solution to the fractional problem is given by the function

N(t) = N0Eα(Ptα), (4)

where Eα(·) denotes the Mittag–Leffler function:

Eα(z) :=
∞∑
k=0

zk

Γ(kα+ 1)
, z ∈ R.
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Then, using the data available from the United Nations [4] from year 1910 until 2010, the
best values for the parameters were found. The objective is to minimize the sum of the
squares of the offsets, and to get a better accuracy for the model, the fractional order α was
considered free, without any constraints. For the classical model (2), the values obtained
were

P ≈ 1.3501 × 10−2 with the error Eclassical ≈ 7.0795 × 105.

When we considered the problem modeled by the fractional differential equation (3), the
values were

α ≈ 1.3933, P ≈ 3.4399 × 10−3 with the error Efractional ≈ 2.0506 × 105.

So, from these results, we see that the fractional approach is more efficient in modelling the
problem than the ordinary one. The next step is to consider even a more general approach
to this problem, by considering the fractional order to be a function depending on time
t �→ α(t). Motivated by Eq. (4), and considering the Mittag–Leffler function with variable
order

Eα(t)(z) :=
∞∑
k=0

zk

Γ(kα(t) + 1)
, z ∈ R,

we purpose the following theoretical model to study the world population problem:

N(t) = N0Eα(t)(Ptα(t)). (5)

Observe that, when α(·) is constant, α(t) ≡ α, then Eq. (5) reduces to Eq. (4), which in
turn when α → 1, we obtain the classical model (1). We test model (5) by the closeness
to the observed data, from which we infer the values of the parameters. We compare the
fractional model with constant order with a new one, with variable fractional orders. For
example, when considering the order

α1(t) := at2 + bt+ c

the best values for this fractional order are

a ≈ −4.4865 × 10−5, b ≈ 7.5332 × 10−3, c ≈ 8.5596 × 10−1 and P ≈ 7.5849 × 10−3

with error E ≈ 1.4813 × 104. The results are shown in Figure 1.
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Figure 1: World Population: data, classical and fractional models.
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Abstract

Sign regular matrices are matrices whose minors of the same order have the same
sign. A sign regular matrix is almost strictly sign regular if all its nontrivial minors
of the same order have the same strict sign. In this paper, componentwise backward
error analysis for this kind of matrices is performed when Neville elimination with two-
determinant pivoting strategy is applied.

Key words: sign regular matrices, almost strictly sign regular matrices, backward
error
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1 Introduction

Error analysis of Gauss elimination is a subject that became firmly established fifty years
ago due specially to Wilkinson’s work (see [14] and [15]). Let us assume that Ax = b is a
linear system where A = LU (L and U are lower and upper triangular matrices respectively)
is a nonsingular matrix and that Gauss elimination applied to A in floating point arithmetic
has produced a factorization L̂Û and a solution x̂.

To investigate the effect of rounding errors when working with floating point arithmetic
we use the classic model

fl(x op y) = (x op y)(1 + δ), |δ| ≤ u,

fl(x op y) =
(x op y)
(1 + ε)

, |ε| ≤ u,
(1)
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where u is the unit roundoff and op denotes any of the operations {+,−, ∗, /}. In addition,
we assume that neither overflow nor underflow occurs.

Wilkinson’s componentwise backward error analysis of Gauss elimination without piv-
oting was stated (see [14]) in the following way:

L̂Û = A+ E, |E| ≤ γn|L̂||Û |, (2)

where γn :=
nu

1− nu
and u is the unit roundoff.

Note that, in certain cases |L̂||Û | = |L̂Û |, which arises, for instance, when both L̂ and
Û are nonnegative. In this situation

|L̂Û | = |L̂||Û | = |A+ E| ≤ |A|+ γn|L̂||Û |,

and thereby

|L̂||Û | ≤ 1

1− γn
|A|, (3)

(see section 9.2 of [9]).
One class of matrices that has nonnegative LU factors is defined as follows. Totally

positive (TP) matrices are matrices whose minors are nonnegative. These matrices arise
naturally en many areas of mathematics, economics, etc. Their applications to approx-
imation theory and computer geometric design are specially interesting (see [4], [7], [12]
and [13]).

If the matrix A is nonsingular TP (see [5]), de Boor and Pinkus showed that the
componentwise relative backward error is pleasantly small. They obtained, in that case,
that the backward error matrix E can be chosen to satisfy the inequality

|E| ≤ γn
1− γn

A, (4)

which follows from (2) and (3).
If we consider now the equation (A+H)x̂ = b, the corresponding formulas derived from

(2) and (3) (see Theorem 9.4 of [9]) are

|H| ≤ 2γn|L̂||Û |, (5)

|H| ≤ 2γn
1− γn

A. (6)

In some papers (see [2] and [8]) it has been shown that an elimination procedure, called
Neville elimination (NE), is very convenient when working with TP matrices and other
related type of matrices. If A is a nonsingular n× n matrix, NE consists of at most n− 1
successive major steps, resulting in a sequence of matrices as follows:

A = Ã(1) → A(1) → · · · → Ã(n) = A(n) = U (7)
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where U is an upper triangular matrix.

For each t, 1 ≤ t ≤ n, A(t) =
(
a
(t)
ij

)
1≤i,j≤n

has zeros in entries a
(t)
ij , for 1 ≤ j ≤ t,

j ≤ i ≤ n. Besides it holds that

a
(t)
it = 0, i ≥ t ⇒ a

(t)
ht = 0, ∀h ≥ i. (8)

The matrix A(t) is obtained from Ã(t) reordering rows t, t + 1, . . ., n according to a
row pivoting strategy that satisfies (8). To obtain Ã(t+1) from A(t) we produce zeros in
the column t below the main diagonal by subtracting a multiple of the ith row from the
(i+ 1)th, for i = n− 1, n− 2, . . ., t, according to the following formula:

ã
(t+1)
ij =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a
(t)
ij , 1 ≤ i ≤ t,

a
(t)
ij − a

(t)
it

a
(t)
i−1,t

a
(t)
i−1,j , if a

(t)
i−1,t �= 0, t+ 1 ≤ i ≤ n,

a
(t)
ij , if a

(t)
i−1,t = 0, t+ 1 ≤ i ≤ n,

(9)

for all j = 1, 2, . . . , n.

The element

pij = a
(j)
ij , 1 ≤ j ≤ i ≤ n, (10)

is called the (i, j) pivot of NE of A and the number

mij =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
a
(j)
ij

a
(j)
i−1,j

(
=

pij
pi−1,j

)
, if a

(j)
i−1,j �= 0,

0, if a
(j)
i−1,j = 0,

(11)

the (i, j) multiplier. When A is a nonsingular TP matrix, then NE can be performed without
row exchanges (see [8]).

In [1], the authors study the backward error analysis of NE when the NE can be
performed without row exchanges, for both the general case and for the case where the
coefficient matrix of the linear system is TP. In this last situation (see Theorem 4.1 of [1]),
they showed that

|E| ≤ βnL̂Û ≤ βn
1− βn

A, (12)

|E| ≤ αnA, (13)

|E| ≤ γn−1A, (14)

with γn :=
nu

1− nu
, βn := (1 + u)n−1 − 1 and αn := (1− u)1−n − 1. Note that αn ≤ γn−1.
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More recently, Huang et al. (see [11]) have performed a componentwise backward error
analysis of NE whenever there need row exchanges.

Let A be a nonsingular real matrix n × n. Taking into account (7), the matrix A can
be factorized as

A = Q1L1Q2L2 · · ·Qn−1Ln−1U,

where U is upper triangular, and for all t = 1, 2, . . . , n − 1, Qt is the permutation matrix
corresponding to (8) and

Lt = En(mnt)En−1(mn−1,t) . . . Et+1(mt+1,t).

As in [8], we denote by Ei(α) the bidiagonal lower triangular matrix whose (r, s) entry
(1 ≤ r, s ≤ n) is given by ⎧⎨⎩

1, if r = s,
α, if (r, s) = (i, i− 1),
0, elsewhere.

(15)

In particular (see Theorem 7 of [11]), when they consider A nonsingular sign regular
(SR) matrix (matrices whose minors of the same order have the same sign) and apply NE
with two-determinant pivoting to A in finite float point arithmetic, under condition (24)
of [11], the obtained result is

|E| ≤ Ψn

1−Ψn
|A|, (16)

where Ψn = (1 + u)
n(n−1)

2
−1.

Almost strictly sign regular (ASSR) matrices are SR matrices whose nontrivial minors
of the same order have all the same strict sign (see following section and [10]). In this
work, some interesting properties related with the application of NE with two-determinant
pivoting strategy to ASSR matrices are presented. Besides, componentwise backward error
analysis for this type of matrices is performed.

2 On the computed matrices

In this section we analyze some aspects with regard to the application of the NE with
two-determinant pivoting strategy to ASSR matrices.

A matrix A = (aij)1≤i,j≤n is called type-I staircase if it satisfies simultaneously the
following conditions

• a11 �= 0, a22 �= 0, . . . , ann �= 0;

• aij = 0, i > j ⇒ akl = 0, ∀l ≤ j, i ≤ k;

• aij = 0, i < j ⇒ akl = 0, ∀k ≤ i, j ≤ l.
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So, A is a type-II staircase matrix if it satisfies that PnA is a type-I staircase matrix, where
Pn is the backward identity matrix n× n.

A vector ε = (ε1, ε2, . . . , εn) ∈ Rn is a signature sequence, or simply, a signature, if
|εi| = 1, ∀i ∈ N, i ≤ n.

Definition 1 For a real matrix A = (aij)1≤i,j≤n type-I (type-II) staircase, a submatrix
A[α|β], with α, β ∈ Qm,n, is nontrivial if all its main diagonal (secondary diagonal) entries
are nonzero. The minor associated to a nontrivial submatrix (A[α|β]) is called a nontrivial
minor (detA[α|β]).

Next, ASSR matrices are defined:

Definition 2 A real n× n matrix A is said to be ASSR with signature ε = (ε1, ε2, . . . , εn)
if t is either type-I or type-II staircase and all its nontrivial minors detA[α|β] satisfy that

εm detA[α|β] > 0, α, β ∈ Qm,n, m ≤ n. (17)

Observe that an ASSR matrix is nonsingular.
In [6] a row pivoting strategy associated to NE for nonsingular SR matrices is intro-

duced. It has be called two-determinant pivoting strategy.
The criterion of the two-determinant pivoting strategy to obtain A(t)[t, . . . , n] from a

reordering of the rows of Ã(t)[t, . . . , n] is the following:

• If ã
(t)
tt = 0: then we reverse the ordering of the rows, that is, A(t)[t, . . . , n] :=

PtÃ
(t)[t, . . . , n].

• If ã
(t)
nt = 0: then we do not perform rows exchanges, that is, A(t) := Ã(t).

• If ã
(t)
tt �= 0 and ã

(t)
nt �= 0, then we compute the determinant d1 = det Ã(t)[t, t+ 1].

– If d1 > 0 then A(t) := Ã(t).

– If d1 < 0 then A(t)[t, . . . , n] := PtÃ
(t)[t, . . . , n].

– If d1 = 0 then compute the determinant d2 = det Ã(t)[n− 1, n|t, t+ 1].

∗ If d2 > 0 then A(t) := Ã(t).

∗ If d2 < 0 then A(t)[t, . . . , n] := PtÃ
(t)[t, . . . , n].

The following result corresponds to Proposition 1 of [3].

Proposition 1 Let A = (a1≤i,j≤n) be an ASSR type-I staircase matrix, with zero pattern
J = {j0, j1, . . . , jl−1, jl} and l ≥ 2. Then, the NE with two-determinant pivoting strategy
does not involve row exchanges until the step t = jl−1.
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The next result (see Theorem 2 of [3]) shows that almost strict sign regularity is inher-
ited by all matrices Ã(t)[t, . . . , n] when we apply NE with two-determinant pivoting.

Theorem 1 Let A = (aij)1≤i,j,≤n be an ASSR matrix, and let us apply NE with two-

determinant pivoting strategy. Then, for all t ∈ {1, . . . , n}, all matrices Ã(t)[t, . . . , n] are
ASSR and ε1(A) = ε1(Ã

(t)).

Remark 1 Taking into account the previous result, we can show that A(1)[2, . . . , n] and
Ã(2)[2, . . . , n] have the zero entries exactly in the same positions. Since the first row is
unchanged, we can state that Ã(2) has zeros placed in the same positions as A(1), except
those arising from the process of NE.

Theorem 1 allows us to show some properties about ε1(U) and the multipliers of NE.

Remark 2 Note that if A is an ASSR matrix, and we apply NE with two-determinant
pivoting strategy, by Theorem 1 all matrices Ã(t)[t, . . . , n] are ASSR and ε1(A) = ε1(Ã

(t)).
So,

ε1(U) = ε1(A),

and for all t = 1, 2, . . . , n− 1,

mnt ≥ 0, mn−1,t ≥ 0, mt+1,t ≥ 0.

Next, we consider the case where A is an ASSR matrix and we perform a backward
error analysis of NE with two-determinant pivoting strategy, assuming sufficiently high finite
precision. For this purpose, some auxiliary results are presented.

Finite precision arithmetic produces a sequence of matrices
̂̃
A(t) in the NE of A that can

be different from the sequence Ã(t) obtained by exact arithmetic. Nevertheless, taking into
account (9) and (1) we assume the fact (provable by induction on n) that for sufficiently
small unit roundoff u ̂̃

A(t) → Ã(t) as u → 0. (18)

Next, we present some results about nonzero entries of ASSR matrices when the NE
with two-determinant pivoting strategy is performed.

Theorem 2 Let A = (aij)1≤i,j≤n be an ASSR matrix with signature ε = (ε1, ε2, . . . , εn)
with ε2 = +1. If NE with two-determinant pivoting strategy is applied to A, then

aij �= 0, i ≤ j ⇒ ã
(t)
ij �= 0, t = 1, . . . , n, (19)

and
aij �= 0, i > j ⇒ ã

(t)
ij �= 0, t = 1, . . . , j. (20)
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Corollary 1 Let A = (aij)1≤i,j≤n be an ASSR matrix. If NE with two-determinant pivoting
strategy is applied to A, then

a
(1)
ij �= 0, i ≤ j ⇒ ã

(t)
ij �= 0, t = 1, . . . , n, (21)

and

a
(1)
ij �= 0, i > j ⇒ ã

(t)
ij �= 0, t = 1, . . . , j. (22)

Remark 3 Notice that, under the assumptions of Theorem 1, we have that ε1(A) = ε1(Ã
(t)).

Besides, by Corollary 1, if ε1(A) = 1, then

a
(1)
ij > 0, i ≤ j ⇒ ã

(t)
ij > 0, t = 1, . . . , n, (23)

and

a
(1)
ij > 0, i > j ⇒ ã

(t)
ij > 0, t = 1, . . . , j. (24)

Otherwise (if ε1(A) = −1),

a
(1)
ij < 0, i ≤ j ⇒ ã

(t)
ij < 0, t = 1, . . . , n, (25)

and

a
(1)
ij < 0, i > j ⇒ ã

(t)
ij < 0, t = 1, . . . , j. (26)

Taking into account the previous results and observations, the following result can be
deduced:

Theorem 3 Let A be an ASSR matrix with signature ε = (ε1, ε2, . . . , εn). Then, the com-

puted matrices (
̂̃
A(t)), for a sufficiently small unit roundoff, satisfy

ε1

(̂̃
A(t)

)
= ε1(A), t = 1, . . . , n. (27)

3 Backward error analysis of NE with two-determinant piv-
oting

Taking into account the previous results, we perform a backward error analysis of NE with
two-determinant pivoting strategy when A is an ASSR matrix.

By Theorem 3, the hypotheses of Theorem 7 of [11] are satisfied for ASSR matrices
(which form a subclass of SR matrices) for a sufficiently small unit roundoff. Therefore
(16) is satisfied. Now, we shall improved the bound (16) for ASSR matrices. If A is an
ASSR matrix type-I staircase matrix, with zero pattern J = {j0, j1, . . . , jl−1, jl} and l ≥ 2,
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by Proposition 1, the NE with two-determinant pivoting strategy does not involve rows
exchanges until the step t = jl−1. Then

Q1 = Q2 = · · · = Qjl−1
= I,

and the bound (16) becomes:

F̂1F̂2 . . . F̂jl−1
QjlL̂jl . . . Qn−1L̂n−1Û = A+ E, (28)

where it can be proved that

|E| ≤ C(n, u, jl−1)[|F̂1| . . . |F̂jl−1
|Qjl |L̂jl | . . . Qn−1|L̂n−1|Û |] (29)

where C(n, u, jl−1) is a function that depends of the order of A, the unit roundoff and the
index jl−1.

In addition,

|E| ≤ C(n, u, jl−1)

1− C(n, u, jl−1)
|A|. (30)

Note that the matrices Fi := En−(i−1)(mn−(i−1),1) · · ·En(mni), with i = 1, . . . , jl−1, are
obtained as

Fi =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0 1

. . .
. . .

0 1
mn−(i−1),1 1

mn−(i−2),2 1
. . .

. . .

mni 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (31)

Now, we assume that A is an ASSR matrix satisfying the WR condition (NE can be
performed without changes of rows) and that we compute the NE of A with sufficiently
high finite precision so that it can be carried out without row exchanges (WR+ condition).
In this case it is possible to apply Theorem 3.1 of [1] (see (12)-(14)). In addition, if A is an
ASSR matrix with ε1 = 1, then by Theorem 1, we can assure that, for all t ∈ {1, . . . , n},
ε1(A) = ε1(Ã

(t)) = 1. Thus, we can consider Theorem 4.1 of [1] for to obtain the bound of
|E|. If ε2(A) = −1, we applied the result to to A(1) = PnA.
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Abstract

The audio-to-score framework consists of two separate stages: preprocessing and
alignment. In this work, we implement and evaluate an efficient real-time version of
the alignment stage. Our program is based on a low complexity spectral decomposition
for feature extraction and an online version of Dynamic Time Warping (DTW) for
matching the score position with each input signal frame. The current version of the
application has been tested on multi-core architectures including x86/x64 and ARM
processor types. Experiments show that our framework allows to align in real-time
scores of more than 30 minutes of duration on powerful systems (x86/x64 architecture),
and scores about 15 minutes of duration on mobile devices (ARM architecture).

Key words: audio-to-score alignment, concurrent computing, real-time computing

1 Introduction

Interactive Music Systems encompass the use of real-time technology in music composition
and live performance. Often this “interactivity” is associated with an electronic equipment
driven by software that “listens” and “responds” to the performer’s input in real-time. In the
particular case of score-driven interaction, the core of this “intelligence” is the score follow-
ing. In this work, we address the problem of audio-to-score alignment (or score matching),
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which is the task of synchronizing an audio recording of a musical piece with the correspond-
ing symbolic score [1]. There exist two approaches to this problem namely the so-called
“offline” alignment and the called “online” alignment. Online alignment, also known as
score following, processes the data as the signal is acquired. This tracking is very useful for
applications such as automatic page turning [2] or automated computer accompaniment of
a live soloist [3]. Other possible applications include synchronization of live sound process-
ing algorithms for instrumental electroacoustic composition or the control of visual effects
synchronized with the music (e.g. stage lights or opera supertitles).

Audio-to-score alignment is traditionally performed in two stages: preprocessing and
alignment. First, the preprocessing stage is devoted to learn information from the score.
Then, the alignment stage is generally subdivided into two steps: feature extraction and
matching. The features extracted from the audio signal characterize some specific infor-
mation about the musical content. Different representations of the audio frame have been
used such as the output of a short-time Fourier transform (STFT) [4], auditory filter bank
responses [5], or multi-pitch analysis information [6, 7]. Finally, the matching is performed
by finding the best match between the feature sequence and the score. Two methods well
known in speech recognition have been extensively used in the literature: statistical ap-
proaches (e.g. HMMs) [6, 8–10], and Dynamic Time Warping (DTW) [11–14].

In this work we present an efficient implementation of the alignment stage in real-
time. Our implementation is mainly based on the approach proposed in [11] and uses the
parallel online DTW solution presented in [15]. We have made an important effort in the
implementation of the feature extraction stage so that the whole score following system can
run efficiently.

2 Score following method

As we have previously noted, the proposed framework for real-time audio-to-score align-
ment has two parts: offline preprocessing stage and online alignment stage. The aim of
preprocessing stage is to adequately organize the information given by the score to be used
for alignment purposes. The output of the preprocessing stage consists of the spectral pat-
terns B(f, k) for the K different units learned in advance using a MIDI synthesizer and
kept fixed. The online alignment stage starts estimating the gain matrix G(k, t) and the
cost matrix D(τ, t), which measures the suitability of each unit to be active at each frame
t (referenced to the signal input) by analyzing the likelihood between the spectral patterns
B(f, k) and the input signal spectrogram. One component per unit is used so that, single
non-zero restriction could be imposed to the gains allowing the use of the efficient signal
decomposition method described in [16], among others. Further details can be obtained
in [16] and [17].

Algorithm 1 summarizes the main steps to obtain the distortion matrix Φ(k, t), where
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T denotes the number of real signal frames. To obtain the optimum unit at each frame
we use the Beta-divergence function as a cost function (see Eq. (1)), witch includes in its
definition the most used costs functions in the state-of-art [16],

Dβ(x|x̂) =

⎧⎪⎨
⎪⎩

1
β(β−1)

(
xβ + (β − 1)x̂β − βxx̂β−1

)
β ∈ (0, 1) ∪ (1, 2]

x log x
x̂
− x+ x̂ β = 1

x
x̂
+ log x

x̂
− 1 β = 0 .

(1)

Algorithm 1 Distortion matrix computation method

1 Initialize B(f, k) with the values learned in preprocessing.
2 for t=1 to T do
3 for k=1 to K do

4 Compute the gains gk,t using gk,t =

∑
f

xt(f)bk(f)
(β−1)

∑
f

bk(f)β

5 Compute the distortion values: Φ(k, t) = Dβ(xt(f)|gk,tbk(f))
6 end for
7 end for

Once the feature extraction step is completed, that is, the distortion matrix has been
obtained, the cost matrix D(τ, t) must be computed in order to perform the alignment,
matching the score position with each input signal frame. Note that, in matrix D(τ, t),
τ represents the synthetic signal frames or score positions. To do this, we use the online
version of Dynamic TimeWarping (DTW) algorithm proposed in [11], with a fixed latency of
just one frame, that was implemented in parallel in [15]. In order to obtain this low latency
no backtracking is allowed, that is, the decision is made directly from the information at
each frame t. As explained in [17], the simplest online approach is obtained by matching
the performance position at frame t with the score position τ associated to the minimum
value of the accumulated cost at frame t.

3 Evaluation and experimental results

As we previously stated, the aim of this work is to develop a high performance online score
matching software. The implemented software makes use of double precision real numbers
(64 bits). All the equations are directly implemented as shown in this work without any
variation to reduce the complexity.

We carried out experiments in order to know the limits of a real-time response by the
implemented score matching algorithm. The complexity per frame of the algorithm depends
on the length of the score, thereby, some synthetic audio files whose duration varies from 150
seconds to 1800 seconds were used as benchmark on two different multi-core architectures.
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Figure 1: Evolution of the ARTpS using x86/x64 architecture

In conclusion, the experiments were designed to estimate the average run time per frame of
the score matching algorithm as a function of the duration of the score. All the parameters
of the score alignment algorithm were set to the same values given in [17].

As a representative of the x86/x64 architecture we used a server with one Intel R© Xeon R©

E5-5620 @ 2.40GHz processor with 4 cores. Figure 1 shows the AveRage Time per Sequence
(ARTpS) in this machine. The flat line that intersects the y-axis at 15ms corresponds to
the maximum acceptable value for the ARTpS to be below the real-time threshold (with
the hop size between frames used in [17]).

Notwithstanding the value of β does not have a strong impact on the alignment results
(see [17]), different values of β may imply the use of the log function, only multiplications,
or power functions (see Eq. 1) so, consequently, may highly impact on the ARTpS. We can
see in Fig. 1 that the implemented score matching is able to be executed real-time on the
x86/x64 architecture for those scores under 1800 seconds with β equal to 0 or 1.

Regarding the ARM R© architecture, we used a system with a Cortex R© A15 processor
@ 2.32GHz with 4 cores. As in the x86/x64 case this device runs Linux OS. We show in
Fig. 2 the ARM R© architecture AveRage Time per Sequence (ARTpS). As it can be seen,
the implemented score matching is able to execute in real-time only with small scores for all
the admitted β values. When β is 0 or 1 the system responds in real-time for scores below
≈ 900 seconds.
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Figure 2: Evolution of the ARTpS using ARM R© architecture

4 Conclusions and future work

In this work we have presented a useful tool for the Audio-to-Score alignment problem. Our
proposal incorporates high performance computing techniques with the aim of performing
the score following in real-time, which is a critical requirement of many applications. The
current version has been implemented for multi-core architectures, encompassing x86/x64
processors and ARM R© processors. To demonstrate the real-time execution of our imple-
mentation, we have performed experiments that analyze the limits of a real-time response in
terms of score duration. This framework achieves good score alignments within the real-time
constraint of 15ms.

As a future work, we plan to do some algebraic transformations in the equations in
order to reduce the total complexity. Also, we plan to expand our proposal to include
coprocessors such as GPUs. As a result, we hope we can do real-time score following of
longer audio files, and even reduce the real-time threshold below 15ms to tackle a larger set
of applications.
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Abstract

In this work, we show how to avoid order reduction when integrating linear initial
boundary value problems with a classical exponential splitting method: Lie-Trotter
method. Numerical experiments corroborate that order reduction is completely avoided
when using the technique proposed in this work.

Key words: Exponential splitting methods, linear initial boundary value problems,
time order reduction

MSC 2000: 65M12 65M20

1 Introduction

Splitting methods are frequently used in the literature for integrating differential equations.
These methods are interesting when the numerical integration of separated parts of the
equation is cheaper or easier than the numerical integration of the whole equation. In
this work we focus on an exponential splitting method of first order: Lie-Trotter method.
In [5], this method is analyzed when integrating linear initial boundary value parabolic
problems with homogeneous Dirichlet boundary conditions. For Lie-Trotter, it is shown
order reduction to one for the local error although no order reduction appears for the global
error. With non-homogeneous boundary conditions, the order reduction is even bigger.

In this work we propose a generalization of Lie-Trotter method which does not show
order reduction even for problems with non-homogeneous and time-dependent boundary
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conditions. Moreover, the computational cost of this new technique is negligible compared
with the whole cost of the method. Theoretical results and an analogous study for Strang
method can be found in [4]. On the other hand, similar techniques have been proposed for
other type of methods in [1, 2, 3].

2 Exponential Lie-Trotter splitting

LetX and Y be Banach spaces and let L : D(L)→ X and ∂ : D(L)→ Y be linear operators.
We are going to consider full discretizations of the linear abstract non homogeneous initial
boundary value problem

u′(t) = Lu(t) + f(t), 0 ≤ t ≤ T,
u(0) = u0 ∈ X,
∂u(t) = g(t) ∈ Y, 0 ≤ t ≤ T.

(1)

Moreover, we assume that

L = A+B, (2)

where A : D(A) → X and B : D(B) → X are linear operators which are supposed to be
simpler than L in some sense, and D(L) ⊆ D(A) ∩D(B).

In order to generalize Lie-Trotter exponential method to the case of non-vanishing
boundary conditions, we suggest to advance a stepsize from un to un+1 considering first the
solution of

v′n(s) = Bvn(s),
vn(0) = un + kf(tn),

∂Bvn(s) = ∂B [u(tn) + kf(tn) + sBu(tn)] .
(3)

Secondly, we take the solution of

w′
n(s) = Awn(s),

wn(0) = vn(k),
∂Awn(s) = ∂A [u(tn) + kf(tn) + kBu(tn) + sAu(tn)] .

(4)

Then, we define un+1 as

un+1 = wn(k). (5)

3 Examples and numerical experiments

Now, we are going to integrate a parabolic problem with a dimension splitting and we are
going to observe that, with the technique that we propose, order reduction is avoided.
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Let us assume a and b are sufficiently smooth positive coefficients that are bounded away
from zero, and let us consider the following parabolic problem, defined on 0 ≤ x, y ≤ 1,
0 ≤ t ≤ T ,

ut(t, x, y) = (a(x, y)ux(t, x, y))x + (b(x, y)uy(t, x, y))y + f(t, x, y), (6)

u(0, x, y) = u0(x, y)

u(t, 0, y) = g1,0(t, y),

u(t, 1, y) = g1,1(t, y),

u(t, x, 0) = g2,0(t, x),

u(t, x, 1) = g2,1(t, x).

For this problem we use the splitting

A = Dx(a(x, y)Dx), B = Dy(b(x, y)Dy).

We first consider the spatial discretization of problem (3), obtaining

v̇h(s) = Bh,0vh + Ch(∂Bu(tn) + s∂BBu(tn) + k∂Bf(tn)) (7)

vh(0) = Ph(uh + kf(tn))

where Ph(un + kf(tn)) represents the interior nodal values and Bh,0 is a block-diagonal
matrix whose base matrix for each m ∈ {1, . . . , N − 1} is given by

1

h2
tridiag(b(xm, yl− 1

2
),−(b(xm, yl− 1

2
) + b(xm, yl+ 1

2
)), b(xm, yl+ 1

2
)),

with yl− 1
2
= (yl−1 + yl)/2. Moreover, Ch∂Bu is a block-vector where each m-block has the

form

1

h2

⎡⎢⎢⎢⎢⎢⎢⎣
b(xm, y 1

2
)u(xm, y0)

0
...
0

b(xm, yN− 1
2
)u(xm, yN )

⎤⎥⎥⎥⎥⎥⎥⎦ .

Solving now problem (7), we obtain

v̂h = ekBh,0Ph(un + kf(tn)) +

∫ k

0
e(k−s)Bh,0Ch [∂Bu(tn) + s∂BBu(tn) + k∂Bf(tn)] ds

= ekBh,0Ph(un + kf(tn)) + kϕ1(kBh,0)Ch [∂Bu(tn) + k∂Bf(tn)]

+k2ϕ2(kBh,0)Ch∂BBu(tn)
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where ϕ1, ϕ2 are the standard functions which are used in exponential methods.
Now, we consider the spatial discretization of problem (4),

ẇh(s) = Ah,0wh + Ch(∂Au(tn) + k∂ABu(tn) + k∂Af(tn) + s∂AAu(tn)) (8)

wh(0) = v̂h,

ans we obtain

ŵh = ekAh,0 v̂h +

∫ k

0
e(k−s)Ah,0Ch [∂Au(tn) + k∂ABu(tn) + k∂Af(tn) + s∂AAu(tn)] ds

= ekAh,0 v̂h + kϕ1(kAh,0)Ch [∂Au(tn) + k∂ABu(tn) + k∂Af(tn)]

+k2ϕ2(kAh,0)Ch∂AAu(tn).

Then, we define un+1,h as
un+1,h = ŵh.
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Figure 1: Errors without avoiding (discont.) and avoiding (cont.) order reduction when
integrating problem (6) with Lie-Trotter method.

Let us show, with a numerical experiment, that with the implementation we propose
for Lie-Trotter method, we avoid order reduction. More precisely, we are going to integrate
problem (6) with

a(x, y) = 1 + x+ y,

b(x, y) = 1 + 2x+ 3y,

u0(x, y) = (x2 − 1/4)(y2 − 1/4),

f(x, y, t) =
e−t

16
(15 + 56y − 28y2 − 32y3 + x(32− 64y2)− 4x2(7 + 48y + 4y2)− 64x3).
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The exact solution of this problem is u(x, y, t) = e−t(x2−1/4)(y2−1/4). In Figure 1 we show
the local and global errors when we integrate the problem without avoiding order reduction
and with the technique proposed in this work with h = 10−2. We observe that both for the
local and global errors, the results without avoiding order reduction are very poor in terms
of the order and of the size of the errors. Nevertheless, if we apply the technique proposed in
this work, we avoid order reduction, observing order 2 and 1 for the local and global errors
respectively and the errors are much smaller. This numerical experiment corroborates the
theoretical results which are proved in [4].
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Abstract

The session initiation protocol (SIP) has been selected as the official end-to-end
signallig protocol for establishing multimedia sessions in the IP-based Universal Mobile
Telecommunication Systems (UMTS) network. Supporting session establishment even
in S-UMTS (satellite linked networks) is a requirement. Providing secure and fast
methods is a mandatory task. SIP is a powerful signalling protocol for trasnmitting
media over internet protocol. Authentication is an important security requirement
for SIP. Hitherto, many authentication schemes have been proposed to enhance the
security of SIP. Being the impersonation problem one of the hot topics. In this paper, a
novel authentication and key agreement scheme is proposed for SIP using elliptic curve
cryptosystem (ECC). Security and performance analyses demonstrate that the proposed
scheme is secure against security attacks of various types and has low computation cost
and a low energy profile.

Key words: Elliptic curve cryptosystem, Impersonation attack protection, Session
initiation protocol

1 Introduction
In the last decade, the growth of the Internet has escaled beyond anyone’s reasonable imag-
ination into a universal communication platform. Running almost concurrently with this
Internet proliferation has been the equally extraordinary escalation in the number of mo-
bile wireless networks and subscribers. The emergence of IP-based networks for mobile
communications will finally enable of, and the access to voice, video, messaging, data and
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web-based technologies for the wireless user in a seamless manner, in much the same way
that fixed users are currently experiencing over the Internet. The provision of IP-based
multimedia services in UMTS is made possible through the introduction of the IP Multime-
dia Subsystem (IMS) as part of the Third Generation Partnership Project (3GPP) release
5 set of standards. Centred around the provision of IP multimedia services is the end-
to-end signalling based on the Session Initiation Protocol [1], a protocol developed within
the Internet Engineering Task Force (IETF). SIP has been selected by the 3GPP as the
official end-to-end signalling protocol for establishing multimedia sessions in UMTS [2] so
as to be compliant with the rest of Internet to ease interoperability, as well as due to the
many positive attributes SIP posseses, such as its simplicity, extensibility, flexibility, and
scalability.

The session initiation protocol (SIP) is an application layer protocol which is used
as a signaling one for establishing, altering, and terminating multimedia sessions between
different users in IP based telephony systems. One of the most important aspects with SIP
is authentication of the requester of the service, clients need to know the identity of a person
that is peering the multimedia communication, also service operators need to identify the
requester in order to charge, and provide preferential services or differential treatments.
So the person who claims access to the service must be unambiguosly identified. And in
addition to this, the system must be able to detect the missuse of credentials due or a double
spend.

An efficient and secure authentication and key agreement scheme is able to provide vari-
ous aspects of security for SIP communications. With an authentication and key agreement
scheme, the client and the server can mutually authenticate each other, they can negotiate
a session key for secure communication.

This negotiated session key can be used to give access to a decyphered communication,
for example. User and server, both can get to use a symmetric encryption algorithm to
get confidentiality. Services and solutions to provide integrity and detect unauthorized
modifications are provided by a number of algorithms. But, the computational overhead
of such services may harm transmission delays, which is not acceptable for the real-time
communications [3], the scenario gets even worst when the S-UMTS is involved.

With the increasing use of applications that create softphones on laptops and smart-
phones, security concerns have also increased as the mobile devices are more likely to be
stolen or lost. Given these devices, the security to access the service must be rethinked.
There are attacks such as the cold boot attack (see [4]) that permits getting the keys from
RAM using elementos to freeze integrated circuits to retain data in memory mean while
the data is dumped into a secondary device. Therefore time stamp marks, and crypto
counters are needed in order to guarantee that the user re-authenticates so often. There
are approaches, in this sense, like the one described in [5] that showed that continuously
recorded touch data from a touchscreen and use it as a behavioural biometric pattern able
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to authenticate the user. This process is interesting but is not really practical as the system
is conducted to take additional operations that are not power aware.

Authentication is usually made through a PKI infrastructure using classical certificates.
However identity is revealed through the authentication process and for some applications
anonymity would be desirable. And this can be done by means of a licence as we propose
in this paper. Group authentication based in for many-to-many authentication is good for
audio and video multiconference in VoIP. Nevertheless, communication schemes in SIP are a
one-to-one. In this scenario, the HTTP Digest authentication method is what is considered
as normal for SIP. But it does not give mutual authentication and is, also, insecure against
offline password guessing, etc. SIP, therefore, is a protocolo where researchers are investing
their efforts to provide authentication schemes, some of the are [6], [7], [8].

Although there are plenty of proposals, many of them fails in keeping good security
levels. For example, [6] proposal is built upon the difficulty of the Discrete Logarithm
Problem (DLP); therefore, considered as secure but attacks like the one shown in [7] shows
that the protocol fails. In fact, this paper ( [6]) as it is built on DLP has been target for
many other attacks. The protocol we propose, resist all these attacks and even offer a mean
to guarantee the identity of the user when accessing a service.

Taking DLP as a feasible path to create almost secure schemes, in [9], authors did a
authentication scheme based in ECDLP for SIP. Being its main advantage the fact that the
elliptic curve cryptosystems (ECC) needs a smaller key size compared to the other cryp-
tosystems in order to provide the same security level. This was considered as a notable
improvement on [6] approach. But also was attacked showing its weakness. Many other
schemes proposed, all, have been attacked and shown to be vulnerable to offline password
guessing, Denning-Sacco attacks, impersonation attacks. Many other protocols are all vul-
nerable to privileged insider attacks. Because SIP accepts plain text, in the registration
stage of these protocols the user send the selected password data in plain to the server. So
the privileged insider can impersonate the user in many services.

A feasible solution to these is the one proposed by [8] for securing SIP based in the
construction of a smart-card-based authentication and key agreement scheme. Here the
smartcard is used as a second authentication factor. The smartcard is required to further
proceed during the access to services requested by the user. This protocol is vulnerable to
impersonation attacks. In this paper, we propose the usage of a licence which is built con-
taining information from a ticket T built collaborativelly between user and server. Solving
the impersonation attack problem. The proposed scheme not only can improve the security,
but also is to be more efficient than the previous authentication schemes proposed for SIP.

The rest of this paper is organized as follows. Section 2, provides a description of the
proposed protocol. The security proofs are provided in Section 3. Section 4, presents tests
where the efficiency of the protocol is shown. Finally, Section 5 concludes the paper.
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2 Protocol

We introduce a protocol based on blind signatures using elliptic curves that allows to trace
those users of any service,traitors, that share their legitimate license (or that it has been
stolen) with other people, avoiding the abuse or the unauthorized use of legal licenses. We
show that our protocol is incapable of implicating innocent users in the illegal distribution
of licenses and that tracing produces indisputable proof for the implication of the traitors.
We also show that our protocol provides anonymity to users unless they share their private
information. We also provide an implementation showing its practical application.

Figure 1: SIP call message flow exchange

The protocol we are introducing in this section deals with an on-line protected service
provided by a content server that implements the SIP protocol, therefore extending it, that
is susceptible of illegal use by users or outsiders. The service will be accessible by means of
a session key, also distributed by the content server or by a keys server. This session key
will be broadcasted in an encrypted way and users will recover it by using a private key,
namely a ticket, that is previously distributed individually at the moment of the service
subscription. The ticket will be accompanied by a unique license, that will be required
every time a user demands access to the service. A third part that will be called the agent
will check the validity of the license and in that case this will send it to the server or a
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second agent that may detect its possible illegal use.
SIP is described in RFC 3261, controlled and ratified by the Internet Engineering Task

Force (IETF), and describes a typical SIP call between the talkative Bob and Alice, con-
taining a message sequence (see figure 1).

The protocol is composed of the following phases:

• Setup: during this stage, the SIP server choses an elliptic curve and a group of points
from that curve. Creating internal and private keys. Using these private keys to
expose public values built on these keys. Apart from this, the call or session initiation
needs to achieve several distinct functions, and therefore the server must create the
necessary resources, including:

– Register a device for each user
– Establish a data path between the two users
– Negotiate a data format to use for voice data
– Transmit /receive voice data ( decrypted if the license is valid)
– Terminate the call

• License generation
Let us suppose that some user is to require services from the SIP server. During
its first connection, the user must get registered in the server. In this point the
user runs code to extract unique information from the hardware plaftorm, and verify
that this number is valid. And keep it as part of the identity that must send to
the server. The user gets the IMEI code for its hardware, that makes the device
unique in the network. Each 3GPP mobile phone should have a unique identifier, the
International Mobile Equipment Identity (IMEI) or Formula (IMEISV). The IMEI
(15 decimal digits) or IMEISV (16 decimal digits). Currently, in wireless networks
there is no functionality that prevents the use of counterfeit phones. Some countries
are using the black list (EIR) to block mobile phones without a valid IMEI, but this
method has proven to be ineffective for counterfeit and substandard phones, since an
IMEI can be illegally changed (IMEI cloned). The first 8 of the 15 digits of an IMEI
correspond to the type allocation code (TAC), which represents the phone model. The
last digits correspond to the serial number and check digit (1 digit). In [10] a new
method was developed in order to identify and block any type of fraudulent device,
independent of the 3GPP technology. The novelty of the invention is cross-checking
device capabilities with a database obtained from all vendors; it is simple, but strong
and effective. The cross-checking procedure could occur in a mobile originating call
(MOC), mobile termi-nating call (MTC), location update (LU), SMS, IMSI Attach,
GPRS Attach, PDP context activation, RA update, service request, Short Network
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Management Protocol (SNMP) queries, the operational system fingerprint (collected
in the data link with core PS elements like SGSN or SGW), or any other procedure
that could indicate a device’s characteristics or capability. It needs to be configured
on the network side since the IMEI, IMSI (user identity), and user equipment (UE)
capabilities are collected and stored in the core network (CN), see figure 2.

Figure 2: Ensure IMEI is unique

After the check is done, the user is assigned a valid, and unique IMEI code. That is
dependent on the hardware that the smartphone has. As a second factor to create
a number that relates user and device, a second procedure is included in the pro-
tocol. A MD5 fingerprint of the firmware loaded in ram is obtained. This number
gets the reflect of the current hardware configuration as the firmware sees it. Any
changes made to it would imply to renew the identity of the user. In other words,
let think in this firmware as the BIOS of the system. When a BIOS boot it creates
routines that permits the system boot (and the routines are hardware dependent).
The number obtained by operating IMEI and BIOS MD5 with an XOR is set as the
secret number u. The user selects a pasword (that identifies her in the device), this
password is hashed as H(u||password). With it, the user creates a public identity
I = H(u||password)G1 that is submitted to the server. User also sends a message
containing a tuple: username and password (or a 13 digit number).

The value computed by the user and sent to the server is used by the SIP extended
protocol to create a Ticket that identifies the user (see figure 3).

c©CMMSE ISBN: 978-84-608-6082-281



J.A. Alvarez-Bermejo, J.A. Lopez-Ramos

Figure 3: Extended registration message to add the ticket

• Requiring access to a service

Alice decides to call Boris, so she enters Boris’s address and initiates a call, causing
Alice’s UA to send a SIP INVITE message to its selected proxy. The challenge for
the proxy is to obtain the IP address of Boris so that voice data can be routed
between them. This is called the SIP discovery process. The discovery process was
not extended.

Once the INVITE message arrives at the correct proxy, it must be mapped to a
specific IP address for Bori’s SIP phone. The registration stage done by Boris was
extended (as Alice’s) to include specific information of the user so impersonation can
be avoided. This is accomplished by looking up the URI in the location register. It
will then return the current IP address registered during the extended registration
stage by Boris. Now the INVITE message can finally be sent to the end device.

Accepting the call is another challenge as it must be checked that both ends use the
same data format, this is done by means of SDP (Session Description Protocol). Pro-
vided Boris’ phone is the one that it claims to be, and that the data is compatible
with one of these formats, Boris is notified that Alice is trying to call him. Once
he answers the phone and accepts the call, his IP Address is sent back to Alice in a
response message, along with an SDP payload containing the selected codec configu-
ration, which then follows the same route back to Alice as the invite took on the way
to Bob. She will then send an ACK message to signal the setup is complete.

Now the access to the service is granted and the license can be used to determine
when the access is granted or not.

3 Performance analysis
In this section, the performance of the proposed scheme is analyzed. First, we will analyze
the impact of the proposed extension to the SIP protocol in terms of power consumption.
To this we have emulated the smartphone architecture to conduct an energy footprint of
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the device when registering and requesting a service. Creating a detailed power model is a
quite complex task. Gem5 [13] is an architecture emulator that allows to create an ARM
core (as the one that a conventional Android based smartphone has). And McPat [14] is
an integrated power, area, and timing modeling framework that supports comprehensive
design space exploration for multicore and manycore processor configurations ranging from
90 nm to 22 nm and beyond. The code run in Gem5 creates XML files that become the
input for the McPAT emulator. This way we run our tests using the unextended SIP and
the extended SIP versions. Figure 4 executes within the red box. If an average value is
considered for the ease of use, we can state that the protocol is run and that the average
consumption is around 0.4 mamperes. To test the protocol, the extended version was run
several times. The figure 5 shows that the average consumption is also around 0.4mA being
this a first proof that the extension implemented in SIP is almost negligible.

Figure 4: HTM Digest

3.1 Runtime
A mean time of 12,75864 milliseconds is needed in order to, first, register and later get
granted access to any service to which we are connecting using the license. The conventional
protocol with no extension to check identity and to avoid piracy runs in about 2 to 5 ms.
Our protocol needs an average of 10 milliseconds to let the user in with additional security.
A future line of research is opened trying to reduce this breach and make it smaller.

4 Conclusions
SIP is a protocol that uses a very simple architecture of layers to manage the initiation, and
termination of sessions during which media is transmitted. The payments (micropayments)
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Figure 5: Licence control protocol

using such system is a topic in today’s online services. Extending the protocol to create a
secure instance of it, is a challenge as there are many attacks to observe. We have presented
a method based in digital cash, extended with a licensing method to identify the user.
This method has proved to be efficient and robust when facing the most common attacks,
including the impersonation attack.
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Abstract

The aim of this proposal is to provide passengers with a complete system that
allows reducing the waiting time when people try to check-in their luggage as well as
with an innovative tool for the control and the management of suitcases. This goal
tries to cover the need of optimizing passengers’ operations inside airport terminals.
Besides, the proposal allows increasing the security of air transport from the point
of view of the control of the luggage, which currently is critical due to the existence
of terrorist threats. For this purpose, Near Field Communication (NFC) is used and
wireless communications have been protected with a scheme based on homomorphic
cryptography, and in particular, in the Paillier cryptosystem.

Key words: Airports, Check-in online, Luggage Control, NCF tags, Security

1 Introduction

Air transport is nowadays in a period of fast and great development with a huge number of
requests that will provoke an unsustainable situation for the airports around the world in a
short time. Therefore, the necessity to take actions in order to manage the luggage and the
passengers as well as the security related to this process is absolutely essential. Nowadays,
several tools and purposes for the optimization of the operations that the passengers have
to do inside the airport terminals are a common topic [1]. The most innovative ones include
changes in the check-in system or in the selection of the seats. In some reports about
the passengers’ satisfaction, the aspects that produce experiences inside the airport with
more or less satisfaction level let us know different points to take in consideration. In
particular, a study [2] has revealed a great change of passengers’ attitudes in relation to the
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availability of new technology inside the airport. Thus, luggage management (34%), real-
time luggage control (40%) and auto-labelling of luggage (33%) are points that reflect a
generalized dissatisfaction among passengers. The most common reason for these problems
is the strengthening of the security policies in the air transport. These facilities are current
objectives of terrorist attacks so security actions are necessary, and therefore they produce
the long waiting times that the airport users suffer each day [3] [4].

In order to solve these problems, the main aim of this proposal is to provide a mechanism
to let airport users realize common activities like luggage management, focusing on the
increase of its control and providing the possibility of real-time luggage monitoring.

The general purpose of this work is to provide a system for the permanent luggage
labelling through NFC tags in order to offer the possibility of identifying the owner as well
as to realize an exhaustive tracking of each bag inside the airport, taking into account
the safe requirements of this system and the guarantee of the authenticity and protection
of data privacy and integrity. In particular, the proposal includes the use of the Paillier
cryptosystem, which is a public-key algorithm with homomorphic properties. Besides, the
current state of luggage could be known from everywhere thanks to the use of NFC tags.
For the configuration and the reception of data only NFC readers are required. A current
smartphones are beginning to include this technology so the passenger could manage the
configuration data through a mobile phone application. Otherwise, when the users have
not access to this technology in their smartphones, they will be offered the possibility to
come to a check-in desk at the airport, which should be equipped with NFC technology.
Thereby, similar to the current availability of online check-in, the passengers could check-in
their luggage faster, in response to millions from passengers requests who every year suffer
large waiting times for this operation.

This paper is structured as follows. Section 2 describes the general performance and the
essentials aspects of the proposal. Also, in this section the NFC tags structure and the used
fields are mentioned. The cryptographic scheme that provides reliability in order to control
the luggage as well as protection of authenticity and confidentiality of data are described in
Section 3. Possible vulnerabilities and attacks against to the system are analysed in Section
4 and also how they are solved. Finally, Section 5 closes the paper with some conclusions
and open problems.

2 Overview of the Proposal

As aforementioned, the proposed system has two objectives that are tightly linked: the
optimization of luggage check-in and the airport security in relation to the increase of
luggage control [5]. For these purposes, a system to allow the identification of passengers
and their luggage has been developed. The complete process is described as follows (see
Fig. 1):

c©CMMSE ISBN: 978-84-608-6082-287
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Figure 1: System Process

(A) Registration. The passenger goes to the airport and he or she asks to be the registered
at the platform. Then, after checking his or her identity and storing in the system
several basic data, the airport personnel gives him or her the required NFC tag. It
should be noted that the same person can ask for more than one NFC tags as each tag
identifies one bag and its relation with the owner, but the passenger could have several
bags. After this first step, the system will always be able to know the identity of each
person who is linked with each NFC tag. Then, the passenger can put permanently
the NFC tag on a piece of his or her luggage and it is not necessary to ask for new
tags in future trips with that luggage.

(B) Online Check-in. In the same web platforms or mobile phone applications that allow
at passengers make their check-in online, they will be able to register their luggage.
If a passenger does it, the system returns the encrypted and signed data of the trip
so that this information can be written automatically in the NFC tag. Thus, the
application notifies the user that he or she must put the device near the tag to make
communication possible.

(C) Baggage Delivery Point. After configuring the NFC tag, the passenger can place the
bags in the airport baggage delivery points, where the identification of the passenger
as well as the authenticity and integrity of stored data in the tag are verified thanks
to digital signatures.

(D) Control and Management of Luggage. Information about the process must be added
at each Control point (C), from the delivery of the luggage in the delivery point to its
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placement inside the plane and when the passenger arrives at the destination airport
and he or she gets back the luggage.

In the present work, the NFC tag NTAG213 [6] has been chosen because it has 144
bytes for the user’s data and it has a static serial Number (N). The space for these data is
enough to store both the message and its signature, and the number N allows identifying
unequivocally the owner of the tag and its relationship with the bag because this value is
static. This aspect is interesting for the cryptographic system explained in Section 3. In
relation with the registration, the N value allows linking in the server S the NFC tag with
the user u and his or her bag j (u = 1, 2, . . . ; j = 1, 2, ..., Bu) where Bu is the passenger’s
total number of Bags whose owner is u.

The control points Cv (v = 1, 2, . . . , P ) where P is the total number of control points,
are responsible for verifying that the information stored in the NFC tag has not been altered
as well as for updating the current state of luggage in the NFC tag and server. A real-time
tracking of luggage and the control of state of each bag is therefore be possible. For that,
in each point Cv there is an NFC reader that allows reading and writing the NFC tag.
Moreover, in the most critical points in relation with security, like delivery points, the
presence of personnel who can verify the content of the luggage physically through X-rays
for example, would be advisable. The system is composed of:

• The server, which allows managing the passengers and the luggage. This element
acts as centre of all the system as it grants the check-in access for the passengers and
their luggage, and the register of state changes for each bag and tracking issues. It
should be noted that this server is endowed with the ability to encrypt and decrypt
the NFC tags’ content, being the unique entity with these permissions.

• The smartphones and airport check-in points, which provide the ability to write
data on NFC tags. When the passengers check-in their bags, the NFC tags should
be written in order to load the configuration data. These elements can only write on
NFC tags and never possess the ability to read stored information.

• The NFC tags, which allow registering the set of states that the luggage has followed.
The fact that the tag updating operation is available implies to take a more exhaustive
control about the luggage. In the present systems and other proposals, the updating
of information in the baggage tags is not possible due to the fact that nowadays used
labels are printed bar codes and their substitution is impracticable.

• The control points, which are entities that verify the authenticity and integrity of
the data written in the NFC tag and update them.

• The verification authorities located in some control points which have the function
of deciding the normal cycle for each bag and of notification about an incorrect state
if the situation requires it.
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3 Cryptographic Security

Since the proposed system manages sensitive information, the privacy of data is essential.
The tags with NFC technology can be read or written easily by a lot of free mobile appli-
cations. Therefore, the integrity, authenticity and confidentiality of stored data must be
preserved. The set of operations executed during the process is shown in Figure 2 and they
are described as follows:

Figure 2: Data Transmission Scheme

• The steps [1-4] are the passengers’ tasks that are executed after registration:

1. Online Check-in: The passengers could obtain their boarding pass together with
the data for writing in the NFC tag through the mobile phone application.

2. Boarding Pass and NFC Tag Data: This step includes sending data from the
server to the smartphone of the passenger. All data transmitted for being written
into the NFC tag are sent encrypted and signed with the corresponding server
keys. It should be noted that the server has two pairs of keys, one of them
is for the encryption/decryption operation and the other one is for the digital
signature.

3. Write Operation: In this step the passenger sends the received information to
the NFC tag through the mobile phone application.

c©CMMSE ISBN: 978-84-608-6082-290



Safe Control of Luggage with Homomorphic Cryptography

4. Delivery: At this moment the passenger has written the information in the tag
and goes to the delivery point to place his or her bag in it. The first control
point C1 is located at this platform and allows checking the identification of the
integrity of written data and that the relation between the passenger and his or
her luggage is correct.

• The notation ck;k = 1,2, ...,4 denotes four sets of operations that must be executed
in each control point. These operations are executed after the luggage delivery and
during all the process until the owner gets back their bags. Each set of operations is
defined as follows:

(c1) Reading NFC tag : This operation is essential because it implies that the point
Cv can read the tag information and obtain the serial number N and the en-
crypted and signed data. Then, the Cv verifies the signature with the pre-shared
public key of the server S, which allows to check integrity and authenticity of the
message. If the verification is not successful for that particular bag, it should be
attended in a special way. On the contrary, the bag would follow the next steps.

(c2) Homomorphic function: A Partially Homomorphic Encryption (PHE) [7] is pro-
posed in order to prevent a server overload with a huge demand of requests in
each control point. The server S is the unique entity endowed with the ability
to decrypt the information that is read in the previous step and that in each
point Cv must be changed without an homomorphic function. For changing a
minimum quantity of information, the point Cv would have to send to the server
the encrypted data and the corresponding changes and then the server should
reply with the new encrypted data and Cv write this information in the NFC
tag. Thus, to avoid this situation, the use of the homomorphic cryptography has
been chosen so it allows changing the content of a message without decrypting
it previously. Therefore, without the necessity of interaction with the server S,
each control point is able to change the content of the NFC tag allowing saving
resources and network traffic.

(c3) Writing NFC tag : It should be noted that the message is composed by two parts:
the own message and its signature. Firstly, the server signs the message with its
keys. Secondly, in each control point the information changes and it is necessary
that the point signs another the time new message with its keys. As shown in
Figure 3, each control point should verify the signature of the previous point.
Then the system can always check the integrity and the authenticity point by
point. Finally, the point Cv writes this information in the NFC tag.

(c4) Updating the database: This is a simple operation allows notifying to the server
that a particular tag has crossed a control point. This makes possible a real-time
tracking of the luggage.
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According to the necessities of the cryptographic system, the use of a lightweight en-
cryption with the addition homomorphic property is convenient. As shown in Figure 3, in
each control point it is necessary to add a value to received message. This addition allows
indicating only that that bag has gone across a new control point, but this change does not
identify what point it is. This information is provided by the signature. For the guarantee
of the signature verification, each control point must know the previous point in order to
apply the verification operation with the correct keys. If the server needs decrypting the
message for some reason, the result of this operation must be the addition of all the points
where that bag has been. For this reason, the Paillier cryptosystem [8] has been chosen in
order to fulfil this requirement.

Figure 3: Verification and Update of Data in each Control Point

3.1 Paillier Cryptosystem

The Paillier cryptosystem is an asymetric scheme based on the problem of computing n-th
residue classes. It is composed of three operations: key generation, encryption/decryption
and digital signature/verify as follows:

Key generation

1. Choose two large primes p and q verifying that

gcd

(
pq, (p− 1)(q − 1)

)
= 1
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2. Compute

n = pq, λ = lcm(p− 1, q − 1) =
(p− 1)(q − 1)

gcd(p− 1, q − 1)

3. Select a random generator g where g ∈ Z∗
n2 verifying that n divides the order of g.

This can be checked through the existence of the modular multiplicative inverse as
follows:

μ =

(
L(gλ mod n2)

)−1

mod n

where the function L is defined as

L(u) =
u− 1

n

4. The generated key pair is composed of the public key U = (n, g) and the private key
R = (λ, μ).

Encryption

Ci = gMi · rn mod n2

where
r ∈ Z∗

n

Decryption

Mi = L(Cλ
i mod n2) · μ mod n

The most interesting properties of Paillier cryptosystem for the present application are
its homomorphic properties because, in particular, the addition of plaintexts is fundamental
for this system, and the Paillier scheme verifies that

E(M1) · E(M2) = (gM1 · rn1 ) · (gM2 · rn2 ) = E(M1 +M2 mod n),

such that in the present application it can be extended as follows where P is the total
number of control points:

P∏
i=1

E(Mi) =
P∏
i=1

gMi · rni = E

(
(

P∑
i=1

Mi) mod n

)
In particular, for the proposal, this property involves that

D

(
E(Mi) · gP mod n2

)
= Mi + P mod n

In this way, after the decryption in the last delivery control point, it can be checked that
the luggage has gone through all the control points.
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Digital signature ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
t1 =

L

(
H(Mi)

λ mod n2

)
L

(
gλ mod n2

) mod n

t2 =

(
H(Mi) · g−t1

) 1
n mod λ

mod n

where the pair (t1, t2) composes the signature. H(Mi) is the hash function over the message
which must fulfill that H(Mi) ∈ Z∗

n2 .

Verification

H(Mi)
?
= gt1 · tn2 mod n2

A didactic example is now included using small parameters in order to illustrate Paillier
cryptosystem. In the key generation, we use p = 7, q = 11 and compute n = p · q = 77, λ =
lcm(p − 1, q − 1) = 30. Next, a g generator must be chosen so that g ∈ Z∗

n2 , so we choose
g = 5652 and compute μ = (L(gλ mod n2))−1 mod n = 74.

Now, the key pair is composed by the public key which is pkU = (n, g) = (77, 5652)
and the private key which is pkR = (λ, μ) = (30, 74). With the key pair generated, we
can cipher and decipher any value and also we can apply the homomorphic properties as
follows. If we need to cipher m = 23, we must generate a random r value belonging to Z∗

n,
for example r = 23, and after we need to compute

c1 = gMi · rn mod n2 = 4304

Then, we can apply the homomorphic addition property with two values a = 2 and b = 9
and the decryption of the result is the addition of three values:

c2 = c1 · ga mod n2 = 2245,

c3 = c2 · gb mod n2 = 3404,

m = L(cλ3 mod n2) · μ mod n = 34
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4 Vulnerabilities Analysis

Some possible vulnerabilities and the way that they have been taken into account both in
the technological environment and in the system itself are exposed in this section.

In relation to the problems with the technology itself, two problems have been detected
that do no suppose a great difference in comparison with the current systems with printed
bar codes labels. The first one is related to the physical protection and, this aim is out of the
scope of this system. If a passenger goes to the delivery point and his or her bag has not the
NFC tag put correctly, this bag will be considered in an equivalent way as if in the present
system a printed bar code is not available. For that, in this work it has been considered
that passengers will have their belongings controlled in any moment. Besides, if a passenger
comes to a delivery point without his or her NFC tag in the bag, the more convenient
procedure would be applied according to each installation, for example using the current
printed labels method. The second detected problem is the possibility to demagnetize NFC
tag or put it in an illegible or corrupt state. In this case, the first control point verifies that
the information stored in the tag is correct in the moment that the passenger puts his or
her bag in the delivery point. If the verification was negative due to a impossibility to read
the data or an incorrect signature verification, the responsible person would act using as
in previous case. Also, coexistence of this system together with the present one could be a
support system.

Some attacks could be launched on the technology itself. Thus, the possibility that
malicious users try to change the content of foreign NFC tag exists. A huge number of
mobile phone applications that allow managing this technology does this attack possible.
In order to protect the system against these attacks, the digital signature of the message
can be used to detect this situation when the stored information changes improperly.

Throughout the process, the data stored in NFC tag as well as its signature are modified
in each control point. This provides a mechanism for controlling the baggage. Control of
staff is not the objective of this work, the only aim of this work is to provide security in the
management baggage. Consequently, the system guarantee the security against external
attacks and assumes the reliability of personnel who manages luggage, in the same way as
currently occurs.

5 Conclusions

This work describes a proposal for the permanent labelling of luggage that provides the
ability to add new information along the control points for speeding up the passengers’
flow and at the same time establishing more security over the control of luggage. The
complete tracking of luggage from the origin to the destination is not contemplated in any
existing system or previous proposals. This continuous tracking is here possible thanks to
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the use of homomorphic functions. NFC technology is ised in the proposed system because
it is becoming more accepted and economically affordable. This technology can be used to
provide more control and more security over the luggage in the airports around the world.
Besides, not only it provides more security against terrorist threats based on a low-control
of luggage but also it is an answer to the high number of complaints for delays caused by
luggage check-in and loss. Research on other NFC tags used to manage information access
like MIFARE DESFire family, is an objective that keeps this work open.

Acknowledgements

Research supported by RTC-2014-1648-8, TEC2014-54110-R, MTM-2015-69138-REDT and
DIG02-INSITU.

References

[1] L. Bi, Z. Feng, M. Liu, W. Wang: Design and implementation of the airline luggage
inspection system base on link structure of QR code. IEEE International Symposium
on Electronic Commerce and Security, pp. 527-530. (2008).

[2] Amadeus: Reinventing the Airport Ecosystem. A new airline industry report’. (2012).

[3] P. Seidenstat: Terrorism, airport security, and the private sector. Review of Policy
Research, 21(3), pp. 275-291. (2004).

[4] W.K. Viscusi, R.J. Zeckhauser: Sacrificing civil liberties to reduce terrorism risks, pp.
1-22. (2003).

[5] G.E. Vastianos, D.M. Kyriazanos, V.I. Kountouriotis, S.C. Thomopoulos: An RFID-
based luggage and passenger tracking system for airport security control applications.
International Society for Optics and Photonics SPIE Defense+ Security, pp. 90911A-
90911A. (2014).

[6] NTAG213/215/216: NFC Forum Type 2 Tag compliant IC with 144/504/888 bytes
user memory.

[7] C.Gentry: A fully homomorphic encryption scheme. Doctoral dissertation, Stanford
University. (2009).

[8] P. Paillier: Public-key cryptosystems based on composite degree residuosity classes.
Advances in cryptology— EUROCRYPT’99, pp. 223-238. (1999).

c©CMMSE ISBN: 978-84-608-6082-296



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Natural grid numerical methods revisited in
cell population balance models with asymmetric division
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Abstract

We introduce and analyze a numerical method based on the integration along charac-
teristics curves with the use of the natural grid. It is employed to obtain the solution to
a cell population balance model structured by the cell size and with assymetric division
rate.

Key words: population balance models, cell population dynamics, numerical methods,
natural grid

1 Extended abstract

Cell population balance models were introduced in the early sixties and quickly experi-
mented a great progress. The first efforts that can be associated with the concepts of
population balance equations (PBE) were carried out within the framework of particle dy-
namics in chemical and cellular contexts [14, 4]. On the one hand, Randolph [14] formulates
a generic population balance model (PBM) based on the generalized mechanical framework.
This model is concerned about particles growth, aggregation and breakage, among others.
On the other hand, Bell and Anderson [4] develop a cell population balance model in par-
allel. It is based on the cells growth and the probabilities of division and death of cells. In
such a model, they consider two different state variables, cell-age and cell-volume, because
of the different nature of reaccions, for instance involving DNA or ATP. In such a work,
the division of an individual mother cell is considered to be into equally sized daughter
cells. Later, Ramkrishna [12] adopts the generalized continuum mechanics concepts in [14]
to derive a general PBE. He uses statistical concepts such as probability and expectancy to
derive a set of equations in which age and cell mass are the descriptors of the cells state,
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even though they may only indirectly be indicators of the cell metabolism, and reflect the
influences of other biochemical substances. The division (or breakage birth) term employed
in is more general than in [4]. From a formal point of view, cell PBMs typically consist
of a PBE along with boundary and initial conditions as well as other coupled equations
describing cell division probability and intensity, partitioning cell content upon division
probability, stage transitions and, in the case of chemically structured models, cellular ki-
netics. PBE can be defined as the balance equation that accounts for the various processes
that change the number of cells in a population and takes the form of first-order partial
integro-differential equation, while supplementary equations, coupled in a non-linear way,
are tipically ordinary integro-differential equations.

From a theoretical point of view, mathematical treatment of linear cell PBM has been
developed since the early eighties. The study of the well-posedness of the size-structured
problem with division into equally sized daughter cells and its convergence towards an
asymptotically stable-type size distribution was made in [5]. The PBM model proposed by
Ramkrishna was studied similarly in [6]. In the case of nonlinear models, where the vital
rates, sources and sinks depends explicitly on the environment, the theoretical properties
of existence and uniqueness of solutions are also needed [6]. A general survey of the main
mathematical problems solved and the principal techniques employed in this context is given
in [9, 8, 3, 10].

In spite of this early development, nowadays population balance modeling is an area
of increasing aplications and is currently used to describe quite different issues. Ramkr-
ishna [13] did investigate biological populations as well as numerous studies of chemical
engineering problems had been reported. These problems demostrate the wide applicabil-
ity of the PBM modeling framework and suggest that many potential applications remain
unexplored.

The practical application of cell PBM is not easy due to the fact that owing to their
complex mathematical nature (first-order partial integro-differential equations, sometimes
coupled in a nonlinear way with ordinary integro-differential equations). The development
of numerical algorithms for the accurate approximation of their solution is a challenging
task. In the last twenty years, several studies have addressed their numerical solution with
different techniques: analytical solutions based on a successive generations approach in
the case of simple single-cell growth expresions, classical finite difference schemes, finite
element or spectral methods or the use of the integration along the characteristics (see [1]
and references there in). However, the analysis of most of these numerical proposals is not
finished yet and a convergence theorem to the theoretical solution has been provided only
in a few of them [2]. This theoretical issue will lead to a variety of algorithms that may be
used to efficiently obtain accurate solutions of these models and hence facilitate their use.

Here we consider a simple PBM where the evolution of a cell population is structured
by only one state variable (the cell size) where cells reproduction is by fission into different
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daughter cells [11]. Cell size is an attractive parameter due to the relative ease and precision
with which it can be measured because the instrumentation for obtaining it has improved
considerably. The model that arises due to this simplification is still useful in order to
analyze and understand the cell population dynamics.

We consider a nonnegative minimum cell size xm and a maximal size, normalized to
1, at which point every cell might divide or die. We suppose the cell does not divide until
it reaches a minimal size a, so 0 ≤ xm ≤ a < 1. We also assume that the environment is
unlimited and all possible nonlinear mechanisms are ignored. The problem is given by the
PBE

ut(x, t) + (g(x)u(x, t))x = −μ(x)u(x, t)− b(x)u(x, t) + 2

∫ 1

x
b(s)P (x, s)u(s, t) ds, (1)

xm < x < 1, t > 0, a boundary condition

u (xm, t) = 0, t > 0, (2)

and an initial size distribution

u(x, 0) = ϕ(x), xm ≤ x ≤ 1. (3)

The independent variables x and t represent size and time, respectively. The dependent
variable u(x, t) is the size-specific density of cells with size x at time t and we assume that
the size of any individual varies according to the following ordinary differential equation

dx

dt
= g(x). (4)

The nonnegative functions g, μ and b represent the growth, mortality and division rate,
respectively. These are usually called the vital functions and define the life history of the
individuals. Note that all of them depend on the size x (the internal structuring variable).
The dispersion of sizes at division amongst the two daughter cells (unequal division) is
defined in terms of the partitioning function P (x, y), a probability density function which
gives the distribution of the size of a daughter-cell x when the size of the mother is equal
to y. It satisfies the following conditions:∫ 1

xm

P (x, y) dx = 1, P (x, y) = P (y − x, y), P (x, y) = 0, x ≥ y. (5)

In accordance with accepted biological point of view, there exists a maximum size. This
means that cells will divide or die with probability one before reaching it. To this end, if
μ and b are positive and bounded functions, we consider a growth function, introduced by
Von Bertalanffy, satisfying limx→1

∫ x
xm

ds
g(s) = +∞. Note that if g is a continuous function
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defined in [xm, 1] then this hypothesis implies that g(1) = 0. Moreover, the solution to the
problem must satisfy u(1, t) = 0, t > 0, because we suppose that initially there are no cells
of maximum size.

We will propose and analyze a characteristic curves scheme which employs a suitable
invariant, nonuniform grid on the space variable, usually called the natural grid, as it was
considered in [7]. This grid is quite interesting because its invariance allows us to study,
at least experimentally, the long time behaviour of the cell population. We will provide
numerical experiments which confirm the predicted accuracy of the numerical scheme.
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Abstract

The estimation of a finite population distribution function under a dual frame con-
text is considered when auxiliary population information is available. Several procedures
are defined and compared to a numbers of methods which have been adapted from the
literature. The asymptotic distribution of proposed estimators is established and a brief
simulation study is also included.
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1 Introduction

The focus of this paper is on the estimation of the finite population distribution function,
on the basis of a sample taken from a dual frame context. The subject is important:
the distribution function is a basic statistic underlying many others ([1]); for purposes of
assessing and comparing finite populations it can be more revealing than means and totals
([2]).

In words, for a given value of t, the finite distribution function F (t) is the proportion of
y in the population of size N not exceeding t (usually defined using the indicator function
Δ(u) defined by Δ(u) = 1, if u is true, Δ(u) = 0, if not. The basic properties estimating
the finite distribution function F (t) are: it is monotonic nondecreasing in t, it is a step
function with step size 1/N and its values are confined to [0, 1]. Estimating the finite
population distribution function F (t) is in some respects easier and in others more difficult
than estimating a population total or mean. On the one hand, for fixed t, F (t) is simply a

c©CMMSE ISBN: 978-84-608-6082-2102



Distribution function estimates from dual frame context

mean of 0’s and 1’s. On the other hand, we typically want to estimate F (t) for more than
one value of t and these estimates need to be coordinated and where the main variable y
is related to an auxiliary variable x, it becomes an issue how to use this information, since
now we are concerned with Δ(y ≤ t) and not y itself, which is what usually gets modeled
on x. Usually, the estimators of F (t) are constructed with reference to some specific linear
regression model with “slope” β which is estimated by weighted least squares using design
weights. With the fitted values from the regression available, model calibrated estimators
can be defined.

In a dual frame context there are several ways to obtain design weights and there are also
several situations to relate the auxiliary information from frames. Now the main variable
y is related to an auxiliary variable x in each frame, and this auxiliary variable can be
different from frames or it can be the same. There has been no comprehensive comparison
of the many available alternatives for estimating F (t).

In this paper we adapt distribution function estimates in dual frame context with no
auxiliary information, with the auxiliary information about the frame sizes and with more
auxiliary information. In this last case, a post-stratification estimator with partial auxiliary
information (as in [3]) and a model calibration estimator with complete auxiliary information
(following [4] and [5]), are defined. The asymptotic distribution of proposed estimators is
established. A brief simulation study is included in section 3.

2 Distribution function estimates in dual frame context

Assume we have a finite set ofN population units identified by integers, U = {1, . . . , k, . . . , N},
and let A and B be two sampling-frames, both can be incomplete, but it is assumed that
together they cover the entire finite population. Let A be the set of population units in
frame A and B the set of population units in frame B. The population of interest, U , may
be divided into three mutually exclusive domains, a = A∩Bc, b = Ac ∩B and ab = A∩B,
where c denotes the complementary of a set. Let N,NA, NB, Na, Nb and Nab be the number
of population units in U ,A,B, a, b and ab, respectively.

Let y be a variable of interest in the population and let yk be its value on unit k, for
k = 1, ..., N . The objective is to estimate the finite population distribution function

Fy(t) =
1

N

∑
k∈U

Δ(t− yk) where Δ(t− yk) =

{
1 if t ≥ yk
0 if t < yk

(1)

that can be written as the population mean of Δt values. Let Dtk be the Δt value on unit
k, for k = 1, ..., N . Then, the objective is to estimate, for each t, the population mean,
Dt = Dt/N , where Dt denotes the population total of variable Dt. When the population
size N is unknown, N can be viewed as the total of constant 1N or N = D∞. This reduce
our goal to estimate the population totals Dt.
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This population total Dt can be written as Dt = Dta + Dtab + Dtb , where Dta =∑
k∈aDtk , Dtab =

∑
k∈abDtk and Dtb =

∑
k∈bDtk . To this end, independent samples sA

and sB are drawn from frame A and frame B of sizes nA and nB, respectively. Unit k
in A has first-order inclusion probability πA

k = Pr(k ∈ sA) and unit k in B has first-order
inclusion probability πB

k = Pr(k ∈ sB).

From data collected in sA, it is possible to compute one unbiased estimator of the total
for each domain in frame A, D̂ta and D̂A

tab
, as described below:

D̂ta =
∑
k∈sA

δk(a)d
A
k Dtk , D̂A

tab
=

∑
k∈sA

δk(ab)d
A
k Dtk ,

where δk(a) = 1 if k ∈ a and 0 otherwise, δk(ab) = 1 if k ∈ ab and 0 otherwise and dAk are
the weights under the sampling design used in frame A, defined as the inverse of the first
order inclusion probabilities, dAk = 1/πA

k . Similarly, using information included in sB, one

can obtain an unbiased estimator of total for domain b and another one for domain ab, D̂tb

and D̂B
tab

, which can be expressed as

D̂tb =
∑
k∈sB

δk(b)d
B
k Dtk , D̂B

tab
=

∑
k∈sB

δk(ab)d
B
k Dtk ,

with δk(b) = 1 if k ∈ b and 0 otherwise, and dBk the weights under the sampling design used
in frame B defined as the inverse of the first order inclusion probabilities, dBk = 1/πB

k .

Different approaches for estimating the population total from dual frame surveys have
been proposed in the literature. Below, we adapt some of them to the context of the
distribution function estimation.

2.1 No auxiliary information

Dual-frame approach

The dual frame approach [6], [7]) suggests a convex combination of the two overlap estimates
to obtain an unbiased global estimator of the population total.

Using this idea we consider the use of a fixed quantity η to weight D̂A
tab

and D̂B
tab

,
providing the estimator

D̂tη = D̂ta + (η)D̂A
tab

+ (1− η)D̂B
tab

+ D̂tb . (2)

This approach can always be applied since it does not require any previous or additional
information but only the choice of the parameter η. Different procedures for selecting the
value of η can be considered, yielding to different estimators. A simple selection is η = 1/2
that yields to the known as Fixed Weight Adjustment (FWA) estimator.

c©CMMSE ISBN: 978-84-608-6082-2104



Distribution function estimates from dual frame context

Single-frame approach

[8] and [9] combine all sampling units coming from the two frames, sA and sB, trying to
build a single sample as if it was drawn from only one frame. Sampling weights for the units
in the overlap domain need, then, to be modified to avoid bias. These adjusted weights are

d̃k =

⎧⎨⎩
dAk if k ∈ a

(1/dAk + 1/dBk )
−1 if k ∈ ab

dBk if k ∈ b
. (3)

Hence, a new estimator of the population total can be defined in the form

D̂tBKA =
∑
k∈sA

d̃Ak Dtk +
∑
k∈sB

d̃Bk Dtk =
∑
k∈s

d̃kDtk , (4)

with s = sA ∪ sB. Note that to compute this estimator, one needs to know, for units in
sample coming from the overlap domain, the inclusion probability under both sampling
designs.

2.2 Estimation with the auxiliary information about the frame sizes

The PML method for the dual-frame approach

[10] use a pseudo maximum likelihood approach to extend to complex designs the maximum
likelihood estimator proposed by [6] only for simple random sampling without replacement.
We adapt this estimator to the distribution function, and the required estimator of the
population total is given by

D̂tPML =
NA − N̂PML

ab (γ)

N̂A
a

D̂A
ta +

NB − N̂PML
ab (γ)

N̂B
b

D̂B
tb

+
N̂PML

ab (γ)

γN̂A
ab + (1− γ)N̂B

ab

[γD̂A
tab

+ (1− γ)D̂B
tab

],

(5)

where N̂PML
ab (γ) is the smallest of the roots of quadratic equation [γ/NB +(1−γ)/NA]x

2−
[1 + γN̂A

ab/NB + (1− γ)N̂B
ab/NA]x+ γN̂A

ab + (1− γ)N̂B
ab = 0 and γ ∈ (0, 1). It is also shown

that the following value for γ

γopt =
N̂aNBV (N̂B

ab)

N̂aNBV (N̂B
ab) + N̂bNAV (N̂A

ab)
(6)

minimizes the variance of D̂tPML .
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The calibration method for the dual-frame approach

Recently, [11] extended calibration procedures to estimation from dual frame sampling as-
suming that the population frame sizes (NA, NB) or the population domain sizes (Na, Nab, Nb)
are known. For example, suppose that the dimension of the three sets NA, NB and Nab

is known. Then, we can build the auxiliary vector using domain membership indicator
variables, i.e.

dk =
(
δk(a), δk(ab), δk(ba), δk(b)

)
, for k = 1, . . . , N, (7)

where δk(a) = 1 if k ∈ a and 0 otherwise, δk(ab) = 1 if k ∈ ab and 0 otherwise, δk(ba) = 1
if k ∈ ba and 0 otherwise and δk(b) = 1 if k ∈ b and 0 otherwise. Note that because the
population units in the overlap domain ab can be sampled in either or both surveys, it is
useful to create a duplicate domain ba = B ∩A, which is identical to ab = A∩B, to denote
the domain in the overlapping area from frame B. Thus, Nba = Nab.

To obtain the final weights that can be used directly to estimate population totals as
in equation (9), let D = (Na, ηNab, (1 − η)Nba, Nb) be the vector of known totals. In this
case, the calibration constraints are given by∑

k∈sa
wdf
k = Na,

∑
k∈sab

wdf
k = ηNab,

∑
k∈sba

wdf
k = (1− η)Nba,

∑
k∈sb

wdf
k = Nb. (8)

In this context, the dual frame calibration estimator for the total required for distribu-
tion function estimation can be defined as follows

D̂tdf =
∑
k∈s

ddfk Dtk , (9)

where weights ddfk are such that min
∑

k∈sG(ddfk , d̆k) subject to
∑

k∈s d
df
k dk = D, with

G(·, ·) a determined distance measure and

d̆k =

⎧⎪⎪⎨⎪⎪⎩
dAk if k ∈ a
ηdAk if k ∈ ab

⋂
sA

(1− η)dBk if k ∈ ab
⋂

sB
dBk if k ∈ b

, (10)

being η ∈ [0, 1].

The calibration method for the single-frame approach

Then, with a similar approach to that of D̂tBKA , another calibration estimator can be
computed as

D̂tsf =
∑
k∈s

dsfk Dtk , (11)
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with weights dsfk verifying that min
∑

k∈sG(dsfk , d̃k) subject to
∑

k∈s d
sf
k dk = D, being d̃k

the weights defined in (3).
An estimator of the variance of any calibration estimator can be obtained through

following expression

V̂ (D̂t) =
∑
k∈s

∑
�∈s

((πk� − πkπ�)/πk�)(d
�
kek)(d

�
�e�) (12)

where d�k is given by (3) or by (10) according to whether we use D̂tsf or D̂tdf , respectively.

In all previous cases and for each t, a point estimate, F̂t, and a variance estimate, V̂ (F̂t)
are obtained. Then, a confidence interval based on the pivotal method can be computed as

F̂t ± zα/2

√
V̂ (F̂t) where zα/2 is the critical value of a standard normal distribution.

2.3 Estimation with more auxiliary information

Poststratification

We consider here the problem of estimating F (t) given sample values of main variable y
together with auxiliary population information, x. Following [3], we consider a poststratified
estimator with poststrata defined by the intervals of x. Let the L poststrata partitioning
the population U be denoted U1, · · · , UL, where k ∈ Ul if x(l−1) < xk ≤ x(l), and where
x(0) = −∞, x(1) < x(2) < · · · < x(L−1) are specified values and x(L) =∞. Let sa1, . . . , s

a
L be

the corresponding partition of sa so that sal = sa ∩ Ul. Let Na
l be the size of Ua

l = Ul ∩ a

and let N̂a
l =

∑
k∈sal d

A
k , l = 1, . . . , L. Following a similar notation for domains ab, ba and

b, a poststratified estimator of F (t) under the dual frame approach is F̂t = D̂tPS/N with

D̂df
tPS

= D̂PS
ta + ηD̂PS

tab + (1− η)D̂PS
tba + D̂PS

tb (13)

where

D̂PS
ta =

L∑
l=1

Na
l

N̂a
l

∑
k∈sal

dAk Δ(t− yk), D̂PS
tab =

L∑
l=1

Nab
l

N̂ab
l

∑
k∈sabl

dAk Δ(t− yk),

D̂PS
tba =

L∑
l=1

N ba
l

N̂ ba
l

∑
k∈sbal

dBk Δ(t− yk), D̂PS
tb =

L∑
l=1

N b
l

N̂ b
l

∑
k∈sbl

dBk Δ(t− yk).

Under a single-frame approach, in a similar way, we can define

D̂sf
tPS

=

L∑
l=1

Nl

N̂ sf
l

∑
k∈s

dsfk Δ(t− yk) (14)

where N̂ sf
l =

∑
k∈sl d

sf
k .
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Calibration

The auxiliary information provided by an auxiliary vector x can be used following [4] and
[12], in the definition of calibration conditions. We consider a pseudo-variable gk = β̂′xk
for k = 1, 2, . . . , N where: β̂′ = (

∑
k∈s dkqkxkx

′
k)

−1 ·∑k∈s dkqkxkyk and qk positive values.
With the pseudo-variable g, we add in the minimization process the following conditions:∑

k∈s
ωkΔ(tg − gk) =

∑
k∈U

ωkΔ(tg − gk) (15)

where tg = (t1, . . . , tP )
′
is a vector chosen arbitrarily assuming that t1 < t2 < . . . < tP .

For example, under the dual-frame approach, if we suppose that NA, NB and Nab

are known and an auxiliary vector xA is available for units in frame A, we can compute
the pseudo variable gAk = β̂′

Ax
A
k and similarly for gBk . Then, if we consider δk(A) =

δk(a)+ δk(ab) and δk(B) = δk(b)+ δk(ba), the auxiliary vector (7), for k = 1, . . . , N , can be
extend to

dx′
k =

(
δk(A) ·Δ(tAg − gAk )

′, δk(a), δk(ab), δk(B) ·Δ(tBg − gBk )
′, δk(b), δk(ba)

)
, (16)

with the conditions in (8) and the additional conditions as follows:∑
k∈sA

ωkΔ(tAg − gAk ) = DA
g ,

∑
k∈sB

ωkΔ(tBg − gBk ) = DB
g

where DA
g =

∑
k∈UA

Δ(tAg −gAk ) and DB
g =

∑
k∈UB

Δ(tBg −gBk ), that is, the vector of known
total is

DX′ = ((DA
g )

′, Na, ηNab, (D
B
g )

′, Nb, (1− η)Nba) (17)

In a similar way, if we suppose that only NA and NB are known, the auxiliary vector can be
expressed as: dx′

k =
(
δk(A) ·Δ(tAg − gAk )

′, δk(A), δk(B) ·Δ(tBg − gBk )
′, δk(B)

)
or equivalently

dx′
k =

(
δk(A) ·Δ(TA

g − gAk )
′, δk(B) ·Δ(TB

g − gBk )
′) (18)

where TA
g = (tAg , g

A
max) with gAmax = max

k∈UA

gAk and similarly for TB
g . Thus, the calibration

conditions are: ∑
k∈sA

ωkΔ(TA
g − gAk ) = DA

g ,
∑
k∈sB

ωkΔ(TB
g − gBk ) = DB

g

and the vector of known total is

DX′ =
(
(DA

g )
′, (DB

g )
′) (19)
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In this context, the dual frame calibration estimator can be defined as follows:

D̂tdfx =
∑
k∈s

wdfx
k Dtk , (20)

where weights wdfx
k are such that min

∑
k∈sG(wdfx

k , d̆k) subject to
∑

k∈sw
df
k dxk = DX,

with G(·, ·) a determined distance measure distance satisfying the usual conditions required
in the calibration approach, d̆k are defined in (10), DX is given by (19) or (17) and dxk is
the auxiliary vector given by (16) or (18) respectively .

Thus, the calibrated weights obtained are given by:

wdfx
k = F (λdfdxk) (21)

where F (u) = g−1(u) denotes the inverse function of g(w, d) = ∂G(w, d)/∂w and the vector
of Lagrange multipliers λdf is determined with

φs(λdf ) =
∑
k∈s

d̆k[F (λdfdxk)− 1]dxk = DX− D̂Xη (22)

where D̂Xη =
∑

k∈s d̆kdxk. In general, numerical methods are needed to solve the
minimization problem for different distance measures. If we consider the chi-square distance

G(wdfx
k , d̆k) =

(wdfx
k −d̆k)

2

2d̆k
in the calibration process, the weights are given by:

wdfx
k = d̆k + d̆kλdfdxk (23)

and the vector of Lagrange multipliers λdf is given by: λdf =
(
DX − D̂Xη

)′
· T−1

df with

Tdf =
∑

k∈s d̆kdxkdx
′
k and the resulting calibration estimator D̂tdfx with weights (23) is:

D̂tdfx =
∑
k∈s

wdfx
k Dtk = D̂tη +

(
DX− D̂Xη

)′
· B̂df (24)

with
B̂df = T−1

df ·
∑
k∈s

d̆kdxkDtk (25)

Thus, following ([4]), we have established the next theorem.

Theorem 2.1 The estimator D̂tdfx is asymptotically normal and asymptotically design un-
biased and its asymptotic variance is given by

V (D̂tdfx) = V

(∑
k∈s

d̆kEk

)
(26)

where Ek = Dtk − dx′kBDF and BDF = T−1
DF ·

∑
k∈U dxkDtk with TDF =

∑
k∈U dxkdx

′
k
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In a similar way, under the single-frame approach, if we suppose that NA, NB and Nab

are known, we can defined a calibration estimator as follows:

D̂tsfx =
∑
k∈s

wsfx
k Dtk , (27)

where weights wsfx
k are such that min

∑
k∈sG(wsfx

k , d̃k) subject to
∑

k∈sw
sfx
k dxk = DX,

with G(·, ·) a determined distance measure, d̃k are defined in (3),

dx′
k = (δk(A) ·Δ(tAg − gAk )

′, δk(a), δk(ab), δk(B) ·Δ(tBg − gBk ), δk(b)) (28)

and
DX′ =

(
(DA

g )
′, Na, Nab, (D

B
g )

′, Nb

)
(29)

If we suppose that only NA and NB are known, then the auxiliary vector and the vector
of known totals are given by

dx′
k =

(
[δk(A)] ·Δ(TA

g − gAk )
′, [δk(B)] ·Δ(TB

g − gBk )
)

(30)

and
DX′ =

(
(DA

g )
′, (DB

g )
′) (31)

Thus, the solution for the chi-square distance is given by:

wsfx
k = d̃k + d̃kλsfdxk (32)

with λsf =
(
DX−D̂XBKA

)′
·T−1

sf where D̂XBKA =
∑

k∈s d̃kdxk and Tsf =
∑

k∈s d̃kdxkdx
′
k.

The resulting calibration estimator D̂tsfx with weights (32) is:

D̂tsfx =
∑
k∈s

wsfx
k Dtk = D̂tBKA +

(
DX− D̂XBKA

)′
· B̂sf (33)

with
B̂sf = T−1

sf ·
∑
k∈s

d̃kdxkDtk (34)

where DX is given by (29) or (31) and dxk is given by (28) or (30), respectively.

Thus, in this single frame context, we have established the next theorem.

Theorem 2.2 In the same way as for dual frame estimator, the estimator D̂tsfx is asymp-
totically normal and asymptotically design unbiased and its asymptotic variance is given by

V (D̂tsfx) = V

(∑
k∈s

d̃kEk

)
(35)

where Ek = Dtk − dx′kBSF and BSF = T−1
SF ·

∑
k∈U dxkDtk with TSF =

∑
k∈U dxkdx

′
k.
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The precision of D̂tdfx and D̂tsfx calibration estimators changes with the selection of tAg
and tBg . Using only one point in the calibration process, it is possible to calibrate on the same
t at we need to estimate the finite population distribution function, F (t). We denote this
calibration estimator by Cal1. Following [12] as alternative estimation method, we select
only one optimum point in the calibration process and we denote the resulting calibration
estimator by CAL1. Both calibration estimators can be applied under the single-frame and
the dual-frame approach.

In a similar way, it is also possible to use two o more points. For example, two points
(t4 and t8) or two optimal points, three points (t3, t6 and t9) or three optimal points, and
eleven points (tk, k = 1, . . . , 11). In [4] it is suggested that a fairly small number of arbitrarily
selected points tj may suffice, as [13] point out. In the next section we present a subset of
results obtained in simulations studies to compare efficiency of proposed estimators.

3 Simulation study

We conducted a simulation study to analyze the performance of the proposed estimators.
Our simulations are programmed in R using the Frames2 package ([14]) to build the esti-
mators. In addition, we developed some new R-code to compute the proposed calibration
estimators for dual frame context.

The simulated population has a dimension N = 2, 350. The resulting sizes of the
two frames are NA=1,735 and NB=1,191 and, consequently, the overlap domain size is
Nab=601. The units from frame A are then divided into six strata as follows: NAh =
(727, 375, 113, 186, 115, 219). Samples from frame A are selected using stratified simple
random sampling. Samples from frame B are selected by means of SRSWOR sampling.
Sample sizes for frame A and frame B, which correspond to the following number of units
per stratum are nA = (15, 20, 15, 20, 15, 20) = 105 and nB = 135.

The simulation study consisted of selecting R = 1, 000 samples of size n = 240. From
each sample and for each estimator, estimates of the distribution function F (t) were cal-
culated for 11 different values of t, namely the quantiles tq of the population distribution
function such that q = 1/12, . . . , 11/12, F (tq) = q.

Aggregated measures of performance used to summarize the results for the various
quantiles are the average absolute bias (avab) and the average root mean squared error
(avrmse), given respectively by

avab =
1

11

∑
q

| 1
R

R∑
s=1

(F̂ s(tq)− F (tq))|, avrmse =
1

11

∑
q

|

√√√√ 1

R

R∑
s=1

(F̂ s(tq)− F (tq))2|.

All calibration estimators were computed using Na, Nab, Nb as auxiliary information
and η as in (6), and are denoted by Cal. In addition, XA and XB variables are used in

c©CMMSE ISBN: 978-84-608-6082-2111



A. Arcos, S. Mart́ınez, M. Rueda, H. Mart́ınez

the calibration process and the auxiliary information about one point (the same at we need
the estimation), two points (t4, t8), and three points (t3, t6, t9) is added, and the resulting
calibration estimators are denoted by Cal1, Cal2 and Cal3. In similar way, when one, two
or three optimal points are used, we denote the resulting calibration estimator by CAL1,
CAL2 and CAL3, respectively. Post-stratified estimator based on XA and XB and three
equidistant post-strata are also computed for the two approach. Finally, BKA estimator,
under the Single-Frame approach, and FWA and PML estimators, under the Dual-Frame
approach, are computed. Table 1 shows our results.

Table 1: Average absolute bias (avab) and Average root mean squared error (armse) for several
estimator over 1,000 samples

Single-Frame Dual-Frame

avab avrmse avab avrmse

BKA 46 362 FWA 45 372
PML 48 366

Cal 46 362 Cal 46 364
Pos 109 225 Pos 106 231
Cal1 38 301 Cal1 38 307
Cal2 33 280 Cal2 33 283
Cal3 38 259 Cal3 38 265
CAL1 16 219 CAL1 16 229
CAL2 26 212 CAL2 26 221
CAL3 9 203 CAL3 9 216

Values multiplied by 10,000

The average absolute biases are negligible in all cases, as expected from the theoretical
results. In terms of armse, other things being equal, single-frame estimators are more
efficient than dual-frame estimators, due to the extra-information they incorporate in the
estimation process. Given a particular optimal point in the calibration process, it makes
difference in terms of efficiency and this, again, is in line with our theoretical findings.

Acknowledgements

This study was partially supported by Consejeŕıa de Economı́a, Innovación, Ciencia y Em-
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Magreñán3
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Abstract

We present new sufficient convergence conditions for the semilocal convergence of
Newton’s method to a locally unique solution of a nonlinear equation in a Banach space.
We use Hölder and center Hölder conditions, instead of just Hölder conditions, for the
first derivative of the operator involved in the convergence study. The new convergence
conditions are weaker than others required in earlier studies.

Key words: Newton’s method, semilocal convergence, recurrent functions, Hölder
Hölder condition, center Hölder condition.
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1 Introduction

In general, when we consider the calculation of a solution of a nonlinear equation F (x) = 0,
it is difficult to find an exact solution because there are hardly procedures that allow us to
find it. For this reason, we usually apply iterative methods to approximate the solution.
The best known and most used iterative method in practice is Newton’s method, whose
algorithm is: {

x0 given,

xn = xn−1 − [F ′(xn−1)]
−1F (xn−1), n ∈ N.
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So, the idea is clear: starting from a good initial approximation x0 to a solution x∗ of the
equation F (x) = 0, we construct a sequence {xn} such that x∗ = limn→∞ xn, so that it is
needed to impose enough conditions for the sequence is convergent.

To give sufficient generality to our study, we consider that F : Ω ⊆ X −→ Y is a
nonlinear operator defined on a nonempty open convex subset Ω of a Banach space X with
values in a Banach space Y . Many problems from computational sciences, physics and other
disciplines can be brought into a form similar to equation F (x) = 0 using mathematical
modelling. So, the unknowns of this equation can be functions (difference, differential,
and integral equations), vectors (systems of linear or nonlinear algebraic equations), or
real/complex numbers (single algebraic equations with single unknowns).

The fact of considering our study in Banach spaces has the advantage that all sequences
of Cauchy in Banach spaces are convergent. Therefore, in our study, it deals with proving
that {xn} is a sequence of Cauchy. For this, we study the semilocal convergence of Newton’s
method, so that conditions on the starting point x0 and on the operator involved F are
required, along with a condition that guarantee that the sequence {xn} is of Cauchy from
the conditions required to x0 and F .

2 Semilocal convergence of Newton’s method

The first semilocal convergence result for Newton’s method in Banach spaces was given by
Kantorovich [4] under the following conditions:

(C1) There exists Γ0 = [F ′(x0)]−1 ∈ L(Y,X), for some x0 ∈ Ω, with ‖Γ0‖ ≤ β
and ‖Γ0F (x0)‖ ≤ η, where L(Y,X) is the set of bounded linear operators
from Y to X.

(C2) ‖F ′′(x)‖ ≤ K for x ∈ Ω.

(C3) h = Kβη ≤ 1
2 and B(x0, t

∗) ⊂ Ω, where t∗ = 1−√
1−2h
h η.

A few years later, Ortega observes that the second derivative of the operator involved,
F ′′, is not in the algorithm of Newton’s method and that condition (C2) implies that F ′ is
Lipschitz continuous in Ω. In addition, he presents in [6] a variant of the result given by
Kantorovich where (C2) is replaced by a Lipschitz condition for F ′ in Ω; that is:

(C2b) ‖F ′(x)− F ′(y)‖ ≤ K‖x− y‖ for x, y ∈ Ω.

Later, other authors ([1, 3, 5, 7]) consider the following generalization of the last con-
dition:

(C2c) ‖F ′(x)− F ′(y)‖ ≤ �‖x− y‖p for x, y ∈ Ω and p ∈ [0, 1],
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which is known as a Hölder condition for F ′ in Ω. Obviously, if p = 1, then condition (C2c)
is reduced to condition (C2b).

This generalization of condition (C2b) leads to a modification of condition (C3) given for
the parameters appeared previously. So, for example, Hernández proves in [3] the semilocal
convergence of Newton’s method under conditions (C1), (C2c) and

(C3b) a = �βηp ≤ z∗, where z∗ is the unique zero of the function

f(t) = (1 + p)p(1− t)1+p − tp

in the interval (0, 1/2] and B(x0, r) ⊂ Ω, where r = (1+p)(1−a)
(1+p)−(2+p)a η.

In this work, by means of some modifications of condition (C2c), we try to weaken
condition (C3b). Observe that if condition (C2c) is verified in a domain Ω0 ⊂ Ω, the value
of the constant � is obviously lower and, therefore, condition (C3b) is more easily verifiable.
Even if we consider this situation in the extreme case, Ω0 = {x0}, that is:

‖F ′(x)− F ′(x0)‖ ≤ �0‖x− x0‖p with x ∈ Ω and p ∈ [0, 1],

it is clear that �0 ≤ �. Note that the last condition is called: center Hölder condition for F ′

in Ω. As a consequence, we do a brief reminder of the main modifications obtained for the
previous condition and, using recurrent functions [2], obtain a result which improves the
previously ones obtained by other authors.
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Abstract

We present a new technique to improve the convergence domain for Newton’s method
both in the semilocal. It turns out that with the new technique the error bounds are
tighter and the information on the location of the solution is at least as precise as in
earlier studies
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1 Introduction

In this study we are concerned with the problem of approximating a locally unique solution
x∗ of equation

F (x) = 0, (1.1)

where F is a Fréchet-differentiable operator defined on a convex subset D of a Banach space
X with values in a Banach space Y .

Many problems from Applied Sciences including engineering can be solved by means of
finding the solutions of equations in a form like (1.1) using Mathematical Modelling [1, 2, 6,
8]. For example, dynamic systems are mathematically modeled by difference or differential
equations, and their solutions usually represent the states of the systems. Except in special
cases, the solutions of these equations can be found in closed form. This is the main reason
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why the most commonly used solution methods are usually iterative. The convergence
analysis of iterative methods is usually divided into two categories: semilocal and local
convergence analysis. The semilocal convergence matter is, based on the information around
an initial point, to give criteria ensuring the convergence of iteration procedures. A very
important problem in the study of iterative procedures is the convergence domain. In general
the convergence domain is small. Therefore, it is important to enlarge the convergence
domain without additional hypothesis. Another important problem is to find more precise
error estimates on the distances ‖xn+1 − xn‖, ‖xn − x∗‖.

Newton’s method defined for each n = 0, 1, 2, . . . by

xn+1 = xn − F ′(xn)−1F (xn) (1.2)

where x0 is an initial point,is undoubtedly the most popular method for generating a se-
quence {xn} approximating x∗. Let (U(z, �) , Ū(z, �) stand, respectively for the open and
closed ball in X with center z ∈ X and radius � > 0. The best known semilocal convergence
result for Newton’s method is the Newton-Kantorovich theorem [6] (see Theorem 2.1 that
follows) which is based on the hypotheses (given in affine invariant form) by:

(H1) There exists x0 ∈ D such that F ′(x0)−1 ∈ L(Y,X) and a parameter η ≥ 0 such that

‖F ′(x0)−1F (x0)‖ ≤ η

(H2) There exists a parameter L > 0 such that for each x, y ∈ D

‖F ′(x0)−1(F ′(x)− F ′(y))‖ ≤ L‖x− y‖.

and

(H3) Ū(x0, R) ⊆ D for some R > 0.

The sufficient convergence condition of Newton’s method is given by the famous for its
simplicity and clarity Kantorovich hypothesis

h = 2lη ≤ 1. (1.3)

There are simple examples in the literature to show that hypothesis (1.3) is not satisfied
but Newton’s method converges starting at x0 (See Example 2.2). Moreover, the conver-
gence domain of Newton’s method depending on the parameters L and η is in general small.
Therefore it is important to enlarge the convergence domain by using the same constants
L and η. Argyros et all in a series of papers [4, 5] presented weaker sufficient convergence
conditions for Newton’s method by using more precise majorizing sequences than before
[6, 7]. These conditions are
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h1 = 2A1η ≤ 1, (1.4)

h2 = 2A2η ≤ 1, (1.5)

h3 = 2A3η ≤ 1, (1.6)

h4 = 2A4η ≤ 1, (1.7)

where

A1 =
L0 + L

2
, A2 =

1

8

(
L+ 4L0 +

√
L2 + 8L0L

)
,

A3 =
1

8

(
4L0 +

√
L0L+ 8L2

0 +
√

L0L

)
, A2 =

1

η0
,

η0 is the small positive root of a quadratic polynomial (see Theorem in [1, 2, 4, 5] or Theorem
2.7 that follows) and L0 > 0, is the center Lipschitz constant such that

‖F ′(x0)−1(F ′(x)− F ′(x0))‖ ≤ L0‖x− x0‖ for each x ∈ D (1.8)

whose existence is always implied by (H2).

We have that

L0 ≤ L (1.9)

holds in general and L
L0

can be arbitrarily large [3]. Notice also (1.8) is not an additional to
(H2) hypothesis, since in practice the computation of parameter L involves the computation
of L0 as a special case. Notice that if L0 = L conditions (1.4)–(1.7) reduce to condition(1.3).
However, if L0 < L, then we have [4, 5]

h ≤ 1 ⇒ h1 ≤ 1 ⇒ h2 ≤ 1 ⇒ h3 ≤ 1 ⇒ h4 ≤ 1, (1.10)

h1
h

→ 1

2
,

h2
h

→ 1

4
,

h2
h1

→ 1

2
,

h3
h

→ 0,

and
h3
h2

→ 0,
h3
h1

→ 0, as
L0

L
→ 0.

(1.11)

Estimates (1.11) show by how many times (at most) a condition is improving the
previous one.

Notice also that the error bounds on the distances involved as well as the location on
the solution x∗ are also improved under these weaker conditions [1, 2, 4, 5]. In the present
study, the main goal is to improve further conditions (1.3)–(1.7) by using smaller than L0

and L parameters and by restricting the domain D. Similar ideas are used to improve error
bounds and enlarge convergence radii in the local convergence case.
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2 Convergence Analysis

We present the semilocal convergence analysis of Newton’s method. Next, we state the
following version of the Newton Kantorovich theorem [6].

Theorem 1 Let F : D ⊂ X → Y be a continuously Fréchet-differentiable operator. Suppose
that (1.3) and conditions (H1)–(H3) hold, where

R =
1−

√
1− h

L
.

Then, the sequence {xn} generated by Newton’s method is well defined, remains in U(x0, R)
for each n = 0, 1, 2, . . . and converges to a unique solution x∗ ∈ Ū(x0, R) of equation (1.1).

Let us consider an academic example, where the Newton-Kantorovich hypothesis (1.3)
is not satisfied.

Example 1 Let X = Y = R, x0 = 1, D = U(1, 1− p) for p ∈ (0, 12) and define function F
on D by

F (x) = x3 − p.

We have that η = 1−p
3 and L = 2(2− p). Then, hypothesis (1.3) is not satisfied, since

hk =
4

3
(2− p)(1− p) > 1 for each p ∈ (0,

1

2
).

Hence, there is no guarantee that sequence {xn}starting from x0 = 1 converges to x∗ = 3
√
p.

Next, we present a semilocal convergence result that extends the applicability of Theo-
rem 1.

Theorem 2 Let F : D ⊂ X → Y be a continuously Fréchet-differentiable operator. Suppose
that there exist x0 ∈ D, η ≥ 0, γ ≥ 1, Lγ > 0 such that

F ′(x0) ∈ L(Y,X),

‖F ′(x0)−1F (x0)‖ ≤ η,

Dγ = U(x0, γη) ⊆ D,

‖F ′(x0)−1(F ′(x)− F ′(y)) ≤ Lγ‖x− y‖ for each x, y ∈ Dγ ,

hγ = 2Lγη ≤ 1

and

Rγ ≤ γη,
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where

Rγ =
1−

√
1− 2hγ

Lγ
.

Then, the sequence {xn} generated by Newton’s method is well defined, remains in U(x0, Rγ)
for each n = 0, 1, 2, . . . and converges to a unique solution x∗ ∈ Ū(x0, Rγ) of equation (1.1).

Example 2 Returning back to the Example 1 let p = 0.49 and γ = 1.9. Then, we have that
η = 0.17, γη = 0.323 and Rγ = 0.258202394 < 0.323 < 1− p = 0.51. Hence, the hypotheses
of Theorem 2 are satisfied.

In this work, we apply the same idea in order to improve the existing results related to
conditions (1.4)–(1.7).
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In present paper, a survey of recent results on difference schemes for approximate
solutions of stochastic partial differential equations. Results on the convergence of differ-
ence schemes for parabolic, hyperbolic and telegraph equations are presented. Finally,
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1 Introduction

Methods for numerically solving the initial and the boundary value problems for stochastic
ordinary and partial differential equations have been studied and developed over the last
three decade. An excellent survey of work in this area was given by Kloeden and Platen [1] -
[2]. It is known that most problems in heat flow, fusion process, model financial instruments
like options, bonds and interest rates and other areas which are involved with uncertainty
lead to stochastic differential equation with parabolic type. These equations can be derived
as models of indeterministic systems and consider as methods for solving boundary value
problems [3]- [4].

The approach of the book [5] permitted essentially to extend a class of problems where
the theory of difference methods is applicable. Namely, now it is possible to investigate the
stochastic differential equations (see, for examples, [6]-[13]). In present paper, a survey of
recent results on difference schemes for approximate solutions of stochastic partial differ-
ential equations are given. Results on the convergence of difference schemes for parabolic,
hyperbolic and telegraph equations are presented.
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2 Stochastic Parabolic Equation

In the papers [6]-[8], the multipoint nonlocal boundary value problem

⎧⎨⎩
dv(t) = −Av(t)dt+ f(t)dwt, 0 < t < T,wt =

√
tξ, ξ ∈ N(0, 1), 0 ≤ t ≤ T,

v(0) =
J∑

j=1
αjv(λj) + ϕ(wλ1,···,wλJ

),
J∑

j=1
|αj | ≤ 1, 0 < λ1 < · · · < λJ ≤ T

(1)

for a differential equation in a Hilbert space H with a self adjoint positive definite operator
A was investigated. Here and in future:

i. wt is a standard Wiener process given on the probability space (Ω, F, P ).

ii. f(t) is an element of space M2
w([0, T ], H1) that consists of H1− value process for

which the condition E
∫ T
0 ‖f(t)‖2H1

dt <∞, H1 ⊂ H is satisfied.

A single-step difference schemes for the numerical solution of the nonlocal-boundary
value problem (1) for a stochastic parabolic equation were presented. The convergence
estimates for the solution of the difference schemes were established. In application, the
convergence estimates for the solution of difference schemes were obtained for nonlocal-
boundary value problems. The theoretical statements for the solution of this difference
scheme are supported by numerical examples.

Presently, in the paper [6], 1/2-th order of accuracy Rothe difference scheme for the
numerical solution of the Cauchy problem{

dv(t) = −A(t)v(t)dt+ f(t)dwt, wt =
√
tξ, ξ ∈ N(0, 1), 0 < t < T,

v(0) = 0
(2)

for differential equations in a Hilbert space H with self adjoint positive definite dependent
in t operators A(t) was constructed. Theorem on convergence estimates for the solution
of this difference scheme was established. In applications this abstract result permit us to
obtain the convergence estimates for the solution of difference schemes for the numerical
solution of initial boundary value problems for parabolic equations.

3 Stochastic Hyperbolic Equation

In the papers [10],[11], [12], the Cauchy problem was investigated{
dv̇(t) +Av(t)dt = f(t)dwt, wt =

√
tξ, ξ ∈ N(0, 1), 0 < t < T,

v(0) = ϕ, v̇(0) = ψ
(3)

for the second order stochastic differential equation in a Hilbert space H with a self adjoint
positive definite operator A with A ≥ δI, where δ > δ0 > 0.In addition to i) and ii),
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iii. For any z ∈ [0, T ], f(z) is an element of the space M2
w([0, T ], H1), where H1 is a

subspace of H.

Here, M2
w([0, T ], H) denote the space of H−valued measurable processes which satisfy

(a) φ(t) is Ft measurable, a.e. in t and E
∫ T
0 ‖φ(t)‖Hdt <∞.

iv. ϕ and ψ are elements of the space M2
w([0, T ], H2) of H2−valued measurable processes,

where H2 is a subspace of H.

A two-step difference schemes for solving the Cauchy problem(3) for a stochastic hy-
perbolic equation were presented. The convergence estimates for the solution of difference
schemes for a stochastic hyperbolic equation were established. In applications, the theorems
on convergence estimates for the solution of difference schemes for the approximate solu-
tion of initial-boundary value problems for stochastic hyperbolic equations were proved.
The solutions of the difference schemes were supported by the results of their numerical
experiments. Thus, results show that the error is stable and decreases in an exponential
manner.

Finally, in paper [13] the two-step difference scheme for the telegraph equation was pre-
sented. The convergence estimate for the solution of the difference scheme was established.
In applications, the convergence estimates for the solution of difference scheme for the nu-
merical solution of two problems for telegraph equations were obtained. The theoretical
statements for the solution of this difference scheme were supported by the results of the
numerical experiment.

Finally, I will formulate some problems and future plans.
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Abstract

We consider the initial value problem{
du
dt +Au(t) = f(u(t), u(t− w)), t ≥ 0,
u(t) = ϕ(t),−w ≤ t ≤ 0

in a Banach space E with strongly positive operator A. Theorem on the existence
of bounded unique solution of this problem is established. The first and second order
of accuracy difference schemes for the solution of the nonlinear parabolic equation with
time delay are presented. Theoretical results are supported by numerical experiments.

Key words: delay parabolic equations, difference schemes, initial value problems,
bounded unique solution
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1 Introduction

It is known that, in delay differential equations, the presence of the delay term causes the
difficulties in analysis of differential equations, there are a few works that analytic solutions
are given. For this reason, the researches in numerical methods recompense the lack of the-
oretical researches. Especially, one of the main methods used on this area is finite difference
method.
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Lu [1], studies monotone iterative schemes for finite-difference solutions of reaction-diffusion
systems with time delays and give modified iterative schemes by combing the method of
upper-lower solutions and the Jacobi method or the Gauss-Seidel method.
Gu and Wang [2], construct a linearized Crank-Nicolson difference scheme to solve a type
of variable coefficient delay partial differential equations.
Ashyralyev and Sobolevskii [3], consider the initial-value problem for linear delay partial
differential equations of the parabolic type and give a sufficient condition for the stability
of the solution of this initial-value problem. They obtain the stability estimates in Hölder
norms for the solutions of the problem.
Ashyralyev and Ağırseven [4]-[10], investigated several types of initial and boundary value
problems for linear delay parabolic equations. They give theorems on stability and conver-
gence.
In this work, we study existence of bounded unique solution of nonlinear parabolic equation
with time delay.

2 Existence Theorem for Bounded Unique Solutions

We consider the initial value problem

{
du
dt +Au(t) = f(u(t), u(t− w)), t ≥ 0,
u(t) = ϕ(t),−w ≤ t ≤ 0

(1)

in a Banach space E with strongly positive operator A . The recursive solution of this
problem is
un(t) = e−Atu(0) +

∫ t
0 e

−A(t−s)f(un−1(s), un(s− w))ds, n = 1, 2, ...
u0(t) = ϕ(t)
The necessary conditions for the existence of unique bounded solution is given by the fol-
lowing theorem.

Theorem 1.
(i) ϕ(t) ∈ [0,∞), ϕ(t) ∈ D(A) and ‖ϕ(t)‖E ≤M,−w ≤ t ≤ 0
(ii)f: E×E −→ E be continuous and bounded function, that is ‖ϕ(t)‖ ≤ M̄ is satisfied and
let L be positive constant, and Lipschitz condition holds according to w.
‖f(u,w)− f(v, w)‖E ≤ L‖u− v‖E
Then Problem (1) has a unique, bounded solution in D.
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3 Numerical Results

We consider⎧⎨⎩
∂u(t,x)

∂t + ∂2u(t,x)
∂x2 = u(t, x)[u(t− 1, x)cosx− ux(t− 1, x)sinx], t ≥ 0, 0 < x < π

u(t, x) = e−tsinx,−1 ≤ t ≤ 0
u(t, 0) = u(t, π) = 0, t ≥ 0

(2)

Using MATLAB programming the numerical results are obtained and error analysis is
given by table.

Table 1. Comparison of the errors of different difference schemes
in t ∈ [n, n+ 1] , n = 0, 1, 2, ...

Method N=M=30 N=M=60 N=M=120

first or. of acc. d.s. 0.0064 0.0031 0.0015
second or. of acc. d.s. 4.5864× 10−4 1.1212× 10−4 2.7577× 10−5
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Abstract

A modification to the tumour growth model proposed by Hahnfeldt et al. in 1999
is considered in this study. The cell population is divided into two subpopulations
with different chemotherapy resistances. The influence of competition between the two
types of cells on the acquired drug resistance phenomenon is considered. The steady
states of the resulting systems are examined. The continuous, indefinite chemotherapy
dose is treated as a bifurcation parameter. It is confirmed that higher drug doses
may not necessarily extend survival time. The results support the hypothesis that cell
competition plays an important role in acquired chemotherapy resistance.

Key words: tumour, chemotherapy, cell competition, mathematical modelling

1 Introduction

One of the major obstacles in a design of effective chemotherapy protocols is acquired drug
resistance (ADR). The ADR is a process in which tumour cells become more resistant to
the cytotoxic agents over the course of treatment. This phenomenon, attributed to a high
mutation rate coupled with large cell division rate of cancer cells, has been the subject of
many mathematical models [1].
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According to the experimental results regarding the intrinsic drug resistance, a small
drug-resistant cell subpopulation may be present in the tumour at the onset of the treat-
ment. Hence the question of optimal chemotherapy dosage naturally arises when ADR is
considered. Hostile environment imposed by a high concentration of the cytotoxic agent
in blood may promote an outburst of a chemotherapy-resistant tumour cells. Contrary to
the maximal dose principle, it is therefore possible that increasing the dosage worsens the
outcome of chemotherapy. On the other hand, if the dosage is too small, the treatment may
not suffice to effectively inhibit the tumour growth.

In this study, a modification to the framework established by Hahnfeldt et al. in 1999 [2]
is proposed in order to take into account the heterogeneity of the malignant cells population.
The malignant cells are divided into two subcategories (sensitive and resistant) basing on
their resistance to chemotherapy. The ADR is then explained solely by the competition
between the two kinds of cancer cells. Potential failures of chemotherapy resulting from
unnecessarily high drug dose are discussed.

The major difference between this model and other similar ones proposed in the liter-
ature (such as [3]) is the focus on cell competition, rather than cell mutations. The use of
Hahnfeldt et al.’s framework also allows for tracking the number of endothelial cells (or,
equivalently, the carrying capacity). This is important as the cytotoxic drug is not selective
and affects the tumour vasculature as well. Furthermore, it makes the proposed framework
viable for including the effects of combined therapy.

2 The model

In 1999, Hahnfeldt et al. [2] proposed a model for tumour growth under angiogenic simu-
lation/inhibition. The model was used to quantify the effects of anti-angiogenic treatment
(modelled as a direct death of endothelial cells). Hahnfeldt et al. assumed that the tumour
population V follows the Gompertzian-type growth, while the carrying capacity K is the
size of the vasculature (related to the number of endothelial cells). This led to the following
system of equations:

V̇ = −λV ln

(
V

K

)
,

K̇ = −μK + bV − dV 2/3K,

(1)

where λ is the Gompertzian growth rate of malignant cells, μ is the natural death rate of the
endothelial cells, b is the rate at which the vasculature growth is stimulated by the cancer
cells and d is a measure of how strongly the cancer cells inhibit the vasculature. See the
original article by Hahnfeldt et al. [2] for details on the derivation of these equations.

In order to take into account the heterogeneity of the tumour cells with respect to their
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resistance to chemotherapy, the following modification of (1) is proposed in this study:

V̇1 = −λ1V1 ln

(
V1 + α12V2

K

)
− β1V1g(t),

V̇2 = −λ2V2 ln

(
V2 + α21V1

K

)
− β2V2g(t),

K̇ = −μK + (b1V1 + b2V2)− d (V1 + V2)
2/3K − βKg(t),

(2)

where α12, α21 are the competition coefficients between the two types of cancer cells, β1, β2, β
measure how different cell types are affected by the chemotherapy and g(t) is the concen-
tration of the cytotoxic drug. Parameters λ1, λ2, b1, b2, μ are analogous to their equivalents
from (1).

It is assumed that the treatment starts upon tumour detection when the total volume
of the tumour is 300mm3. It is further assumed that at the onset of therapy there are many
more sensitive cells than resistant ones. The carrying capacity at the detection point is
650mm3, the same as used in the original work. Hence the initial conditions are as follows:
V1(0) = 280, V2(0) = 20,K(0) = 650.

The standard MATLAB solver ode45 was used with error tolerance equal to 10−5. The
values of parameter used in all of the simulations are listed in Table 1. The parameters
whose values are not listed differ between the simulations. These values can be found in
figure descriptions.

It is assumed here that the first type of cells (V1) is more sensitive to the chemotherapy
than the second type (V2), i.e. β1 > β2. At the onset of treatment, the V2 resistant
subpopulation is much smaller than the V1 sensitive subpopulation. This is only possible, if
in the absence of therapy the sensitive cells outcompete the resistant ones, i.e. α21 > α12 [4].

3 Results

In order to be able to obtain any analytic results and examine the system behaviour, in the
following section the chemotherapy is approximated by taking g(t) = g = const.

Under this assumption, it can be shown that System (2) has at most three steady
states, noting that 0 is not an admissible point. The steady states are denoted by S∗

i =
{V i∗

1 , V i∗
2 ,Ki∗} for i = 1, 2, 3.

The first steady state S∗
1 corresponds to the situation in which the chemotherapy-

sensitive cells outcompete the resistant type. It exists provided that b1 e
− β1

λ1
g −βg > 0 and

its coordinates S∗
1 = {V 1∗

1 , 0,K1∗} are given by:

V 1∗
1 =

⎛⎝b1 e
− β1

λ1
g −βg − μ

d

⎞⎠3/2

and K1∗ = V 1∗
1 e

β1
λ1

g
.
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This steady state is stable if (β1λ2 − β2λ1)g < λ1λ2 lnα21.

Similarly, the steady state S2∗
2 at which the resistant cells dominate over the sensitive

ones exists provided that b2 e
− β2

λ2
g −βg > 0 and its coordinates S∗

2 = {0, V 2∗
2 ,K2∗} are given

by:

V 2∗
2 =

⎛⎝b2 e
− β2

λ2
g −βg − μ

d

⎞⎠3/2

and K2∗ = V 2∗
2 e

β2
λ2

g
.

It is stable if (β1λ2 − β2λ1)g > −λ1λ2 lnα12.

The last, positive steady state S∗
3 at which both cell types coexist exists if

α12 < e
−β1g

λ1
+

β2g
λ2 , α21 < e

−β2g
λ2

+
β1g
λ1 ,

b1

(
e
−β1g

λ1 −α12 e
−β2g

λ2

)
+ b2

(
e
−β2g

λ2 −α21 e
−β1g

λ1

)
> (μ+ βg)(1− α12α21).

The coordinates of S∗
3 are given by

V 3∗
1 =

e
−β1g

λ1 −α12 e
−β2g

λ2

1− α12α21
K3∗,

V 3∗
2 =

e
−β2g

λ2 −α21 e
−β1g

λ1

1− α12α21
K3∗,

K3∗ =

[
b1

(
e
−β1g

λ1 −α12 e
−β2g

λ2

)
+ b2

(
e
−β2g

λ2 −α21 e
−β1g

λ1

)
− (μ+ βg)(1− α12α21)

]3/2
d3/2

(
e
−β1g

λ1 −α12 e
−β2g

λ2 +e
−β2g

λ2 −α21 e
−β1g

λ1

) .

The conditions for stability of the steady state S∗
3 obtained by the Routh-Hurwitz criterion

are very complex, hence not provided here. It is, however, possible to show using this
criterion that if both cell types are assumed to stimulate the angiogenesis at the same rate
(i.e. b1 = b2), the steady state S∗

3 is always stable.

In what follows, the drug dose g will be treated as a bifurcation parameter. A particu-
larly interesting result emerges if β1λ1−β2λ1 > 0. The qualitative properties of the system
diagram are then determined by the values of the competition coefficients α12 and α21.

In Figure 1, the tumour size at the steady states is plotted against the bifurcation
parameter g for different values of α12 and α21. The tumour size is defined as a weighted
average σ1V1 + σ2V2, where σ1 + σ2 = 1. The rationale behind taking a weighted average
rather than simply an overall tumour volume V1 + V2 is that it is more desirable for the
tumour to be composed of the sensitive cells rather than resistant ones. Hence to penalise
tumour resistance σ2 should be taken to be greater than 0.5. In other words, the aim of
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Name λ1 λ2 μ b1 b2 d

Unit 1/day 1/day 1/day 1/day 1/day day−1vol−2/3

Value 0.192 0.192 0 5.85 5.85 0.00873

Name β1 β2 β
Unit day−1conc−1 day−1conc−1 day−1conc−1

Value 0.15 0.1 0.05

Table 1: Parameters for the model. The values of parameters λ1, λ2, μ, b1, b2, d are taken
from [2], while the values of β1, β are taken from [5]. The value of β2 was chosen arbitrarily.

the treatment may not necessarily be to just maximise cell death, but also to minimise the
ADR effect.

In Figures 1a,b it is visible how increasing the drug dose leads to a smooth transition
from a tumour consisting of chemotherapy-sensitive cells to a one composed mainly of the
resistant cells. Figure 1a shows that for σ1 = σ2 = 0.5 the steady state tumour size decreases
as the drug dose g increases. However, if the resistant cells population is penalised by taking
σ1 = 0.4, σ2 = 0.6 (Figure 1b), an increase in dose may result in an increase in tumour size.

Figures 1c,d show a hysteresis loop. This is important from a point of view of effective
chemotherapy planning and may potentially be dangerous for the patient. It can be seen that
increasing the drug dose does not necessarily mean a decrease in tumour size. Furthermore,
if the administrated dose exceeds a critical value at which S∗

1 loses stability, the tumour
transits to the ”resistant” steady state. The harmful effects of this transition are even
more apparent when the resistant cells population is penalised (σ2 = 0.6). Reversing this
transition is then only possible if the drug dose is decreased below the value at which S∗

2

gains stability.

The danger associated with the hysteresis loop is visualised in Figure 2. Two chemother-
apy protocols are considered. In Figure 2a the drug concentration admits a value g = 1.5
and does not change in time. In Figure 2b this dose is increased to 2.5 between days 60
and 100 and equal to 1.5 at all other times. It is visible how the tumour transits to the
”resistant” state and simple reversal of the drug dose increase was not enough to transit
back to the ”sensitive” state.

In light of the above, a potential failure of chemotherapy may be therefore associated
with an unnecessary increase in dosage. To illustrate this phenomenon, the System (2) was
solved numerically. The results of these simulations are discussed below.

Figure 3 shows the survival time plotted against the drug dose. Survival time is defined
to be the time until the overall tumour volume V1 + V2 reaches a critical value Vcrit. Three
values of Vcrit were tested. All three plots show a slow initial increase in survival time.
This is then followed by a spike – a drug dose corresponding to a good survival/cytotoxicity
ratio. A decrease in the survival time is then visible until the chemotherapy dose is large
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Figure 1: Bifurcation diagram for the system (2). Weighted average of the volumes of
the two cell types at the steady states are plotted against a chemotherapy dose g. Solid
lines denote stability, while dashed ones instability. The parameter values are: (a) α12 =
0.8, α21 = 1.1, σ1 = 0.5, σ2 = 0.5, (b) α12 = 0.8, α21 = 1.1, σ1 = 0.4, σ2 = 0.6, (c) α12 =
0.8, α21 = 1.5, σ1 = 0.5, σ2 = 0.5, and (d) α12 = 0.8, α21 = 1.5, σ1 = 0.4, σ2 = 0.6.

enough to maintain the tumour volume below the critical value indefinitely.

Figure 4 shows examples of the tumour evolution for different drug doses. As expected,
an increase in the dose promotes the growth of the chemotherapy resistant cells. In Fig-
ure 4a, the dose chosen is too small to effectively inhibit tumour growth. In Figure 4b, the
dose is enough to maintain the tumour size below the critical value for over 200 days until
the resistant cells eventually dominate. In Figure 4c, the administrated dose was too large
and a quick outburst of resistant subpopulation is present.

4 Discussion

The results obtained for continuous indefinite chemotherapy support the hypothesis that
cell competition plays an important role in ADR. Interesting dynamics which arises for
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Figure 2: Numerical solutions to System (2) for different chemotherapy protocols. The
values of the competition coefficients are α12 = 0.8, α21 = 1.5. The drug doses are (a)
g(t) ≡ 1.5 and (b) g(t) = 2.5 for t ∈ [70, 100] and g(t) = 1.5 at all other times. Dashed line
shows the total tumour volume V1 + V2.

certain values of the competition coefficients suggests that cell competition should not be
completely disregarded in modelling of the ADR effect.

The qualitative differences in the dynamics of the system for different values of the
competition parameters α12, α21 are summarised in Figure 1 by means of a bifurcation
diagram.

If the sensitive cells do not exert a large influence over the resistant cells (i.e. α21

close to 1), the transition from the ”sensitive” tumour to the ”resistant” one is smooth and
reversible by adjusting the chemotherapy dose. It should be noted, however, that even the
largest dose g = 2 is not enough to maintain the total tumour volume under the desired
critical value Vcrit (Figure 1a,b). Larger drug dose is necessary and the resistant cells have
to be killed anyway.

If the sensitive cells, however, are very good at suppressing the growth of the resistant
type (e.g. α21 ≈ 1.5), the dynamics is more interesting. The system exhibits hysteresis,
as shown in Figure 2b,c. As the sensitive cells die out in course of the treatment, they
can no longer keep the resistant cells at bay. This results in an outburst of the resistant
subpopulation and a transition to the ”resistant” steady state. Due to the hysteresis, a
decrease in the chemotherapy dose may not be enough to return to the ”sensitive” steady
state. This has potentially dangerous implications for the patient, as larger chemotherapy
doses are necessary to eradicate the resistant tumours.

In line with similar results obtained by other authors [3], Figure 3 suggests that the
increase in chemotherapy dose does not necessarily imply an increase of the survival time.
In fact the doses with a good survival/cytotoxicity ratio will be the ones below the value of
g at which the ”sensitive” steady state loses stability, i.e. g < −λ1λ2 ln(α21)/ (β1λ2 − β2λ1).

Although the model described in this study supports the hypothesis that cell com-
petition significantly contributes to the ADR effect, the authors are aware of its current
limitations. In particular, although a spike in survival time is present for intermediate drug
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Figure 3: Survival time plotted against a chemotherapy dose for different values of Vcrit.
Each plot ends when the survival time becomes infinite (tumour volume never reaches the
critical value).

dose, a dose enough to eradicate the tumour completely is predicted to be not much higher.
The exact quantitative results are to be treated with caution, nevertheless an absolute cure
with no much increase in cytotoxicity may be considered even better for the patient. It is,
however, a commonly accepted theory that rapid cell mutations are also responsible for the
ADR. These mutations are likely to increase a drug dose required for a complete cure. It
would therefore be beneficial to include such mutations into the model, as suggested in [3]
in a similar setting.

What is more, the potential of Hahnfeldt et al. framework is not fully capitalised in
the current form of the model. The fact that the size of the tumour vasculature is also
being modelled makes it easier to include effects of the anti-angiogenic treatment and hence
combined therapy. The subtle interplay between these two kinds of treatment is yet to be
fully understood. Combined therapy could be considered using modifications of Hahnfeldt
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Figure 4: Examples of three solutions to System (2) for different values of g. The compe-
tition coefficients are α12 = 0.8, α21 = 1.5 and the drug doses are (a) g = 1.2, (b) g = 1.6,
(c) g = 2. Dashed line shows the total tumour volume V1+V2. Dotted vertical line denotes
the survival time for Vcrit = 2700.

et al. model proposed in [5, 6]. It would be interesting to see what possible implications
combined therapy may have on the ADR.

Finally, although a continuous indefinite chemotherapy is particularly suitable for math-
ematical analysis, it suffers from not being clinically realistic. Investigation of the effects of
the drug dose and density by choosing g to be a more realistic pharmacokinetic function is
a good next step in the development of the model.
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In summary, this work modifies the framework proposed by Hahnfeldt et al. to ac-
count for tumour cells with varying chemotherapy resistance. Preliminary results regarding
the continuous, constant indefinite chemotherapy protocol support the hypothesis that cell
competition plays an important role in the ADR effect. It confirms that spikes in survival
time are present for intermediate values of the drug dose. Next steps in model development
will include: mutation to resistance, more realistic chemotherapy protocols and inclusion of
anti-angiogenic therapy.
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Abstract

Modeling the cardiac conduction system is a challenging problem in the context
of computational cardiac electrophysiology. Its main structure in the ventricles is the
Purkinje system, which is responsible for triggering electrical activation and subsequent
heart contraction. Since it cannot be visualized by means of medical imaging techniques,
it is commonly neglected or inversely estimated. In this paper we present an algorithm
that is capable to estimate the location of the Purkinje system terminals from a set
of invivo clinical measurement where the activation time is known. We evaluate the
performance of the algorithm for different scenarios. Results show that the method is
capable of locating most of the terminals in simple scenarios. When a scenario is com-
plex, the method can locate the terminals with major impact in the overall activation
map. Furthermore, the low values associated to the mean square error indicate that
solutions provided are useful to simulate a patient ventricular activation map.

Key words: Cardiac Conduction System, Purkinje Tree, Non-statistical estimation,
Approximation

1 Introduction

Computational modelling of the heart aims at helping to understand the complex structure
and function of the heart in health and disease. The construction of realistic computational
cardiac models that can be personalized to a patient is challenging and requires the fusion
of disparate medical and biological data [6, 3]. On the one hand, the function of the heart
is modeled from ex-vivo experiments at cell and tissue scales, which are usually represented
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by sets of differential equations that describe their coupled nonlinear behaviour. On the
other hand, a personalized 3D heart geometry can be obtained from segmentation of medical
images acquired from computed tomography (CT) or magnetic resonance imaging (MRI).
Subsequently, segmented hearts are meshed in 3D to define a fine computational domain
in which finite element methods can be used to simulate the heart function. However, the
heart is highly complex and inhomogeneous, and not all the cardiac structures and tissue
properties can be personalized from medical images due to imaging resolution limits. Among
these structures there is the cardiac conduction system (CCS) or Purkinje tree (in the
ventricles), which is responsible for the synchronized activation of the cardiac muscle that
triggers the heart contraction. In a healthy human heart, the CCS functions as a ’highway’
placed in the inner cardiac surface, where the electrical signals travel fast up to the Purkinje-
myocardial junctions (PMJs). At each PMJ the impulse enters the ’working’ contractile
myocardium, which slowly propagates the electrical signal as a wavefront activating the
heart tissue. Once a given cell has been activated, it cannot be activated again during the
same heart cycle by a second electrical wavefront. As a result, not all PMJs are effective,
in the sense that many propagate their signal to active cells and make no practical effect,
or their contribution is masked by other surrounding PMJs.

The structure of the Purkinje tree and the location of the PMJs cannot be obtained from
any in-vivo imaging technique. This fact has led researchers to the construction of generic
population-based computational models of the CCS in the ventricles [2, 8]. The reader is
referred to [8] for a review on different techniques commonly used to build computer models
of the CCS. Recently, some techniques have been developed to infer the location of PMJs
and structure of a Purkinje tree from electro-anatomical maps (EAMs) acquired in-vivo in
the clinic [4, 9, 7] during radio frequency ablation (RFA) interventions. EAMs are one the
the few invivo clinical source of information that can be directly used to obtain the electrical
function of the heart. From EAMs, the local activation times (LAT) can be measured using
catheters at different locations on the inner surface of the ventricles.

In the works of Palamara et al. [7] and [9], a mathematical method to define positions
of PMJs is presented that reduces simulated activation errors given a precomputed generic
Purkinje tree structure. In [4], the location of PMJs is determined from singularity points
at highly dense activation maps obtained from simulations. None of the techniques try
to obtain the real location of the PMJs, but a distribution of them that is coherent with
tissue global activation sequences. The real location of all the electrical triggers in the heart
which can include PMJs or pathological tissue, such as ectopic activity, is valuable for both
constructing realistic models of the heart and planning RFA interventions.

Our goal is to perform an inverse estimation of the location and activation time of
PMJs on the inner surface of the heart, given a set of scattered measurements randomly
distributed, similarly to those obtained in EAMs. In this work, we present an estimation
method, and analyze it on several synthetic scenarios. The structure of the Purkinje tree, as
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observed macroscopically in animal studies [1], forms a complex interconnected network. To
represent this network we build tree structures recursively, creating two perpendicular child
branches at the end of each branch with decreasing length and locating the PMJs at the
leaf nodes of the tree. We build a series of scenarios using different Purkinje trees with an
increasing number of branches and PMJs density, and present the estimation capabilities.
The approximation of the structure of the Purkinje tree from the estimated PMJs is out of
the scope of this study.

2 PMJ estimation method

To show and test the methodology we use a simplified scenario that takes the following
assumptions: the cardiac tissue is represented by a 2D, euclidean domain, Ω ⊂ R2; the signal
propagation is considered isotropic and; the propagation velocity constant. According to
the previous description of a Purkinje tree, we assume that the signal enters cardiac tissue
through a set S of n PMJs, with locations sk ∈ Ω, k = 1, . . . , n. The activation time of node
k will be denoted as τk ∈ R.

Given a point x ∈ Ω, its local activation time (from now on LAT) will be the earliest
arrival time of the signal from the source nodes, i.e. PMJs, and is given by

t(x) = min
k

(
τk +

‖x− sk‖
v

)
, (1)

where v is the propagation velocity of the signal through the cardiac tissue. Figure 1 (a)
shows a simple scenario with two PMJs represented with solid circles, and several points with
measurements (LATs) represented with crosses. Three of the measurement points displayed
with LATs ti1, ti2 and ti3, were activated by the same PMJ (indicated with arrows).

Since the Purkinje tree cannot be observed, PMJs will be considered as unknown, both
in their number and location. Our goal is to estimate the location of the set of effective
PMJs that produces the observed measurements, which are the activation times at m given
locations. Thus, we state our problem as

Problem 2.1 (PMJ estimation) Given a set P of tuples (pl, tl) ∈ Ω × R, l = 1, . . . ,m,
where tl is the known activation time at pl, find a set F of estimated PMJs and associated
activation times (ŝi, τ̂i), i = 1, . . . , r, that minimises the error function

E =
1

m

m∑
l=1

(tl − t̂l)
2 (2)

where t̂l is the estimated activation time defined by (1), for x = pl and the min function
ranging in (ŝi, τ̂i), i = 1, . . . , r.
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Figure 1: PMJs and measurement points. Spatial representation in a 2D plane with spatial
location of PMJs and measurement points (left) and temporal representation using cones
(right).

Let us consider a PMJ with spatial coordinates s ∈ Ω and activation time τ . And let us
consider a point p that is activated by the propagation of the signal from s. The activation
time t of point p must meet the equation

‖p− s‖ = v(t− τ). (3)

Equation (3) defines the positive half of a cone (see Figure 1 right) with its vertex in (s, τ);
thus, for any point activated by s the point (p, t) ∈ R3 belongs to that cone. Given three
points activated by the same PMJ, if a cone can be found in R3 containing their coordinates
in the form (pl, tl), then PMJ coordinates (s, τ) must be located at the cone’s vertex.

To construct a set of candidate PMJs, we are going to use this property. As a first
step in our method we build a Delaunay triangulation for the set of measured points,
considering their spatial coordinates. Such a triangulation is the construction of an irregular
mesh that takes the points as vertexes and in which all the faces are triangles. Figure 2
shows the Delaunay triangulations for the smallest and largest sizes of P, considered in our
experiments.

Let’s call

T = {{k1, k2, k3} : �pk1pk2pk3 belongs to the Delaunay triangulation.},

given a triangle i = {i1, i2, i3} ∈ T , formed by the measurement points, pi1 , pi2 and pi3 ,
with activation times, ti1 , ti2 and ti3 , we look for a solution fi = (ŝi, τ̂i) ∈ R3 of the system
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Figure 2: Two different measurement point sets, P, and their corresponding Delaunay
triangulation. (Left: |P| = 100, right: |P| = 1000).

of nonlinear equations

‖pi1 − ŝi‖ − v(ti1 − τ̂i) = 0

‖pi2 − ŝi‖ − v(ti2 − τ̂i) = 0

‖pi3 − ŝi‖ − v(ti3 − τ̂i) = 0 (4)

Moreover, a valid PMJ will have an activation time earlier than the LAT of the three
measurements points that generate it, namely

τi < tij , j = 1, 2, 3. (5)

To extract a set F containing valid PMJs belonging to the hidden tree, we have designed
Algorithm 1. For each triangle i included in the Delaunay triangulation T we look for a
valid tentative PMJ, fi. This step, corresponding to line 5 in the algorithm, consists of the
solution of the system (4). This system is solved by means of a standard solver for systems
of nonlinear equations. In particular, we use a modification of the Powell hybrid method as
implemented in MINPACK [5].

Since the solver can return false PMJs, fi needs to be validated. The validation function,
called in line 6 of the algorithm, checks three conditions and only accepts the candidate PMJ
if all of them are met. The first condition checked is the verification that the candidate PMJ
is consistent with the three measurement points that have generated it. This test is done
by checking if the solver has converged to a solution of (4) and verifying the conditions (5).

The second condition checked is whether the estimated PMJ is inside the Delaunay
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Algorithm 1 PMJs estimation

1: Input → P {Set of measurement points with activation time}
2: F ← ∅ {PMJs}
3: T ← delaunay(P) {Build a Delaunay triangle mesh}
4: for all tri ∈ T do
5: fi ← find source(tri) {The solver finds out a local solution from the triangle tri }
6: if is valid(fi) then
7: F ← F ∪ fi
8: end if
9: end for

10: Output ← F {Set of estimated PMJs }

triangulation T , otherwise it is considered to be outside the domain of the problem and is
disregarded.

The third condition requires that the estimated PMJ is compatible with the backward
eikonal problem associated to the triangle where the estimated PMJ is located in. This
criterion has already been used by other authors [7] and states that a measurement point
cannot activate later than the traveling wavefront produced by the closest PMJ. Thus, we
request that the vertexes of triangle k containing fi = (ŝi, τ̂i) meet the condition

tkj ≤
‖ŝi − pkj‖

v
+ τ̂i + ε, j = 1, . . . , 3 (6)

where ε is a tolerance parameter that accounts for possible numerical errors.
The estimation problem, as stated in Problem 2.1, admits a trivial solution consisting

on placing a PMJ at every measurement point. Obviously, this is an undesired solution.
However, by construction the PMJs will be placed at locations different than those of the
measurement points, in most if not all cases.

3 Performance Evaluation

To evaluate our approach, we have generated several scenarios consisting of a simulated
Purkinje tree structure along with a set of measurement points uniformly distributed. In
this section we describe the experimental methodology used and discuss the results.

3.1 Methodology

The test trees that represent the cardiac conduction system are built procedurally. We
use a recursive algorithm that, at every level, creates two new branches at the end of each
branch that was built in the previous level. Every new branch is perpendicular to the parent
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Figure 3: Example of generated trees. A) 1 main branch with depth 2 (B1D6), B) 3 main
branches with depth 2 (B3D2)

branch. The leaf nodes of the tree are the PMJs, which are sources of electrical signal in
the myocardium. The density of PMJs is indirectly controlled by the depth of the branch
recursion. Branch lengths are generated following a normal distribution with parameters
obtained from [8]. Figure 3 shows two examples of trees used in our experiments.

We generate two types of scenarios: i) trees with a single main branch, and ii) trees
with three main branches connected as depicted in Figure 3. For each type, we consider 3
different recursion depths for generating the tree subbranches: depth 2, depth 4 and depth
6. We will label every configuration with letter B followed by the number of branches plus
letter D followed by the depth used to generate it. Figure 3 (a) shows a tree with one
branch and recursion depth of 6 (B1D6). Figure 3 (b) shows a tree with three branches and
a recursion depth of 2 (B3D2).

Given a simulated Purkinje tree, we firstly set a number of measurement points in the
domain varying from 100 to 1000 in steps of 100, distributed uniformly. Secondly, the LAT
at each measurement point is computed, by propagating the electrical signal along the tree,
up to the PMJs and from the PMJs to each sensor through the shortest path, using Equa-
tion (1). The signal within the tree propagates around three times faster than on the local
domain. The experimental process can be summarized as follows: i) Generate an artificial
tree with a set of PMJs as source points, S; ii) Generate P measurement points distributed
uniformly; iii) Propagate the signal from S to P and set the corresponding activation times
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(a) (b)

Figure 4: Solutions provided for scenario B3D6 with 500 measurement points (a) and 1000
measurement points (b).

for every point in P; iv) Run the algorithm provided and obtain an estimation F ; Compare
the solution S with the estimation F .

In Figure 4 the results of the algorithm can be observed for an scenario, with two
different measurement points densities. In the figure, measurement points are represented
by crosses. The blue dots represent the PMJs that have been found, while the red dots
represent PMJs that have not been found in the solution by our algorithm. The set of all
points which are activated by the same PMJs is represented by a polygon containing them.

To compare the generated solution S (considered as the true unknown cardiac con-
duction system) and the estimation F provided by our algorithm, we consider two error
measurements. First, we consider the number of PMJs found, and compare it to the actual
number of PMJs in the scenario. Second, we measure the estimated LATs, generated by the
propagation of the signal from the PMJs in F , and compute the mean square error (Eq. (2)
in Problem 2.1). Since the trees and the measurement points are generated randomly, we
build a sample of 100 different instances for every scenario and compute the mean and
standard deviation of these performance indicators.

3.2 Results

The results of the simulation study, including all the scenarios, are summarized in Figure 5.
The number of sources, i.e. PMJs, estimated for the scenario with a single main branch is
displayed in Figure 5 (a), while Figure 5 (b) shows the PMJs estimated using three main
branches. Every row represents a different recursion depth, for depths 2, 4 and 6. Each
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plot shows the number of PMJs in the scenario (F REAL), the number of PMJs that can
be truly estimated (F DET) or effective sources, the total number of PMJs estimated by
the algorithm (F EST) and finally, the number of PMJs correctly estimated (F OK).

In Figure 5, the difference between the values of the estimated (F EST) and actual
(F OK) number of PMJs indicates that some false positives are obtained (estimated PMJs
in F that were not in S). This becomes specially relevant when increasing the number of
measurement points. They can appear, for instance, due to a low solver precision, since
sometimes the solver provides a set of very close PMJs that should have been collapsed
into a single one. Another situation where we have found false positives comes from points
that are not activated by the same real PMJ, but generate a feasible candidate. Although
several validation tests are performed during the algorithm, as discussed in Section 2, the
results show that the validation function is not enough to avoid all of them.

In scenarios B1D2, B1D4 and B3D2 the algorithm obtains nearly all PMJs when it has
enough measurement points. However, when the density of PMJs increases the problem
becomes more complex, since these points tend to be clustered, as Figure 4 shows.

Figure 6 (a) shows the number of PMJs estimated when increasing the number of actual
PMJs in the scenario, while maintaining a fixed number of 1000 measurement points. In
the figure, we have combined all the scenarios in increasing order of PMJs so each point in
the plot corresponds to a specific scenario (B1D2, B3D2, B1D4, B3D4, B1D6 and B3D6).
In this figure we can also notice the aforementioned problems when increasing the density
of PMJs. In the first four scenarios, the number of estimated PMJs increases with the total
number of PMJs. However this does not occur in the last two scenarios (B1D6, B3D6) where
the number of found PMJs decreases. This behaviour is also amplified because we have set
a fixed number of measurement points. As a consequence, the ratio between measurement
points and PMJs decreases, making it more difficult to build a complete estimate.

Despite these apparent limitations, Figure 6 (b) shows how the mean squared error
(MSE) associated to all the tested scenarios decreases rapidly with the measurement points.
This behavior of the MSE reveals that the set of correctly estimated PMJs are the most
significant ones. The solution shown in Figure 4 gives a hint on the reason for this; the
PMJs which are properly detected are close to the border of the region occupied by the
tree, while the inner PMJs are those missed by the algorithm. The signal emitted by these
inner points is quickly masked by the points at the border of the tree and they are mainly
non-effective PMJs. From these results, we conclude that our algorithm is capable of finding
most of the effective nodes of the Purkinje system.

4 Conclusions and future work

We have presented a methodology to estimate, from electro-anatomical map (EAMs) sam-
ples, the location and activation time of the sources of electrical activation, known as PMJs,
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(a) (b)

Figure 5: Estimation results for a single main branch (a), and for three main branches (b).
Every row corresponds to a different recursion depth. The used recursion depths are (from
top to bottom) 2, 4 and 6. Figures are not at the same scale, since the actual number of
PMJs varies for the different scenarios. See the text for details on the figure contents.
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Figure 6: (a) Number of PMJs detected with respect to the total number of PMJs with
1000 measurement points. (b) MSE for the different scenarios considered.

in a cardiac tissue. We show that given an appropriate ratio between the number of elec-
trical PMJs and samples acquired, the system can locate the effective PMJs and determine
their activation time, provided that they are not arranged in small clusters. In order to
detect all PMJs, we will need to sample, at least, with a density three times higher than
the highest density of PMJs. When clustered electrical PMJs appear, they are virtually
impossible to be detected with the current setup. However, PMJs within clusters have none
or a very local impact in the overall activation map, since most of them are non-effective
nodes. Overall mean time square errors obtained from the estimated PMJs are low in all
the scenarios (including clustered) for EAMs with more than 600 samples acquired, which
is a feasible number in clinics. In conclusion, we could reproduce the activations maps in a
computer model using as an input the location and activation time of estimated PMJs.

The system does not recover the Purkinje tree structure of the system, and therefore it
cannot be used in pathological scenarios in which PMJs are activated retrogradely, i.e. from
tissue to the Purkinje tree. However, the result of our algorithm can be used as an input to
Purkinje tree estimation methods. In addition, the anisotropic properties of the underlying
tissue where the PMJs are placed has not been taken into account and should be included
in future works. Other main future research directions are building a robust version of the
algorithm, capable of estimating the PMJs from noisy LAT data and the extension of the
domain to arbitrary geometries.
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Abstract

The determination of polynomial patterns in scattered data is a problem that ap-
pears in different branches of science and engineering, among them the determination
of parameters in compact models of electron device [1], [2], [3]. In the latter case, we
have deepen on the use of this technique to determine the number of straight line por-
tions contained in a curve in an automatic manner. The algorithm developed, based on
discrete orthogonal polynomials, can be used for parameter extraction purposes in the
context of electron device compact modeling. It is based upon the isolation of straight
line sections in experimental or simulated data and the determination of the slope of
those curve sections to calculate one or more parameters within a compact modeling
context. This technique allows also the identification of curve portions that correspond
to polynomials of different degree, a tool that could be very useful in parameter deter-
mination of device models.

Key words: MOSFET, parameter extraction, polynomial patter finding

MSC 2000: 41A05, 41A15, 65D05, 65D07

1 Discrete Orthogonal Chebyshev Polynomials

In these section we will briefly describe basic properties of discrete Chebyshev polynomials
that will be used in this work.
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The discrete Chebyshev orthonormal polynomials are defined as the following hyperge-
ometric series [4, 5, 6]:

t̃n(x;L) =
1

n!

√
(2n+ 1)(L− n− 1)!

(L+ n)!

n∑
k=0

(−1)k
(
n

k

)
(x− k − L+ 1)n(x− k + 1)n,

where L ∈ N is a parameter, x ∈ [0, L− 1] is the variable, and n ∈ N, 0 ≤ n ≤ L− 1, is the
degree of the polynomial.

They verify the three term recurrence relation

t̃n+1(x;L) =
1

αn
(x− L− 1

2
)t̃n(x;L)−

αn−1

αn
t̃n−1(x;L),

with

αn =
n+ 1

2

√
L2 − (n+ 1)2

(2n+ 1)(2n+ 3)
,

and they are orthogonal with respect to the scalar product 〈f, g〉 := ∑L−1
xi=0 f(xi)g(xi).

2 Numerical Procedure

In this section we will explain the procedure followed to isolate de straight line portions in
the data (experimental or simulated).

Let us consider a set of discrete data {xi, yi}, i = 1, . . . N , with xi equispaced with
steplength h. We try to determine subsets of data {xi, yi}, i = im, . . . , iM that form straight
lines.

The procedure can be divided in two parts: Given a subset of data, i) determine if these
data form a straight line, and ii) select the subsets. We analyze these two facets below.

Let us take a data subset {xi, yi}, i = i1, . . . , iM and consider the scalar products,

rn = 〈y, t̃n(·,M)〉 =
M−1∑
i=0

yit̃n(i,M).

The data can be assumed to be a linear combination of the polynomials t̃n:

yi =

∞∑
j=0

cij t̃j(xi,M),

so the scalar product rn takes the value rn = cn.
We have made use of the orthonormality of the polynomials tn. So, if data yi form a

straight line, all the scalar products rn will be 0, except r0 and/or r1. In practice, we will
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consider only the scalar products rn for n = 0, . . . , nmax, with nmax given. Then, we check
if all the coefficients rn, n = 0, . . . , nmax, vanish except r0 and/or r1. Only in this case, we
will consider the data to be a straight line. In practice we will consider that a coefficient rn
vanish if |rn| < ε. Of course, it can happens that data yi come from a combination of t0,
t1 and other polynomials with degrees higher than nmax; nevertheless, considering that we
can choose nmax sufficiently large and that our data are experimental and, so, affected by
measuring errors, this is highly unlikely.

Once we know how to check if a given set of data forms a straight line, we have to
determine the straight line subsets of data in the whole data set. To do so, (a) we start
considering a subset of data with, at least, 4 points, with i1 = 1 and iM = 4, and check if
this minimum set of points forms a straight line; (b) if it is so, we begin a binary search
for larger subsets of straight line data between iM = 4 and N (the total number of data
points), ending when it detects the maximum subset of straight line data points; (c) once
we have found the maximum subset of straight line data points, we restart the procedure by
setting the first point to check to the next point ii = iM + 1 (the last point of the previous
straight line plus 1) and iM = i1 + 4; (d) if the initial minima data points (i1 and i1 + 4)
do not form a straight line, we increase each by 1 (i1 → i1 + 1 and iM → iM + 1) and start
the procedure again; and (e) we stop the whole process when there are not enough data to
consider a straigh line.

Once we have the subsets of straight line data, we compute the straight lines themselves,
as p(x) = c0t0(x,M)+c1t1(x,M), by polynomial interpolation or by polynomial fitting. This
procedure can be straightforwardly generalized to detect substes of data with polynomial
degree higher than 1.

3 Practical Case

Here we will consider the function

f(x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
20 sin(x2), 0 ≤ x < 4,
2x− 1, 4 ≤ x < 10,
x4e−x, 10 ≤ x < 17,
−x+ 20, 17 ≤ x < 29,
x/4 + 1, 30 ≤ x ≤ 35.

Next figure (left) shows the result of sampling f(x) on the integers in the interval [0, 35].
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Clearly it shows 3 straight line sets, one for x ∈ [4, 10[, other for x ∈ [17, 29[ and the
last one for x ∈ [30, 35]. On the naked eye, the points for x ∈ [10, 17] can be mistaken as
a straight line or a parabolic curve. The aplication of the previous algorithm provides the
result shown in the previous figure (right).

As expected, data on x ∈ [10, 17[ are not detected as a straight line.

We modify the previous data randomly (simulating experimental data) to obtain the
following figure (left)
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In this case, we set the orthogonality threshold ε to 0.1, finding the previous straight
data sets, as shown in the previous figure (right).

Again, the data on the interval x ∈ [10, 17] are not detected as a stright line.

This technique can be used in the context of electron device compact modeling. There
are many curves (current, capacitance, etc.) versus voltage or other magnitudes that show
straight line segments. The finding of these straight lines in experimental data is employed
to localize voltage values that are used as model parameters; in addition, the slope of
these lines might be other parameters. That is why the use of an accurate method like
the one presented here is of most important in this engineering context. For instance, in
the context of determination of the threshold voltage in MOSFETs, the current versus
gate-source voltage curve in logarithmic scale can be used to detect the linear region that
corresponds to the subthreshold region, the end of this region can be defined as threshold
voltage, and this can be considered a good approximation to this parameter.
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Abstract

A fourth order convergent method is proposed to approximate the solutions to Love’s
integral equations. It is based on a particular approximation of the kernel by a C1

quadratic quasi-interpolant. This results in a approximate integral equation whose
solution is determined by solving a system of linear equations. All coefficients in this
system can be exactly computed, and no quadrature formulae are needed.

Key words: Quadratic spline, Quasi-interpolant, Superconvergence, Love’s integral
equation
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1 Introduction

In this paper, we describe a simple numerical method for solving the Love’s integral equa-
tions given by

u (x)± 1

π

∫ 1

−1

d

d2 + (x− t)2
u (t) dt = 1, |x| ≤ 1, 0 ≤ d ∈ R (1)

and which arise in the electrostatic problem of a circular plate condenser in an unbounded
perfect fluid [8].

There is no closed expressions for the solutions of equations (1), so that several methods
for approximating its solution have been proposed in the literature [1, 2, 3, 5, 6, 7, 9, 10, 11].
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Here, we describe a simple and easy numerical method, based on C1 quadratic splines, for
approximating the solution of (1). It consists in approximating the univariate right section

t→ K(x, t) :=
1

π

d

d2 + (x− t)2

of the kernel K by a C1 quadratic spline quasi-interpolant.
We prove that this method has an order of convergence four.

2 Quadratic spline quasi-interpolant

Let τn := {xi, 0 ≤ i ≤ n} be the uniform partition of the interval I := [0, 1] with meshlength
h = 2

n . We denote by S2 (I, τn) the space of splines of degree 2 and class C1 on I. A basis
of this space is formed by the n + 2 quadratic B-splines {Bj , 0 ≤ j ≤ n + 1} associated
with the extended partition of τn obtained by considering multiple knots at the endpoints,
i.e. x−2 = x−1 = x0 = −1 and 1 = xn = xn+1 = xn+2. The support of Bj is equal to
[xj−2, xj+1].

We consider the classical discrete quasi-interpolant (see [12, 13])

Qf =
n+1∑
j=0

μj (f)Bj ,

where

μ0 (f) = f0, μ1 (f) =
1

6
(−2f0 + 9f1 − f2) ,

μj (f) =
1

8
(−fj−1 + 10fj − fj+1) , 2 ≤ j ≤ n− 1,

μn (f) =
1

6
(−fn−1 + 9fn − 2fn+1) , μn+1 (f) = fn+1,

and fj := f (θj) with θj :=
1
2 (xj−1 + xj).

Since the operator Q is exact on P2, for any function f ∈ C3(I) it holds (see [4])

‖f −Qf‖∞,I ≤ C(1 + ‖Q‖∞)h3‖f (3)‖∞,I ,

where ‖.‖∞,I denotes the infinity norm on the interval I and C is a constant independent
of h. Therefore,

‖f −Qf‖∞ = O(h3).
It is useful to write the operator Q under the form

Qf =

n+1∑
j=0

fjLj ,
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where the functions Lj are defined as follows:

L0 = B0 −
1

3
B1, L1 =

3

2
B1 −

1

8
B2, L2 = −

1

6
B1 +

5

4
B2 −

1

8
B3,

Lj = −
1

8
Bj−1 +

5

4
Bj −

1

8
Bj+1, 3 ≤ j ≤ n− 2,

Ln−1 = −
1

8
Bn−2 +

5

4
Bn−1 −

1

6
Bn, Ln = −1

8
Bn−1 +

3

2
Bn, Ln+1 = −

1

3
Bn −Bn+1.

The operator Q provides the order of convergence O
(
h3
)
on the whole interval I for

regular enough functions. Moreover, it interpolates the monomial m3 (x) := x3 at the knots
xi and θi, and, as a consequence the following result holds:

Proposition 1 Assume that f ∈ C4(I), then we have:

Qf (xi)− f (xi) = −
3

128
h4f (4) (xi−1) +O

(
h5
)
, i = 2, . . . , n− 2,

Qf (θi)− f (θi) = −
1

64
h4f (4) (θi−1) +O

(
h5
)
, i = 3, . . . , n− 2.

This superconvergence property implies that

|K (x, θj)−Kn (x, θj)| ≤
1

64
h4

∥∥D0,4K
∥∥
∞,I2

.

3 Right approximation of the kernel by quasi-interpolation

The approximation of the kernel K with respect its second variable by the above quasi-
interpolant Q leads to a degenerate kernel in the space S2 (I, τn) . More precisely, this
approximation can be written as

K (x, t) ≈ Kn (x, t) := QK (x, ·) (t) =
n+1∑
i=0

Ki (x)Li (t) ,

where the rational functions Ki := K (·, θi), 0 ≤ j ≤ n+ 1, are given by

Ki (x) =
1

π

d

d2 + (x− θi)
2 , −1 ≤ x ≤ 1.

Then, the approximate solution un satisfies the equation

un (x) = 1±
∫ 1

−1
Kn (x, t)un (t) = 1±

n+1∑
i=0

Ki (x)

∫ 1

−1
Li (t)un (t) dt, (2)
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and it can be written in the form

un (x) = 1±
n+1∑
j=0

XjKj (x) .

Substituting in the integral equation (2), we get

n+1∑
j=0

XjKj (x) =

n+1∑
j=0

Kj (x)

∫ 1

−1
Lj (t)

⎛⎝1±
n+1∑
j=0

XjKj (t)

⎞⎠ dt.

It is easy to verify that that the functions Kj are linearly independent. Then,

Xj = bj ±
n+1∑
i=0

Ai,jXi, 0 ≤ j ≤ n+ 1.

This linear system can be written as

(I ± A)X = b

where X := (X0, X1, . . . , Xn+1)
T , and the coefficients of the matrix A and the vector b are

respectively defined by

Ai,j :=

∫ 1

−1
Ki (t)Lj (t) dt and bj :=

∫ 1

−1
Lj (t) dt, 0 ≤ i, j ≤ n+ 1.

All the above integrals are computed exactly.
In order to derive the convergence order, let K (resp. Kn) be the integral operator with

kernel K (resp. Kn), i.e.

Ku (x) :=
∫ 1

−1
K (x, t)u (t) dt, Knu (x) :=

∫ 1

−1
Kn (x, t)u (t) dt, x ∈ [−1, 1] .

Proposition 2 It holds ‖K − Kn‖∞ = O(h4). Therefore, there exists a constant C inde-
pendent on h such that

‖u− un‖∞,I ≤ Ch4 ‖u‖∞.I .
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Carles Barril1, Àngel Calsina1 and Jordi Ripoll2
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Abstract

An ecological model for a bacterial population inside and outside an animal host
is studied. We consider a linearised system for the proliferating bacteria, where they
can be in three compartments: attached to the epithelial wall of the intestine or as free
particles in the lumen or in the outer environment. The geometry of the intestine is
reduced to a line segment where spatial densities are taken into account. We compute
the next-generation operator as the composition of the cell division operator and the
inverse of the transition/mortality operator. The basic reproduction number is then
explicitly computed as the spectral radius of this linear operator. In addition, the
extinction threshold is interpreted in terms of the expected number of bacteria coming
back to the outer medium from each initial single bacterium, after travelling along the
intestine. Further developments can include several hosts and/or the interaction with a
bacteriophage population, and the analysis of evolutionary aspects of the model.

Key words: bacterial populations, next-generation operator

1 Introduction

We study the interaction between bacteria and bacteriophage populations inhabiting both
the intestine of an animal host and the external environment, see [1] and the references
therein, and [2]. We are interested in the asymptotic behaviour of the proliferating bac-
teria. Our aim in the present work is to determine their final outcome, either extinction
or non-limited growth, for the case corresponding to the absence of phages and assuming
Malthusian growth of the bacteria.

©CMMSE ISBN: 978-84-608-6082-2164



Structured gut microbiota model

2 The Model

Let us consider a population of bacteria either proliferating along the intestine of an animal
host or living outside in the environment. Assuming radial homogeneity in space, the
intestine of an animal can be described by a line segment of length l > 0 where a flow of
constant velocity c > 0 is assumed. Let x be space (intestine starts at x = 0 and ends at
x = l) and let t ≥ 0 be time. The state variables are: u(x, t), the density with respect to
space of bacteria attached to the intestinal epithelium, v(x, t), the density with respect to
space of bacteria in the intestinal lumen, and b(t), the total population of bacteria in the
exterior medium adjacent to the host.

Let us assume that the bacteria populations within the host grow at constant per
capita rates γ1 and γ2 depending on whether they are attached or free. Let us denote the
per capita rates of attachment, detachment, reinfection (recruitment from the environment
to the host) and mortality at the exterior medium by α, δ, ρ, μ respectively. Then, the
spatially structured ecological model reads as:⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tu(x, t) = γ1u(x, t) + αv(x, t)− δu(x, t)

∂tv(x, t) = −c∂xv(x, t) + γ2v(x, t)− αv(x, t) + δu(x, t)

b′(t) = cv(l, t)− ρb(t)− μb(t)

cv(0, t) = ρb(t)

(1)

Growth rates here take into account both cell division and cell mortality. Although the
computations below can be done analogously, for the sake of simplicity, we will assume that
γ1 ≥ 0 and γ2 ≥ 0 only correspond to cell division rates.

Notice that linear system (1) is a combination of PDEs and ODEs and the solution of
the system defines a strongly continuous semigroup of positive bounded linear operators on
the Banach lattice X = L1(0, l) × L1(0, l) × R. The standard approach to the asymptotic
behaviour of (1) based on computing the spectral bound (intrinsic growth rate) of the
infinitesimal generator of the semigroup yields to an implicit expression for the growth
rate of the population via a characteristic equation. Instead, here we take the approach
of the next-generation operator which is equivalent and gives an explicit expression for the
basic reproduction number. Moreover, additional evolutionary aspects can be analysed once
this expression is obtained, according to different biologically meaningful parameters of the
model.

3 Next-generation operator

In this section we compute and analyze the next-generation operator, see [3], for the linear
system of bacterial population stated above. Next-generation operator is related to the cell
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division operator (a cell gives rise to two daughter cells) defined on X as:

B(u, v, b) = (2γ1u, 2γ2v, 0)

and to the transition/mortality operator (which takes into account that cells disappear
when they divide), defined on X as:

M(u, v, b) = (γ1u− αv + δu, cv′ + γ2v + αv − δu,−cv(l) + ρb+ μb) ,

with domain D = L1(0, l)× {(v, b) ∈ W 1,1(0, l)×R : cv(0) = ρb} which is a dense subspace
of X. More precisely, it is computed as BM−1, the composition of the cell division operator
and the inverse of the transition/mortality operator:⎛⎝ 2γ1 0 0

0 2γ2 0
0 0 0

⎞⎠⎛⎝ γ1 + δ −α 0
−δ c∂x + γ2 + α 0
0 −cδl ρ + μ

⎞⎠−1

which turns out to be a positive bounded linear operator on X . Here δl stands for the
Dirac delta operator at the point x = l.

In order to avoid degenerate cases, we will assume in the sequel that α, δ, ρ > 0, μ ≥ 0,
and γ1 + γ2 > 0 (i.e. that they are not both zero).

3.1 Basic reproduction number

We are going to compute the basic reproduction number R which is defined as the expected
number of newborns produced by each bacterium during its lifetime (in the long run). This
number is computed as R = r(BM−1), the spectral radius of the next-generation operator,
see [3].

First of all, let us recall that the spectral radius of a positive bounded linear operator
always belongs to the spectrum of the operator, see e.g. [4]. So the spectral radius of BM−1

is actually an spectral value of BM−1.
Let us consider the operator Lλφ̂ := BM−1φ̂− λφ̂ defined on X. Denoting φ = M−1φ̂,

we have that Mφ = φ̂ and hence that Lλ is surjective if and only if Range(B − λM) is
the whole space X. Notice that λ̃ = 2γ1

γ1+δ belongs to the spectrum σ(BM−1). Indeed, the

first component of the image by (B − λ̃M) of any (u, v, b) ∈ D equals to λ̃αv ∈ W 1,1(0, l).
Hence, (B − λ̃M) is not surjective. Notice that 0 ≤ λ̃ < 2.

In fact, it can be shown that BM−1 always has a unique real spectral value larger than
the value λ̃ computed above, and therefore the former will coincide with the spectral radius.
Moreover, it is an eigenvalue. Since such an eigenvalue is precisely the basic reproduction
number, we use the symbol R to denote it. By means of a characteristic equation, an
explicit formula for R is obtained. Specifically,

R =
2

1− z∗
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where z∗ is the unique solution of the equation

F (z) :=
ρ

ρ+ μ
e
−
(

αγ1z
γ1z+δ

+zγ2
)

l
c = 1 .

Since the function F (z), defined for z ∈ (−δ/γ1, 1], decreases, tends to infinity as z ↓ − δ
γ1

and fulfils F (0) = ρ
ρ+μ ≤ 1, the existence of a unique z∗ ∈ (− δ

γ1
, 0] such that F (z∗) = 1 is

guaranteed. Moreover, F (z∗) = 1 is transformed into
(

αγ1z∗
γ1z∗+δ + z∗γ2

)
= c

l ln
ρ

ρ+μ =: A ≤ 0

and thus

z∗ =
−(αγ1 + δγ2 − γ1A) +

√
(αγ1 + δγ2 − γ1A)2 + 4γ1γ2δA

2γ1γ2
.

As expected, the basic reproduction number cannot be bigger than 2 since z∗ ≤ 0 and so
R = 2

1−z∗ ≤ 2. Summarizing, R > 1, i.e. there is non-limited growth of the bacterial

population, see [5], when γ1 ≥ δ (since then R > λ̃ ≥ 1) or when γ1 < δ and F (−1) =
ρ

ρ+μe

(
αγ1
δ−γ1

+γ2
)

l
c > 1 (which amounts to z∗ > −1 and so to R > 1). On the contrary, R < 1,

i.e. we have extinction of the bacterial population, when γ1 < δ and ρ
ρ+μe

(
αγ1
δ−γ1

+γ2
)

l
c < 1.

3.2 Biological interpretation of the extinction threshold

For the case γ1 < δ, the key quantity for the extinction threshold R = 1 is

ρ

ρ+ μ
e

(
αγ1
δ−γ1

+γ2
)

l
c . (2)

It can be interpreted as the expected number of bacteria leaving the intestine for the first
time and that descend from an initial bacterium in the external medium. In order to show
this result one can take a model similar to (1) but assuming now that the bacteria leaving
the intestine are removed from the system instead of going back to the external media.
The initial condition of having a founder bacterium in the external media is equivalent to
saying that, with probability ρ/(ρ + μ), the bacterium is at the beginning of the intestine
(otherwise it has died before being ingested by the host). This leads us to the initial value
problem ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tu(x, t) = γ1u(x, t) + αv(x, t)− δu(x, t)

∂tv(x, t) = −c∂xv(x, t) + γ2v(x, t)− αv(x, t) + δu(x, t)

cv(0, t) = 0

v(x, 0) = δ0(x)

. (3)

Note that cv(l, t) is the expected density of bacteria that are leaving the intestine (hence
the system) at time t. Using some previous results due to [2], it is shown that if γ1 ≥ δ then∫ ∞

0
cv(l, t)dt = ∞
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whereas if γ1 < δ then ∫ ∞

0
cv(l, t)dt = e

(
αγ1
δ−γ1

+γ2
)

l
c .

Another way to get the same results about the interpretation of the quantity (2) is by
means of a model that takes into account a constant supply β > 0 of bacteria to the external
media, namely ⎧⎪⎪⎪⎨⎪⎪⎪⎩

∂tu(x, t) = γ1u(x, t) + αv(x, t)− δu(x, t)

∂tv(x, t) = −c∂xv(x, t) + γ2v(x, t)− αv(x, t) + δu(x, t)

b′(t) = −ρb(t)− μb(t) + β

cv(0, t) = ρb(t)

. (4)

It is easy to show that the solutions of this system converge to an equilibrium (ū, v̄, b̄)
provided γ1 < δ. In this case, the expected number of bacteria that leave the intestine for
the first time and that descend from an initial bacterium in the external medium can be
expressed as the ratio

cv̄(l)

β

which turns out to be the quantity ρ
ρ+μe

(
αγ1
δ−γ1

+γ2
)

l
c . If γ1 ≥ δ, then the bacterial population

grows forever and in some sense the above ratio becomes infinite.
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Abstract

We investigate a parametrized set of iterative method free from second derivative
for solving nonlinear equations of the type f(x) = 0. This method can be thought of
as a weighted mean between the Chebyshev and the Halley methods, the weights being
α and 1 − α, where α ∈ R. Ezquerro and Hernandez[3] developed the uniparametric
family of iterative method and convergence analysis in Banach space. Based in his idea,
First we write the method in R then, we developed uniparametric family of second
derivative free iterative method in R. The convergence orders of the proposed method
is discussed for different value of parameter α. We observed that for α = 2, the order of
iterative method is four and remaining values of parameter α ∈ R order three. Several
numerical examples are given to illustrate the efficiency and performance of the method
for different values of α. Finally, we observed that Halley’s method is more suitable
for solving nonlinear equations than Chebyshev method. Even more, we can consider
other iterations for α more suitable than Halley’s and Chebyshev method. Also, we
have compared our method with the Halley’s method(HM) and the Chebyshev method
(CM) by basins of attraction and observed that the proposed scheme is more efficient.

Key words: A continuation method, Nonlinear equations, The Halley’s method, The
Chebyshev’s method

1 Introduction

Solving non-linear equations is one of the most important and challenging problems in
numerical analysis. Let f : D ⊆ R→ R be a nonlinear differentiable on a open interval D.
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One of the main problems in numerical analysis is to solve the nonlinear equation

f(x) = 0 (1)

Newton’s method is basic and well known iterative method for solving nonlinear (1). The
order of convergence of this method is quadratically convergent. Main advantage of this
method is that the computation of second derivative not required. Also, we have many
higher order iterative methods for solving nonlinear equations. The well know third order
iterative methods for solving nonlinear equation (1) are the Chebyshev’s method, the Hal-
ley’s method and the Super-Halley’s method [12, 6]. Chebyshev-Halley’s method is well
known parametric iterative method for solving nonlionear equations. The order of conver-
gence of this method is three. In recent years, many variants of Chebyshev-Halley’s methods
with higher order iterative methods studied by many authors [4, 7]. They use the approach
that the computation of second derivative at another point. These methods are efficient
for the case the second derivative cost inexpensively. However, these methods depend on
computationally cost second derivative, so that practical applications restricted. So, we use
Newton’s method [9]which quadratically convergent is frequently used to solve non-linear
equations because of higher computational efficiency. The convergence of second derivative
free uniparametric family of iterative method discussed by [5, 1, 2].

A Continuation method is a well known parametric based iterative method for solving
nonlinear equations. Prashanth and Gupta [10] studied the the convergence of second
derivative free continuation method between the Chebyshev and the Super-Halley methods
in R. According to the basic idea of continuation methods, a homotopy αh1(x)+(1−α)h2(x),
where α ∈ [0, 1], can be defined between two functions h1 and h2. Based on this idea,
Ezquerro and Hernandez[3] designed the uniparametric family of iteration method in Banach
space. Motivated by this, we write the uniparametric family of iteration method for solving
nonlinear equations (1),

xα,n+1 = xα,n − (1 +
1

2
Lf (xα,n)(1 +

α
2Lf (xα,n)

1− 1
2Lf (xα,n)

))× f(xα,n)

f ′(xα,n)
, (2)

where,

Lf (xα,n) =
f(xα,n)f

′′(xα,n)
f ′(xα,n)2

(3)

However, this method depends on the second derivatives in computing process and its
practical application is restricted rigorously. For this reason, In this paper, we develop the
new modified variant of uniparametric family of continuation method in R. We discuss the
convergence analysis of these variants. The analysis shows that order of convergence of
this method is three for parameter α ∈ R and four for α = 2. This method require three
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evaluations of the function and one of its derivative. Some numerical examples are worked
out to show the efficiency and superiority of the new method.

The rest of the paper is organized as follows. We developed the second derivative free
continuation method and the convergence analysis of the method discussed in Section 2.
In Section 3, we worked out some numerical examples to describe the performance of our
method. The basin of attractions compare with existing methods discussed in Section 3.
Finally, the conclusion given in Section 4.

2 The Method and Analysis of convergence

Let us consider the sufficiently differentiable function f , using the Taylor’s series, we have

f(yα,n) ≈ f(xα,n) + (yα,n − xα,n)f
′(xα,n) +

(yα,n − xα,n)
2

2
f ′′(xα,n) (4)

=
1

2

[ f(xα,n)
f ′(xα,n)

]2
f ′′(xα,n)

where, yα,n = xα,n − f(xα,n)/f
′(xα,n). From (4), we get

f ′′(xα,n) ≈
2f(yα,n)f

′(xα,n)2

f(xα,n)2
. (5)

Replacing (5) in (3), we get

Lf (xα,n) =
2f(yα,n)

f(xα,n)
(6)

Hence, we obtain second derivative free variant of uniparametric iterative method by using
(6) in (2) for xα,n ∈ R, n = 0, 1, 2, . . .,

yα,n = xα,n − f(xα,n)
f ′(xα,n)

xα,n+1 = yα,n −
(

f(yα,n)
f(xα,n)

× (f(xα,n)+(α−1)f(yα,n))
(f(xα,n)−f(yα,n))

)
f(xα,n)
f ′(xα,n)

⎫⎪⎬⎪⎭ (7)

Theorem 1 Let the function f : D ⊆ R → R is twice differentiable and it has a simple
root x∗ ∈ D, where D is a open interval. For initial approximation xα,0, α ∈ R close to the
solution x∗, the iterative method (7) has a forth order of convergence for α = 2 and third
order for α ∈ R. The error equations is

eα,n+1 = −(−2 + α)c22e
3
n − c2((9− 6α)c22 + (−7 + 4α)c3)e

4
α,n +O(e5α,n). (8)
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Proof: Let eα,n = xα,n − x∗. Using Taylor’s series expansion, we have

f(xα,n) = f ′(x∗)[eα,n + c2e
2
α,n + c3e

3
α,n + c4e

4
α,n +O(e5α,n)] (9)

where, ck = fk(x∗)
k!f ′(x∗) for k ∈ N. Also, expanding f ′(xα,n) using Taylor’s series around x∗ we

get

f ′(xα,n) = f ′(x∗)[1 + 2c2eα,n + 3c3e
2
α,n + 4c4e

3
α,n +O(e4α,n)]. (10)

Furthermore, we have

f(xα,n)

f ′(xα,n)
= [eα,n + c2e

2
α,n + c3e

3
α,n + c4e

4
α,n +O(e5α,n)][1 + 2c2eα,n + 3c3e

2
α,n + 4c4e

3
α,n +O(e4α,n)]

−1

= eα,n − c2e
2
α,n + 2(c22 − c3)e

3
α,n + (7c2c3 − 4c22 − 3c4)e

4
α,n +O(e5α,n). (11)

Using this we get,

yα,n = xα,n −
f(xα,n)

f ′(xα,n)
= c2e

2
α,n + 2(−c22 + c3)e

3
α,n + (−7c2c3 + 4c32 + 3c4)e

4
α,n +O(e5α,n).

Expanding f(yα,n) by Taylor’s series around x∗, we get

f(yα,n) = f ′(x∗)[c2e2α,n + 2(−c22 + c3)e
3
α,n + (−7c2c3 + 5c32 + 3c4)e

4
α,n +O(e5α,n)].(12)

From (11) and (12), we get(
1 +

f(yα,n)

f(xα,n)

(f(xα,n) + (α− 1)f(yα,n))

(f(xα,n)− f(yα,n))

) f(xα,n)

f ′(xα,n)
= en + (α− 2)c22e

3
n

+c2
(
(9− 6α)c22 + (4α− 7)c3

)
e4n(13)

Using eα,n+1 = xα,n+1 − x∗, the error equation and (13) in (7), we get

eα,n+1 = −(α− 2)c22e
3
n − c2

(
(9− 6α)c22 + (4α− 7)c3

)
e4n +O(e5α,n). (14)

This means that iterative method defined by (7) is forth order convergent for α = 2
and cubically convergent for α ∈ R

3 Numerical Examples

Now we employ iterative method (7) to solve some non-linear equations and compare these
methods with Chebyshevs method, Halley’s method. The computational results are dis-
played in Table 1. From numerical examples, we can see that iterative method (7) is
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obviously superior to Chebeshevs method, Halley’s method because these new methods do
not require the second derivatives. Furthermore, we show also that iterative method (7) for
α = 2 is better than Chebeshevs method, Halley’s method. So we feel that these new meth-
ods have the great practical utility. The test functions and their roots upto 16th decimal
places are given below. The computational results given in Table 1. From this, we compare
the residual of the function |f(xn)|, δ = |xα,n−x∗| and Computational order of convergence
(COC). we observe that iterative method (7) is better than the Chebyshev method (CM) ,
the Halley’s method (HM). So that, the method have practical utility.

Example 1 f1(x) = x2 − ex − 3x+ 2, x0 = 2.5, x∗ = 0.25753028543986084,

Example 2 f2(x) = x2 sin(x)− cos(x), x0 = 6, x∗ = 6.3083089552381511,

Example 3 f3(x) = x2 − (2− x)3, x0 = 1.1, x∗ = 1.0000000000000000,

Example 4 f4(x) = (x+ 2)e−x + x, x0 = −7, x∗ = −1.6878939988284736,

Table 2:Comparison of Number of Iterations, |f(xα,n)|, |xα,n − x∗|, COC

Examples CM HM Method (7)(α = 2) Method (7)(α = 3/2)

f1, x0 = 1
IT 5 5 4 5
|f(xα,n)| 3.3e-72 1.2e-99 2.3e-93 9.4e-139
COC 3.0000 3.0000 4.0000 3.0000
δ 8.6e-738 3.3e-100 6.0e-94 2.5e-139

f2, x0 = 6
IT 4 4 4 4
|f(xα,n)| 2.1e-50 2.0e-61 5.8e-172 5.3e-98
COC 3.0000 3.0000 4.0000 3.0000
δ 5.1e-52 5.0e-63 1.4e-173 1.3e-99

f3, x0 = 4.29
IT 4 4 3 3
|f(xα,n)| 2.3e-123 2.7e-130 7.9e-85- 3.7e-126
COC 4.0000 3.0000 4.0000 3.0000
δ 4.6e-124 5.4e-131 1.6e-85 7.3e-127

f4, x0 = −7
IT 10 5 8 8
|f(xα,n)| 1.2e-41 8.6e-80 3.1e-38 1.4e-35
COC 2.0000 3.0000 3.9994 3.0000
δ 2.6e-42 1.8e-80 6.7e-38 2.9e-36
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4 Attractor basins in the complex plane

The dynamical properties of rational functions give us important information about numer-
ical features of the iterative method. We here investigate the comparison of the attained
root finders in the complex plane using basins of attraction. To generate the basins of
attraction for the zeros of a polynomial and an iterative method, we take grid of 400× 400
points in a rectangle D = [−3, 3] × [−3, 3] ∈ C and we use these points as z0. If the
sequence generated by the iterative method reaches to the solution z∗ of the polynomial
with the tolerance |zn − z∗| < 10−5 and a maximum of 25 iterations. If the initial point z0
is the basin of attraction of the zero and we paint this point in a colour previously selected
for the root.In the same basin of attraction, the number of iteration needed to acheive the
solution is showed in darker or brighter colour. Black colour denotes lack of convergence to
any of the roots or convergence to infinity. In this way, we distinguish the attraction basins
by their colors for different methods.

For the better comparison, we consider for three polynomial functions.

Test problem 1. Let p1(z) = (z− 1)3− 1, having simple zeros {0.5− 0.866025i, 0.5+
0.866025i, 2.0}. It is straight forward to see from the Fig. 1 that our method (7) has larger
and brighter basin of attraction as compared to CM, HM and Method for α = 3/2.

Test Problem 2. Let p2(z) = z2 − 1, having simple zeros {−1.0, −i, i, 1, }. We
observed from the Fig. 2 that our method (7) performed has larger and brighter basin of
attraction as compared to CM, HM and Method for α = 3/2.

Test Problem 3. Let p3(z) = (z4−1), having simple zeros {−1, 0, 0.5−0.866025i, 0.5+
0.866025i}. From the Fig. 3, it is clear that method (7) has larger and brighter basin of
attraction as compared to the methods namely, CM, HM and Method for α = 3/2.

Figure 1: The basins of attraction for CM, HM and Method (7) for α = 3/2, 2, respectively
in problem 1.
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Figure 2: The basins of attraction for CM, HM and Method (7) for α = 3/2, 2, respectively
in problem 2.

Figure 3: The basins of attraction for CM, HM and Method (7) for α = 3/2, 2, respectively
in problem 3.

5 Conclusions

In this paper, we obtained the family of uniparametric second derivative free iterative
method for solving nonlinear equation. We prove that the order of convergence of iterative
method is four for parameter α = 2 and three for α ∈ R. Some numerical examples are
worked out. We compare Number of iterations, |f(xn)|, δ and Computational order of
convergence (COC) with the Cheyshev’s method, The Halley’s method, it was observed
that they demonstrate at better behavior. From numerical examples, we show that these
new methods have the great practical utility. Finally, we find the basins of attraction using
our method and compare with the Chebyshev and the Halley method, we observed that the
proposed scheme is more efficient.
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Universitat de València, Spain
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Abstract

The Iteratively Reweighted Least Squares algorithm (IRLS) has been applied to
numerous optimization problems, such as the coefficient design of FIR and IIR filters,
which are widely used in signal processing applications. The IRLS algorithm presents
a high computational cost, especially when real-time conditions are demanded. The
appearance of the multi-core platforms has allowed to accelerate computationally heavy
algorithms in multiple fields of science. This paper evaluates the acceleration impact
that can be attained for IRLS-based algorithms on a multicore server, showing that an
efficient use of the hardware can render a speedup of 10×.

Key words: least squares problems, iterative algorithms, template, multi-core plat-
forms

1 Introduction

Many optimization, parameter estimation, and approximation problems lead to the task
of finding an optimal set of parameters popt that minimize the error between the model
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ŷ = f(p) and the reality (or observations) contained in y. Mathematically, this can be
expressed as

popt = argmin
p

||f(p)− y||. (1)

The uniqueness of the solution and the complexity of the parameter estimation depends
both on the type of error norm ||.|| used and the type of function f(.).

Linear least squares problems (LLS) form a special class of problems, where ŷ = f(p) =
Mp is linear in p, andM is called the modeling matrix. Moreover, the error to be minimized
eLS is the sum of squares of the deviations:

eLS =

K∑
k=1

|ŷk − yk|2 = ||Mp− y||2 = (Mp− y)T (Mp− y). (2)

We note that for complex valued problems, the Hermitian transpose (.)H (transpose and
complex conjugate) should be used instead of (.)T in all equations throughout the paper.

Since eLS is a second-order function of p, it has a unique minimum, that is in closed
formly:

popt = (MTM)−1MTy. (3)

This makes parameter estimation significantly simpler compared to general nonlinear op-
timization problems. We note that a mathematically equivalent, but numerically better
posed method to obtain popt is to solve the set of linear equations given by

(MTM)popt = MTy. (4)

1.1 Iteratively reweighted least squares

Unfortunatelly, not all optimization problems can be expressed as LLS problems, either
because the output is not a linear function of the parameters, or the L2 norm is not ap-
propriate. However, many of these problems can be approximated as a LLS problem with
additional weights. In this case, all the deviations (ŷk− yk) are multiplied by a constant wk

before the norm is computed. Mathematically, this can be formulated as a multiplication
with a diagonal matrix W = < w >, where w is the vector containing the elements wk. In
this case, the error is approximated as

e = ||f(p) − y||2 ≈ eWLS = ||W(Mp − y)||22 = (Mp − y)TWTW(Mp − y). (5)

If the weight matrix W is known, Eq. (5) can be solved in one step similarly to an un-
weighted LS problem (see Eq. (3)) by simply multiplying both M and p with W:

popt = (MTWTWM)−1MTWTWy. (6)
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However, when approximating more complex optimization problems, the weights are
generally a function of the parameters: W = < w(p) >. Let us see Lp-norm minimization
as an illustrative example [2]. In this case, the error is

ep =

K∑
k=1

|ŷk − yk|p = eWLS =

K∑
k=1

|ŷk − yk|p−2|ŷk − yk|2 =

K∑
k=1

w2
k|ŷk − yk|2,

where
wk = |ŷk − yk|

p−2
2 . (7)

Clearly, wk depends on the unknown model output ŷk. This dependency can be eliminated
via an iterative algorithm where, in the first iteration, wk = 1; and from that on, the previous
model output ŷk is used to update the weights wk before computing the new optium via
Eq. (6). This is the iteratively reweighted least squares (IRLS) algorithm. (Note that for
the Lp-minimization case, there exist more sophisticated algorithms with faster convergence
[5, 2].)

The IRLS technique has been applied to numerous optimization problems. This in-
cludes FIR and IIR filter design in Lp sense [2, 5], the frequency-domain Steiglitz-McBride
algorithm [1], magnitude-priority filter design [3], and sparse recovery [4], to name a few.

From a computational point of view, solving Eq. (6) is very expensive from the com-
putational perspective. To evaluate the necessary resources, we have implemented Eq. (6)
using routines from LAPACK (Linear Algebra Package) together with BLAS (Basic Linear
Algebra Subprograms) [6]. Both are standard software libraries for numerical linear algebra.

2 Implementation with BLAS and LAPACK

The proposed implementation uses the Fortran implementation through a C-interface.
Eq. (6) is programmed following these steps:

1. Matrix-Vector Multiplication: y = Wy, where W has a size of m ×m and y has a
size of m× 1.

2. Matrix-Matrix Multiplication: M = WM, where M has a size of m× n.

3. Matrix-Matrix Multiplication: A = MTM, where A has a size of n× n.

4. Matrix-Vector Multiplication: b = MTy, where b has a size of n× 1.

5. Solving the Linear System: Apopt = b, where popt has a size of n× 1.

Algorithm 1 shows the pseudo-code of the implementation together with the LAPACK
and BLAS routines. It is important to point out that matrix W is a diagonal matrix. Thus,
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Algorithm 1 Implementation of an IRLS algorithm
Input: M, W, y, m, n
Output: popt

1: int info=0;
2: int iptv[m];
3: y=Element-wiseMulti(W,y).
4: M=Element-wiseMulti(W,M).

5: dgemm_(T, N, n, n, m, 1.0, M, n, M, m, 0.0, A, n);
6: dgemv_(T, m, n, 1.0, M, m, y, 1, 0.0, b, 1 );
7: dgesv_( n, 1, popt, n, iptv, b, n, info);

y = Wy is carried out by a for loop that element-wise multiplies the elements of vector y
with the diagonal values of matrix W, while M = WM is carried out in two for loops that
element-wise scale the rows of matrix M with the diagonal values of matrix W. We denote
these operations at Algorithm 1 by a function called Element-wiseMulti. Note that all
LAPACK routines start with d_, which indicates that we deal with double precision real
data.

3 Computational Performance of the IRLS

We have tested the proposed implementation on system composed by the following features.

• CPU: Two Intel Xeon CPU E5-2697 at 2.70 GHz.

• CPU cores: 12 cores per CPU

• Hyperthreading: Yes

• Operative System: Linux CentOS release 6.5

• Architecture: x86 64

The implementation have been evaluated for a size of m = 8000 and n = 4000. Table 1
shows the time employed for each step of the algorithm. Note that steps 3 and 4 from
Algorithm 1 are omitted since their computational time is negligible.

As shown in Fig. 1, we achieved a speedup larger than 10 for this problem. Focusing
on the computational routines, the operation that requires more time is the dgemm_, since
it has the highest computational cost in comparison with the other operations.

4 Conclusion and Future work

In this paper, we have experimentally assessed the performance of the IRLS algorithm
implemented on a multi-core platform. Our results show that the performance improves
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Number of cores
1 4 8 16 24

dgemm_ 9.846 2.708 1.509 1.088 0.908
dgemv_ 0.018 0.007 0.006 0.005 0.004
dgesv_ 1.750 0.485 0.286 0.178 0.160

Total time 11.614 3.200 1.801 1.270 1.073

Table 1: Time in seconds employed for each step of the Algorithm 1 for m = 8000 and
n = 4000

dgemm_ dgemv_ dgesv_
0

1
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p
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Figure 1: Speedup achieved by each routine that is used in the implementation.

as the number of cores increases. It is important to note that the matrix-matrix operation
dgemm_ consumes most of the time. As a future work, we plan to execute the previous
algorithm using single precision and complex arithmetic. Moreover, further optimization
efforts will be carried out in order to reduce the computational time.
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Abstract

Recommender systems has become a widespread topic, allowing to connect user de-
mands to those products more suitable to their preferences. The more information we
provide to the system, the better the system works. This is a weak point of recom-
menders: they need an initial information belonging to each new user. In this paper
we propose to avoid the so-called cold-start problem by using a conversational recom-
mendation approach. We consider products characteristics as attributes and deal with
the attribute implications by means of the simplification logic to guide the user in the
search.

Key words: Recommendation systems, conversational recommendation, logic, impli-
cations

1 Introduction

Nowadays recommender systems have established a solid field of knowledge within infor-
mation technologies. They are a kind of software that group together a wide range of
techniques and applications with the aim of providing the best user experience [18]. There
has been much progress done towards recommender systems during last decade [1] but there
is still so much work remained. Examples of the applications concerning recommender sys-
tems go over many different topics of today’s society such as recommending books, music,
documents, e-commerce, tourism, medical diagnosis, among others. Recommender Systems
constitute a hot topic indeed, as we can notice by the way in which many top companies
worldwide spend their efforts and resources developing more and better systems for them to
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increase their benefits. By these means, companies with absolutely different market niches
delegate their most important duties to recommender systems due to the wide range of pos-
sibilities they offer; and yet companies selling products are not all of them, global leaders
in other fields as totally come aboard with recommender systems by recommending new
friends, groups, followers, and other social connections.

When recommendations are based on of the element evaluation made by other users
or by similarity between the user preferences and these characteristics, recommender sys-
tems need to face many problems before they can flow into good recommendations. The
first one we need to remark is the well-known cold-start problem [10], that appears when
recommender systems try to elaborate reliable recommendations from the absence of initial
information. Cold-start problem may be handled by requesting other agents to share what
they have already learned from their respective users [11]. Also, new items (those which
have not received any ratings from the community yet) would be assigned a rating auto-
matically, based on those given by the community to other similar items [20] and so, we are
at the mercy of similarity rules. In the same direction, until the new element has not been
evaluated by a significant number of users, the system will not be able to recommend it.
An item that is not recommended remain unnoticed by most of the user community, thus,
we can enter into a vicious circle in which a set of elements of the recommender systems
will be left out of the rating process and/or recommendations continuously [16]. In most
of cases, users do not rate all the features we would desire for the optimum running of the
recommender systems, this reveals scarcity problem.

In this work, we propose to deal with the cold-star problem by introducing an infor-
mation flow based on the dialogue with the user. The lack of initial information is avoided
with the design of a process with allows to collect this information of the user and storing
them for further access to the system. This process, as we shall see, is a recommender-like
system, to allow the user for getting some usefullness in its use.

2 Recommender systems and the conversational issue

There exists different kinds of recommender systems usually classified on how recommenda-
tions are made [1]. The most known and extended ones are collaborative filtering, content-
based and demographic systems. Besides, in recent years there has been a great expansion
of context-aware recommender systems [2] and knowledge-based recommender systems [14].
Other group of recommender systems that worths to be considered is that one focused
on recommendations involving group of people [9]. Collaborative filtering systems [13],
recommend items that other users have already rated before. Recommendations made
by content-based systems present items similar to the ones the user preferred in the past
[12]. Context-aware recommender systems try to adapt their recommendations to the world
around the user. Finally, knowledge-based approaches are different; they manage functional
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knowledge about how an item matches a particular need, and they can therefore reason
about the relationship between a need and a possible recommendation. These characteris-
tics make knowledge-base recommender systems not only valuable systems on their own, but
also highly complementary to other types of recommender systems. However, the history of
recommender systems has broadly demonstrated that best strategies are those who merge
characteristics from different kinds of recommender systems in order to generate hybrids
conforming best features of each one [6, 4].

In general, most of widely used recommendation techniques requires information to
build a user profile before generating a result. In some cases, that information may be
gathered explicitly: for example, requiring data about age, gender, etc. during a registration
process, or by means of ratings and opinions about the recommended items. In other cases,
the system may get implicit information from the browsing and/or purchase user history.

Nevertheless, there are contexts in which this previous information it is not available.
This is the case of the well-known cold-start problem, when a new user asks for his first rec-
ommendation and obviously the system has not any information about him. This situation
also occurs in systems where users make occasional use.

An interesting approach to solve this problem us the use of the so-called conversational
recommender systems [7, 8]. These are closely related with critiquing recommender sys-
tems [17, 21]. In these works, recommendation is enriched by means of a dialog with the
user that allows an incremental elicitation of his preferred item features. To promote an
effective use of this approach, our proposal produces as an output a recommendation only
based on the user dialogue information. In this way, the system is attractive for those user
that are new in the system and can be used as a preliminary system to store user preferences
for further accesses.

3 A logic approach to conversational recommendation

Our proposal to integrate recommender systems and the conversational issue is based on
a sound and complete logic. As we shall see, such an strong basis allows us to include a
reasoning method in the process and allows us to store the information in a natural way to
be managed in the future by knowledge-base recommenders.

We built our framework on a basic elements, the implications. They correspond to
formulas a1 ∧ . . . ∧ an → b1 ∧ . . . ∧ bm. The propositions a1, . . . an, b1, . . . , bm are elements
of a set Ω and they are interpreted as properties concerning attributes. For this reason,
propositional symbols are named attributes. To compact notation it is usual to denote
the above formulas as A → B being A = {a1, . . . , an} and B = {b1, . . . , bm} i.e. sets of
attributes are conjunctively interpreted.

The symbolic management of implications was originally proposed in [3]. However,
due to the central role that transitivity plays in this axiomatic system, the development
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of executable method to solve implications problems has rest on indirect methods. For
instance, the proposal to solve the attribute closure, i.e. to find the maximal set of attributes
A+ such that the implication A → A+ holds has been traditionally tackle by using a basic
method which exhaustively uses the subset relation to add new elements in the conclusion.

The introduction of the Simplification Logic, named SLFD , [5] opened the door to the
development of automated reasoning methods directly based on its novel axiomatic system.
SLFD considers reflexivity as axiom scheme

[Ref]
A→A

together with the following inference rules called Fragmentation, Composition and Simpli-
fication respectively.

[Frag]
A→BC

A→B
[Comp]

A→B, C→D

AC→BD
[Simp]

A→B, C→D

A(C \ B)→D

Later, in [15] we presented an attribute closure method closely tied to the Simplification
logic axiomatic system. Apart from having a strong base, the main advantage of our method
is that its output is twofold: besides the maximal set constituting the closure of the input, it
also renders a reduced set of implications which enclose the semantics that is outside the set
A+. We would like to remark that this two inputs are computed in linear time, overtaking
the hard cost of a data mining process if we were interested in extracting the new set of
implication for the reduced dataset after each search step.

This characteristics provides a key information to further inferences in an iterative
search process. This is the core of our proposal to design a conversational recommendation
based on our attribute closure operator. The recommendation process will go along the
following points:

0. We depart from the premise that we have a dataset containing items and attributes,
and the set of implications that holds on it. This is considered point zero and, as we
have mentioned, it does not requieres any information from the user to be started.

1. Once we count on this information, the user interacts with the system by selecting an
attribute we wish an item to fit.

2. Then, the process flows into the closure algorithm calculating both the set closure for
this attribute and above all, the set of implications that remains outside the closure
and complete them.

3. Once the closure algorithm has finished, a new reduced dataset is shown. At this point,
we can stop the interaction whether we are already satisfied with the result or we can
go ahead trying to get a more suitable recommendation. The improvement here goes
as follows. For further queries, we have reduced the number of available attributes
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deleting those included in the closure set. Even that this could be accomplished by
classic closure algorithms, the major point of our method is that, at the same time, we
also reduce the number of implications, and so, in every refining-attempt we do not
need to start the process form the beginning but continuing from here, where both
attributes and implications have been decreased. Consequently, the process maintains
its linear complexity and the interaction becomes truly faster.

4. In this way, we select a new attribute and resume the search.

5. We carry on selecting attributes until we get a satisfying recommendation or we run
out of attributes.

4 Conclusion and future works

In this paper we propose to approach the cold-start problem. We mining the dataset con-
taining the product information to get a set of attribute implications. This set is managed
by using the inference system of simplification logic to guide the search of new users.

As a future work, we propose to study the impact of simplification closure in the perfor-
mance of our approach. Our method allows to get, in an iterative way, intermediate closure
set of attributes and the corresponding reduced set of implications. This characteristics
allows to proceed step by step and, at the same time, accelerate the search.
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Using fixed-point techniques and Faber–Schauder systems in adequate Banach spaces,
allows us to design a numerical algorithm in order to solve and important type of two-
dimensional nonlinear integral equation.
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1 Introduction

Several problems in mathematics, physics, engineering and other disciplines can be modeled
using two-dimensional integral equations. These are usually difficult to solve analytically
and in many cases the solution must be approximated. Therefore, in recent years several
numerical approaches have been proposed. For example, a numerical method based on Haar
wavelet (see [1]), two-dimensional orthogonal triangular functions and the two-dimensional
rationalized Haar are used to approximate the solution (see [2] and [3], respectively), a
differential transformation method (see [9]), a numerical scheme based on the moving least
squares method (see [11]), a operational matrix and two-dimensional block pulse functions
methods (see [12]), a method using Legendre polynomials (see [13]), a method based in the
developing the two–dimensional differential transform for double integrals (see [16]).
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2 The problem

The aim of this work is to introduce a new numerical method in order to approximate the
solution of the two–dimensional nonlinear integral equations of Volterra:

f(s, t) = g(s, t) +

∫ t

γ

∫ s

α
K(s, t, x, y, f(x, y)) dxdy (1)

where Ω = [α, α + β] × [γ, γ + δ], f ∈ C(Ω) is the solution to be approximated, and
g and K are given real-valued continuous funtions defined, respectively, on Ω and W =
{(s, t, x, y, z) ∈ R5 : α ≤ x ≤ s < α+ β, γ ≤ y ≤ t < γ + δ}.

Using fixed-point techniques and Faber–Schauder systems in adequate Banach spaces,
we present an efficient analytical and numerical procedure for solving two–dimensional non-
linear Volterra integral equations. Such tools have been used successfully in the study of
certain types of one–dimensional integral, integro-differential and differential equations (see
[4], [5], [6]). The study of the convergence and error will be done. The efficiency of this
method will be shown with numerical results.
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1 Introduction

The two dimensional integral equations are widely used for solving many problems in math-
ematics, physics and engineering. On many occasions it is not possible to find an exact
solution to these equations. Therefore, in recent years several numerical approaches have
been proposed. For example, a method based on interpolation by Gaussian radial basis
function (see [1]), a numerical method based on Haar wavelet (see [2]), a numerical method
using rationalized Haar functions (see [3]), a spectral meshless radial point interpolation
method (see [7]), a discrete Galerkin and iterated Galerkin method (see [9]), a integral
mean value method (see [10]), a piecewise interpolating polynomial technique (see [12]),
a two-dimensional modification of hat functions method (see [13]), an iterative numerical
method of succsesive approximations (see [14]).
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2 The problem

The purpose of this work is to develop an effective method for approximating the solution
of the two–dimensional nonlinear Fredholm integral equations:

f(s, t) = g(s, t) +

∫ γ+δ

γ

∫ α+β

α
K(s, t, x, y, f(x, y)) dxdy (1)

where Ω = [α, α + β]× [γ, γ + δ], f ∈ C(Ω) is the solution to be approximated, and g and
K are given real-valued continuous funtions defined, respectively, on Ω and Ω× Ω× R.

The numerical method to solve the above mentioned equation is based in two analytical
techniques: the Banach fixed point theorem and Schauder bases in Banach space. Such
tools have been used successfully in the study of certain types of one–dimensional integral,
integro-differential and differential equations (see [4], [5], [6]).

We recall some auxiliary facts from the Banach fixed point theorem and the Theory of
Schauder Bases, we present the method, getting and explicit control of the error committed.
Finally we illustrate the theoretical results with some examples.
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Abstract

In this talk I will discuss a solution to the problem of the gauge dependence of molec-
ular magnetic properties (magnetizabilities, circular dichroism) using time-dependent
current-density functional theory [1]. I will also present a new parameter-free functional
that accurately describes the optical absorption spectra of insulators, semiconductors
and metals [2].
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Gregorio Bernabé1, Raúl Hernández1 and Manuel E. Acacio1

1 Computer Engineering, University of Murcia

emails: gbernabe@ditec.um.es, raulhnpacheco@hotmail.com, meacacio@ditec.um.es

Abstract

Current low-cost general-purpose single-board computing (SDC) devices are gain-
ing increasing interests in research computing due to their very low cost/performance
ratio. Among all the SDCs available nowadays, Raspberry Pi devices constitute maybe
the most renowned representative. On the other hand, the wavelet transform plays an
important role in contemporary standards for image compression (such as JPEG-2000)
and video compression (MPEG-4). In this work we evaluate two parallelization strate-
gies of the 3D fast wavelet transform (3D-FWT), both implemented using MPI, on a
cluster of Raspberry Pi 2 SDCs. We find out that while noticeable speed-ups can be
obtained when all MPI processes run on cores of a single Raspberry Pi 2 SDC, perfor-
mance drops drastically when they spread to several boards. The reason for this is the
limited bandwidth that the on-board LAN port can deliver, and that proves insufficient
for the fine-grained, high-volume communication requirements of the two parallelization
strategies.

Key words: General-purpose single-board computing (SDC); Raspberry Pi 2; 3D fast
wavelet transform (3D-FWT); Parallelization strategies; Speed-up

1 Introduction

Continuous improvements in the technologies used to build computers have recently made
possible the fabrication of extremely low-cost general-purpose single-board computing de-
vices. Nowadays, one can buy one of these tiny computers for a few dollars and make it
run Windows 10 or Ubuntu-Linux operating systems [21]. Today, one of the most renowned
examples of these single-board computers is Raspberry Pi devices. Although the initial aim
of these devices was to promote the teaching of basic computer science in schools [14] and
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developing countries [15], recent appearance of single-board computers (SBC) with multi-
core CPU chips have attracted interest of a multitude of projects trying to take advantage
of their very low cost-performance ratio (i.e. in data centers [23]).

Raspberry Pi SBCs are priced between US$20 and US$351. The development of the
Raspberry Pi SDCs has gone through several generations. The first generation (Raspberry
Pi 1) was released in February 2012 in basic model A and a higher specification model B. A+
and B+ models were released a year later. All these Raspberry Pi’s had a single-core ARM-
based CPU chip which restricted their use to toy computers. Raspberry Pi 2 model B was
released in February 2015 and its main novelty was the introduction of a 4-core ARM-based
CPU chip, which brought a 6-fold performance increase compared to their predecessor. The
last family member, the Raspberry Pi 3 model B, was launched in February 2016 and adds
wireless connectivity (2.4 GHz WiFi 802.11n and Bluetooth 4.1).

In the last few years, a very attractive area of research involves the proposal and evalua-
tion of different transform functions that may overcome the limitations that the discrete co-
sine transform (DCT) used by MPEG-2 presents for some particular types of video. Wavelet
techniques have recently generated much interest in applied areas and the wavelet trans-
form has been mainly applied to images. Several coders have been developed using the 2D
wavelet transform [1, 17, 25]. The latest image compression standard, JPEG-2000 [19, 22],
is also based on the 2D wavelet transform with a dyadic mother wavelet transform. The
3D wavelet transform has been also applied for compressing video. Since one of the three
spatial dimensions can be considered similar to time, Chen and Pearlman developed a three-
dimensional subband coding to code video sequences [8], later improved with an embedded
wavelet video coder using 3D set partitioning in hierarchical trees (SPHIT) [16]. Today,
the standard MPEG-4 [2, 3] supports an ad-hoc tool for encoding textures and still images,
based on a wavelet algorithm. In a previous work [5], we have presented the implementation
of a lossy encoder for medical video based on the 3D fast wavelet transform. This encoder
achieves both high compression ratios and excellent quality, so that medical doctors cannot
find longer differences between the original and the reconstructed video. Furthermore, the
execution time achieved by this encoder allows for real-time video compression and trans-
mission. In the case of parallelizing the 2D or 3D fast wavelet transform, we have shown
previously that contemporary GPGPUs can achieve dramatical speed-ups [7, 10, 11, 12].
Unfortunately, automatic parallelization methods do not yield enough benefits, while man-
ual parallelization methods pose a considerable burden in software development [4].

In this work we study the parallelization of the 3D fast wavelet transform (3D-FWT)
on a cluster of Raspberry Pi 2 SDCs. Particularly, we have implemented two different
parallelization strategies for the 3D-FWT (decomposition by rows and decomposition by
rows and columns) using MPI [13], and we have evaluated them on a cluster of 4 Raspberry

1A Pi Zero with smaller footprint and limited IO (GPIO) capabilities was released in November 2015 for
US$5.
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Pi 2 SDCs. Our results show that while noticeable speed-ups can be obtained when all
MPI processes run on cores of a single Raspberry Pi 2 SDC, performance drops drastically
when they spread to several boards. The reason for this is the limited bandwidth that
the on-board LAN port (rated as 10/100 Fast Ethernet, and driven through the on-board
USB 2.0 bus) can deliver, and that proves insufficient for the fine-grained, high-volume
communication requirements of the two parallelization strategies.

The rest of the paper is organized as follows. Section 2 contains important background
about the wavelet transform. The parallelization strategies that we have implemented and
evaluated in this work are explained in Section 3. In Section 4 we give the details of the
cluster of Raspeberry Pi 2 SDCs used for the evaluation, and then, we present the results.
Finally, Section 5 concludes the paper and draws some lines of future work.

2 Wavelet Transform Foundations

The basic idea of the wavelet transform is to represent any arbitrary function f as a weighted
sum of functions, referred to as wavelets. Each wavelet is obtained from a mother wavelet
function by conveniently scaling and translating it. The result is equivalent to decomposing
f into different scale levels (or layers), where each level is then further decomposed with a
resolution adapted to that level.

In a multiresolution analysis, there are two functions: the mother wavelet and its associ-
ated scaling function. Therefore, the wavelet transform can be implemented by quadrature
mirror filters (QMF), G = g(n) and H = h(n), nεZ. H corresponds to a low-pass filter,
and G is a high-pass filter. For a more detailed analysis of the relationship between wavelets
and QMF see [18].

The filters H and G correspond to one step in the wavelet decomposition. Given a
discrete signal, s, with a length of 2n, at each stage of the wavelet transformation the G
and H filters are applied to the signal, and the filter output downsampled by two, thus
generating two bands, G and H. The process is then repeated on the H band to generate
the next level of decomposition, and so on. This procedure is referred to as the 1D fast
wavelet transform (1D-FWT).

It is not difficult to generalize the one-dimensional wavelet transform to the multi-
dimensional case [18]. The wavelet representation of an image, f(x, y), can be obtained
with a pyramid algorithm. It can be achieved by first applying the 1D-FWT to each row of
the image and then to each column, that is, the G and H filters are applied to the image
in both the horizontal and vertical directions. The process is repeated several times, as in
the one-dimensional case. This procedure is referred to as the 2D fast wavelet transform
(2D-FWT).

As in 2D, we can generalize the one-dimensional wavelet transform for the three-
dimensional case. Instead of one image, there is now a sequence of images. Thus, a new

c©CMMSE ISBN: 978-84-608-6082-2201



Parallelization of the 3D-FWT on a Cluster of Raspberry Pi 2 Boards

dimension has emerged, the time (t). The 3D-FWT can be computed by successively ap-
plying the 1D wavelet transform to the value of the pixels in each dimension.

Based on previous work [6], we consider Daubechie’s W4 mother wavelet [9] as an
appropriate baseline function. This selection determines the access pattern to memory for
the entire 3D-FWT process. Let us assume an input video sequence consisting of a number
of frames (3rd dimension), each composed of a certain number of rows and columns (1st

and 2nd dimension). The 1D-FWT is performed across all frames for each row and column,
that is, we apply the 1D-FWT rows×cols times in the third dimension. The first 1D-FWT
instance requires four elements to calculate the first output element for the reference video
and the detailed video, with these elements being the first pixel belonging to the first four
frames. The second output element for the reference and detailed video are calculated using
the first pixel of the third, fourth, fifth and sixth video frames. We continue this way until
the entire reference and detailed video are calculated, and these data are the input used for
the next stage.

The 2D-FWT is performed frames times, i.e., once per frame. This transform is
performed by first applying the 1D-FWT on each row (horizontal filtering) of the image,
followed by the 1D-FWT on each column (vertical filtering). The fact that vertical filtering
computes each column entirely before advancing to the next column, forces the cache lines
belonging to the first rows to be replaced before the algorithm moves on to the next column.
Meerwald et al. [20] propose two techniques to overcome this problem: row extension and
aggregation or tiling.

Other studies [24, 26] also report remarkable improvements when applying the tiling
technique over the 2D-FWT algorithm. Our experience implementing on a CPU the sequen-
tial 2D-FWT algorithm revealed a reduction of almost an order of magnitude in the overall
execution time with respect to a baseline version. This process can straightforwardly be
applied to the 3D case, where reports solid gains on execution times as well, which ranges
from 3x to 7x factors [5].

In previous works [10, 11], we contributed with a CUDA implementation for the 2D-FWT
running more than 20 times faster than a sequential C version on a CPU, and more than
twice faster than optimized OpenMP and pthreads versions implemented on a quad-core
CPU. We extended the analysis to the 3D-FWT scenario [7, 12], where speed-up factors
have been improved using a new set of optimization techniques. We presented different al-
ternatives and programming techniques for an efficient parallelization of the 3D fast wavelet
transform on multicore CPUs and manycore GPUs. OpenMP and pthreads were used on the
CPU to build different implementations in order to maximize parallelism, whereas CUDA
and OpenCL were selected for data parallelism exploitation on the GPU with an explicit
memory handling. Speed-ups of the CUDA version on Fermi architecture were the highest
obtained, improving the execution times on CPU on a range from 5.3x to 7.4x for different
image sizes, and up to 81 times faster when communications are neglected. Meanwhile,
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OpenCL obtains solid gains in the range from 2x for small frame sizes to 3x for larger ones.

3 Parallelization on a cluster of Raspberry Pis

In this Section we present the two parallelization strategies we have considered in this work.
In both cases, we have implemented them using MPI.

3.1 Decomposition by rows

Our first parallelization strategy tries to take advantage of the fact that computations on
the different rows of each frame in a video sequence can be done in parallel. To do so, in this
approach different blocks of rows of each frame of the video sequence are divided among the
different participating MPI processes. Then, the 1D-FWT in the time and x dimensions are
executed by each process over its assigned rows. Next, every process sends its results to the
first process (in our case, process with id 0), which is in charge of applying the 1D-FWT to
all the columns of the frame. The low-pass outputs of the 3D-FWT are sent from the first
process to the rest of them in order to apply the second iteration of the 3D-FWT and so
on. Figure 1 describes graphically how this first parallelization strategy would proceed.

3.2 Decomposition by rows and columns

In an attempt to try to increase the amount of parallel work, we also consider the decom-
position by rows and columns parallelization strategy. This is an evolution of the previous
decomposition strategy. Particularly, once the 1D-FWT is applied in the time and x di-
mensions by each process, instead of sending the results to a particular process, in this
alternative results are exchanged between all participating processes. Once this done, the
1D-FWT is applied by each process for a block of columns. Then, the low-pass output of
the 3D-FWT are also exchanged between all the processes to apply the second iteration
of the 3D-FWT and so on. Figure 2 describes graphically how this second parallelization
strategy would proceed. It is clear that in this case more work is done in parallel but at the
expense of increasing communication requirements.

4 Experiments

We have built a cluster which is composed by four Raspberry Pi 2 Model B nodes, as we
can observe in Figure 3. Each node contains a 900 MHz quad-core ARM Cortex-A7 CPU
and 1 Gbyte of RAM memory. The interconnection network of the cluster is Ethernet at
100 Mbps. The Operating System is Raspbian Wheezy. In our cluster we have installed
MPICH2 (v1.4.1) as the MPI library implementation.
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(a) (b)

Figure 3: (a) Raspberry Pi 2 Model B. (b) Cluster of four Raspberry Pi 2 Model B nodes.

We have executed and measured the optimized 3D-FWT sequential version previously
used in [7, 12] on a Raspberry Pi 2 for 2 iterations of the 3D fast wavelet transform. This will
be baseline along the evaluation. Moreover, we have configured different parallel execution
scenarios for the two parallel versions of the 3D-FWT explained before. We consider parallel
executions with 2 and 4 MPI processes, running on the same Raspberry Pi 2 board or
different boards. This allows us evaluating the impact that the limited bandwidth of the
on-board LAN port has on the results.

Figure 4 shows the execution times (in seconds) for 2 iterations of the 3D-FWT on
an input video containing 64 frames of 512x512 pixels. From left to right, we first present
the result obtained for the sequential version (Sequential), then we show the results for
the decomposition by rows (Rows) and decomposition by rows and columns (Rows&Cols)
parallelization strategies respectively. For each one of the two parallelization strategies, we
consider 2 and 4 MPI processes (2P and 4P respectively) running on one Raspberry Pi 2,
and on 2 or 4 Raspberry Pi 2 (2P-R and 4P-R respectively), having just 1 MPI process per
board in each case.

From the results, we can see that the two proposed parallelization strategies of
the 3D-FWT obtain noticeable speed-ups when executed on a single Raspberry Pi 2 with re-
gard to the optimized sequential version. However, the executions on different Raspberry Pi
2 show negative outcomes from the performance point of view. What makes the differences
is that in the first case all communications take place on the same board, and therefore,
can be performed with low latency. Contrarily what happens when communications take
place between several Raspberry Pi. In this case, all communications go through the low
bandwidth on-board LAN ports, which ballast any performance advantages that parallel

c©CMMSE ISBN: 978-84-608-6082-2206
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Figure 4: Execution times for 2 iterations of the 3D fast wavelet transform

execution could entail.
Taking a closer look to the results for one Raspeberry Pi board, we see that the speed-

ups of the decomposition by rows parallelization strategy for 2 and 4 MPI processes are
1.56 and 1.34 respectively. Similarly, the decomposition by rows and columns parallelization
strategy obtains speed-ups of 1.63 and 1.22 for 2 and 4 MPI processes respectively. There-
fore, in both cases, fewer MPI processes, and therefore, lesser amount of communications
among several processes, implies the best results. These two parallel versions do not scale
due to the decreasing computation/communication ratio that they exhibit as the number
of processes grows. Comparing the results for the two parallelization strategies, we observe
that the increased potential parallelism exhibited by the decomposition by rows and columns
strategy can only be exploited efficiently when the number of involved processes is small
(2). In this case, the communication budget that it entails can be significantly amortized by
the large amount of floating-point operations that each process performs. However, when
the number of cores is 4, the larger communication requirements cannot be compensated,
and lower speed-ups are obtained when compared with the decomposition by rows strategy.

In general, the speed-up results obtained within one Raspberry Pi keep in the ex-
pected range for a class of algorithms like the 3D-FWT, with low arithmetic intensity,
pseudo-regular access patterns and intricate loop traversing. In these cases, maintaining
communication requirements as low as possible is a key factor to obtain substantial profits.
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5 Conclusions and future work

Current low-cost general-purpose single-board computing (SDC) devices are gaining in-
creasing interests in research computing due to their very low cost/performance ratio. In
this work we have analyzed the potential of a cluster built from Rasbperry Pi 2 SDCs as a
viable platform for accelerating the execution of the 3D fast wavelet transform. To do so,
we have implemented two parallelization strategies for the 3D fast wavelet transform using
MPI. We found that although such cluster can constitute a very appealing solution from
the cost point of view, it is unable to improve performance beyond what it is obtained when
a single Raspberry Pi 2 is employed. That is, while noticeable speed-ups can be obtained
when all MPI processes run on cores of a single Raspberry Pi 2 SDC, performance drops
drastically when they spread to several boards. The reason for this is the limited band-
width that the on-board LAN port (rated as 10/100 Fast Ethernet, and driven through
the on-board USB 2.0 bus) can deliver, and that proves insufficient for the fine-grained,
high-volume communication requirements of the two parallelization strategies.

Our plans for future work will delve in two orthogonal ways. On the one hand, there
are several alternative coarse-grained parallelization strategies we would like to explore (for
example, parallelizing by frames in a video sequence). Also, we are considering the possibil-
ity of using other SDCs different than Raspberry Pi for building the cluster. Particularly,
we have found that Odroid C2 SDC may be an interesting alternative to consider since it
provides, among other things, a Gigabit Ethernet LAN port which would help palliate the
bandwidth limitations that our cluster configuration currently has.
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Abstract

In this paper we will continue in studying the problem of constructing a flexible
blending canal surface smoothly joining two given circular cones, cf. [3]. We will use
the main advantage of the contour method, cf. [5, 3], which allows us to generate in one
step a whole family of rational canal surfaces having the same silhouette with respect to
some prescribed vector. Involving a recently introduced class of RE curves (i.e., rational
envelope curves, see [6]), we present a simple and efficient algorithm for constructing
flexible blending canal surfaces employing only techniques for Hermite interpolation.

Key words: Canal surfaces; smooth transition; blending surface; contour curve; RE
curve; Ferguson cubic.

1 Introduction

Canal surfaces, see e.g. [7], are envelopes of one parameter families of spheres in 3-space.
They play a very important role in Computer-Aided Design as they can be used for con-
structing smooth transitions (blends) between two given surfaces, see [2] and references
therein. For a constant radius function of generating spheres we speak about pipe surfaces.
A well known non-trivial subclass of the canal surfaces are Dupin cyclides which are defined
as the envelopes of all spheres touching three given spheres, see e.g. [8, 10, 12, 14].

It was proved in [13] that any canal surface with a rational spine curve and a ratio-
nal radius function has a rational parameterization. An algorithm for computing rational
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parameterizations of canal surfaces was presented in [11]. Let us emphasize that although
the canal surfaces with rational spine curves and rational radii always possess exact ra-
tional parameterizations, approximate parameterization techniques are also investigated in
connection with them, see e.g. [4]. This is caused by the computational difficulty of decom-
posing a rational function into a sum of two squares (SOS) over reals, which is a necessary
part of the parameterization algorithm from [11]. Moreover, we would like to recall that
that there exist rational canal surfaces with square-root parameterized medial axis trans-
form (which is a curve i 4-space obtained from the spine curve when the radius function is
added as the fourth coordinate).

We will continue in the study of the problem to construct a flexible blending canal
surface smoothly joining two given cones, cf. [3]. This is especially useful when it is
required that the constructed joint shall bypass some given bounded obstacle(s). We will
use the main advantage of the contour method, cf. [5, 3] enabling us to generate in one step
a whole family of rational canal surfaces having the same silhouette with respect to some
prescribed vector. Involving a recently introduced class of RE curves (i.e., rational envelope
curves, see [6]), we present a simple and efficient algorithm for constructing flexible blending
canal surfaces employing only techniques for Hermite interpolation of curves.

The remainder of this paper is organized as follows. The next section summarizes some
fundamental facts about canal surfaces and rational envelope (RE) curves. In Section 3,
a simple method for constructing transition canal surfaces using rational contour curves
with respect to a prescribed viewpoint is presented. Section 4 is devoted to a technique for
constructing a flexible blending canal surfaces which can be used when bypassing a given
obstacle is needed. Finally, in Section 5 we conclude the paper.

2 Preliminaries

Consider a one-parameter set of spheres

F (t) : |(m(t)− x)|2 − r2(t) = 0, t ∈ I ⊆ R, (1)

where x = (x, y, z). The envelope S of F (t) is called a canal surface, the curve m(t) tracing
the centres of the spheres F (t) its spine curve and the function r(t) describing the radii of
F (t) its radius function. By appending the corresponding sphere radii r(t) to the points of
the spine curve m(t) we obtain the medial axis transform (MAT for short). For the sake of
clarity, we identify the canal surface S with its medial axis transform

(
m(t), r(t)

)
⊂ R3,1,

where R3,1 is the 4-dimensional Minkowski space. In what follows we omit the dependence
on parameter t whenever no confusion is likely to arise.

The rational parametrization of a canal surface S can be computed by rotating any
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rational curve c on S around the tangents of the spine curve m, i.e,

s(t, u) = m(t) +
(�(u) +m′(t)) � (c(t)−m(t)) � (�(u)−m′(t))

(�(u) +m′(t)) � (�(u)−m′(t))
, (2)

where �(u) is any arbitrary rational function, the sums �(u)±m′(t) of scalars and vectors
are considered as quaternions, and � is the operation of quaternion multiplication, see [1, 9]
for more details about quaternions.

In this paper we employ canal surfaces for constructing rational smooth transition
surface between two prescribed parts of cones S1 and S2 (or cylinders in special situations).
The cones (as special instances of canal surfaces) can be described by their MATs, which
are straight lines now. We assume that these lines are determined by a point and a direction
vector in R3,1, in particular

si = (si, ri) and ui = (ui, τi), i = 0, 1. (3)

The construction of a joining canal surface is based on finding some suitable rational spine
curve m of this considered blend and some rational curve c on it. Then we can compute
the rational parametrization by (2). Let us emphasize that the presented approach can
be considered as well when the input shapes are general canal surfaces by considering the
corresponding tangent cones at the end circles.

Recently introduced rational envelope (RE ) curves, cf. [6], affort a way how the curves
m and c can be find symbolically while using only Hermite (curve) interpolation techniques
for C1/G1 data, whereas the classical blending algorithms (which are based on computing
rational parametrization of canal surfaces from their MATs) use SOS (sum of squares)
decomposition, which involves some numerical steps, or on more complicated interpolations
with Minkowski Pythagorean hodograph curves, see e.g. [11, 5], .

Let us recall that RE curves are defined as the curves in R2,1 (not necessarily rational)
with the distinguished property that when considered as MATs they lead to the associated
rational envelopes of circles in plane R2. It was shown in [6] that any RE curve y in R2,1

can be constructed starting from a rational curve x lying in the coordinate plane xy : z = 0
and a rational function f in the form

y =
(
x+ f x′⊥, f |x′|

)
, (4)

where v⊥ denotes the orthogonal vector to v.

3 Rational blending canal surfaces with rational contour
curves

In this section we discuss a simple method for constructing smooth joint canal surface (be-
tween two prescribed cones) based on using rational contour curves, i.e., curves on surface
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corresponding to the silhouettes of the surface in plane with respect to a prescribed view-
point v. Contour curves (in the blending process) allows us to obtain in one step the whole
family of transition surfaces with the same silhouette in the projection plane

Pv : x · v = 0. (5)

This is especially useful when some object must be bypassed or avoided, see Section 4.
Using RE curves we will be able to construct a family of blending canal surfaces (based on
any arbitrary interpolation with rational curves) with rational contour curves (and thereby
rational silhouettes) with respect to an arbitrary, intentionally chosen, viewpoint v.

Now, we describe the particular steps of the blending algorithm in more detail. The
algorithm starts with two cones S1 and S2 given by (3). We choose a (suitable) unit vector
v, cf. Section 4, and transform data (3) to the form

pi = (πv(si), ri) and ti = (πv(ui), τi) , (6)

where πv : R3 → Pv is the orthogonal projection realized as follows

πv(x) = x− (x · v)v. (7)

From the envelope formula, cf. [6], the associated points qi ∈ Pv on the corresponding
envelope curve will be of the form

qi = pi − ri
τi ti + (ti × v)

√
|ti|2 − τ2i

|ti|2
. (8)

The corresponding vectorswi also lie in Pv and must be perpendicular to the vectors pi−qi,
i.e., we arrive at

wi = αi (pi − qi)× v. (9)

The parameters αi, corresponding to the magnitudes of wi, are free parameters and can be
chosen to modify the resulting shape. Next, we interpolate qi and wi in the plane Pv by a
suitable Ferguson cubic x(t), t ∈ [0, 1] and compute the MAT y, i.e.,

y =
(
x+ (x′ × v)f, f |x′|

)
. (10)

The function f can be constructed as a one dimensional Ferguson cubic interpolating

fi =
ri
|wi|

, f ′
i = −ti · (fi x′′(i) + (wi × v))

ti ·wi
, (11)

which follows from the interpolation conditions

y(i) = pi and y′(i) = βi ti. (12)
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Moreover

βi =
wi ·wi − fi x

′′(i) · (wi × v)

ti ·wi
. (13)

To lift y from Pv we interpolate data

si and βi ui (14)

by a Ferguson cubic h(t) and construct the spine curve of the corresponding canal surface
in the form

m = y + (h · v)v, t ∈ [0, 1]. (15)

Additionally, the curve
cv = x+ (h · v)v, t ∈ [0, 1] (16)

is, by construction, a rational contour curve of the constructed canal surface with respect
to the vector v. Finally, rotating cv around the tangents of m yields a rational parameter-
ization of the seeking blending canal surface, cf. (2).

4 Flexible blending canal surfaces

In this section we present a method for constructing a rational canal surface smoothly
joining two cones which bypasses a given obstacle. For the sake of simplicity, we consider
that the obstacle is inscribed into a sphere, however the presented blending method can be
easily generalized for any type of obstacle.

The first step of the algorithm is to choose a suitable direction v and using the approach
introduced in Section 3 to compute the rational spine curvem and the rational contour curve
cv with respect to the vector v. Then if the canal surface determined by m and cv intersects
the given obstacle we create a new blending canal surface described by a new spine and
contour curve of the form

m∗ = m+ �v, c∗v = cv + �v, (17)

where �(t) is a rational function, called the distance function, continuous on (0, 1) and
simultaneously satisfying the constrains

�(0) = 0, �′(0) = 0, �(1) = 0, �′(1) = 0. (18)

The distance function � enables to modify the resulting joint in the v-direction since the
original and the new transition surfaces possess the same projection with respect to v.

Now, we show how the direction v in which the constructed canal surface possesses
the rational contour curve (and thereby a direction in which it will be adapted) can be
determined. Consider two cones given by (3) and a spherical obstacle with the center o
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o

d

v
g(t)

p1 t1 p2
t2

v

cv

v

cv

Figure 1: Construction of a blending canal surface between two cones avoiding a prescribed
obstace (sphere) from Example 4.1.

and the radius rS . First, we interpolate data si,ui ∈ R3 by a Ferguson cubic g(t) which
approximately simulates the shape of a prospective spine curve of the blend. Then we
compute the direction in which the distance of g and the point o can be suitably adapted.
In particular by minimizing

ϕ(t) = |g(t)− o|2, t ∈ [0, 1], (19)

we compute the parameter τ ∈ (0, 1) and therefore the point d = g(τ) such that |d− o| is
minimal. Finally we choose the vector v equal to:

v =
o− d

|o− d| . (20)

Next, we proceed as in Section 3, i.e., we compute the spine curve m and contour curve cv
and apply a suitable distance function f , cf. (17) chosen in such a way that the function ψ,
responsible for the distance of the blending surface and the obstacle, is positive.

ψ = |m∗(t)− o|2 − (r + rS)2. (21)

Example 4.1 Consider two cones given by

s0 = (0, 0, 0, 1), s1 = (10, 1, 0, 0); u0 = (10, 1, 2, 2), u1 = (10, 1, 4, 2), (22)
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and a spherical obstacle with the center o = (4, 2, 3/2) and the radius rS = 3/2, see
Fig. 1 (top, left). First, we find a suitable vector v by the method described above, see
Fig. 1 (top, right). Next we compute the corresponding blending surface, see Fig. 1 (bot-
tom, left), which however intersects the prescribed obstacle. Thus we choose a distance
function

�(t) =

{
4(3− 4t)t2, t ∈ [0, 1/2],

4(t− 1)2(4t− 1), t ∈ [1/2, 1],
(23)

such that function (21) is positive. Finally we compute a new spine and contour curves,
cf. (17), and afterwards the rational parameterization of the joint, see. Fig. 1 (bottom,
right).

5 Conclusion

In this manuscript we continued with studying the contour method for the construction of
smooth transition canal surface between prescribed cones. We focused on one particular
application of recently introduced rational envelope curves considered here as projections of
MATs of canal surfaces. Using these curves significantly simplified the known approaches
and enabled to solve situations which were unsolvable before. We focused mainly on con-
structing suitable flexible blends sharing the same silhouettes, which can be easily used in
the practical problem of avoiding obstacles. The designed method was presented on one
particular example.
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[6] M. Bizzarri, M. Lávička, and J. Kosinka, Medial axis transforms yielding rational
envelopes, Submitted to Computer Aided Geometric Design (under revision), (2015).

[7] M. Dohm and S. Zube, The implicit equation of a canal surface, Journal of Symbolic
Computation, 44 (2009), pp. 111–130.

[8] D. Dutta, R. R. Martin, and M. J. Pratt, Cyclides in surface and solid modeling,
IEEE Computer Graphics and its Applications, 13 (1993), pp. 53–59.

[9] R. Goldman, Understanding quaternions, Graphical Models, 73 (2011), pp. 21–49.
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Abstract

We study the behavior of the support function in the neighborhood of a curve in-
flection. The gauss map at the inflection point is not regular and in the neighborhood
is typically not injective. The support function is thus not regular and typically multi-
valued. We describe this function using an implicit algebraic equation and the Puiseux
series of its branches. We show the correspondence between the degree of the approxi-
mation of the primary curve (using Taylor series) and the degree of the approximation
of the support function (using Puiseux series). Based on this results we are able to
approximate curve with inflections by curves with a simple support function which
consequently possess rational offsets.

Key words: support function, critical points, inflections approximation, Puiseux se-
ries

1 Introduction

The support function representation describes a curve as the envelope of its tangent lines,
where the distance between the tangent line and the origin is specified by a function of the
unit normal vector. This representation is one of the classical tools in the field of convex
geometry [7]. In this representation offsetting and convolution of curves correspond to
simple algebraic operations of the corresponding support functions. In addition, it provides
a computationally simple way to extract curvature information [4]. Applications of this
representation to problems from Computer Aided Design were foreseen in the classical
paper [9] and developed in several recent publications, see e.g., [1, 2, 3, 5, 6, 8, 10, 11].

The main importance of this representation consists in the possibility of an efficient
simultaneous approximation of a shape and its offsets or more generally its convolution with
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some other shape. This fact can be applied in the context of the CNC manufacturing, where
the tool center does not follow the produced object boundary, but rather the convolution
with the tool shape. Using the support function representation allows to avoid complicated
approximation techniques in the offset/convolution description.

So far the inflections were excluded from the description using support function. The
main reason is that the normal turns back at inflections and the support function must be
considered as multivalued in its neighborhood. The purpose of this paper is to analyze the
behavior of the support function in the neighborhood of a curve inflection and use it to
design an applicable interpolation scheme.

The reminder of the paper is organized as follows. In Section 2 we give the basic
definitions and properties of the explicit and implicit support function. In Section 3 we
revisit the topic of the C1 Hermite interpolation and show that the approximation order
drops from 4 to 3 when an inflection occurs. In Section 4 we analyze the behavior of the
support function at inflections and design an interpolation strategy with the approximation
order 4. Eventually, we conclude the paper.

2 Support function representation of curves

For a parametrically or implicitly given planar curve C we define the support function h as
a (possibly multivalued) function defined on (a subset of) the unit circle

h : S1 ⊃ U → R1

which to a unit normal n = (n1, n2) associates the oriented distance(s) from the origin [0, 0]
to the corresponding tangent line(s) of the curve.

As shown e.g. in [11] we can recover the curve C from h(n) as the envelope of the system
of the tangent lines {n · x− h(n) = 0 : n ∈ U}. This envelope is locally parameterized via
the formula

ch(n) = h(n)n+∇S1h(φ) = h(n)n(φ) + ḣ(φ)ṅ(φ), (1)

where∇S1 denotes the intrinsic gradient with respect to the unit circle, which is alternatively
expressed using the following arc length parameterization of S1

n(φ) = (cos(φ), sin(φ)), ṅ(φ) = (− sin(φ), cos(φ)). (2)

It is also possible to parameterize bi-rationally the unit circle

n = [n1, n2] =

[
1− s2

1 + ss
,

2s

1 + s2

]
(3)

and obtain a kind of the affine version of the support function together with the rational
parameterization of the curve h(s) and ch(s). Note, that the inversion formulas for changing
the variable is s = n2

1+n1
= arctan (φ/2).
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As there are often many tangent lines with the same normal it is globally not always
possible to obtain an explicit expression of h but rather an implicit one, which is closely
related to the notion of dual curve consisting of the tangent lines of C.

For example in the case of a polynomial C given as the zero set of a polynomial f(x, y),
the equation of the dual curve D(h,n) = 0 can be computed by eliminating x and y from
the following system of equations:

f(x, y) = 0, n⊥ · ∇f = 0, n · [x, y] = h. (4)

The dual equation D(h,n) = 0 together with the algebraic constraint n2
1 + n2

2 = 1
is called the implicit definition of the support function h or simply the implicit support
function. The implicit support function is obviously a kind of dual representation which
takes into account the Euclidean metric. Using the parameterization (3) we get the affine
implicit support function D(h, s) = 0.

Support function representation has many nice properties and in particular simplifies
the offset and convolution computation cf. [9, 11]. In particular if the support function
h(s) is rational, not only the resulting parameterization c(s) will be rational, but it will
also provide rational offsets. In fact the offsetting corresponds to adding a constant to
the support function. More generally the convolution of curves is obtained via adding the
support functions. Rotation and translation is obtained by simple modifications of the
support. Also the curvature of the curve at the corresponding point can be expressed by
the simple linear formula

κ = − 1

h+ ḧ
(5)

and the points where h+ ḧ = 0 correspond to cusps.

Example 2.1 Consider the Tschirnhausen cubic f(x, y) = x3−9x2+27y2. By simultaneous
solving f(x, y) = 0, ∇f · (n2,−n1) = 0 and n1x+ n2y = h we get its support function

h(n1, n2) =
2− 2n1 + 8n1n

2
2

n2
2

.

The geometric meaning of the support function is clear from Figure 1.
Using the arc length parametrization (2) of the unit circle, we get

h(φ) =
2− 2 cos(φ) + 8 cos(φ) sin2(φ)

sin2(φ)
.

Using the bi-rational parametrization (3) of the unit circle, we get

h(s) =

(
3− s2

)2
s2 + 1

.
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Ph

n

Figure 1: Support function of the Tschirnhausen cubic at a given point P .

The dual equation of Tschirnhausen cubic is

D(h,n) = 2− 2n1 + 8n1n
2
2 − hn2

2.

This equation with the constraint n2
1 + n2

2 = 1 defines the implicit support function.

3 C1 Hermite interpolation using the support function

In this section we will show how to interpolate C1 Hermite data at two points via the
support function. We will see that this construction leas to a linear system of equations on
the coefficients of suitably chosen support function. We will also show on an example that
the approximation degree of this construction is lower when an inflection occurs.

Let [x0, y0], [x1, y1] be two end-points of a segment of the curve C and φ0, φ1 the angles
of the corresponding oriented normals. More precisely, we are given the first order geometric
data

([x0, y0],n(φ0)) and ([x1, y1],n(φ1)) . (6)

We will interpolate this G1 boundary data using the support function. More precisely
we look for a function h defined over the interval [φ0, φ1], so that the curve segment obtained
via the formula (1) interpolates the boundary points.

From the form of (1) it is clear, that the position of a point provides values of the support
function and its derivative. The G1 interpolation by a smooth segment is thus transformed
into the standard problem of the functional Hermite interpolation of the first order at the two
values φ0 and φ1. Natural choices of the basis functions are trigonometric polynomials [11],
trigonometric polynomial with rational non-integer arguments [3] and rational trigonometric
functions [6]. But in the view of the subsequent higher order interpolation at the inflection
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we will consider the support function dependent on the rational variable s defined by (3).
More precisely we will use the support function in the form

h(s) = a0 + a1s+ a2s
2 + a3s

3. (7)

To interpolate (6) we first determine explicitly the corresponding values

s0 = arctan(φ0/2), s1 = arctan(φ1/2)

and then we have to solve the interpolating equations

ch(s0) = [x0, y0], ch(s1) = [x1, y1].

In fact in these last equations the coefficients ai appears linearly due to the form of (1) and
we find them solving four linear equations in four variables.

It is a great advantage of the support function, that its approximation error will trans-
late to the identical behavior of the Hausdorff distance of corresponding segments.

Proposition 3.1 Let h, g be two support functions defined on the interval U = [s0, s1],
such that

g(si) = h(si), g′(si) = h′(si), i ∈ 0, 1 .

Suppose, that the corresponding curve segments ch, cg are cusp-free on U . Then their
Hausdorff distance is equal to the error in support functions

||ch − cg||H = ||h− g||∞ = max
s∈[s0,s1]

|h(s)− g(s)|. (8)

Proof: Due to boundary conditions and absence of singular points (cusps), the Hausdorff
distance is realized by a common normal line to both curve segments. The distance of the
points on this line is equal to the absolute value of the difference of the support functions.
For a more formal proof see [11, Proposition 14]. �

For this reason, to estimate the Hausdorff it is not necessary to perform a sampling
from both curves (requiring a quadratic complexity), but rather sample linearly the values
of s ∈ [s0, s1]. If the error is too big, we subdivide the curve segment in more parts. The
improvement of the error depending on the number of parts is called approximation order
of the interpolation. We will investigate this important value on the following example.

Example 3.2 Let us consider the parametric curve

c(t) = [(−5 + 8t− 6t3 − 6t4 − 6t5)/10, (5− 3t− 4t3 − 4t4 − 4t5)/5],

see Fig. 2. Note that it has an inflection at c(0) = [−1/2, 1].
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Figure 2: Parametric curve with an ordinary inflection.

Let us first consider the segment of c(t) for t ∈ [0.25, 1.25] which does not contain the
inflection. We first perform the C1 Hermite interpolation on the whole segment, obtaining
the error 9.28701 · 10−3. Then we divide in the middle and perform the interpolation of
each segment. The global error drops to 2.15398 ·10−3. We iterate this procedure and show
the results in Table 1 (left), where n indicates the number of splitting segments. The third
column gives the ratio of the previous and new error. We see that it tends to 16 = 24,
indicating the approximation order of 4.

Table 1: Errors for C1 Hermite interpolation.
segment without inflection

n error error
improvement

1 9.28701 · 10−3

2 2.15398 · 10−3 4.31154
4 1.43050 · 10−4 15.05760
8 1.33136 · 10−5 10.74464
16 9.27833 · 10−7 14.34912
32 1.86660 · 10−7 14.97071
64 1.18982 · 10−8 15.68805
128 7.50893 · 10−10 15.84542
256 4.71333 · 10−11 15.93125
512 2.94720 · 10−12 15.99257

segment with inflection
n error error

improvement
1 2.51863 · 10−3

2 2.15398 · 10−3 6.97205
4 2.32844 · 10−4 10.8168
8 2.51388 · 10−5 9.26235
16 2.93471 · 10−6 8.56601
32 3.55065 · 10−7 8.26528
64 4.36787 · 10−8 8.12903
128 5.41676 · 10−9 8.06361
256 6.74433 · 10−10 8.03158
512 8.41386 · 10−11 8.01573

Next, let us do the same for the segment of c(t) for t ∈ [0, 1], i.e. the segment with one
inflection point. The results are displayed in Table 1 (right), which indicates in this case
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the approximation order of 3.

This less efficient behavior at the inflection points confirms the results of [10], where some
other kind of support function was used.

4 Support function at curve inflections

The behavior of the support function at inflections was never analyzed before. The problem
is, that the support function is necessarily multivalued at the neighborhood of an inflec-
tion and we have to use some techniques related to the algebraic functions and Puiseux
expansions.

Proposition 4.1 Let C be a curve with an inflection with the normal n(s0). Then the
support function has the Puiseux expansion at the point s = s0 of the form

s = s0 ± r2, h = b0 + b2r
2 + b3r

3 +O(r4) (9)

Proof: Let us consider the curve C with inflection at the point [0, 0] ∈ C and the correspond-
ing normal [1, 0]. Supposing that the inflection is of the first order (the tangent has triple
intersection with the curve), we can locally parametrize the curve by a parameterization
with the Taylor expansion

c(t) = [y3t
3 +O(t4), t]. (10)

By an explicit series computation we obtain that the variation of the normal expressed
in the parameterization (3) has the expansion

s = −3

2
y3t

2 +O(t3) (11)

and the corresponding distance of the tangent to the origin (support function)

h = −2y3t3 +O(t4).

Composing with the inverse series to (11) we get the fractional Puiseux expansion for
h(s)

h(s) =
4

3

√
2

3|y3|
s3/2 +O(s2).

Relaxing to the Puiseux series with integer coefficients and allowing for the rotation and
translation of the curve, we get the series (9), where s0 is given by the position of the normal
at the inflection, b0 = y0 and b2 = 2x0 , where [x0, y0] is the position of the inflection. �.

From the previous proof we also obtain the following corollary
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Corollary 4.2 Suitable choice of the parameters in the support function of the form (9)
will provide approximation of the curve inflection point up to the third order.

This result suggests a modified strategy for the C1 Hermite interpolation at the inflec-
tion points. We will use the support function in the form

s = s0 ± r2, h = b0 + b2r
2 + b3r

3 + b4r
4 + b5r

5 (12)

and use the first three parameters b0, b2, b3 to interpolate the inflection c(t0) and the two
remaining parameters b4, b5 will be set to interpolate the second (non-inflection) point c(t1).
This construction can be easily implemented and we obtained the results displayed at Table
2 (left).

Table 2: Errors for improved C1 Hermite interpolation at inflectios.
division at half

n error error
improvement

1 1.39501 · 10−3

2 1.52748 · 10−4 9.13278
4 1.23054 · 10−5 12.4130
8 1.19461 · 10−6 10.3008
16 1.32617 · 10−7 9.00800
32 1.56662 · 10−8 8.46516
64 1.90501 · 10−9 8.22365
128 2.34908 · 10−10 8.10962
256 2.91656 · 10−11 8.05426
512 3.63344 · 10−12 8.02700

division at the ratio (l : l5/4)
n error error

improvement
1 4.50631 · 10−2

2 2.79362 · 10−3 16.1308
4 1.91388 · 10−4 14.5966
8 1.24158 · 10−5 15.4149
16 8.43312 · 10−7 14.7227
32 5.27206 · 10−8 15.9959
64 3.32864 · 10−9 15.8385
128 2.08388 · 10−10 15.9732
256 1.30242 · 10−11 16.0000
512 8.14147 · 10−13 15.9974

Unfortunately the approximation order is again 3. Analyzing carefully the distribution
of the error over the splitting intervals, we realized that the greatest error is now not any
more at the interval containing the inflection, but at the next one. Analyzing the behavior
of the prototype support function h = s3/2, we suggested an adapted subdivision scheme,
where the first interval containing the inflection is not divided equally but in the ratio
(l : l5/4), where l is the length of the interval. This way, keeping the same number of
segments, we obtain better error behavior with the approximation order 4.

5 Conclusion

We have analyzed the behavior of the support function in the neighborhood of a curve
inflection. This analysis lead us to design an interpolation scheme which has the same
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approximation order 4 both at inflection and non-inflection points. Using this scheme we
are able to convert any curve into a curve with rational offsets with high precision. Such
approximation may be particularly useful for CNC manufacturing. In the future we plan to
investigate the inflections of higher order and to apply this approach to the approximation of
algebraic curves with complicated singularities. We also plan to study the support function
of surfaces at their parabolic lines.
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������ �� ��� �������� �� �� ��� ��� ������	 ����������� �� �� ���� �� � ������
�� ���� ��	��!� �������� ���� �� ���������� ����!��� � �����!�� �
����������� "��
�������� ����� ���� �������� ��� ������ ������� �� ��� ������� �#������� �$������
��� ������� ��� ����� � ��� ���� ���� ��%���� ����������� ����!��& �����������
���� ����� � ��� ������� ���� ���������� � ��� ��������� "�� ����� ���� �����
������� � ��� ������ � � ���� ���	�� ���� ����������� ��� '����!��& � � �������
��������� ������ ���� ���� !���� ����	 ��� ��������� ��� ����� �� ��� ���� 	���
�
������� ������ � ��������� "�� �������� ��� �#������� ������� ��� ����� ���
������� ��� ��������� ����� � �������� �� ����� ��� ���� � ��� ���� �� ���������
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 ����� ��� ���� ���	 �� ������� �
 ����� �� ������� ���� ��������
����		������ ��
 �� ����� �
 ���� �	�
 �������� �� ��� �
�����

��� ��������� �� ��� ��������� �� ��� ���� ������� ����	��� � �������� ������� 	���
���� ��� ���������� �� ��� ���������� ���� ���� ��� ��� �
������� ��������������� �� ���
� !" �� ���� ��������� ��� ��������� ������	������ �� ��� ���� �������� #� ��� �������
��� ���� ��������� ��� ������������� �� ��� ��� � !" �
 ������� �� $!" ���� %&' ���
���� ����	���

DNA mRNA

Hes1

∅

∅

γr kr

β

kp

f̃(Hes1)

������ �( " ������ �� �������� ������� 	��� ��� ��� ���� �
�����

" �	������	 ���	 �� ���� ����	����
 �
���� ������� �
 ���� %��' ����

ṙ(t̃) = f̃(p(t̃− τr))− krr(t̃) ,

ṗ(t̃) = γpr(t̃− τp)− kpp(t̃) ,
���

����� p �� r ��� ��� �������������� �� ���� �� ��� � !"� )� �� ����� �������� ��� ����
��� �������	��
 �� $!" ����� �� �� ������ ����� ��� ��� ������ �*�	����	
 �� ��� ���	 ����
������� �� �� ������ ���� ���� �������	��
 �� �����*�����	
 �������� ���� +*� �������������
�� ��� ���� �������� �� ��������� �� �� ���� �� ��� �������� f̃ � ���������� ��� ����� ��
������ ���� ��� �������� f̃ �� ���������� ��� ���	�����	 �������������� �� ���� ���	 �� ��
��		���(

• ���� ������� �� ������ �
 ��� � !" ���� ��������
 γp, �� ������ ���� ���� ���-
������ �� �����������	 �� ��� ������������� �� ��� � !"�

• � !" �� ���� ��� ����� �����������		
 �� ����� ��������������� ����� �����-
����� �� ��� ����� −krr �� −kpp, 1/kr �� 1/kp ��� �������������� ���� ��� ���
��������� �� � !" �� ���� �������� ����������	
 . ���
 ��� �� �	�� ��������
�� ���� 	��� ���� ����� ��	���	���

• ��� ���� f̃(p) �������� � �������� ������� 	���� ��� ���� ������ ���� �� $!"
�	������ ��� ��������� �� ��� ��� � !"� ����� ��� ��������
 �� ��������� �� ����
� !" �������� ���� ���������� ������������� �� ��� ���� ��������
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• �� ������ ���� �	�� 
���� τr 	 ��� ���� ���
���	� ���� ������� ��� 
����	�
�� ��������� ��������� ������
 �	�� ������	��	� �� ���� �� ��� 
	���	� �	�� ��
��������� ������ ������ �
 ���������� ��	�� τp ������� ��� 
����	� �� ���������
��������� ������
 �	�� �������	� �
 ���� 
	���	� �	���

� ��� � ����	����� ���� �� ��� ����	� f ����� ���	
���
� �����

f̃(p) =
γrk

h

kh + ph
!"#

����� h 	� ��� $	�� ���%�	�� ���� ��&�� 	�� ������ ��� ��������	'� ��������� �� ��� �	
	(
������� �
 k 	� � ���������	��	� ��������	� ��� 
	����	��	� �� $��� ���� )���

*�� ��
�� !�# ��� ���
	�
 	 ��'���� ������� � +����
 ��� �� �" ��� ������ �	�� 
����
	 ������	��	� ������� ��� ������
� � �, ��� ��
�� �	�� 
���� 	 ���� ������	��	� �

�������	� ��������� ��� ���
	�
� *������ (�������	( ����� ����	�	�� �� � �	-�� ����
�
����� ��� ���'�
 �� ���� �� ��� �.	����� �� ��� $��� �	������	� ��� ����� /����'���
��� 
	����	� �� ��� $��� �	������	� ��� ���������
� � �0 ��� (����� ����	�	�� �� ��� ����
�
����� ��� ���
	�
� 1 ��� ����� ��
� 2�	��� ��3 ���
	�
 ��� ������ �����	( ���� ��� )��
�������� ��� ����� �	
	( �	���� 4�	( � -���	5����	���� �����.	���	� � ����	����� ����
�� ��� ����	� f̃ ��� 
��	'�
 �
 	� ��� �����.	����
 �� � $	�� ����	� �� ��� ���� !"#�
6������& �� ��� ��" ���	
���
 ��� $��� ������ �	����� �	�� 
���� ��� ��&	( 	�� ������

	���	� �� �����	 �
 ���� ������ ��� ��������� �
 ��� �������

� ��� ������ ���	��
 ���'�� � 
	������ 
���� ��� ���	
���
� ������(� �	�� �� ���5
���	��	� �
 �������	� �� �� ���	
���
 �� �����.	������ ������� ��� 
	���	� �	��
'��	�� ����� *���� 	� 	� ��������� �� ������ ���� 
���� 	� 
	���	����
 ����
 ���� 7.�

'����� � ��	� ����� �� 	'���	(��� ��� 	����� �� 
���� 
	���	���	� � ��� 
���	� ��
��
�� !�#� 	 ����	������ � ��� ����	�	�� �� ��� ����
� ������

� ��
�� �� �	���	�� ��������	� �� ������ ������	( ���	
���
 	 �0 � *�� �������	�
���� f̃ 	� 
������	( 	���	�� ���� ��� �-���	�

f̃(ξ)− kp kr
γp

ξ = 0 !3#

��� � �	-�� ���	�	'� �����	�� 8�� 
���� 	� �� p̄� ��� ������ 	
������ ���� ����

ẋ(t) = f

(∫ ∞

0
θ(s)y(t+ s) ds

)
− x(t) ,

ẏ(t) = x(t)− μy(t) ,

���

����� θ �� � ��
�������� ���������
� ���� 
� [0,+∞) ��

f(ξ) =
γp
p̄k2r

f̃(p̄ξ) �
� ��� ξ ∈ [0,+∞) , x(t) =
γp
p̄kr

r(t),

y(t) =
1

p̄
p(t), μ =

kp
kr

, t = kr t̃.
���
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� ����� ������	
��

�� ��� ���� 	
 ������� ������� ���� �� ���� θ �� � ���� ����� ������ �	��������� �� ���
�	��� τ � ��� ������ ��� �� ���� ������� �� ��� �� �� ��� ��� �� ��������� �� 
	��	���

• �	� ��!���"� �	����	�� �	 ��� !�	����� �#��� ��� �� �	������ $	�	"�� ���� �#����
� ��� ���� �� ��"����� ���� ��� �"	����	� 	
 ������ ����

• % �	��� (μ, 1) �� � ���&�� �	� ��!���"� ������ ����� 	
 ������ ����

• �
 μ > |f ′(1)|� ���� ��� ������ ����� (μ, 1) �� �	����� ������	������� ������ 
	 ���
τ1, τ2 ≥ 0�

• �
 μ < |f ′(1)|� ���� ��� ������ ����� (μ, 1) �� �	����� ������	������� ������ 
	 τ1+ τ2 <
τ��� ��� �� �� �������� 
	 τ1 + τ2 > τ��� ����

τ�� =
arccos

(
μ−ω2

0
f ′(1)

)
ω0

, ω0 =

√
1

2

(
−(1 + μ2) +

√(
1− μ2

)2
+ 4

(
f ′(1)

)2)
�'�

%� τ�� ��� (	�
 ��
�����	� 	�����

• �
 f ′′′(1) < −αsc

(
f ′′(1)

)2
� ���� ��� (	�
 ��
�����	� �� ������������ )�� �	�*�����

αsc ������� 	� f ′(1)� ��� �	��� ��������� ��� ����

• +	 ��� (��� 
�����	� f � ���� �� �
 f̃ �� !�"�� �� ���� ��� �#������� 	
 ��� (	�
 ��
�����	�
�
	 τ1 + τ2 ��*������� ��!�� ������� 	� ��� (��� �	�*����� h ��� ��� �������
κ = kkpkr/(γpγr)� �
 κ ≤ 1 ���� ���� �#���� 	�� ������� "���� h��,1 ���� ���� 
	
h < h��,1 ��� �	����"� ������ ����� 	
 �,� �� �	����� ������	������� ������ 
	 ��� ������
����� 
	 h > h��,1 ��� ������ ����� �		��� ��� ��������� 
	 ��!� ������� �
 1 < κ < κ���
���� ���� �#��� ��	 	�� ������� "����� 1 < h��,1 < h��,2 ���� ���� 
	 h < h��,1 	
h > h��,2 ��� ������ ����� �� ������ 
	 ��� ������ ����� 
	 h��,1 < h < h��,2 ��� ������
����� �		��� ��� ��������� 
	 ��!� ������� )�� 
	���� 
	 κ��� ���� ��� �� 
	��� �� �-��
�� ��� 
	��	���!

κ�� =
4 e−2

Wp(2 e−2)
(
Wp(2 e−2) + 2

) ≈ 1.12118,

���� ��� Wp �� ��� .����� W 
�����	� �	 /��!� 
�����	��� (��� �� ���� �� 
������ �	�*������� 0������ ��� ������! ��� ������� 	� ��� 
�����	� f̃ ��� ���� 	� ���
(��� �	�*������ ������ 
	����� �� �#������ �� ���� 	
 ������ �	�*����� μ ��� ���

�����	� f �	��� ����� ���� ��� ���������� 	� ��� (��� �	�*����� �	��� �� ���������

.�� �� 1�� 
	������ ��������	�� 	� ��� 
�����	� f
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���� f : R≥ → R≥ �� ���������	 C1 �
��� �������� �� �� f ′(x) < 0 ��� �

 x ∈ R>� ��
�

��	

f(1) = μ�

��� �� �� ��
�� ���������� θ

���� θ �� � �������
���� ������� ������ �� R≥ ��� � ���� ���������

τ�� =

∫ +∞

0
sθ(s) ds. ���

���� ��� �� ���� �� ��������� ��
�� �� ��� ����� �� ��
����� � ��� ����� ��� ������

��� ������ ��� �

 t ≥ 0 ��� �� ���������� ������ ����� ����� �� ��������� ����������
 �������� �� �� �����
 �������� ��� �������� ��
����� ��� �
�� ��������

!�� � ������ ���
��	 �� ����� ��� �� �� ��

����	 (μ, 1)� ��� �� ������������
������� ��� ����� ��� ������ �� ����� ��� �����

Wτ (λ) = λI− det

[
−1 −d1θ̂(λ)
1 −μ

]
= λ2 + (μ+ 1)λ+ μ+ d1θ̂(λ), �"�

����� I �� �� ������ ����� 2× 2� d1 = −f ′(1)� ���

θ̂(λ) =

∫ ∞

0
θ(s, τ) e−λs ds

�� � #��
��� �������� �� θ�
$ ���� ��� �� �� �� �
��� (μ, |f ′(1)|) ��� ����� �� ����� ��� �� ���
� ����%

������
� �� �� ��	����� �� �����	� ��
�� �� �� ���

�� �� �� ������� ��
�� ����� $�

����� � �� �� �� �������� � ����
� �� �������
���� �������� ������� �� ���� �������

�������� τ � &������
�� �� ������ ��

���� �� ����
� �� ��������
{
θ(·, τ)

}
τ∈R≥

�� ���� �� ��� ��� τ ∈ R≥ �� ������� θ(·, τ)
��
�
� �'(�� �� �������

(λ, τ) �→ θ̂(λ, τ) =

∫ ∞

0
θ(s, τ) e−λs ds

�� � ��������� ������� �� C× R+� ��� θ̂(λ, 0) = 1� ��� �

 λ ∈ C�

��� �� ��� τ = 0 �"� �����

W0(λ) = λ2 + (μ+ 1)λ+ μ+ d1

����� ���
��� �� �� ����� ��� �� 
���

� ���������

� ���
�� )�� τ > 0 �� Wτ ��

����� �� ������������ ������� �"� ��� θ(s) = θ(s, τ)�
#��*��	 ��� +���� �� ������������ ������� �� ��

����	 ������� ��� �� ������,
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������� ��	 ��� ��� �����	
� f ����� �
��	�	
� ���� ��� ��� ���	����� ���	�� 
� ������

θ(·, τ) ����� �
��	�	
� ����� �
��
��� ���� ���� ��� ����� ���� (μ, 1) 
� ��� 	 �
�����

�����
�	����� ����� �
� τ = 0 ��� �� 	������	�� μ > d1 �
��� ���� ��� ����� ���� 	

����� �
� ��� τ ≥ 0�

������� ��� ��� f ����� �
��	�	
� ���� ��� ��� θ ����� ����� ��

τ�� <
μ+ 1

d1
. ���

����� τ�� 	 ������ �� �	�� ���� ��� ����� ���� (μ, 1) 
� ��� 	 �
����� �����
�	����� ������

0 0.2 0.4
2

3

4

5

μ

τ

d1 = 0.5

τcr

0 0.2 0.4 0.6 0.8 1
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5

μ

τ

d1 = 1

τcr

0 2 4
0

2

4

μ

τ

d1 = 5

τcr


���� �� ��� ���������� �� ��� ��������� ������ �� ������� ��� ���� ��� ����� ����� ���
τ�� ��� ��� ���� �� �������� ���� � ���� !�� ������ ����� ��� ����� ��"����� ����� �� d1�


�� ��� �����#� ���� ������!���� ����������$ ���� �� %����� ������!���� &��� ������ 
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Abstract

This paper addresses the resolution of the transport (advection–diffusion) equation
in 3D using implicit and explicit schemes. Each scheme is implemented in two parallel
codes (C+CUDA and C+OpenMP), and in sequential code (in C). The resolution of this
equation using GPUs has been addressed by several authors, but to our knowledge, the
comparison of precision and performance of implicit and explicit schemes on GPUs has
not been studied before. The precision of each implementation is obtained by comparing
results with an analytic solution.

Key words: GPU, differential equation, finite differences

1 Introduction

The solution of partial differential equations is required in several scientific areas such as
structural mechanics, fluid dynamics and thermodynamics. In these applications, the use
of numerical models is mandatory to address their solution.

The increase on the processing speed and the memory size of computers, accompanied
by the development of modeling code, has allowed researchers to work with more complex
physical models, even in desktop computers. However, in the last years the speed of com-
puter processors has not increased much due to the physical limits of semiconductors. In
the other hand, the graphics processors (GPUs) arose as an alternative resource on the high
performance computing (HPC) field. Specifically, this kind of massively parallel processors
are cheaper when compared with other HPC options (e.g. clusters), and offer an impressive
computational power. Thus, nowadays the GPUs are widely used in scientific environments.
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This new paradigm of HPC motivates the study of the relation between different numer-
ical methods and the acceleration achieved by them on the GPU with respect to multi-core
parallelism. Specifically, our focus is on the use of Finite Differences (FDM) technique
to solve a system of partial differential equations, or ordinary differential equations, with
boundary and initial conditions. It should be noted that FDM is one of the most suitable
and widespread method to solve this kind of system equations. We can work with FDM us-
ing explicit or implicit schemes. Implicit schemes are typically more expensive than explicit
methods but the latter achieve better levels of accuracy.

Concretely, in this paper we study the solution of the transport (advection–diffusion)
equation as a workhorse. The equation is addressed in 3D using both implicit and explicit
schemes. For each of them, two parallel codes (C+CUDA and C+OpenMP) and a sequential
code (C) were implemented.

The rest of the paper is structured as follows. In Section 2 we review the FDM, its ap-
plication to the transport equation and summarize some related works. Section 3 describes
the most important details about our parallel implementations of the solvers. After that,
in Section 4, the experimental evaluation of the different methods is presented, and finally,
Section 5 offers a few concluding remarks.

2 Transport equation

As we stated previously, we use the transport equation as a workhorse. The transport phe-
nomena are the processes in which there is an exchange of mass, energy or linear momentum.
From a mathematical point of view, they are linear systems of partial differential equations
with parabolic and hyperbolic terms as we can see in Equation 1, where C is a concentration
[mass/meters3], diffusion coefficient [meters2/time] and v is a speed [meters/time].

∂C

∂t
=

∂

∂x

∂(D · C)

∂x
− ∂(v · C)

∂x
(1)

In this work we are focused on the 3D variant of the equation, and for the resolution we
choose the finite differences technique as a discretization procedure. In particular, we eval-
uate both traditional schemes, i.e. explict and implict schemes.

Explicit schemes:

In this approach the values for each point i in time t + Δt are computed with the
values on different points, e.g. the i and some neighborhood, in time t. The use of different
neighbor definition implies a different lattice of computation. The method offers a simple
computation strategy, but restricts the selection of the Δt. In particular, for stability
reasons in some cases the method requires the use of extremely small values of Δt. One
discretization of the Equation 1, based on an explicit scheme is:

f t+Δt(x)− f t(x)

Δt
= D · (f

t(x+ h)− 2f t(x) + f t(x− h)

h2
)− v · (f

t(x+ h)− f t(x)

h
). (2)

And, in this case, the stabilization conditions is: D·Δt
h2 ≤ 1

2 .
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Implicit schemes:

One strategy to overcome stability issues arising in the finite differences context is the
use of implict schemes. This scheme employs values in time t +Δt to compute the values
for a point i in time t+Δt. Therefore, the use of this approach implies the solution of one
linear equation system solver on each time step. One formulation for this approach is:

f t+Δt(x)− f t(x)

Δt
= D · (f

t+Δt(x+ h)− 2f t+Δt(x) + f t+Δt(x− h)

h2
)− u · (f

t+Δt(x+ h)− f t+Δt(x)

h
). (3)

2.1 Related work

The use of the computational power of GPUs to accelerate the solution of the transport
equation has been addressed for several efforts in last years. Some highlighted examples are
described next. First, Goncalves [1] perform an evaluation of several methods to solve the
linear systems from 1-D variant of the problem. Later, in Cotronis et al. [2], the authors
applied the successive over-relaxation (SOR) method, as a linear system solver, for the
implicit variant of finite differences. Finally, we highlight the work by Molnár et al. [5]
where the solution of the reaction–diffusion equation is addresed.

3 Implementation

In this section we offer a brief abou tonation of our parallel implementations for the transport
equation solvers, following both the explicit and implicit schemes.

3.1 Explicit scheme

This scheme presents few data dependencies, and the parallelization is only limited by the
number of processing units (and the relation between computing and memory access, i.e.
in general these are memory bound scenarios). To address this technique we divide the
processing in 2 stages, first we compute the interior points and, later, the border points are
calculated. More in detail we have 2 versions:

• Explcpu: We divide the grid to map different zones with CPU threads using the
OpenMP API.

• Explgpu: The GPU implementation is similar to the previous one, but we use CUDA
as a parallel tool.

3.2 Implicit scheme

The most important stage, from the computational point of view, of this strategy is the
solution of a linear equation system for each time step. To tackle the linear systems we
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employ the SIP [4]. SIP is an iterative method for the resolution of band systems (Ax = b,
where A is a penta-diagonal or hepta-diagonal matrix), that are usually derived from the
resolution of differential equations schemes with regular grids. SIP method is described next.
Initially, a special incomplete LU factorization (L̂Û = incLU(A)), guided by an α parameter
to improve the approximation is computed, where L̂ and Û are good approximations of L
and U matrices without fill-in. After that, an iterative procedure that refines an initial
solution is performed until the residual is small enough. A good value for α parameter is
1.8 (more details can be found in [4]). We parallelize the SIP for both platforms:

• Implcpu: Following the ideas presented in Darseno et al. [3], we perform the processing
of several points of the grid concurrently by grouping by hyper-planes and leveraging
the OpenMP API.

• Implgpu: The GPU implementation is similar to the previous one, but we use CUDA
as a parallel tool.

4 Experimental evaluation

The target CPU-GPU server containes an Intel Xeon(R) CPU E5-2620v2 (6 cores at 2.1
GHz, Sandy-Bridge architecture) with 128 GB of DDR3 memory, connected to a NVIDIA
K40 GPU (2880 CUDA cores at 745 MHz, Kepler architecture, 12 GB of DDR5 memory)
via a PCI-e bus. The operating system was Centos v6.5 Linux. The codes were compiled
using gcc v.4.4.7 and the NVIDIA CUDA compiler v.6.5 (both with the -O3 flag enabled).

As a case study, we solve the transport equation on a rectangular prism with 258 ×
130 × 130 dimension. This is a commonly used test case in the fluid dynamics field. All
experiment are performed using double precision arithmetics and, in the GPU cases, the
transfer times are always included.

The first study evaluate the runtime performance of our four parallel version and the
comparision with the sequential CPU variants. In this line, Table 1 summarizes the runtime
requiered to tackle our test case. Considering the hardware platform for the parallel CPU
version we employ 6 threads (the number of fisical cores). On the other hand, the residual
error results, calculated as the norm 2 of the differences between the numerical and the
analitic solution, present singnificant differences. In concrete, the explicit paradigm reachs
an error of 3.26E-03 while the implicit paradigm yields an error value of 3.35E-04.

The obtained results confirm that the explicit scheme is cheaper than the implicit
counterpart, but the results from the implicit approach offer a better accuracy. In other
line, and based on the parallelism application, the parallel performance of the CPU for
both methods is poor, which can be explained by the high number of memory access (both
method are memory bound). Nevertheless, the use of the GPU for explicit schemes shows
better resulta than its use for implicit schemes (note that in the first case the speedup is near
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CPU seq. time CPU par. time GPU time

Explicit 8.00E+01 3.86E+01 1.16E+01

Implicit 4.76E+02 3.68E+02 2.53E+02

Table 1: Runtimes (in seconds) for different method to tackle the transport equation.

to 7×, while in the implicit case is only up to 2×). This result is important because, with
these values of acceleration, the accurancy problems of explict schemes can be compensated
by using a finer grid for the computations.

5 Concluding Remarks

This work presented a study about the acceleration of the resolution of differential equation
with GPUs. Specifically, we used the solution of the transport (advection–difusion) equation
in 3D as a workhorse to compare the use of implicit and explicit schemes. Each scheme
was implemented in two parallel codes (C+CUDA and C+OpenMP), and in one sequential
code (in C), and we compared the precision and performance of the different approaches.

The experimental evaluation conducted showed that implicit methods offer better ac-
curracy resultsbut the use of GPUs allows higher values of acceleration in the explict case.

As part of future work, we plan to study the behavior of both schemes in other test
cases. Also, we intend to study other paradigms, e.g. predictor–corrector schemes.
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[4] J.H. Ferziger and M. Perić. Computational methods for fluid dynamics. Numerical
methods: Research and development. Springer-Verlag, 2002.

[5] Ferenc Molnar, Ferenc Izsak, Robert Meszaros, and Istvan Lagzi. Simulation of reaction–
diffusion processes in three dimensions using cuda. Chemometrics and Intelligent Labo-
ratory Systems, 108(1):76–85, 2011.

c©CMMSE ISBN: 978-84-608-6082-2243



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Auto-Tuning TRSM with an Asynchronous Task Assignment
Model on Multicore, GPU and Coprocessor Systems

Murilo Boratto1, Pedro Alonso2, Pau San Juan2 and Domingo Giménez3
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Abstract

The development of high performance dense linear algebra depends on highly opti-
mized BLAS and LAPACK, one of whose main kernels solves triangular linear systems
(TRSM). Hence, the increasing necessity of computational power today justifies the
large advances in searching for techniques that decrease the time to answer usual com-
putational problems. To take advantage of the new computational environment, our
current research shows to incorporate algorithms with high parallelism characteristic,
to efficiently account for the multithreading and multiprocessor architectures available.
In this paper, we propose an automatic tuning methodology to highly and easily ex-
ploit the multicore, GPU and coprocessor systems. So, we present an optimization
of algorithm for solving triangular systems, employing block decomposition with an
asynchronous task assignment model.

Key words: Automatic Tuning, Performance, Multicore, GPU, Coprocessor

1 Introduction

As processors become faster, the integrated circuit manufacturing companies clearly need
to produce higher performance processors. This rise in performance is basically achieved
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by decreasing component sizes and increasing processor clock speed. Soon physical compo-
nents will be so small there will be no further space for improvement. Manufacturers have
therefore been obliged to create alternatives to single processors, incorporating multicore
and manycores structures. The processor presents a performance gain based on the num-
ber of available cores [4], meaning that in a future personal computers, servers, embedded
systems, etc, will be rigged with high capacity.

It is up to software developers to create superscalar programs, since it is highly probable
that a program written today will need to be totally modified tomorrow to adapt to machines
with more processors [1]. To meet this need, manipulation patterns were created which allow
modifications in existing codes by incorporating directives. This means users do not need
to radically update their applications to enjoy the benefits of multiprocessing environments.

Further algorithmic advances are needed to use all the cores efficiently, especially since
the number of cores in a socket is likely to double every two years. The performance
of threaded algorithms seems to be related to fine granularity and asynchronicity. Fine
granularity requires splitting an operation into tasks that operate on small portions of data
to reduce bus traffic and improve data locality [8]. Asynchronicity avoids the presence of
synchronization points that seriously affect the efficiency of the concurrent execution of the
algorithm.

We choose triangular linear systems solver (TRSM) as representative level BLAS [3]
routine to implement the asynchronous task assignment model. The TRSM routine solves
the linear equation AX = B, where A is an upper or lower triangular matrix and B is a
known called right-hand side matrix. Its implementation involves a block decomposition
algorithm in parallel followed by a series of operations to get the time distribution of the
multicore, GPU and coprocessor systems, where the solution can be expressed as two parts:
solve a small triangular system with TRSM and block matrix multiply with GEMM.

In this paper we present an optimization of the algorithm for solving triangular systems
(TRSM). We apply a technique for the automatic tuning of workload distribution among
asynchronous tasks on shared memory architectures. The main contributions of this paper
and possible extensions of the work are outlined. The aim is to improve the TRSM routine
and also to use it as a testbed for other routines which can benefit from the same automatic
tuning methodology that highly and easily exploits a multicore, GPU and coprocessor sys-
tems. The rest of the paper is organized as follows: Section 2 shows the related work to
automatic tuning. Section 3 presents experimental results. The conclusions section closes
the paper.

2 Related work

There exist important automatic tuning systems that attempt to automatically adapt the
software to tune to the conditions of the execution platform. These include, e.g. the
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FFTW package developed for the computation of discrete Fourier transform [7], ATLAS
for BLAS [16], a library of linear algebra routines for sparse matrices [9], etc. The main
goal of any automatic tuning system is to minimize the execution time of the routine to
tune, keeping in turn the installation time below a reasonable threshold. In addition, the
existence of automatically tuned software makes easy the efficient utilization of the library
routines by non-expert users.

The approach chosen, e.g. by FAST [5], consists of a large benchmark followed by a
polynomial regression to find the optimal parameters for different routines. Polynomial
regression is used in [15] to decide which is the most appropriate version among the dif-
ferent variants of a routine. The authors of the same work also introduce a black-box
running method to reduce the enormous implementation space. In the approach followed
by FIBER [10] the execution time of a routine is approximated by fixing one parameter and
varying the other one. In this case, a set of polynomial functions of grades 1−5 is generated
and the best one of them all is selected. The values provided by these functions for different
problem sizes are then used to generate another function where the second parameter is
fixed now and the first one is varied.

The solution of triangular systems (TRSM) were optimized in [6] by the use of the
numerical library, where matrices were converted to floating point representations. At the
present time, the current hardware trends have inevitably brought the need for updates
on existing legacy software packages, such as BLAS. This is reflected, for instance, in the
Parallel Linear Algebra Software for Multicore Architectures (PLASMA) project [14], and
the Matrix Algebra on GPU and Multicore Architectures (MAGMA) project [12], which is a
recent effort on developing a LAPACK [2] version for multicore and heterogeneous/hybrid
architectures containing hardware accelerators like GPUs. The goal of this work falls within
the context of all these above mentioned packages which try to build the best routine through
the selection of some critical parameters at installation time.

3 Performance results

This section presents the experiments of the application to the linear system routine of
the automatic tuning methodology. Experimental results are shown and commented, with
detailed explanation and useful insights, with the following execution environment:

[Platform] Execution environment with 2 identical GPUs. Comprises 2 Intel Xeon
at 3 GHz and 96 GB DDR3 main memory. Each one is a hexacore processor (Hyper-
Threading is set) with 24 MB of cache memory. It contains two GPUs NVIDIA Tesla
C2050 with 14 stream multiprocessors (SM) and 32 stream processors (SP) each (448
cores in total). A Many Integrated Core (MIC) Intel Xeon Phi, with 57 cores at
1.1 GHz based on Pentium (x86), each core supporting 4 hardware threads, with a
bidirectional ring bus and up to 6 GBytes GDDR5.
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Table 1: Execution time obtained at installation time, with different parameters values (in
seconds).

Platform n = 10240 n = 11200 n = 12800 n = 14400
c w t(n, c, w) w t(n, c, w) w t(n, c, w) w t(n, c, w)

1 16 97.86 16 125.64 16 193.59 32 270.78
2 16 52.90 16 70.06 32 105.80 32 173.19
4 16 28.79 32 39.23 32 59.22 64 85.46
6 32 17.46 32 22.87 32 33.60 64 48.42
8 32 14.25 32 19.09 32 29.71 64 41.99
10 64 13.24 64 17.85 64 27.87 64 38.93
12 64 12.28 64 14.74 64 23.24 64 32.16
14 64 13.76 64 16.50 64 26.45 64 35.65
16 64 15.04 64 17.73 64 28.04 64 33.86

We have implemented a parallel algorithm using MAGMA and OpenMP [13] which is
based on the block decomposition and n the experiments, the MKL library [11] is used for
BLAS routines in the system, and an optimum split of the matrices would keep the time
consumed by cores balanced. The application is executed with an icc compiler version
12.1.3. Many parameter values were used at installation time to estimate the AP values
using a number of cores (c), the range available being from 1 to 16, with an increase value
of 2 in Platform, to obtain the number that minimizes the time. Then, we checked that the
block size (w) from 1 to 1, 024, with an increase value of 2. The input sizes of the problem (n)
for the experiments from 10, 240 to 32, 000, with an increase value of 2, 048. Table 1 shows
the parameters used at installation time to estimate the AP values for the environment. The
installation time spent on system was around 7 minutes. We did experiments with different
combinations of n, c and w, considering the small size problem to obtain the model on
a given platform. There are two important observations: (1) the c values depend on the
problem size in the system under test, and (2) for each problem size and for different values
of w we obtain a different optimum value for c on disparity execution environments. Being
aware of this variability is fundamental to make good decisions in the later selection of the
optimum AP parameters.

In Table 1, obtained values are shown for the experimental platform. After varying
the amount of number of cores in experiments, we observed that performance improved by
using the optimum block size established in automatic tuning installation (around w=64 in
Platform). The optimization in the execution time is justified by the cache-level exploring
nature of hybrid architectures which perfectly adjusts to the optimum block size found. The
table shows the execution platform in installation stage with a potential increase due to the
number of cores of the tested node. Looking through the table for optimum experimented
block size, we can see that task calculation time decreases with the number of cores used.
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This reduction in time occurs until we reach around 12 threads when the number of cores
is 12 close to this range available in Platform. Moreover, asynchrony provides algorithms
with a good scalability, having in the management of performed tasks, a workload balance
between thread execution.

4 Conclusions and future directions

The algorithm encounters its foundation in the idea of unwrapping all of the potential im-
plemented into BLAS routines teamed with the developed an asynchronous task assignment
model. It is applied to obtain balanced distributions of the work to execute TRSM routine.
Experiments are conducted for a number of problem sizes and varying the size of the matri-
ces partition when the routine is being installed in the system. It is necessary to guide the
search for the preferred partition to reduce the installation time, especially if the number
of cores increases.

The experimental results obtained in this paper indicate that the proposed model is
efficient, based on task classification, response time and workload distribution. The model
demonstrates the amount of computational power of hybrid architecture, which is achieved
combining the intrinsic parallelism of the algorithm, adaptations and software tools that we
used during execution. As always, there is still room for improvement in this field, like for
example, improving the assignment stage with a faster method. Another suggestion could
perhaps be the inclusion of alternative programming models that would make transformation
of legacy code for multicore, GPU and coprocessor systems possible.

Finally, more experiments in more systems with larger numbers of cores of different
architectures and with other linear algebra routines are needed, and the adaptation of a
technique based on theoretical models should be analyzed. More complex systems should
be considered, for example multicore+multi-GPU+multi-MIC and heterogeneous clusters
with heterogeneous nodes.
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Abstract

We introduce a new type of linear and cyclic codes. These codes are defined over
a direct product of two finite chain rings. The definition of these codes as certain
submodules of the direct product of copies of these rings is given and the cyclic property
is defined. Cyclic codes can be seen as submodules of the direct product of polynomial
rings. Generator matrices for linear codes and generator polynomials for cyclic codes
are determined.
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1 Introduction

Linear codes are a special family of codes with rich mathematical structure. One of the most
studied class of linear codes is the class of linear cyclic codes. The algebraic structure of
cyclic codes makes easier their implementation. For this reason many practically important
codes are cyclic.

The study of codes over rings has been growing since it was proven in [8] that certain
notorious non-linear binary codes can be seen as binary images under the Gray map of
linear codes over Z4. In particular, the family of codes over chain rings has received much
attention because it includes some good codes (e.g. [6], [9]).

In recent times, linear codes with sets of coordinates over different rings are studied
(e.g. Zα

2 ×Zβ
4 in [3], Zα

pr ×Zβ
ps in [2]). Also, linear cyclic codes over these kind of structures

are studied, see [1], [4], [5] and [7].
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In this paper we present the structure of linear and cyclic codes over direct product of
finite chain rings, R1 and R2. Linear codes can be seen as certain submodules of Rα

1 ×Rβ
2 ,

and cyclic codes as submodules of Rα,β = R1[x]
〈xα−1〉 ×

R2[x]
〈xβ−1〉 . We determine the generator

matrix in standard form and the generator polynomials in the cyclic case. Finally, we
present examples to illustrate some particular cases.

2 Review of cyclic codes over finite chain rings

Let R be a finite chain ring with maximal ideal 〈γ〉 and let e be the nilpotency of γ. It is
well-know that there exist a prime p and a positive integer m such that |R/〈γ〉| = q = pm

and |R| = qe = pme.

Let C be a cyclic code of length n over R. It is known that we can identify C as
an ideal of R[x]/(xn − 1). We assume that n is a positive integer such that it is coprime
with p. Therefore, the polynomial xn − 1 has a unique decomposition as a product of basic
irreducible polynomials that are pairwise coprime over R[x].

Theorem 2.1 ([6, Theorem 3.5]). Let C be a cyclic code of length n over a finite chain ring
R, which has maximal ideal 〈γ〉 and e is the nilpotency of γ. Then, there exist polynomials
g0, g1, . . . , ge−1 in R[x] such that C = 〈g0, γg1, . . . , γe−1ge−1〉 and ge−1 | ge−2 | · · · | g1 | g0 |
(xn − 1).

Let C = 〈g0, γg1, . . . , γe−1ge−1〉 be a cyclic code of length n and let g = g0+γg1+ · · ·+
γe−1ge−1. Since g0 is a factor of xn − 1 and for i = 1 . . . e− 1 the polynomial gi is a factor
of gi−1, we will denote ĝ0 =

xn−1
g0

and ĝi =
gi−1

gi
for i = 1 . . . e− 1. Define G =

∏e−1
i=0 ĝi, then

it is clear that Gg =
(∏e−1

i=0 ĝi

)
g = 0 over R[x]/(xn − 1).

Lemma 2.2. Let C be a cyclic code of length n over a finite chain ring R, which has
maximal ideal 〈γ〉 and e is the nilpotency of γ. Let g0, g1, . . . , ge−1 in R[x] such that C =
〈g0, γg1, . . . , γe−1ge−1〉 and ge−1 | ge−2 | · · · | g1 | g0 | (xn − 1). Then

1. γe−1g = γe−1ge−1
G
ĝ0
,

2. γe−1−i(
∏i−1

j=0 ĝj)g = γe−1ge−1
G
ĝi
, for i = 1, . . . , e− 1.

Proof. Let g = g0 + γg1 + · · ·+ γe−1ge−1. Then

γe−1g = γe−1g0
1
g1

g1
g2

. . . ge−3

ge−2

ge−2

ge−1
ge−1 = γe−1ge−1ĝ1ĝ2 . . . ĝe−2ĝe−1 = γe−1ge−1

G
ĝ0
,
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and 1 holds. For i = 1, . . . , e− 1 we have that

γe−1−i(
i−1∏
j=0

ĝj)g =γe−1−i(
i−1∏
j=0

ĝj)γ
igi

1

gi+1

gi+1

gi+2
. . .

ge−2

ge−1
ge−1

=γe−1ge−1ĝ0ĝ1 . . . ĝi−1ĝi+1 . . . ĝe−1 = γe−1ge−1
G

ĝi
,

and statement 2 is proved.

Corollary 2.3 (of Th. 2.1). Let C be a cyclic code of length n over a finite chain ring R
such that C = 〈g0, γg1, . . . , γe−1ge−1〉 with ge−1 | ge−2 | · · · | g1 | g0 | (xn − 1). Then,

|C| = |R/〈γ〉|
∑e−1

i=0 (e−i) deg(ĝi).

Proof. From the previous definition of ĝi, these polynomials are the same polynomials de-
scribed in [6, Theorem 3.4].

Theorem 2.4. Let C be a cyclic code of length n over a finite chain ring R, which has
maximal ideal 〈γ〉 and e is the nilpotency of γ. Let g0, g1, . . . , ge−1 polynomials in R[x]
such that C = 〈g0, γg1, . . . , γe−1ge−1〉 and ge−1 | ge−2 | · · · | g1 | g0 | (xn − 1). Then the
polynomial g = g0 + γg1 + · · ·+ γe−1ge−1 is a generating polynomial of C, i.e., C = 〈g〉.

Proof. Clearly g = g0+γg1+· · ·+γe−1ge−1 ∈ C. then, we only have to prove that γigi ∈ 〈g〉,
for all i = 0, . . . , e− 1.

Case e = 2: We have that g = g0 + γg1, and C = 〈g0, γg1〉. Then, γg = γg0 = γg1
g0
g1

and xn−1
g0

g = γg1
xn−1
g0

, since g0
g1

and xn−1
g0

are coprime then γg1 belongs to 〈g〉 and hence g0
also belongs to 〈g〉.

Case e = 3: We have that g = g0 + γg1 + γ2g2, and C = 〈g0, γg1, γ2g2〉. Now γ2g =
γ2g2

g1
g2

g0
g1
, γ xn−1

g0
g = γ2g2

xn−1
g0

g1
g2

and xn−1
g0

g0
g1
g = γ2g2

xn−1
g0

g0
g1
, since gcd(g0g1 ,

g1
g2
, x

n−1
g0

) = 1

then γ2g2 belongs to 〈g〉, hence g0+γg1. So 〈g〉 = 〈g0+γg1, γ
2g2〉. Arguing as in case e = 2

it is straightforward that 〈g〉 = 〈g0, γg1, γ2g2〉.
In the general case, let g = g0 + γg1 + · · · + γe−1ge−1 and define, as in Lemma 2.2,

the polynomials G and ĝi for i ∈ {0, . . . , e − 1}. Then, γe−1g = γe−1ge−1
G
ĝ0
∈ 〈g〉 and

γe−1−i(
∏i−1

j=0 ĝj)g = γe−1ge−1
G
ĝi
∈ 〈g〉, for i ∈ {1, . . . , e− 1}. Since gcd( Gĝ0 ,

G
ĝ1
, . . . , G

ĝe−1
) = 1,

we have that γe−1ge−1 ∈ 〈g〉 and 〈g〉 = 〈g0 + γg1 + · · ·+ γe−2ge−2, γ
e−1ge−1〉.

Reasoned similarly, one obtains that 〈g〉 = 〈g0, γg1, . . . , γe−1ge−1〉.

Theorem 2.5. Let C = 〈g〉 = 〈g0 + γg1 + · · · + γe−2ge−2 + γe−1ge−1〉 be a cyclic code of
length n over a finite chain ring R, which has maximal ideal 〈γ〉 and e is the nilpotency of
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γ with ge−1 | ge−2 | · · · | g1 | g0 | (xn − 1). We define the sets

Sγj =

[
xi(

j−1∏
t=0

ĝt)g

]deg(ĝj)
i=0

,

for 0 ≤ j < e. Then,

S =

e−1⋃
j=0

Sγj

forms a minimal generating set for C as an R-module.

Proof. Let c ∈ C. Then, c = dg with d ∈ R[x]. If deg(d) < deg(ĝ0) then dg ∈ 〈Sγ0〉R and
c ∈ 〈S〉R. Otherwise, compute d = d0ĝ0 + r0 with deg(r0) < deg(ĝ0), so dg = d0ĝ0g + r0g
and r0g ∈ 〈Sγ0〉R.

If deg(d0) < deg(ĝ1) then d0ĝ0g ∈ 〈Sγ1〉R and c ∈ 〈S〉R. Otherwise, compute d0 =
d1ĝ1 + r1 with deg(r1) < deg(ĝ1), so d0ĝ0g = d1ĝ1ĝ0g + r1ĝ0g and r1ĝ0g ∈ 〈Sγ1〉R.

In the worst case and reasoning similarly, one obtains that c ∈ 〈S〉R if de−2(
∏e−2

t=0 ĝt)g ∈
〈S〉R. It is obvious that if deg(de−2) < deg(ĝe−1) then de−2(

∏e−2
t=0 ĝt)g ∈ 〈Sγe−1〉R, if not,

de−2 = de−1ĝe−1 + re−1. Therefore,

de−2(
e−2∏
t=0

ĝt)g = de−1(
e−1∏
t=0

ĝt)g + re−1(
e−2∏
t=0

ĝt)g = re−1(
e−2∏
t=0

ĝt)g ∈ 〈Sγe−1〉.

Since re−1(
∏e−2

t=0 ĝt)g ∈ 〈Sγe−1〉 then c ∈ 〈S〉R, so S is a generating set. By the definition of
S clearly

|S| = |R/〈γ〉|
∑e−1

i=0 (e−i) deg(ĝi).

By Corollary 2.3, |C| = |S| and S is a minimal generating set.

3 Linear codes over Rα
1 ×Rβ

2

Let R1 and R2 be finite chain rings where γ1 and γ2 are generators of the maximal ideals of
R1 and R2 with nilpotency indices e1 and e2, respectively. We will suppose that R1 and R2

have the same residue field K = R1/〈γ1〉 = R2/〈γ2〉, with |K| = q = pm. By ¯: Ri → K,
we will denote the natural projection that maps r �→ r̄ = r + 〈γi〉, for i = 1 or 2.

Let T1 = {r0, . . . , rq−1} and T2 = {r′0, . . . , r′q−1} be the Teichmüller sets of representa-
tives of R1 and R2, resp., then we can arrange the subscripts such that r̄i = r̄′i. Assume
that e1 ≤ e2. Then we can consider the surjective ring homomorphism

π : R2 → R1

γ2 �→ γ1
r′j �→ rj .
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Note that π(γ2
i) = 0 if i ≥ e1. For a ∈ R2 and b ∈ R1, define a multiplication

∗ as follows: a ∗ b = π(a)b. Then, R1 is an R2-module with external multiplication ∗
given by π. Since R1 is commutative then ∗ has the commutative property. Then, we can
generalize this multiplication over the ring Rα

1 ×Rβ
2 as follows. Let a be an element of R2

and u = (u | u′) = (u0, u1, . . . , uα−1 | u′0, u′1, . . . , u′β−1) ∈ Rα
1 ×Rβ

2 . Then,

a∗u = (π(a)u0, π(a)u1, . . . , π(a)uα−1 | au′0, au′1, . . . , au′β−1).

With this external operation the ring Rα
1 ×Rβ

2 is also an R2-module.

Definition 3.1. A subset C ⊆ Rα
1 ×Rβ

2 is a linear code if it is a submodule of Rα
1 ×Rβ

2 .

The next result gives the structure of a generator matrix of a linear code.

Proposition 3.2. Let C be a linear code over Rα
1 ×Rβ

2 . Then C is permutation equivalent
to a code with generator matrix of the form

G =

(
B T
S A

)
,

where

B =

⎛⎜⎜⎝
Ik0

B0,1 B0,2 B0,3 . . . B0,e1−1 B0,e1
0 γ1Ik1

γ1B1,2 γ1B1,3 . . . γ1B1,e1−1 γ1B1,e1
0 0 γ2

1Ik2
γ2
1B2,3 . . . γ2

1B2,e1−1 γ2
1B2,e1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 . . . γ
e1−1
1 Ike1−1

γ
e1−1
1 Be1−1,e1

⎞⎟⎟⎠,

T =

⎛⎜⎝0 . . . γ
e2−e1
2 T0,1 γ

e2−e1
2 T0,2 . . . γ

e2−e1
2 T0,e1

0 . . . 0 γ
e2−e1+1
2 T1,2 . . . γ

e2−e1+1
2 T1,e1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 . . . 0 0 . . . γ
e2−1
2 Te1−1,e1

⎞⎟⎠,

A =

⎛⎜⎜⎝
Il0 A0,1 A0,2 A0,3 . . . A0,e1−1 A0,e2
0 γ2Il1 γ2A1,2 γ2A1,3 . . . γ2A1,e2−1 γ2A1,e2
0 0 γ2

2Il2 γ2
2A2,3 . . . γ2

2A2,e2−1 γ2
2A2,e2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 0 . . . γ
e2−1
2 Ile2−1

γ
e2−1
2 Ae2−1,e2

⎞⎟⎟⎠,

S =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 S0,1 S0,2 . . . S0,e1−1 S0,e1
0 S1,1 S1,2 . . . S1,e1−1 S1,e1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.
0 Se2−e1−1,1 Se2−e1−1,2 . . . Se2−e1−1,e1−1 Se2−e1−1,e1
0 0 γ1Se2−e1,2 . . . γ1Se2−e1,e1−1 γ1Se2−e1,e1

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

0 0 0 . . . γ
e1−2
1 Se2−3,e1−1 γ

e1−3
1 Se2−2,e1

0 0 0 . . . 0 γ
e1−1
1 Se2−2,e1

0 0 0 . . . 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
where the entries in γi1Bi,j and γi1Si,j are in 〈γi1〉 and the ones in γt2At,j and γt2Tt,j are in
〈γt2〉.
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Proof. Similiar to [2, Theorem 4]

Let CX be the canonical projection of C on the first α coordinates and CY on the last
β coordinates. The canonical projection is a linear map. Then, CX and CY are R1 and R2

linear codes of length α and β, respectively. A code C is called separable if C is the direct
product of CX and CY , i.e., C = CX × CY . Moreover, if C is separable then

G =

(
B 0
0 A

)
.

Example 1. Let C be a linear code over Z3
2 ×

(
Z2[u]
〈u3〉

)4
generated by the matrix⎛⎜⎜⎝

1 1 0 u u+ u2 1 + u 1 + u2

0 1 0 1 u u2 0
0 1 1 0 u2 0 u2

1 1 1 u2 u u+ u2 0

⎞⎟⎟⎠ .

Hence, as described in Theorem 3.2, C is permutation equivalent to a code generated by the
following matrix:

G =

⎛⎜⎜⎝
1 1 1 0 0 0 0

0 0 1 1 0 0 u
0 1 0 0 1 0 1
0 1 1 0 0 u u+ u2

⎞⎟⎟⎠ .

Note that C is not separable.

4 Cyclic codes over Rα
1 ×Rβ

2

Definition 4.1. Let C be a linear code over Rα
1 ×Rβ

2 . The code C is called cyclic if

(u0, u1, . . . , uα−2, uα−1 | u′0, u′1, . . . , u′β−2, u
′
β−1) ∈ C

implies
(uα−1, u0, u1, . . . , uα−2 | u′β−1, u

′
0, u

′
1, . . . , u

′
β−2) ∈ C.

Let u = (u0, u1, . . . , uα−1 | u′0, . . . , u′β−1) be a codeword in C and let i be an integer. We

then denote by u(i) = (u0+i, u1+i, . . . , uα−1+i | u′0+i, . . . , u
′
β−1+i) the ith shift of u, where

the subscripts are read modulo α and β, respectively.
We remark that in this paper the definition of a cyclic code over Rα

1 ×Rβ
2 is clear as

long as R1 and R2 are different rings, since the elements on the first α coordinates and the
ones in the last β coordinates belong from different rings, R1 and R2, respectively. In the
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particular case that R1 = R2, the cyclic code over Rα
1 ×Rβ

2 is known in the literature as
double cyclic code, see [4], [7]. The term double cyclic is given in order to distinguish the
cyclic code over Rα

1 ×Rβ
1 from the cyclic code over Rα+β

1 .

Note that CX and CY are R1 and R2 cyclic codes of length α and β, respectively.

Denote by Rα,β the ring R1[x]/(x
α − 1) × R2[x]/(x

β − 1). There is a bijective map

between Rα
1 × Rβ

2 and Rα,β where u = (u0, u1, . . . , uα−1 | u′0, . . . , u′β−1) maps to u(x) =

(u0 + u1x+ · · ·+ uα−1x
α−1 | u′0 + · · ·+ u′β−1x

β−1).

Note that we can extend the map π to the polynomial ring R2[x] applying this map to
each of the coefficients of a given polynomial.

Definition 4.2. Define the operation ∗ : R2[x]×Rα,β → Rα,β as

λ(x) ∗ (p(x) | q(x)) = (π(λ(x))p(x) | λ(x)q(x)),

where λ(x) ∈ R2[x] and (p(x) | q(x)) ∈ Rα,β.

The ringRα,β with the external operation ∗ is aR2[x]-module. Let u(x) = (u(x) | u′(x))
be an element of Rα,β . Note that if we operate u(x) by x we get

x ∗ u(x) = x ∗ (u(x) | u′(x)) = (u0x+ · · ·+ uα−1x
α | u′0x+ · · ·+ u′β−1x

β)

= (uα−1 + · · ·+ uα−2x
α−1 | u′β−1 + · · ·+ u′β−2x

β−1).

Hence, x ∗ u(x) is the image of the vector u(1). Thus, the operation of u(x) by x in Rα,β

corresponds to a shift of u. In general, xi ∗ u(x) = u(i)(x) for all i.

4.1 Algebraic structure and generators of cyclic codes

In this subsection, we study submodules of Rα,β . We describe the generators of such
submodules and state some properties. From now on, 〈S〉 will denote the R2[x]-submodule
generated by a subset S of Rα,β .

For the rest of the discussion we will consider that α and β are coprime integers with
p. From this assumption, we know that R1[x]/〈xα − 1〉 and R2[x]/〈xβ − 1〉 are principal
ideal rings, see [6].

Theorem 4.3. Every submodule C of the R2[x]-module Rα,β can be written as

C = 〈(b(x) | 0), ((x) | a(x))〉,

where b(x), a(x) are generator polynomials in R1[x]/(x
α− 1) and R2[x]/(x

β − 1) resp., and
(x) ∈ R1[x]/(x

α − 1).
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Proof. Let ψX : Rα,β → R1[x]/(x
α − 1) and ψY : Rα,β → R2[x]/(x

β − 1) be the canonical
projections, let C be a submodule of Rα,β .
Define C′ = {(p(x)|q(x)) ∈ C | q(x) = 0}. It is easy to check that C′ ∼= ψX(C′) by (p(x) |
0) �→ p(x). Hence, by Theorem 2.4, ψX(C′) is finitely generated by one element and so is
C′. Let b(x) be a generator of ψX(C′), then (b(x) | 0) is a generator of C′.
As R2[x]/(x

β − 1) is also a principal ideal ring, then CY = ψY (C) is generated by one
element. Let a(x) ∈ CY such that CY = 〈a(x)〉, then there exists (x) ∈ R1[x]/(x

α− 1) such
that ((x) | a(x)) ∈ C.
We claim that

C = 〈(b(x) | 0), ((x) | a(x))〉.
Let (p(x) | q(x)) ∈ C, then q(x) = ψY (p(x) | q(x)) ∈ CY . So, there exists λ(x) ∈ R2[x] such
that q(x) = λ(x)a(x). Now,

(p(x) | q(x))− λ(x) ∗ ((x) | a(x)) = (p(x)− π(λ(x))(x) | 0)

belongs to C′. Then, there exists μ(x) ∈ R2[x] such that (p(x) − π(λ(x))(x) | 0) =
μ(x) ∗ (b(x) | 0). Thus,

(p(x) | q(x)) = μ(x) ∗ (b(x) | 0) + λ(x) ∗ ((x) | a(x)).

So, C is finitely generated by 〈(b(x) | 0), ((x) | a(x))〉.

From the previous results, it is clear that we can identify double cyclic codes inRα
1 ×Rβ

2

as submodules of Rα,β . So, any submodule of Rα,β is a cyclic code. From now on, we will
denote by C indistinctly both the code and the corresponding submodule of Rα,β .

In the following, a polynomial f(x) in R1[x] or R2[x] will be denoted simply by f .

Proposition 4.4. Let C be a cyclic code over Rα
1 ×Rβ

2 . Then, there exist polynomials 
and be1−1|be1−2| . . . |b1|b0|(xα − 1) over R1[x] and ae2−1|ae2−2| . . . |a1|a0|(xβ − 1) over R2[x]
such that

C = 〈(b0 + γ1b1 + · · ·+ γ1
e1−1be1−1 | 0), ( | a0 + γ2a1 + · · ·+ γ2

e2−1ae2−1)〉.

Proof. Let C be a cyclic code over Rα
1 ×Rβ

2 . By Theorem 4.3, there exist polynomials
b,  ∈ R1[x]/(x

α − 1) and a ∈ R2[x]/(x
β − 1) such that C = 〈(b | 0), ( | a)〉. By Theorem

2.4, one can consider b = b0+ γ1b1+ · · ·+ γ1
e1−1be1−1 and a = a0+ γ2a1+ · · ·+ γ2

e2−1ae2−1

such that be1−1|be1−2| . . . |b1|b0|(xα − 1) and ae2−1|ae2−2| . . . |a1|a0|(xβ − 1).

For the rest of the discussion, any cyclic code C over Rα
1 ×Rβ

2 is of the form C = 〈(b |
0), ( | a)〉, where b = b0+ γ1b1+ · · ·+ γ1

e1−1be1−1 and a(x) = a0+ γ2a1+ · · ·+ γ2
e2−1ae2−1,

for polynomials bi and aj as in Proposition 4.4.
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Example 2. Let R1 = F9[u]
〈u2〉 and R2 = F9[u]

〈u3〉 , with γ1 = u, e1 = 2, γ2 = u, and e2 = 3. Let

ξ be a generator of the multiplicative group F∗
9. Consider the cyclic code over

(
F9[u]
〈u2〉

)4
×(

F9[u]
〈u3〉

)10
generated by

C =〈(u(x2 − 1) | 0), (u | (x4 + ξ3x2 + 1) + u(x2 + ξ5x+ 1) + u2)〉.

Then,

b0 = x4 − 1, b1 = x2 − 1,  = u, a0 = x4 + ξ3x2 + 1, a1 = x2 + ξ5x+ 1, a2 = 1.

4.2 Minimal generating sets

Our goal is to find a set generators for a cyclic code, C, as an R2-module. Once we found
it, we are going to use it to determine the size of C in terms of the generator polynomials.

Since b0 is a factor of xα−1 and for i = 1 . . . e1−1 the polynomial bi is a factor of bi−1,
we will denote b̂0 = xα−1

b0
, b̂i =

bi−1

bi
for i = 1 . . . e1 − 1, and b̂e1 = be1−1. In the same way,

we define â0 =
xβ−1
a0

, âj =
aj−1

aj
for j = 1 . . . e2 − 1, and âe2 = ae2−1.

Theorem 4.5. Let C be a cyclic code over Rα
1 ×Rβ

2 which has maximals ideals 〈γ1〉 ⊂ R1

and 〈γ2〉 ⊂ R2 with nilpotent indices e1 and e2, respectively. Define

Bj =

[
xi(

j−1∏
t=0

b̂t) ∗ (b | 0)
]deg(b̂j)−1

i=0

,

for 0 ≤ j < e1, and

Ak =

[
xi(

k−1∏
t=0

ât) ∗ ( | a)
]deg(âk)−1

i=0

.

for 0 ≤ k < e2. Then,

S =

⎛⎝e1−1⋃
j=0

Bj

⎞⎠⋃(
e2−1⋃
k=0

Ak

)

forms a minimal generating set for C as an R2-module. Moreover,

|C| = q
∑e1−1

i=0 (e1−i) deg(b̂i)+
∑e2−1

j=0 (e2−j) deg âj ,

where q is the cardinality of the residue field.
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Proof. By Theorem 2.5, it is clear that the elements in S are R2-lineal independent since(⋃e1−1
j=0 Bj

)
X

and
(⋃e2−1

k=0 Ak

)
Y

are minimal generating sets for the codes CX and CY ,
respectively. Let c be a codeword of C, then c = q ∗ (b | 0) + d ∗ ( | a). Reasoning similarly
as in Theorem 2.5, we have that q ∗ (b | 0) ∈ 〈⋃e1−1

j=0 Bj〉R2 . So, we have to prove that
d ∗ ( | a) ∈ 〈S〉R2 .

If deg(d) < deg(â0) then d ∗ ( | a) ∈ 〈A0〉R2 and c ∈ 〈S〉R2 . Otherwise, compute
d = d0â0 + r0 with deg(r0) < deg(â0), so d ∗ ( | a) = d0â0 ∗ ( | a) + r0 ∗ ( | a) and
r0 ∗ ( | a) ∈ 〈A0〉R2 .

In the worst case and reasoning similarly, one obtains that c ∈ 〈S〉R2 if de2−2(
∏e2−2

t=0 ât)∗
( | a) ∈ 〈S〉R2 . It is obvious that if deg(de2−2) < deg(âe2−1) then de2−2(

∏e2−2
t=0 ât) ∗ ( |

a) ∈ 〈Ae2−1〉R2 , if not de2−2 = de2−1âe2−1 + re2−1. Therefore,

de2−2

(
e2−2∏
t=0

ât

)
∗ ( | a) = de2−1

(
e2−1∏
t=0

ât

)
∗ ( | a) + re2−1

(
e2−2∏
t=0

ât

)
∗ ( | a).

On one hand, re2−1(
∏e2−2

t=0 ât)∗( | a) ∈ 〈Ae2−1〉R2 . On the other hand, de2−1(
∏e2−1

t=0 ât)∗( |
a) = de2−1(

∏e2−1
t=0 ât) ∗ ( | 0) and then de2−1(

∏e2−1
t=0 ât) ∗ ( | a) = f ∗ (b | 0) ∈ 〈⋃e1−1

j=0 Bj〉R2 .
Thus, c ∈ 〈S〉R2 and S is a minimal generating set for C.

Example 3. Consider Rα,β = Z2[x]/(x
2 − 1)× Z4[x]/(x

3 − 1) and the cyclic code

C = 〈(x− 1 | (x2 + x+ 1) + 2)〉,
where b0(x) = x2 − 1, (x) = x− 1, a0(x) = x2 + x+ 1 and a1(x) = 1. Then, S = {(x− 1 |
x2 + x+ 3), (0 | 2x+ 2), (0 | 2x2 + 2x)} and

|C| = 2
∑2−1

j=0(2−j)deg(âj) = 24 = 16.

Example 4. From Example 2, consider the cyclic code over
(
F9[u]
〈u2〉

)4
×
(
F9[u]
〈u3〉

)10
generated

by

C = 〈(u(x2 − 1) | 0), (u | (x4 + ξ3x2 + 1) + u(x2 + ξ7x+ 1) + u2)〉.
Let b = u(x2 − 1),  = u and a = (x4 + ξ3x2 + 1) + u(x2 + ξ7x+ 1) + u2. Then, a minimal
generating set for C is the union of

B0 = ∅, B1 =
[
xi ∗ (u(x2 − 1) | 0)

]1
i=0

,

A0 =
[
xi ∗ ( | a)

]5
i=0

, A1 =
[
xiμ ∗ ( | a)

]1
i=0

,

and
A2 =

[
xiλ ∗ ( | a)

]1
i=0

,

where μ = x6 + ξ7x4 + ξ3x2 + 2 and λ = x8 + ξx7 + ξx6 + x5 + 2x3 + ξ5x2 + ξ5x+ 2. So,

|C| = 9
∑2−1

i=0 (2−i)deg(b̂i)+
∑3−1

j=0(3−j)deg(âj) = 92+24 = 926.
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[5] J. Borges, C. Fernández-Córdoba, R. Ten-Valls, Z2Z4-additive cyclic codes,
generator polynomials and dual codes, arXiv:1406.4425.
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Abstract

In this paper a mathematical model for handling water pollution is introduced. We
assume that algae and fungi are in competition for resources that come from wastewater.
Both algae and fungi need dissolved oxygen (DO) for their biologial process of growth.
But there is a difference, indeed algae produce it too and in a higher quantity than the
one they use. It is shown that if the coexistence equilibrium exists, it is stable without
additional conditions. If the competition rate between algae and fungi is not high for
a chosen set of parameters the stability of the coexistence equilibrium is reached even
without an external constant input of DO in the system.

Key words: mathematical model, algae, fungi, competition, wastewater
MSC 2000: AMS codes (optional)

1 Introduction

Algae are important in a lake, they can improve the quality of the aquatic ecosystem. Under
right conditions such as adequate nutrients (mostly phosphorus, but nitrogen is important
too) they grow. The nutrients that are present in the wastewater can derive from agricultural
and/or industrial discharges. Fungi can be used for biodegradation of organic pollutant in a
waterbody, and they grow using the nutrients obtained from the biodegradation, [1]. Some
mathematical models in the literature study the behavior of algae biomass in a waterbody
in the presence of organic pollutants, [4, 5]. In [2, 3] the case of fungi has been addressed.
In this paper we want to study what happens when both algae and fungi are present in
the same waterbody, for example in a lake. Furthermore we suppose that they are in
competition for the resources coming from the pollutants.
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2 The mathematical model

In this paper we introduce a mathematical system that models the behavior of algae and
fungi in a waterbody. The waterbody considered could be nutrient-rich waters, like mu-
nicipal wastewater or some industrial effluents. Both algae and fungi can feed on these
wastes and therefore purify the water, while also producing a biomass suitable for biofuels
production. Thus algae and fungi are in competition for food, since both share the same
resources. Further, fungi as well as algae need DO to thrive but we assume that the algae’s
production and input of DO into the system is much larger than their own use for their
growth.

The model consists of three equations that describe the time evolution of the algae
population, the fungi population and the DO respectively. The model, in which all the
parameters are nonnegative, reads:

dA

dt
= rAA− aAA− bAA

2 − cAF (1)

dF

dt
=

hOF

k + kOO
− aFF − bFF

2 − cAF

dO

dt
= qO + gA− aOO − f

hOF

k + kOO
.

In the first equation algae grow at a constant rate rA and are washed out at a constant rate
aA. We assume that algae are in competition among themselves at a constant rate bA and
also experience interspecific competition with fungi at rate c.

In the second equation the fungi’s growth depends on the presence of DO. They are
washed out at rate aF . The intraspecific competition occurs at rate bF while c denotes the
rate of the interspecific competition with the algae population.

The third equation shows the evolution in time of DO. We assume that it is supplied
from external sources at rate qO, but a part of it comes from the algae own production at
rate g. We take further into account its washing out, at rate aO and its depletion due to its
assumption by fungi at rate f � 1.

3 The qualitative analysis of the model

First of all to find the equilibrium points of the model, we need to solve the system obtained
by setting the right hand side of (1) to zero,⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

A(rA − aA − bAA− cF ) = 0

F

(
hO

k + kOO
− aF − bFF − cA

)
= 0

qO + gA− aOO − f
hOF

k + kOO
= 0.

(2)
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Further, for the stability analysis, we need to calculate the Jacobian matrix of the system
(1)

J =

⎡⎢⎢⎢⎣
rA − aA − 2bAA− cF −cA 0

−cF −aF − 2bFF − cA+
hO

k + kOO

hkF

(k + kOO)2

g − fhO

k + kOO
−aO −

fhkF

(k + kOO)2

⎤⎥⎥⎥⎦ .

(3)

Solving (2) we obtain the analytic expression of three equilibrium points. In addition,
we prove that two other equilibria exist. We also show that all these points are conditionally
locally asymptotically stable, while the coexistence equilibrium is stable if it is feasible.

Proposition 1. The trivial equilibrium point, E0 = (0, 0, 0), exists if

qO = 0. (4)

Furthermore, it is stable if the following condition holds:

rA < aA. (5)

Proof. For A = F = O = 0 in the system (2) we get that E0 exists if qO = 0. The
characteristic polynomial associated to the matrix (3) evaluated at E0 is

det(J − μ) = (rA − aA − μ)(−aF − μ)(−aO − μ) = 0.

To have the stability of E0 all the eigenvalues shoud be negative thus the condition (5) must
hold.

Proposition 2. The fungi-and-algae-free point E1 =
(
0, 0, qOa

−1
O

)
exist always. It is

stable if the following conditions hold:

rA < aA and
hqO

kaO + kOqO
< aF . (6)

Proof. In fact for A = F = 0 in (2) from the last equation we get O = qOa
−1
O . While the

characteristic polynomial associated to E1 is

det(J − μ) = (rA − aA − μ)(−aO − μ)

(
hqO

kaO + kOqO
− aF − μ

)
= 0.

To have all the eigenvalues negative the conditions (6) must hold.
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Figure 1: The equilibrium E1 is stably achieved with the parameter values rA = 10.1273,
aA = 16.93072, bA = 11.7382, c = 19.3012, h = 1.61592, k = 0.454245, kO = 5.87845,
aF = 2.55798, bF = 0.0344478, qO = 2, g = 3.63317, aO = 5.41771, f = 1.

In Figure 1 one can see that for a chosen set of parameters the equilibrium E1 is stably
achieved.

Proposition 3. The fungi-free equilibrium E2 =

(
rA − aA

bA
, 0,

qObA + g(rA − aA)

bAaO

)
is

feasible if
rA > aA (7)

and it is stable if
hO2

k + kOO2
< aF + cA2 (8)

hold.

Proof. If F = 0 in the system (2) we get⎧⎪⎨⎪⎩
rA − aA − bAA = 0

F = 0

qO + gA− aOO = 0.

(9)

From the first equation of (9) it follows

A =
rA − aA

bA
.

Thus for the nonnegativity of the algae population, (7) must hold. From the third equation
instead we get the equilibrium value of the oxygen.

O =
qObA + g(rA − aA)

bAaO
.
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The characteristic polynomial associated to E1 is once again easily obtained,

det(J − μ) = (−rA + aA − μ)(−aO − μ)

(
hO2

k + kOO2
− aF − cA2 − μ

)
= 0,

as well as its eigenvalues

μ1 = −ra + aA < 0

μ2 = −aO < 0

μ3 =
hO2

k + kOO2
− aF − cA2

Requiring μ3 < 0 we get (8).

In Figure 2 we show that for a chosen set of parameters the stability of the fungi-free
equilibrium, E2, is attained.

Figure 2: The equilibrium E2 is stable for the parameter values rA = 8.90096, aA = 4.14886,
bA = 1.62848, c = 0.0691916, h = 11.8402, k = 1.92602, kO = 16.7554, aF = 18.7713,
bF = 15.4976, qO = 69.5303, g = 13.847, aO = 19.037, f = 1.

Proposition 4. The algae-free point is in fact a set of multiple equilibria, namely
(0, F3, O3), (0, F4, O4) and (0, F5, O5). Of them, only one is feasible, if

O >
aFk

h− aFkO
, (10)

and it is stable if
rA < aA + cF3. (11)
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Proof. Part 1: existence

For A = 0 the system (2) becomes⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
A = 0

hO

k + kOO
− aF − bFF = 0

qO − aOO − f
hOF

k + kOO
= 0.

(12)

Solving the second equation with respect to F we get

F =
O(h− aFkO)− aFk

bF (k + kOO)
. (13)

Condition (10) arises by requiring the positivity of the expression (13). Note that the
opposite case obtained when h− aFkO < 0, cannot arise,

O <
aFk

h− aFkO
,

because from it, O < 0 follows, which is impossible.
Substituting the expression (13) for F into the third equation of the system (12) we

obtain the following third degree equation in O

aO3 + bO2 + cO + d = 0, (14)

with

a = −aObFk2O < 0

b = qObFk
2
O − 2aObFkkO − fh2 + fhaFkO

c = 2qObFkkO − aObFk
2 + fhaFk

d = qObFk
2 > 0.

Since a < 0 and d > 0 by Descartes’ rule of signs the third degree polynomial (14) in O has
at least one positive root. We are able to show that there is exactly one such root. In the
next Table the only four possible cases are summarized.

Cases a b c d number of real positive roots

1) − + − + 3 (impossible)
2) − + + + 1
3) − − − + 1
4) − − + + 1
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The first case is impossible, in fact assuming that b > 0 and c < 0 we find

aObFk +
fh2

kO
< qObFkO − aObFk + fhaF < −qObFkO.

But this is a contradiction, because the term in the middle should be less than a negative
term (on the right) and greater than a positive one (on the left side).

Thus there is only one positive equilibrium

E3 =

(
0,

O3(h− aFkO)− aFk

bF (k + kOO3)
, O3

)
if O3 >

aFk

h− aFkO
,

with O3 the real positive root of (14).

Part 2: stability
To study the stability of the equilibrium point we evaluate the Jacobian matrix (3) at E3.
The resulting characteristic polynomial is

det(J − μ) = (rA − aA − cF3 − μ)

{
μ2 +

(
aF + 2bFF3 + aO +

fhkF3

(k + kOO3)2
+

− hO3

k + kOO3

)
μ+

(
aO +

fhkF3

(k + kOO3)2

)
(aF + 2bFF3)−

aOhO3

k + kOO3

}
= 0.

The eigenvalue μ1 = rA−aA− cF3 is negative if (11) holds, while the roots of the quadratic
polynomial in μ are negative with no further conditions. It turns out that both coefficients
of the terms of the two lowest degrees in μ are positive. In fact, substituting F3, (13), for
the coefficient of μ we get(

aF +
2hO3

k + kOO3
− 2(O3aFkO + aFk)

k + kOO3
+ aO +

fhkF3

(k + kOO3)2
− hO3

k + kOO3

)
=

(
aF +

hO3

k + kOO3
− 2aF + aO +

fhkF3

(k + kOO3)2

)
=

O3(h− aFkO)− aFk

bF (k + kOO3)
+ aO +

fhkF3

(k + kOO3)2
= F3 + aO +

fhkF3

(k + kOO3)2
> 0.

Similarly, for the constant term, by dividing by aO, denoting by H is a positive term, we
have:

aF + 2bFF3 −
hO3

k + kOO3
+H > 0.

Figure 3 shows that for a chosen set of parameters the algae-free equilibrium, E3, is
stably achieved.
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Figure 3: The equilibrium E3 is stabile for the parameters rA = 4.85571, aA = 13.2729,
bA = 11.6077, c = 12.7024, h = 11.4803, k = 2.3815, kO = 1.11246, aF = 1.40551,
bF = 1.95987, qO = 65.3973, g = 16.7907, aO = 15.374, f = 1.

For the coexistence equilibrium point we have the following result

Proposition 5 There exists at least one feasible coexistence equilibrium E4 = (A∗, F ∗, O∗)
if the following three conditions hold:

rA − aA − bAA
∗ > 0, bF bA − c2 > 0, (aF c+ bF )(k + kOO

∗)(rA − aA) > chO∗ (15)

and whenever it exists, it is stable.

Proof. To find the conditions for the existence of the coexistence equilibrium point from
the first equation of the system (2) we get

F =
rA − aA − bAA

c

and substitute it into the remaining two equations. We solve these two equations with
respect to A and we match the resulting expressions

A =
(aF c+ bF )(rA − aA)(k + kOO)− chO

(k + kOO)(bF bA − c2)
=

fhO(rA − aA) + c(aOO − qO)(k + kOO)

cg(k + kOO) + fhbAO
.

Thus, we now have the following cubic polynomial in O:

a1O
3 + b1O

2 + c1O + d1 = 0, (16)
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with

a1 = −aOk2O(bF bA − c2) < 0 for bF bA − c2 > 0

b1 = kO(fhc+ bFkOg)(rA − aA) + kO(kOqO − 2aOk)(bF bA − c2) +

+(aFkO − h)(fhbA + ckOg)

c1 = k(fhc+ 2bFkOg)(rA − aA) + k(2kOqO − aOk)(bF bA − c2) +

+chg(2aFkO − h) + aFkhbA

d1 = aF ck
2g + k2qO(bF bA − c2) + bFk

2g(ra − aA) > 0.

Since for bF bA − c2 > 0, a1 < 0 and d1 > 0 the polynomial (16) has at least one positive
root O∗ by the Descartes’ rule of signs. For the feasibility of the equilibrium we need to
have F ∗ > 0 and A∗ > 0, providing thus the first and the third conditions in (8).

To study the stability, the characteristic polynomial of (3) evaluated at E4 gives the
cubic equation

det(J − μ) = μ3 +Rμ2 + Sμ+ P = 0

with

R =

(
bAA

∗ + aO + bFF
∗ +

fhkF ∗

(k + kOO∗)2

)
> 0

S =

(
A∗F ∗(bAbF − c2) + bFaOF

∗ +
fhkF ∗(bAA∗ + bFF

∗)
(k + kOO∗)2

+
h2kF ∗O∗

(k + kOO∗)3

)
> 0

P =

(
(bF bA − c2)

(
aOA

∗F ∗ +
fhkF ∗2A∗

(k + kOO∗)2

)
+

bAA
∗h2kF ∗O∗

(k + kOO∗)3
+

cghkA∗F ∗

(k + kOO∗)2

)
> 0.

For bF bA − c2 > 0, which holds by feasibility, the three eigenvalues are negative. Thus E4

is stable whenever it is feasible.

In Figure 4 we show that the coexistence equilibrium is stable for a selected set of
parameter values.

In the next Table we summarize the feasibility conditions for the five equilibrium points
of model (1).

In Figure 5 for a chosen set of parameters and the same initial conditions changing
the value of qO, the constant input of DO in the system, we obtain the stability of the
coexistence equilibrium, E4 on the left and of E2 on the right. Thus, starting from the
coexistence equilibrium, by decreasing the rate qO at which oxygen is supplied into the
system, we can obtain the fungi-free equilibrium.
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Figure 4: Two possible configurations for the equilibrium E4, qO = 0 and qO = 1. It is
stable in the following cases. Left: qO = 0, (1.20, 0.30, 0.55) is achieved for the parameters
rA = 1, aA = 0.001, bA = 0.8, c = 0.1224, h = 1.1, k = 1, kO = 1, aF = 0.001, bF = 0.8,
qO = 0, g = .1, aO = 0.001, f = 1. Right: qO = 1, (1.08, 1.08, 10.15) is obtained for the
parameters rA = 1, aA = 0.001, bA = 0.8, c = 0.1224, h = 1.1, k = 1, kO = 1, aF = 0.001,
bF = 0.8, qO = 1, g = .1, aO = 0.001, f = 1.

Eq. Feasibility conditions Stability conditions

E0 q0 = 0 rA < aA

E1 none rA < aA and
hqO

kaO + kOqO
< aF

E2 rA > aA
hO2

kaO + kOO2
< aF + cA2

E3 O3 >
aFk

h− aFkO
rA < aA + cF3

E4 rA − aA − bAA
∗ > 0, bF bA − c2 > 0

(aF c+ bF )(k + kOO
∗)(rA − aA) > chO∗ none

4 Conclusions and future work

A three dimensional, nonlinear mathematical model has been introduced and analysed.
In addition to the trivial equilibrium, four additional equilibrium points have been found.
Their stability was been completely analysed. For a chosen set of parameters with the same
initial conditions we get the stability of the coexistence equilibrium, E4, both in the absence,
qO = 0, and with full, qO = 1, external oxygen supply, Figure 4. Thus the constant input
of DO is not necessarily needed if the parameters are chosen appropriately, to have a viable
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Figure 5: Left: the equilibrium E4 is stable for qO = 30; rA = 19.6445, aA = 1.73234,
bA = 11.5828, c = 3.34324, h = 16.676, k = 12.4305, kO = 0.517493, aF = 3.04963,
bF = 1.3597, qO = 30, g = 11.5323, f = 0.835718, aO = 5.42261 Right: the equilibrium
E2 at the stability qO = 20 for rA = 19.6445, aA = 1.73234, bA = 11.5828, c = 3.34324,
h = 16.676, k = 12.4305, kO = 0.517493, aF = 3.04963, bF = 1.3597, qO = 20, g = 11.5323,
f = 0.835718, aO = 5.42261.

system. In fact algae contribution of DO to the system is enough for the fungi utilization.
The simulations of Figure 5 instead show that the DO concentration should not drop below
a critical threshold, because in such situation the fungi may disappear. Such a loss would
be detrimental for the ecosystem.

One of the hypothesis of the model is the competition for food between algae and fungi,
but in an indirect way the results indicate that algae help the fungi growth by producing
DO.

In our future research we will compare the model introduced here (1) with another one
in which the nutrient equation is also considered, as follows:

dA

dt
=

hANA

kA + kNN
− eAA−mAA

2 (17)

dF

dt
= k(N,O)F − eFF −mFF

2

dN

dt
= qN − r

hANA

kA + kNN
− sk(N,O)F − eNN

dO

dt
= qO + gAA− eOO − cOk(N,O)F

with

k(N,O) =
k1NO

k2 + k3N + k4O + k3k4NO
.
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Abstract

The dynamical system consisted of a set of clusters (arc segments) uniformly moving
on circles is considered. Circles are connected with each other at common points named
nodes. Clusters can not pass the common node at the same time. This situation is
prohibited. If there is a competition then a rule of FIFO types is performed.

We discuss the average characteristics of the system and other quality properties.
The problem is the formalization of a broad class of transportation problems.

Key words: Dynamical system, cluster model, transport-logistic problem, regular net-
works, synegry state, collapse state

MSC 2000: AMS codes 90B20, 90B10

1. Introduction

We consider N similar circuits - circles with standard angle system of coordinates ϕ ∈ [0, 1],
Fig. 1.

On each circle, Fig. 2, there is located a worm [ai, bi] with length xi = bi − ai in angle
measure. The worm crawls counterclockwise in free state with velocity 1.

We denote by εij the coordinate of point on i-th circuit, if it is common with the point
εji on j-th circuit. Then the pair (εij , εji) is a node.

For simplicity, we assume that circuits i and j are not more than one node. Suppose
εij = εji = −1, if i = j or (i, j)-node does not exist because i-th circuits and j-th circuits
not have a common point.
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Figure 1: A worm (cluster) on a circle with standard angle system of coordinates

2. Dynamics

The basic rule of worms movement is that at the same time two worms [ai, bi] and [aj , bj ]
can not cover a common node, i.e.

(εij ∈ [ai, bi]) ∩ (εji ∈ [aj , bj ]) �= ∅.

This rule of behavior is named FIFO in computer sciences.

If it will be a conflict at arrival to the node, then decision can be found using of coin
tossing. The worm coming to not vacant node at velocity 1, stops and without changing
its state expects when the node will be vacant. (Further, more complex alternative is
compression process, [1]. It seems, the case is available for earthworms).

Figure 2: A set of N similar circuits, squares are common nodes

3. Problem formalization

The problem is to study the system behavior according to the parameters. Previously it was
noted, [2], that such characteristic, as the average velocity, has features of spectral structure.
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In particular, when worms have small size then the system demonstrates the property
of self-organization (synergy), i.e. conflicts are disappearing, [2].

For exactlyness, for any admissible initial conditions after some finite time the system
configuration becomes without conflicts and all clusters move with constant velocities.

So, Markov process is reduced to determinate system.

4. Short history of the problem

Cluster definition was introduced in [3] as limit state of connected flow in follow-the-leader
model when the leader is moving uniformly.

Regular geometrical structure consisting from similar circuits, necklace, honeycomb and
chainmale, [4], [5], is kindly inserted to considered formalization. Exact result for network of
necklace type and a lot of numerical results for another cases afford ground for assumption
that a threshold of synergy is accordingly 0.5, 1/3, 0.25. We need to note that final exact
mathematical result is not obtained yet. Also it is obviously, that mathematical language
is not found for similar kind of problems.

Let matrix ε = (εij) consists from zeroes except the diagonal where - 1 numbers are
located. This structure is named traffic flower and is developed on the work of Buslaev
A.P and Tatashev A.G. in [7]. The main result is that if total load, i.e. total length of
worms (non necessarily identical) is less them length of the contour, than system becomes
to without conflict state from any admissible conditions.

5. The same individuals in the regular supporter (Circulant)

We assume (i, j)-node is simple with degree 1 (multiplicity), if each common point does not
belong to more than two contours.

Then function

εij = ε(i, j)

is one-to-one correspondence function for each argument.

Let us consider a system with the following matrix (1)

ε =

⎛⎜⎜⎝
−1 1

N−1
2

N−1 . . . N−1
N−1

N−1
N−1 −1 1

N−1 . . . N−2
N−1

. . . . . . . . . . . . . . .
1

N−1
2

N−1 . . . N−1
N−1 −1

⎞⎟⎟⎠ (1)

and crawling objects with similar length l, [ai, bi], l ≡ bi − ai, i = 1, . . . , N. Matrix (1) is a
circulant formed by the vector with different coordinates. Therefore all nodes have simple
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Figure 3: Square cell field N ×N

multiplicity. Geometric interpretation of GCM (Generalized Cluster Model) is as following.
we have a square cell field N ×N , Fig. 3.

Worms with length l are cyclically crawling from left to right on all rows. With that,
any pair of worms can not simultaneously crawl on detectors being symmetrically located
in respect of the main diagonal. Cells with crosses denote that in those cells the space does
not exist. Hence the distance between adjacent detectors in horizontal direction is equal to
(N − 1)−1. Problem is to describe the system behavior.

6. Mathematics of incompressible worms on circulant

(6.1) The set of admissible initial configurations is not empty if and only if l ≤ 0.5.
Proof.

[ai(0), bi(0)] =

[
i− 1

N − 1
, l +

i− 1

N − 1

]
, (2)

i = 1, . . . , N. Then system (2) is correct when l ≤ 0.5.
If l > 0.5, then for any location of worms there exists a conflict, since all worms cover

more than half detectors.
Hence, there are at least a pair (i, j) covering symmetrical detectors.
(6.2) Let fi(t, x) be a characteristic function of i-th worm, 1 ≤ i ≤ N,

fi(t, x) = {1, if x ∈ [ai(t), bi(t)] ; 0, if x /∈ [ai(t), bi(t)]} (3)

Denote by

gij(t, x) = fi(t, x)fj

(
t+

j − i

N − 1
, x

)
, (4)

Θij(t) = mes {x, gij(t, x) = 1} . (5)
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Obviously, the value Θii(t) coincides with the delay time of one worm of worms pair,
in condition that none of this pair was in conflict previously. And it is true Θij(t) = Θji(t).

(6.3) Let

Θ(t) =
∑

1≤i<j≤N

Θij(t).

If at the time t0 Θ(t0) = 0, then Θ(t) ≡ 0 at t > t0 and the system is without conflicts.

(6.4) If l < 1
N−1 , then function Θ(t) decreases monotonically and within a finite time

becomes to 0.

7. Some numerical results

Figure 4: The dependence of average velocity on worm lengths on circulant network N = 5

Computer modeling of dynamical systems with such networks has been completed in
the cases with the number of circuit is N = 5, Fig. 4.

Length of clusters – worms were assumed to be equal to all the circles, its value l were
varied from 0 to 1 in increments 0.1.

The results have been showed that, for the network with 3 circles, the system velocity
is equal a value closed to 1. Then, at the increasing of length to a threshold value l = 0.5,
the system velocity decreases sharply to zero.

With the increase of the number of circles to 5 in the network, the threshold value of
the system state changing is equal to the value closed to l = 0.5. At the same time we can
observed that the system velocity decreases to zero more smooth by increasing of the cluster
length.
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Figure 5: The comparison of circulant networks with N = 5 and N = 10

Further the increasing of circles number at the network is correspond to decreasing of
the threshold value, Fig. 5.

8. Problems and Future Works

(8.1) it is important to study necessary and sufficient conditions of the correctness,
the existence of consistent initial conditions on depending the system matrix, ε, and other
parameters.

(8.2) Sufficient conditions of synergy and collapse states of the dynamical system.

(8.3) The existence and evaluation of state function.

The authors would like to thank the student Kuchelev D.A. (MTUCI) for provided
computer-based fragments of numerical calculus.
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Abstract

In this work we discuss the construction of a particular case of QL-implications using
overlap and grouping functions. Key words: overlap function, grouping function, QL

implication

1 Introduction

Fuzzy implications, which generalize the classical implication to the fuzzy setting, are a very
relevant tool for many applications [1, 2]. Recall that a fuzzy implication is just a mapping
I : [0, 1]2 → [0, 1] such that I(0, 0) = I(0, 1) = I(1, 1) = 1, I(1, 0) = 0, I is decreasing in
the first variable and increasing in the second variable. The boundary conditions required
in this definition make that fuzzy implications are a generalization to the fuzzy setting of
the classical concept of implication.

The different approaches to the concept of implication in the classical setting lead to
different operators when they are generalized for fuzzy sets. including the so-called R-
implications, S-implications and QL-implications. The latter, in which this paper is focused
on, extend the implication

p→ q ≡ ¬p ∨ (p ∧ q)
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which is used in quantum logic. The usual way in which this implication is extended
is by considering a t-norm T, a t-conorm S and a negation N to replace ∧, ∨ and ¬,
respectively [3]. The choice of these functions, and specially the t-norm and the t-conorm,
may be too restrictive, since, some demanding properties such as associativity are required
in order to define them. Associativity, however, does not play any role in the generalization
[4, 5, 6]. For this reason, in this contribution we analyze the replacement of the t-norm by
an overlap function and the t-conorm by a grouping function [5, 6], which have attracted
a lot of attention in recent years [7, 8, 9, 10]. This replacement has already led to very
interesting results in some applications of t-norms or t-conorms where associativity was not
necessary (for instance, in classification [11, 12], in image processing [13] and in decision
making [14, 15, 16].

The structure of this paper is as follows.

2 Preliminaries

In this section we present some preliminary concepts that are needed for the rest of the
contribution.

Definition 2.1 A function N : [0, 1]2 → [0, 1] is said to be a fuzzy negation if the following
conditions hold:

(N1) N satisfies the Boundary Conditions: N(0) = 1 and N(1) = 0;

(N2) N is decreasing: if x ≤ y then N(y) ≤ N(x).

Example 2.1 The least fuzzy negation N⊥ and the greatest fuzzy negation N are defined,
respectively, by

N⊥(x) =
{

1 if x = 0
0 if x ∈ ]0, 1]

(1)

and

N(x) =
{

0 if x = 1
1 if x ∈ [0, 1[,

(2)

which are both crisp. In fact, one has that N⊥ = N0 and N = N1. The standard negation
or Zadeh negation is given by NZ(x) = 1− x.

A fuzzy negation is called frontier if it satisfies the property:

(N3) N(x) ∈ {0, 1} if and only if x = 0 or x = 1.

A fuzzy negation is called crisp if it satisfies the property:

(N4) For all x ∈ [0, 1], N(x) ∈ {0, 1}.
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A fuzzy negation is called non-filling if it satisfies the property:

(N5) N(x) = 1 if and only if x = 0.

Definition 2.2 [17] A function A : [0, 1]n → [0, 1] is said to be an n-ary aggregation
operator if the following conditions hold:

(A1) A is increasing1 in each argument: for each i ∈ {1, . . . , n}, if xi ≤ y, then A(x1, . . . , xn) ≤
A(x1, . . . , xi−1, y, xi+1, . . . , xn);

(A2) A satisfies the Boundary conditions: A(0, . . . , 0) = 0 and A(1, . . . , 1) = 1.

The main classes of aggregation we are going to consider in this work are those of
overlap and grouping functions[7, 5, 6, 8, 18, 19, 9, 20, 10, 21, 13].

Definition 2.3 A bivariate function O : [0, 1]2 → [0, 1] is said to be an overlap function if
it satisfies the following conditions:

(O1) O is commutative;

(O2) O(x, y) = 0 if and only if x = 0 ou y = 0;

(O3) O(x, y) = 1 if and only if x = y = 1;

(O4) O is increasing;

(O5) O is continuous.

Definition 2.4 A bivariate function G : [0, 1]2 → [0, 1] is said to be a grouping function if
it satisfies the following conditions:

(G1) G is commutative;

(G2) G(x, y) = 0 if and only if x = y = 0;

(G3) G(x, y) = 1 if and only if x = 1 or y = 1;

(G4) G is increasing;

(G5) G is continuous.

Definition 2.5 A function I : [0, 1]2 → [0, 1] is a fuzzy implication if, for each x, y, z ∈
[0, 1], it holds that:

1In this paper, a increasing (decreasing) function does not need to be strictly increasing (decreasing).
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(I1) First place antitonicity: if x ≤ y then I(y, z) ≤ I(x, z);

(I2) Second place isotonicity: if y ≤ z then I(x, y) ≤ I(x, z);

(I3) Boundary condition 1: I(0, 0) = 1;

(I4) Boundary condition 2: I(1, 1) = 1;

(I5) Boundary condition 3: I(1, 0) = 0.

From an analysis of the different properties demanded to implication functions see
[3, 22].

3 QL-Implications Derived from Tuples (O,G,N)

In this section we present the main results in this contribution. In particular, we analyze
the construction of an analog of QL-implications using overlap and grouping functions, as
follows.

Definition 3.1 A function I : [0, 1]2 → [0, 1] is a QL-operation derived from a tuple
(O,G,N) if there exist an overlap function O : [0, 1]2 → [0, 1], a grouping function G :
[0, 1]2 → [0, 1] and a fuzzy negation N : [0, 1]→ [0, 1], such that

I(x, y) = G(N(x), O(x, y)), (3)

for all x, y ∈ [0, 1]. We denote such QL-operation by IO,G,N .

This construction satisfies some of the properties demanded to QL-implications.

Proposition 3.1 If IO,G,N is a QL-operation derived from a tuple (O,G,N), then IO,G,N

satisfies (I2), (I3), (I4) and (I5).

Proof.
(I2) Consider y ≤ z. Then, since G and O are increasing, it holds that:

IO,G,N (x, y) = G(N(x), O(x, y)) ≤ G(N(x), O(x, z)) = IO,G,N (x, z).

(I3) It follows that IO,G,N (0, 0) = G(N(0), O(0, 0)) = G(1, 0) = 1.
(I4) It follows that IO,G,N (1, 1) = G(N(1), O(1, 1)) = G(0, 1) = 1.
(I5) It follows that IO,G,N (1, 0) = G(N(1), O(1, 0)) = G(0, 0) = 0.

Lemma 3.1 Any QL-operation derived from the tuple (O,G,N) is of the form:

IO,G,N�(x, y) =

{
G(0, O(1, y)) if x = 1
1 if x < 1.

(4)
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Proof. It follows that

IO,G,N�(x, y) = G(N(x), O(x, y))

=

{
G(0, O(1, y)) if x = 1
G(1, O(x, y)) if x < 1

=

{
G(0, O(1, y)) if x = 1
1 if x < 1

We can characterize when we recover a fuzzy implication in the following way.

Theorem 3.1 A QL-operation derived from the tuple (O,G,N) is a fuzzy implication if
and only if N = N.

Proof. (⇒) Suppose that N �= N. Then, there exists x ∈ ]0, 1[, such that N(x) < 1. It
follows that:

IO,G,N (x, 1) = G(N(x), O(x, 1)) < 1 = IO,G,N (1, 1),

and, thus, IO,G,N does not satisfy (I1), which is a contradiction. Therefore, one concludes
that N = N.
(⇐) By Lemma 3.1, one has that

IO,G,N�(x, y) =

{
G(0, O(1, y)) if x = 1
1 if x < 1.

Then, if x ≤ z and x = 1, the result is immediate. Suppose that x < 1. It follows that
IO,G,N (x, y) = 1 ≥ IO,G,N (z, y). Thus, IO,G,N satisfies (I1), and the result follows from
Proposition 3.1 (i).

Proposition 3.2 Let O : [0, 1]2 → [0, 1] and G : [0, 1]2 → [0, 1] be overlap and grouping
functions, respectively, and N : [0, 1] → [0, 1] the greatest fuzzy negation. The following
statements hold:

(i) If O has 1 as neutral element, then the QL-operation derived from the tuple (O,G,N)
is a fuzzy implication of the form:

IO,G,N�(x, y) =

{
1 if x < 1 ∨ y = 1;

G(0, y) if x = 1 ∧ y < 1.
(5)

(ii) If G has 0 as neutral element, then the QL-operation derived from the tuple (O,G,N)
of the form:

IO,G,N�(x, y) =

{
O(1, y) if x = 1;

1 if x < 1.
(6)

is a fuzzy implication.
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Proof. It follows that:

(i) It follows that:

(a) If x < 1, then

IO,G,N�(x, y) = G(N(x), O(x, y)) = G(1, O(x, y)) = 1.

(b) If y = 1, then

IO,G,N�(x, 1) = G(N(x), O(x, 1)) = G(N(x), x) = 1.

(c) If x = 1 and y < 1, then IO,G,N�(1, y) = G(N(1), O(1, y)) = G(0, y).

Thus IO,G,N� is a QL-operation and, by Theorem 3.1, it is immediate that IO,G,N� is
a fuzzy implication.

(ii) It follows that:

(a) If x = 1, then:

IO,G,N�(1, y) = G(N(1), O(1, y)) = G(0, O(1, y)) = O(1, y).

(a) If x < 1, then:

IO,G,N�(x, y) = G(N(x), O(x, y)) = G(1, O(x, y)) = 1.

Thus since IO,G,N� is a QL-operation, then, by Theorem 3.1, it is immediate that
IO,G,N� is a fuzzy implication.

4 Conclusions

In this contribution we have discussed the construction of analogs of QL fuzzy implications
using overlap and grouping functions. We have characterized when we recover an implication
functions.

In the future we intend to analyze the relation of fuzzy implications built in this way
with other classes of implications.
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[6] H. Bustince, M. Pagola, R. Mesiar, E. Hüllermeier, F. Herrera, Grouping, overlaps,
and generalized bientropic functions for fuzzy modeling of pairwise comparisons, IEEE
Transactions on Fuzzy Systems 20 (3) (2012) 405–415.

[7] B. C. Bedregal, G. P. Dimuro, H. Bustince, E. Barrenechea, New results on overlap
and grouping functions, Information Sciences 249 (2013) 148–170.

[8] G. P. Dimuro, B. Bedregal, Archimedean overlap functions: The ordinal sum and the
cancellation, idempotency and limiting properties, Fuzzy Sets and Systems 252 (2014)
39 – 54.

[9] G. P. Dimuro, B. Bedregal, H. Bustince, M. J. Asiáin, R. Mesiar, On ad-
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Abstract

We continue the study of adjunctions, also called isotone Galois connections, in the
framework of fuzzy preordered structures, which generalize fuzzy preposets by consid-
ering underlying fuzzy equivalence relations. Specifically, given a subset X = ∅ of
a fuzzy structure B = 〈B,≈B〉 together with any fuzzy preorder ρX on 〈X,≈B〉, we
study necessary and sufficient conditions guaranteeing the existence of a fuzzy preorder
relation ρB and a residual mapping (namely a right adjoint) h : B → X to the natural
embedding i : X ↪→ B.

Key words: Galois connection, Adjunction, Preorder, Fuzzy sets

1 Introduction

Adjunctions (together with the closely-related Galois connections) can be found in different
areas, and it is common to find papers dealing with them either from a practical or a
theoretical point of view. In the literature, one can find numerous papers on theoretical
developments on adjunctions [1, 2, 4, 9, 12] and also on applications thereof [7, 8, 13, 14,
15, 16, 17, 18].

In previous works [11, 10], the authors have studied the following problem: given a
mapping f : A → B from a (fuzzy) preorder A into an unstructured set B, characterize
when it is possible to construct a suitable (fuzzy) preorder relation on B for which there
exists a mapping g : B → A such that the pair (f, g) constitutes an adjunction. We continue
the study of adjunctions, in the framework of fuzzy preordered structures, which generalize
fuzzy preposets by considering underlying fuzzy equivalence relations.

In [6] we focused on the case of a fuzzy ordering ρA on A and a surjective mapping
f : 〈A,≈A〉 → 〈B,≈B〉 compatible with respect to the fuzzy equivalences ≈A and ≈B,
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which can be seen as a solution in the first part in the canonical decomposition of f . In
this paper, we somehow complete the study of the decomposition by considering the natural
embedding of the image in the codomain, which we formulate in abstract terms as follows:
given a subset X = ∅ of a fuzzy structure B = 〈B,≈B〉 together with any fuzzy preorder
ρX on 〈X,≈B〉, we study necessary and sufficient conditions guaranteeing the existence of
a fuzzy preorder relation ρB and a residual mapping (namely a right adjoint) h : B → X to
the natural embedding i : X ↪→ B.

2 Preliminaries

The most common underlying structure for considering fuzzy generalizations of Galois con-
nections is that of a complete residuated lattice L = (L,≤,�,⊥,⊗,→). As usual, supremum
and infimum will be denoted by ∨ and ∧, respectively. An L-fuzzy set X on a universe U
is a mapping X : U → L from U to the membership values structure L where X(u) denotes
the degree to which u belongs to X. Given two L-fuzzy sets X and Y , X is said to be
included in Y , denoted as X ⊆ Y , if X(u) ≤ Y (u) for all u ∈ U .

A mapping R : U × U → L is a (binary) L-fuzzy relation on U . An L-fuzzy relation R
is said to be:

(i) Reflexive if R(a, a) = � for all a ∈ U .

(ii) ⊗-Transitive if R(a, b)⊗R(b, c) ≤ R(a, c) for all a, b, c ∈ U .

(iii) Symmetric if R(a, b) = R(b, a) for all a, b ∈ U .

(iv) Antisymmetric if R(a, b) = R(b, a) = � implies a = b, for all a, b ∈ U .

From now on, when no confusion arises, we will omit the prefixes “L-” and “⊗-”.

Definition 1 A fuzzy preposet is a pair A = 〈A, ρA〉 in which ρA is a reflexive and tran-
sitive fuzzy relation on A.

Definition 2 A fuzzy relation ≈ on A is said to be a:

• Fuzzy equivalence relation if ≈ is a reflexive, symmetric, and transitive fuzzy relation
on A.

• Fuzzy equality relation if ≈ is a fuzzy equivalence relation satisfying that ≈ (a, b) = �
implies a = b, for all a, b ∈ A.

We will use the infix notation for a fuzzy equivalence relation, that is: for a fuzzy
equivalence relation ≈ : A×A → L, we write a1 ≈ a2 to refer to ≈(a1, a2).

Definition 3 A fuzzy structure A = 〈A,≈A〉 is a set A endowed with a fuzzy equivalence
relation ≈A.
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Definition 4 A morphism between two fuzzy structures A and B is a mapping f : A → B
such that for a1, a2 ∈ A the following inequality holds (a1 ≈A a2) ≤ (f(a1) ≈B f(a2)). In
this case, we write f : A → B, and we say that f is compatible with ≈A and ≈B.

It is worth to note that the composition of two morphisms is a morphism.

Definition 5 ([3]) Let ≈A be a fuzzy equivalence relation on A. A fuzzy binary relation
ρA : A×A → L is said to be

(i) ≈A-reflexive if (a1 ≈A a2) ≤ ρA(a1, a2) for all a1, a2 ∈ A.

(ii) ⊗-≈A-antisymmetric if ρA(a1, a2)⊗ ρA(a2, a1) ≤ (a1 ≈A a2) for all a1, a2 ∈ A.

Definition 6 Given a fuzzy structure A = 〈A,≈A〉, the pair A = 〈A, ρA〉 will be called a
⊗-≈A- fuzzy preordered structure or simply fuzzy preordered structure (when there is no
risk of confusion), if ρA is a fuzzy relation that is ≈A-reflexive, ⊗-≈A-antisymmetric and
⊗-transitive.

If the underlying fuzzy structure is not clear from the context, we will sometimes write
a fuzzy preordered structure as a triplet A = 〈A,≈A, ρA〉.

A reasonable approach to introduce the notion of fuzzy adjunction between fuzzy pre-
ordered structures A and B would be the following

Definition 7 Let A and B be two fuzzy preordered structures. Given two morphisms
f : A → B and g : B → A, the pair (f, g) is said to be a fuzzy adjunction between A
and B (briefly, (f, g) : A � B) if the following conditions hold:

(G1) (a1 ≈A a2)⊗ ρA(a2, g(b)) ≤ ρB(f(a1), b)

(G2) (b1 ≈B b2)⊗ ρB(f(a), b1) ≤ ρA(a,g(b2))

for all a, a1, a2 ∈ A and b, b1, b2 ∈ B.

It turns out that the previous definition is strongly related to the straightforward defi-
nition given in [5].

Theorem 1 Let A = 〈A, ρA〉 and B = 〈B, ρB〉 be two fuzzy preordered structures, and
consider two mappings f : A → B and g : B → A. Then, the pair (f, g) is a fuzzy adjunction
between A and B if and only if both mappings are morphisms and ρA(a, g(b)) = ρB(f(a), b)
for all a ∈ A and b ∈ B.

Corollary 1 If a pair (f, g) is a fuzzy adjunction between two fuzzy preordered structures
〈A,≈A, ρA〉 and 〈B,≈B, ρB〉, then (f, g) is also an adjunction between the two fuzzy pre-
posets 〈A, ρA〉 and 〈B, ρB〉.

Conversely, if a pair (f, g) is an adjunction between two fuzzy preposets 〈A, ρA〉 and
〈B, ρB〉 then (f, g) is also a fuzzy adjunction between the two fuzzy preordered structures
〈A,=, ρA〉 and 〈B,=, ρB〉, where = denotes the standard (crisp) equality.
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3 The construction

The notion of contraction is introduced below:

Definition 8 Let B = 〈B,≈B〉 be a fuzzy structure, and a crisp subset X ⊆ B. A mapping
h : B → X is said to be a contraction if it is a morphism h : B → 〈X,≈B〉 and h(x) = x
for all x ∈ X.

Lemma 1 Given a fuzzy structure B = 〈B,≈B〉, a nonempty crisp subset X ⊆ B, a
≈B-reflexive, ⊗-≈B-antisymmetric and ⊗-transitive fuzzy relation ρX on 〈X,≈B〉, and a
contraction h : B → X, the fuzzy relation μh : B ×B → L defined below is reflexive

μh(b1, b2) =

{
ρX(b1, h(b2)) if b1 ∈ X ,
b1 ≈B b2 if b1 /∈ X .

The fuzzy relation μh above will be called h-reflexive closure of ρX ; the term ‘closure’
makes sense since any fuzzy relation ρB which extends B = 〈B,≈B〉 to be a fuzzy preordered
structure for which there exists a contraction h such that (i, h) : 〈X,≈B, ρX〉 � 〈B,≈B, ρB〉
should satisfy μh ≤ ρB.

Although μh is reflexive, it might fail to be transitive, as shown in Example 1, therefore
the transitive closure of μh, denoted μt

h, should be contained in ρB as well.

�

1 2

3

⊥

Figure 1: The lattice (L,≤)

Example 1 Consider the residuated lattice L = (L,≤,�,⊥,⊗,→) where (L,≤) is depicted
in Figure 1 and the product ⊗ is the following one:

⊗ ⊥ 1 2 3 �
⊥ ⊥ ⊥ ⊥ ⊥ ⊥
1 ⊥ 1 ⊥ ⊥ 1
2 ⊥ ⊥ 2 ⊥ 2
3 ⊥ ⊥ ⊥ ⊥ 3
� ⊥ 1 2 3 �
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Consider B = {x1, x2, b}, the subset X = {x1, x2} and the two L-fuzzy relations below:

≈B x1 x2 b

x1 � 2 1
x2 2 � 2
b 1 2 �

ρX x1 x2
x1 � 2
x2 2 �

For the contraction h : B → X, where h(x1) = h(b) = x1 and h(x2) = x2, the h-reflexive
closure of ρX is given in the following table:

μh x1 x2 b

x1 � 2 �
x2 2 � 2
b 1 2 �

Note that μh is not ⊗-transitive, since μh(b, x2) ⊗ μh(x2, x1) and μh(b, x1) are not compa-
rable.

Concerning ⊗-≈B-antisymmetry, if a fuzzy relation ρB is ⊗-≈B-antisymmetric then any
other relation μ such that μ ≤ ρB is also ⊗-≈B-antisymmetric. If there were a fuzzy adjunc-
tion (i, h) : 〈X,≈B, ρX〉 � 〈B,≈B, ρB〉 for a contraction h and a suitable fuzzy relation ρB,
we would have μt

h ≤ ρB, and then μt
h is antisymmetric. Hence, the ⊗-≈B-antisymmetry of

μt
h is a necessary condition.

Lemma 2 Let X = ∅ be a subset of B such that 〈X,≈B, ρX〉 is a fuzzy preordered structure
and let h : B → X be a contraction. Then, the h-reflexive closure of ρX , that is μh, satisfies
the following properties:

1. μh(b1, b2) ≤ μ2
h(b1, b2) for any b1, b2 ∈ B.

2. μ2
h(x, b) = μh(x, b) for any x ∈ X and b ∈ B.

3. μ2
h(b1, b2) = μ3

h(b1, b2) for any b1, b2 ∈ B.

4. μ2
h is the transitive closure of μh.

Theorem 2 Let X be a nonempty subset of a fuzzy structure B = 〈B,≈B〉 together with
any ≈B-reflexive, ≈B-⊗-antisymmetric and ⊗-transitive fuzzy relation ρX on X = 〈X,≈B

〉. Consider a contraction h : B → X and the h-reflexive closure μh, then the following
statements are equivalent:

1. There exists a ≈B-reflexive, ≈B-⊗-antisymmetric and ⊗-transitive fuzzy relation ρB
in B such that the pair (i, h) is a fuzzy adjunction between 〈X , ρX〉 and 〈B, ρB〉.
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2. μ2
h is ⊗-≈B-antisymmetric.

According to Theorems 2 and 3 (below), the necessary and sufficient condition for the
existence of a fuzzy preorder structure on B and the right adjoint for the natural inclusion
i : X → B, for a subset X of B is the existence of a contraction h : B → X such that μ2

h is
antisymmetric.

Finally, we identify suitable conditions that guarantee this antisymmetry.

Theorem 3 Let X be a nonempty subset of a fuzzy structure B = 〈B,≈B〉 together with
any ≈B-reflexive, ≈B-⊗-antisymmetric and ⊗-transitive fuzzy relation ρX on X. Consider
a contraction h : B → X and the h-reflexive closure μh, then μ2

h is ⊗-≈B-antisymmetric if
and only if the following conditions hold:

(i) ρX(x, h(b)) ≤
∧
y∈X

(b ≈B y)⊗ ρX(y, x) → (b ≈B x) for all x ∈ X and b /∈ X.

(ii) (b1 ≈B x)⊗ρX(x, h(b2))⊗ (b2 ≈B y)⊗ρX(y, h(b1)) ≤ (b1 ≈B b2), for all x, y ∈ X and
b1, b2 ∈ B �X.
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Abstract

The solvation of Buckminsterfullerene C60 by para-hydrogen and ortho-deuterium
clusters has been modeled using a dedicated potential and path-integral molecular dy-
namics simulations at low temperature (2 K). The solvation shell obtained from the
distribution of radial distances is found to be complete near 50 molecules, in agreement
with recent mass spectrometry measurements. Deuteration increases the shell size by
one, indicating a denser shell owing to less prominent vibrational delocalization for this
heavier isotope.

Key words: Hydrogen clusters; fullerenes; quantum solvation; path-integral molecular
dynamics

1 Introduction

The adsorption of hydrogen on carbonaceous molecules or extended organic substrates such
as graphite or graphene has attracted considerable attention, especially fuelled in the recent
years by the possibility of exploiting these light compounds for reversible storage of hydrogen
[1, 2, 3]. The corrugation of graphitic surfaces contributes to the formation of ordered layers
of hydrogen, the first layer being

√
3 ×
√
3 commensurate with the honeycomb lattice of

graphite [4]. In finite clusters of carbon such as fullerenes, this corrugation is also present and
even strengthened by the curvature of these roughly spherical compounds. The adsorption
of hydrogen on fullerenes was successfully reported in mass spectrometry experiments by the
Scheier group, using the cryogenic medium of helium droplets [5]. These authors reported
the formation of two ion series, namely (H2)nC

+
60 and (H2)nHC

+
60 and found a strong drop in
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mass abundances at n = 32. However, shell completion was reported to occur significantly
later at n = 49. This number differs significantly from early path-integral Monte Carlo
simulations carried by Turnbull and Boninsegni [6] who obtained shell sizes of 32 or 40 for
neutral C60 depending on the commensurate nature of the coating layer. Another puzzling
issue with the measurements carried out by Kaiser and coworkers [5] is the absence of
deuteration effects on the reported shell size, whether deuteration is known to affect the
phase diagram of hydrogen absorbed on graphite quite significantly.

In the present contribution, we have revisited the problem of hydrogen coating on
fullerenes, focusing here on the simplest case of C60 and leaving for future investigation
the specific effects of charge and fullerene size or shape. Our computational study relies
on quantum simulations of hydrogen clusters around the fullerene, treating interactions
explicitly and accounting for nuclear quantum effects using the framework of path-integral
molecular dynamics (PIMD). Our results indicate a shell size of 50 for para-hydrogen and
51 for ortho-deuterium, in relatively good agreement with experimental data and suggesting
indeed minor deuteration effects.

2 Potential energy surface

We consider a C60 Buckminsterfullerene molecule rigidly fixed at the center of mass of
the reference frame and a set of n hydrogen molecules adsorbed exohedrally around it.
PIMD simulations were carried out to determine the quantum mechanical equilibrium dis-
tribution of the hydrogen molecules at the cryogenic temperature of T = 2 K, which is
above the quantum melting transition known to take place in pure para-H2 clusters [7].
The para-H2 and ortho-D2 molecules lie in their rovibrational J = 0 state, and at the low
densities and low pressures experienced in gas-phase compounds can be assumed to rotate
freely and behave like effective pointlike particles. This approximation allows us to employ
the Silvera-Goldman (SG) pairwise potential [8] to describe the interactions between such
molecules, following here most earlier theoretical investigations on related systems [6, 7, 9].
The spherical approximation for hydrogen molecules implies a similar description of inter-
actions between H2 and the carbon atoms of the fullerene. Here we use a SG form for
this potential as well and an additive expression for the total energy Vtot of the n-molecule
system:

Vtot =
∑
i∈H2

Vi,

Vi =
∑
j∈C60

[Vrep(rij) + Vdisp(rij)] ,

where the repulsive and additive contributions have the same form as the original SG poten-
tial. In the case of an hydrocarbon dopant molecule, separate contributions from hydrogen
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and carbon atoms have to be considered, as well as a polarization contribution to account
for the presence of partial charges on the different atoms with different electronegativities.
Here for the neutral and chemically homogeneous C60, we neglect these charges and the
polarization term altogether.

The potential was parametrized against electronic structure calculations for an H2

molecule approaching small aromatic hydrocarbons such as benzene [10]. These calcula-
tions were performed using the spin-component-scaled (SCS) MP2 method [11] with the
MOLPRO software package [12]. The final potential energy curves were averaged over dif-
ferent orientations of the H2 molecule. We show in Fig. 1 the resulting potential energy
curve for H2 approaching C60, compared to other existing potentials in the literature of
the Lennard-Jones (LJ) type [13, 14], or to a few electronic structure data at the levels of
density-functional theory (wB97xD and PBE0 functionals) [5] or symmetry-adapted per-
turbation theory (SAPT) [15]. In the latter case, only the values of the binding energies at
the reported equilibrium distances are indicated. Clearly our potential performs very satis-

5 6 7 8 9 10

radial distance (Å)
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K
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present work

LJ (Cole)

LJ (Darkrim)

SAPT
wB97xD
PBE0

Figure 1: Potential energy between the H2 and C60 molecule as a function of the distance
between their centers of mass. In addition to the present potential (solid lines), the graphs
shows the predictions of three electronic structure calculations (symbols [5, 15]) and of two
Lennard-Jones potentials as dashed (Cole [13]) and dotted (Darkrim [14]) lines.
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factorily against those alternative models, and even manages to reconcile the LJ potential
of Stan and Cole [13] with the highly accurate SAPT calculation of Korona et al. [15]. As
noted by the original authors [5], the PBE0 (wB97xD) calculations are likely to understi-
mate (overestimate) the true binding energies, and this is reflected in their quite significant
deviation, although the equilibrium distance near 6.2 Å remains close to our prediction.

3 Path-integral molecular dynamics simulations

Based on the potential energy surface described in the previous section, we have first de-
termined the energetically most stable structures of (H2)nC60 clusters, fixing once for all
the number of hydrogens n = 100 to be large enough to exceed the completion of the first
solvation shell. The basin-hopping method was used to locate the putative global minima
of the cluster, taking a maximum number of 104 local minimizations and a temperature of
T = 10 K in the Metropolis acceptance step. The PIMD trajectories were initiated from
the most stable structure thus obtained, and integrated over 100 ps using a time step of
0.2 fs and a Trotter number of P = 256 at T = 2 K. From the atomic positions of each bead
describing the polymer necklace, the radial distributions of hydrogen molecules around the
center of C60 were integrated, and the simulations were repeated for the two isotopes of
para-hydrogen and ortho-deuterium only differing in the particle masses.

These radial distributions are shown in Fig. 2 for the two systems of (para-H2)100C60

and (ortho-D2)100C60. The distributions both exhibit a clear two-peak structure indicative

0 5 10 15 20

radial distance (Å)
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C60(p-H2)100

C60(o-D2)100

Figure 2: Radial distributions of H2 molecules around C60, as obtained from path-integral
molecular dynamics simulations of (H2)100C60 at 2 K, distinguishing para-H2 and ortho-D2

isotopes. The three-dimensional integrated density is also depicted as an inset, using the
Mayavi2 suite of python scripts [17].

of a complete first shell surrounded by an at least partially filled second shell. Delocaliza-
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tion effects have several manifestations on these graphs. First, the two peaks are rather
broad, but the first shell appears noticeably thinner than the second shell. This behavior
is consistent with the stronger interaction of hydrogen to C60 than to itself (by a factor of
approximately 13), which tends to pin the hydrogen atoms closer to the fullerene surface.
The thickness of the first shell, as measured by the width at mid height of the first peak
in the radial distribution, is also nearly unchanged by deuteration, which further suggests
nearly that hydrogen behaves nearly classically in contact with the fullerene.

Although of similar thickness, the first shells of the two isotopic systems do not ac-
comodate exactly the same number of molecules. Integrating the radial distributions over
the first peak region yields shell sizes of 50 and 51 for para-H2 and ortho-D2, respectively.
These values are very close to the experimental result [5] of 49 for the C+

60 dopant, at least
much closer than the value of 40 obtained from the quantum Monte Carlo calculations
of Turnbull and Boninsegni [6]. This discrepancy between the two computational results
likely originates from different methodologies and notably the slightly different potentials
employed by the latter authors and their use of the grand-canonical ensemble.

Another manifestation of delocalization effects on the radial distributions is the gener-
ally higher surface density of ortho-deuterium layers, consistently with the correspondingly
smaller de Broglie thermal wavelength for the heavier isotope. The second layer for ortho-D2

is not only more compact, but also slightly closer to the fullerene center. A three-dimensional
density plot obtained from integrating the PIMD trajectory, shown as an inset in Fig. 2,
sheds more light onto the two-shell structure of the hydrogen solvent, and notably reveals
that the second shell is incomplete.

A residual difference of one (para-H2) or two (ortho-D2) molecules exists between our
prediction of the size of the first solvation shell and the experimental measurements. Several
explanations can be proposed for this difference, starting with the possible influence of the
charge since mass spectra are recorded on ionic species. Owing to polarization forces,
binding of H2 to C+

60 could be significantly enhanced relative to the neutral system. Such
stronger forces could bring the first layer closer to the fullerene surface and one molecule
could be ejected from the new optimal structure. It could also be that due to such stronger
forces the neglect of rotational structure for H2 molecules be no longer valid especially in
contact with the fullerene. More sophisticated all-atom potentials would then be necessary
in order to circumvent this difficulty. Finally, temperature effects could also be invoked to
explain the difference of one or two molecules between the measurements and our calculation.
The mass spectra of Ref. [5] for ionic complexes solvated by hydrogen were recorded in after
further embedding into helium droplets, thereby imposing a temperature lower than 2 K. It
is possible that at such very low temperatures the hydrogen solvation shell adopts a different
structure due to entropic effects that are further competing with zero-point effects [16]. It
would be interesting to address such an issue by extending the present calculations at 0.5 K,
for instance, much closer to the experimental situation of true helium droplets.
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4 Concluding remarks

Despite exhibitting a high symmetry, C60 buckminsterfullerene coated by hydrogen shows a
complex solvation structure close to 50 molecules in the first shell that cannot be explained
based on simple geometric arguments known in the case of flat graphitic surfaces. Our
quantum simulations reproduce fairly well the experimentally measured value but, contrary
to experiment, suggest some noticeable effects of deuteration.

Beyond the present purely structural investigation, a wealth of information can be anal-
ysed from the PIMD trajectories and would be worth processing further. In particular, the
extent of vibrational delocalization, the possibility of quantum melting at lower tempera-
ture, its possible quenching in presence of the dopant and the energetics of solvation would
all be valuable to persue in more details. Comparison with the case of helium, where intri-
cate finite size effects have been reported below the completion of the first solvation shell
[18], would also be of interest in the broader framework of solvation by quantum gases.
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Abstract

The application of Lie transformations group theory for the construction of solutions
of nonlinear partial differential equations is one of the most active fields of research in
the theory of nonlinear partial differential equations and applications.

In this paper we consider the generalized Fornberg-Whitham Equation (GFWE)

Δ ≡ ut − uxxt + βux = uuxxx − αunux + 3uxuxx, (1)

and we study the values of constants for which equation (1) admits the classical sym-
metry group.

The symmetry group of the equation (1) will be generated by a vector field of the
form

X = ξ(x, t, u)∂x + τ(x, t, u)∂t + φ(x, t, u)∂u.

We require that the infinitesimal generator leaves invariant the set of solutions of the
equation, and only obtain, in the general case, the group of space and time translations,

v1 = ∂x, v2 = ∂t,

For some special choices of the constants it can be extended in the cases listed below
Case 1. α = 0.

v31 = βt∂x + t∂t − (u− β)∂u.

Case 2. n = 1.

v32 = t∂x − α− 1

β
t∂t + (

α− 1

β
u− 1)∂u.

In order to reduce the equation (1) to ODEs with one independent variable, we construct
the similarity variables and similarity forms of field variables. By using the characteristic
equations

dx

ξ(x, t, u)
=

dt

τ(x, t, u)
=

du

φ(x, t, u)
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EXACT SOLUTIONS AND CONSERVATION LAWS OF A GFWE

we obtain the similarity variables and the reduced ODEs.
In the general case, the infinitesimal generator of the optimal system is v1+λv2. Next,
the similarity solutions are

z = x − λt,

u(x, t) = h(z).

Finally, equation (1) is reduced into ODE

λ (h′′′ − h′)− (hh′)′′ − α

n+ 1
(hn+1)′ + β h′ = 0. (2)

We obtain travelling wave solutions of equation (2), and hence, we get exact travelling
wave solutions of equation (1).
From generatorsλv1 + v31 and λv1 + v32 we obtain the reduced equations.

In order to obtain conservation laws for equation (1) we apply the multiplier method
[1, 2, 3, 4]. Conservation laws play a important role in the resolution of problems in
which certain physical properties do not change in the course of time. In [5] was proven
that existence of a large number of conservation laws of a partial differential equations
is indicative of the integrability of the equation. The conservation laws are also derived
for equation (1).

In [3] the authors gave a general treatment of a direct conservation law method
for partial differential equations expressed in a standard Cauchy-Kovaleskaya form. By
applying this procedure we obtain the conservation laws

C1 = uxx − u.

C2 = −1

2
u2 + (uxx − 1)u+

1

2
u2
x.

(3)

In the other hand, in [6] the authors investigated the nonlinear self-adjointness of equa-
tion (1) by using the Ibragimovs conservation theorem [7], and they claim that only the
trivial conservation laws are extractable. So, by the multiplier method we obtain new
conservation laws.
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Abstract

In this paper, the implicit midpoint method is used for the numerical solution of
the semi-discrete modified anomalous sub-diffusion equation with a nonlinear source
term, and the weighted and shifted Grünwald − Letnikov difference operator and the
compact difference operator are applied to approximate the Riemann−Liouville frac-
tional derivative and space partial derivative respectively, then the numerical scheme is
constructed. The stability and the convergence of this method are analyzed. Numerical
experiment is given which check the accuracy of this method and confirm our theoretical
results.

Key words: Modified anomalous sub-diffusion equation; implicit midpoint method;
compact difference operator; stability; convergence.

1 Introduction

There has been increasing interest in the description of physical and chemical processes by
means of equations involving fractional derivatives over the last decades [1, 2, 3, 4, 5, 6, 7, 8].
Recently there are models that have been proposed to describe process that become less
anomalous as time progresses by the inclusion of a secondary fractional time derivative
acting on a diffusion operator with a nonlinear source term[15, 16]

∂u(x, t)

∂t
= (A0D

1−α
t +B0D

1−β
t )

∂2u(x, t)

∂x2
+ f(u(x, t), x, t)

0 ≤ x ≤ S, 0 ≤ t ≤ T

u(0, t) = ϕ1(t), u(S, t) = ϕ2(t), 0 ≤ t ≤ T

u(x, 0) = ψ(x), 0 ≤ x ≤ S

(1)
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where 0 < α, β < 1, A,B are positive constants,the symbols 0D
1−α
t u(x, t),0D

1−β
t u(x, t) are

the Riemann− Liouville fractional derivative operator, which are defined by

0D
1−γ
t u(x, t) =

1

Γ(γ)

∂

∂t

∫ t

0

u(x, η)

(t− η)1−γ
dη, γ = α, β,

where Γ(·) is the gamma function, f(u, x, t) satisfies the Lipschitz condition with respect
u:

|f(u, x, t)− f(υ, x, t)| ≤ L|u− υ|, ∀u, υ,

where L is a Lipschitz condition.

Assume the problem (1) has a unique sufficiently smooth solution u(x, t).

Much work have been done on developing numerical methods for solving the modi-
fied anomalous sub-diffusion equation , see e.g.([9, 11, 12, 14, 15, 16]). However, effective
numerical methods and their numerical analysis are still too little.

The outline of this paper is as follows. In section 2, the numerical method for the modi-
fied anomalous sub-diffusion equation is given. Then, in section 3, stability and convergence
analysis are investigated, respectively. Section 4 is used to present numerical results, com-
paring the fixed stepsize implementation on a test problem. Numerical experiment shows
that the proposed method is high accuracy and efficiency for solving the modified anomalous
sub-diffusion equation .

2 Numerical method

In this paper, we assume that u(x, t) ∈ U(Ω), where

U(Ω) = {u(x, t) | ∂
6u(x, t)

∂x6
,
∂3u(x, t)

∂x2∂t
,
∂3u(x, t)

∂t3
∈ C(Ω)},

whereas Ω = {(x, t)|0 ≤ x ≤ S, 0 ≤ t ≤ T}.
For the space interval [0, S] and time interval [0, T ], we choose the grid points as follows

xj = jh, j = 0, 1, · · · ,M, tn = nτ, n = 0, 1, · · · , N, where h = S
M denotes spatial step

size, τ = T
N denotes time stepsize. The exact solution and numerical solution at the point

(xj , tn) are denoted by u(xj , tn) and unj respectively.

Lemma 2.1. If u(x, t) ∈ U(Ω), then

(1 +
1

12
δ2x)

∂2u(xj , tn)

∂x2
=

δ2xu(xj , tn)

h2
+O(h4) (2)

where δ2xu(xj , tn) = u(xj−1, tn)− 2u(xj , tn) + u(xj+1, tn).
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Lemma 2.2. [13, 14]Let f(t) ∈ L1(R),−∞Dα+2
t and its Fourier transform belong to L1(R),and

define the weighted and shifted Grünwald− Letenikov difference operator by

Dα
τ,p,qf(t) =

α− 2q

2(p− q)
Aα

τ,pf(t) +
2p− α

2(p− q)
Aα

τ,qf(t).

then we have
Dα

τ,p,qf(t) =−∞ Dα
t f(t) +O(τ2), t ∈ R

where p, q are integers and p �= q,Aα
τ,r is the Grünwald− Letenikov approximation to the

Riemann-Liouville fractional derivative by

Aα
τ,rf(t) = τ−α

∞∑
k=0

g
(α)
k f(t− (k − r)τ), r = p, q,

where g
(α)
0 = 1, g

(α)
k = (1− α+1

k )g
(α)
k−1, k ≥ 1.

Applying the implicit midpoint formula to solve the equation (1) at x = xj , t = tn, we
have

u(xj , tn+1) = u(xj , tn) + τ(A0D
1−α
t +B0D

1−β
t )

∂2

∂x2
(
u(xj , tn+1) + u(xj , tn)

2
)

+ τf(
u(xj , tn+1) + u(xj , tn)

2
), xj , tn+ 1

2
) +O(τ3),

(3)

j = 1, 2, · · · ,M − 1, n = 0, 1, · · · , N − 1.

In Lemma 2.2, we choose (p, q) = (0,−1),then

0D
1−γ
t (

∂2u(xj , tn)

∂x2
) = τγ−1

n∑
i=0

λ
(1−γ)
i

∂2u(xj , tn−i)

∂x2
+O(τ2),

0D
1−γ
t (

∂2u(xj , tn+1)

∂x2
) = τγ−1

n+1∑
i=0

λ
(1−γ)
i

∂2u(xj , tn+1−i)

∂x2
+O(τ2),

(4)

where

λ
(1−γ)
0 =

3− γ

2
g
(1−γ)
0 , λ

(1−γ)
i =

3− γ

2
g
(1−γ)
i +

γ − 1

2
g
(1−γ)
i−1 , i ≥ 1, γ = α, β.

Insert (4) in (3), we get that

u(xj , tn+1) = u(xj , tn) +
n+1∑
i=0

(
Aτα

2
μ
(1−α)
i +

Bτβ

2
μ
(1−β)
i )

∂2u(xj , tn+1−i)

∂x2

+ τf(
u(xj , tn+1) + u(xj , tn)

2
), xj , tn+ 1

2
) +O(τ3).

(5)
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where

μ
(1−γ)
0 = λ

(1−γ)
0 , μ

(1−γ)
i = λ

(1−γ)
i + λ

(1−γ)
i−1 , i ≥ 1, γ = α, β.

Furthermore, applying operator (1 + 1
12δ

2
x) premultiplication both sides of Eq.(5), and

Lemma 2.1, we obtain

(1 +
1

12
δ2x)u(xj , tn+1) = (1 +

1

12
δ2x)u(xj , tn) +

n+1∑
i=0

�iδ
2
xu(xj , tn+1−i)

+ τ(1 +
1

12
δ2x)f(

u(xj , tn+1) + u(xj , tn)

2
), xj , tn+ 1

2
) +Rn+1

j

(6)

where

�i =
Aτα

2h2
μ
(1−α)
i +

Bτβ

2h2
μ
(1−β)
i (7)

Rn+1
j = O(h4)

n+1∑
i=0

(
Aτα

2
μ
(1−α)
i +

Bτβ

2
μ
(1−β)
i ) + (1 +

1

12
δ2x)O(τ3). (8)

So the numerical scheme for solving the problem (1) is devised as follows

(1 +
1

12
δ2x)u

n+1
j = (1 +

1

12
δ2x)u

n
j +

n+1∑
i=0

�iδ
2
xu

n+1−i
j + τ(1 +

1

12
δ2x)f

n+ 1
2

j .

n = 0, 1, · · · , N − 1, j = 1, 2, · · · ,M − 1.

u0j = 0, j = 0, 1, · · · ,M,

un0 = ϕ1(tn), u
n
M = ϕ2(tn), n = 0, 1, · · · , N.

(9)

where f
n+ 1

2
j = f(

un
j +un+1

j

2 , xj , tn+ 1
2
).

3 Stability and convergence analysis

Let
Υ = {ξ|ξ = (ξ0, ξ1, · · ·, ξM )}, Υ̂ = {ξ|ξ ∈ Υ, ξ0 = ξM = 0}.

For any u, υ ∈ Υ, we denote

Δui = ui+1 − ui,Δυi = υi+1 − υi.

and further we define for any u, υ ∈ Υ̂

(u, υ) = h
M−1∑
i=1

uiυi, ‖ u ‖2= (u, u),

〈Δu,Δυ〉 = h
M−1∑
i=0

ΔuiΔυi, ‖ Δu ‖2d= 〈Δu,Δυ〉,
δ2xu = (0, δ2xu1, δ

2
xu2, ..., δ

2
xuM−1, 0).
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Lemma 3.1. let ω1, ω2 ≥ 0, τ̃ > 0, η0, η1, · · ·, ηÑ are a series of nonnegative real num-
bers,which satisfying

ηm ≤ ω2 + ω1τ̃
m−1∑
i=0

ηi,m = 0, 1, · · ·, Ñ ,

then
ηm ≤ ω2e

ω1mτ̃ ,m = 0, 1, · · ·, Ñ .

Lemma 3.2. [14] {�i}∞i=0 are defined as in (7),then for any positive integer k and real
vector (υ1, υ2, · · ·, υk)T ∈ Rk,then

k−1∑
n=0

(
n∑

i=0

�iυn+1−i)υn+1 ≥ 0.

Lemma 3.3. [14] For υ ∈ Υ̂, we have

< δ2xu, υ >= − < Δu,Δυ > .

Lemma 3.4. [12] For υ ∈ Υ̂, we have

‖ Δυ ‖2d≤ 4 ‖ υ ‖2 .
Lemma 3.5. For u, υ ∈ Υ, we have

(i) ‖ u ‖2 −(u, υ) = 1

2
(‖ u ‖2 − ‖ υ ‖2) + h

2

M−1∑
i=1

(ui − υi)
2.

(ii) ‖ Δu ‖2d −〈Δu,Δυ〉 = 1

2
(‖ Δu ‖2d − ‖ Δυ ‖2d) +

h

2

M−1∑
i=1

(Δui −Δυi)
2.

Theorem 3.1. Assuming 0 < τ ≤ τ0 =
4−υ
9L , where υ ∈ (0, 1) is any given positive number,

the implicit midpoint method defined by (9) is stable, i.e. there exists a positive constant
C = C(α, β, υ,�0, L, T ) such that

max
0≤n≤N

‖ En ‖≤ C ‖ E0 ‖, 0 < τ ≤ τ0,

where En = (0, en1 , e
n
2 , · · ·, enM−1, 0)

T , enj = unj − ũnj , ũ
n
j denotes the parallel approximation

solution for the numerical method (9) starting from another initial values.

Theorem 3.2. Assuming 0 < τ ≤ τ0 = 4−υ
3(2+3L) , where υ ∈ (0, 1) is any given positive

number,the implicit midpoint method defined by (9) is convergent such that

max
0≤n≤N

‖ ηn ‖= O(h4 + τ2),

where ηn = [0, ηn1 , η
n
2 , · · ·, ηnM−1, 0]

T , ηnj = u(xj , tn)− unj .
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4 Numerical experiment

Let
E∞(h, τ) = max

0≤k≤N
max

0≤i≤M
| u(xi, tk)− uki |,

where u(xi, tk) and uki denote the exact solution and the numerical solution, respectively.
Observed order of the numerical method about spatial variable and temporal variable

are denoted as follow

Orderτ = log2(
E∞(h, 2τ)

E∞(h, τ)
),

Orderh = log2(
E∞(2h, 4τ)

E∞(h, τ)
),

where h is spatial stepsize, τ is time stepsize.
Example consider the following nonlinear problem

∂u(x, t)

∂t
=

1

2
(
∂1−α

∂t1−α
+

∂1−β

∂t1−β
)
∂2u(x, t)

∂x2
+ f(u(x, t), x, t) (10)

with the boundary and initial conditions

u(0, t) = t2, u(S, t) = t2eS , 0 < t ≤ T,

u(x, 0) = 0, 0 ≤ x ≤ S,
(11)

where the nonlinear source term

f(u(x, t), x, t) = u3(x, t) + ex(2t− t6e2x − t1+α

Γ(2 + α)
− t1+β

Γ(2 + β)
). (12)

The exact solution of the problem (10)-(12) is

u(x, t) = t2ex.

For comparison purpose, we use our method (9) (Im) and the method presented in [9]
(Ec) to solve the problem (10)-(12), the numerical results are listed in Table 4.1-4.2.

Table4.1 Errors and the time observed orders of numerical methods for
S = 1, T = 1, α = 0.35, β = 0.65, h = 1

32
τ E∞(h, τ)(Im) Orderτ (Im) E∞(h, τ)(Ec) Orderτ (Ec)
1
20 6.1476e-4 - 2.8970e-3 -
1
40 1.5349e-4 2.0019 1.4893e-3 0.9599
1
80 3.8380e-5 1.9997 7.5492e-4 0.9802
1

160 9.5994e-6 1.9993 3.8004e-4 0.9901
1

320 2.4000e-6 1.9999 1.9066e-4 0.9952
1

640 5.9948e-7 2.0013 9.5496e-5 0.9975
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Table4.2 Errors and the space observed order of numerical method(Im) for
S = 1, T = 1, α = 0.95, β = 0.15

h, τ E∞(h, τ) Orderh
h = 1

4 , τ = 1
128 9.5262e-6 -

h = 1
8 , τ = 1

512 6.2991e-7 3.9187

h = 1
16 , τ = 1

2048 3.7420e-8 4.0733

From Table 4.1 and Table 4.2, we see that the observed convergence order of our method
(9) is nearly O(h4+ τ2), which means the convergence order of the numerical results match
that the theoretical result. In addition, from Table 4.1 we can see that our method has
higher accuracy than the method presented in [9].

Acknowledgements

This work is supported by projects from the National Natural Science Foundation of
China(No.11271311 and No.11171282).

References

[1] A A Kilbas, H M Srivastava, J J Trujillo . Theory and applications of fractional
differential equations. Elsevier Science Limited, 2006.

[2] I. Petras Fractional-order nonlinear systems: modeling, analysis and simulation.
Springer, 2011.

[3] I. Podlubny. Fractional differential equations. Academic Press, 1998.

[4] Koeller, R.C. Application of fractional calculus to the theory of viscoelasticity. J. Appl.
Mech. 51.229C307 (1984).

[5] Becker-Kern, P., Meerschaert, M.M., Scheffler, H.P. Limit theorem for continuous-time
random walks with two time scales. J. Appl. Prob. 41, 455C466 (2004).

[6] Meerschaert, M.M., Zhang, Y., Baeumerc, B. Particle tracking for fractional diffusion
with two time scales. Comput. Math. Appl. 59, 1078C1086 (2010).

[7] Gorenflo, R., Mainardi, F., Scalas, E., Raberto, M. Fractional calculus and continuous-
time finance.III, The diffusion limit. In: Mathematical Finance, Trends in Math, pp.
171C180. Birkh?user, Basel(2001).

[8] Meerschaert, M.M., Scalas, E. Coupled continuous time random walks in finance.
Physica A 370,114C118 (2006).

c©CMMSE ISBN: 978-84-608-6082-2312



[9] A. Mohebbi, M. Abbaszadeh, M. Dehghan. A high-order and unconditionally stable
scheme for the modified anomalous fractional sub-diffusion equation with a nonlinear
source term. J. Comput.Phys. 240 (2013) 36-48.

[10] F. Liu, C. Yang, K. Burrage. Numerical method and analytical technique of the mod-
ified anomalous subdiffusion equation with a nonlinear source term. J. Comput. Appl.
Math. 231 (2009) 160-176.

[11] Y.Chen,Chang-Ming. Numerical scheme with high order accuracy for solving a modified
fractional diffusion equation. Applied Mathematics and Computation 224(2014)772-
782.

[12] Y.F.Li,D.L.Wang. Improved efficient difference method for the modified anomalous
subdiffusion equation with a nonlinear source term. International Journal of Computer
Mathematics,2016.

[13] W. Y. Tian, H. Zhou, and W. H. Deng. A class of second order difference approxima-
tions for solving space fractional diffusion equations. Math. Comp. doi: 10.1090/S0025-
5718- 2015-02917-2 (2015).

[14] Z.B Wang, Seakweng Vong. Compact difference schemes for the modified anoma-
lous fractional sub-diffusion equation and the fractional diffusion-wave equation.
J.Comput.Phys. 277 (2014) 1-15.

[15] F. Liu, C. Yang, K. Burrage. Numerical method and analytical technique of the mod-
ified anomalous subdiffusion equation with a nonlinear source term. J. Comput. Appl.
Math. 231 (2009) 160C176.

[16] Q. Liu, F. Liu, I. Turner, V. Anh. Finite element approximation for a modified anoma-
lous subdiffusion equation. Appl. Math. Model. 35 (2011) 4103C4116.

c©CMMSE ISBN: 978-84-608-6082-2313



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

The correlation attack to LFSRs as a syndrome decoding
problem

Sara D. Cardell1, Joan-Josep Climent2 and Alicia Roca3
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Abstract

One of the most successful attacks against a secret random sequence of bits produced
by certain minimum-length linear feedback shift registers (LFSRs) has been achieved by
the fast correlation attack by Meier and Staffelbach (1988, 1989). Correlation attacks
are often viewed as decoding problems. Assume that a sequence y produced by an LFSR
is sent through a transmission channel. Let z be the received channel output, which is
correlated to the sequence y with correlation probability 1− ε with 0.25 ≤ ε ≤ 0.5.

A natural way of analyzing the stream of bits produced by a minimum-length LFSR
is to understand it as an autonomous system. Therefore, the sequence y can be in-
terpreted as a codeword in the binary [n, k]-code C generated by the corresponding
observability matrix. Then, the problem of the attacker can be reformulated as follows:
Given a received word z, find the transmitted codeword y.

Taking advantage of these approach, we analyze the fast correlation attack as a syn-
drome decoding problem. We propose a decoding algorithm based on the representation
technique of the syndromes by Becker, Joux, May and Meurer (2012).

Key words: LFSR, correlation attack, keystream sequence, companion matrix, au-
tonomous system, syndrome decoding problem, decoding representation technique.

MSC 2000: 68P25, 68P30, 94A60, 94B35
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1 Introducttion

The sequences generated by linear feedback shift registers (LFSRs) have properties desirable
for keystreams. However, with the Berlekamp-Massey algoritm [7] it is very easy to compute
the feedback polynomial of the LFSR given at least 2L(y) bits of the sequence y, where
L(y) is the linear complexity of the sequence y. We need to destroy the linearity before
the sequence can be used as keystream. One classical approach is to combine several binary
LFSRs via a nonlinear Boolean function. In practical stream cipher systems (like the Geffe
generator) it is often found that a correlation occurs between the keystream and the output
of an individual LFSR within the key generator. Among the different kinds of attacks against
stream ciphers, correlation attacks are one of the most important. Correlation attacks are
a class of plaintext attacks for breaking stream ciphers whose keystream is generated by
combining the output of several LFSRs. They were first introduced by Siegenthaler [13]
and are based on a model where the keystream is viewed as a noisy version of the output
of some of the constituent LFSRs; it is assumed that the noise is additive and independent
of the underlying LFSR sequence. Correlation attacks exploit a statistical weakness that
arises from a poor choice of the Boolean function. Meier and Staffelbach [9] presented two
different algorithms for fast correlation attacks, using a correlation between the keystream
and the output stream of an LFSR. In the past years several algorithms for correlation
attacks and fast correlation attacks where proposed (see, to mention only a few examples,
[1, 3, 4, 5, 6, 8, 11, 12]).

2 Statement of the problem

Let F2 be the Galois field of two elements. Assume that

f(x) = c0 + c1x+ c2x
2 + · · ·+ ck−1x

k−1 + xk ∈ F2[x]

is the feedback polynomial of an LFSR and consider the companion matrix

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 · · · 0 c0
1 0 0 · · · 0 c1
0 1 0 · · · 0 c2
...

...
...

...
...

0 0 0 · · · 0 ck−2

0 0 0 · · · 1 ck−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
∈ Fk×k

2

of f(x) and the column matrix

C =
[
1 0 0 · · · 0 0

]T ∈ Fk×1
2 .
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A way to describe the LFSR is by means of the autonomous system

xt+1 = xtA
yt = xtC

}
t = 0, 1, 2 . . . (1)

where x0 is the initial state of the system.

If x0 = (y0, y1, . . . , yk−1) is the initial state, then the t-th stream bit yt, for t ≥ k, can
be computed using expression (1). Moreover, if f(x) is a primitive polynomial, then the
output sequence y0, y1, . . . , yk−1, yk, . . . has maximal period 2k − 1.

Let n be a positive integer such that k < n < 2k − 1. We can compute the output
sequence y = (y0, y1, y2, . . . , yk−1, yk, yk+1, . . . , yn−1) as y = x0G where

G =
[
C AC A2C A3C · · · An−2C An−1C

]
is the observability matrix of the system given by expression (1).

Assume that we do not know neither the sequence y nor the initial state x0. Assume
also that we know the sequence

z = (z0, z1, z2, . . . , zk−1, zk, zk+1, . . . , zn−1)

which is correlated to the sequence y with correlation probability 1 − ε (usually 0.25 ≤
ε ≤ 0.5). The idea of the correlation attack is to view the sequence z as a perturbation of
the sequence y by a binary symmetric memoryless noise channel with Pr(zi = yi) = 1− ε
(see [9, 10]). Thus the LFSR sequence y is interpreted as a codeword in the [n, k]-code C
generated by matrix G and the keystream sequence z as the received channel output. The
correlation attack can now be reformulated as: Given a received word z, find the transmitted
codeword y. This means that z = y + e, where e ∈ Fn

2 is a vector with Hamming weight
wt(e) = εn. So, the error capability ω of the code C is given by w = εn.

Assume now that n = mk for some positive integer m. Since k < n < 2k − 1, it follows
that 1 < m < 2k−1

k . Then [
C AC A2 A3 · · · Ak−1C

]
= Ik

where Ik denotes the k × k identity matrix. Consequently[
AkC Ak+1C Ak+2C Ak+3C · · · A2k−1C

]
= Ak

[
C AC A2 A3 · · · Ak−1C

]
= Ak.

So, we can write the generator matrix G of C as

G =
[
Ik Ak A2k A3k · · · A(m−2)k A(m−1)k

]
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which is in systematic form. Consequently, if B = (Ak)T , then the corresponding parity-
check matrix H of C is given by

H =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

B Ik
B2 Ik
B3 Ik
...

. . .

Bm−2 Ik
Bm−1 Ik

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (2)

3 The decoding algorithm

Now, assume that

y = (y0,y1,y2, . . . ,ym−2,ym−1) and z = (z0, z1, z2, . . . , zm−2, zm−1) (3)

where

yi = (yik, yik+1, yik+2, . . . , y(i+1)k−2, y(i+1)k−1)

zi = (zik, zik+1, zik+2, . . . , z(i+1)k−2, z(i+1)k−1)

}
for i = 0, 1, 2, . . . ,m− 2,m− 1.

Since y ∈ C, we have that
HyT = 0T

and therefore
BiyT

0 + yT
i = 0T , for i = 1, 2, . . . ,m− 1. (4)

This means that (y0, yi) is a codeword of the [2k, k]-code Ci whose parity-check matrix is
Hi =

[
Bi Ik

]
, for i = 1, 2, . . . ,m− 1.

On the other hand, let s ∈ F(m−2)k
2 be the syndrome of z, i.e., HzT = sT , or equiva-

lently,
Bi+1zT

0 + zT
i+1 = sTi , for i = 0, 1, 2, . . . ,m− 2

where

si = (sik, sik+1, sik+2, . . . , s(i+1)k−2, s(i+1)k−1), for i = 0, 1, 2, . . . ,m− 2.

Since z = y + e, we have that

zi = yi + ei, for i = 0, 1, 2, . . . ,m− 1, (5)

and consequently,

Bi+1eT0 + eTi+1 = sTi , for i = 0, 1, 2, . . . ,m− 2. (6)
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Note that if si0 = 0 for some i0 ∈ {0, 1, 2, . . . ,m − 2}, then (z0, zi0+1) = (y0, yi0+1),
and we can compute y from expressions (3), (4) and (5). Therefore, from now on, we will
assume that si �= 0, for i = 0, 1, 2, . . . ,m− 2.

Now, expression (6) suggests the following brute force attack.

Algorithm 1:
Input: matrix H, vector s, and integer w
Output: vector e ∈ Fn

2 such that HeT = sT and wt(e) = w, and the codeword y

1. For each e0 ∈ Fk
2, compute

eTi+1 = sTi +Bi+1eT0 , for i = 0, 1, 2, . . . ,m− 2

and consider the vector e = (e0, e1, . . . , em−1).

2. If wt(e) = w, assume that e is the error vector and then compute the corresponding
codeword as y = z + e.

Since the previous attack is infeasible for k ≥ 32, we will use a modification of the
method proposed by Becker, Joux, May, and Meurer [2].

To improve the calculations, we introduce additional hypotheses on the weight distri-
bution of the vector e ∈ Fn

2 . Hence, we search for vectors ẽ that can be decomposed into
ẽ = (ẽ0, ẽ1, ẽ2) ∈ Fk

2×Fk
2×Fn−2k

2 where wt(ẽ0, ẽ1) = p and wt(ẽ2) = w−p, and HẽT = sT .
Then, as a consequence of expression (2), after obtaining the vector (ẽ0, ẽ1) such that

sT0 = Q1

[
ẽT0
ẽT1

]
, where Q1 =

[
B Ik

]
,

we can obtain the vector ẽ2 as ẽT2 = Q2ẽ
T
0 + s̃T1 where

s̃1 = (s1, s2, . . . , sm−2) and Q2 =

⎡⎢⎢⎢⎢⎢⎣
B2

B3

...
Bm−2

Bm−1

⎤⎥⎥⎥⎥⎥⎦ .

Therefore we focus our attention on efficiently computing the vector (ẽ0, ẽ1). Following [2]
we propose the algorithm described below, which is based on the next ideas.

In turn, to find (ẽ0, ẽ1) ∈ Fk
2 × Fk

2 such that wt((ẽ0, ẽ1)) = p we proceed in different
steps.

First of all, we search for two collections of vectors ũ ∈ F2k
2 of half the target weight,

such that the nonzero components of every vector of one of the collections appear in disjoint
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positions with respect to the nonzero components of the vectors of the second one. This is
obtained in the step 3 of Algorithm 2.

Second, we find “matches” between vectors of the two previously obtained collection
of vectors, i.e. when multiply Q1 by the vectors of the first and on those of the second
collections, a prescribed number of its components “overlap”, in the sense that for the
prescribed coordinates the difference of the results is a constant randomly selected vector.
Taking advantage of it, we obtain a new collection of vectors with certain knowledge about
their last components. The process is repeated in steps 6 and 7 of Algorithm 2, leading to a
final collection of vectors forced to produce the vector s0, i.e., the first part of the syndrome
vector s, when multiply Q1 by each of such vectors.

Algorithm 2:
Input: Q1, s0 and p with 0 < p ≤ 2k.
Output: A set L of vectors u ∈ F2k

2 such that wt(u) = p and Q1u
T = sT0 .

1. Define p1 =
p
2 + ε1 and p2 =

p1
2 + ε2 for some ε1 and ε2 such that p1 and p2 are even

numbers.

2. For i = 1, 2, 3, 4, choose random partitions P(1)
i ,P(2)

i of {1, 2, . . . , 2k} to create the
basic sets

B(1)i =
{
u ∈ F2k

2 | wt(u) =
p2
2

and ul = 0 for all l ∈ P(2)
i

}
,

B(2)i =
{
u ∈ F2k

2 | wt(u) =
p2
2

and ul = 0 for all l ∈ P(1)
i

}
.

3. Choose a random integer r1 and a random vector t
(1)
1 ∈ Fr1

2 , and set t
(1)
2 = s∗0 + t

(1)
1 ,

where s∗0 denotes the last r1 components of s0.

4. Choose a random integer r2 and two random vectors t
(2)
1 , t

(2)
3 ∈ Fr2

2 , and set t
(2)
2 =

t
(1)∗
1 + t

(2)
1 and t

(2)
4 = t

(1)∗
2 + t

(2)
3 , where t

(1)∗
1 and t

(1)∗
2 denote the last r2 components

of t
(1)
1 and t

(1)
2 respectively.

5. For i = 1, 2, 3, 4, use the basic sets (B
(1)
i , B

(2)
i ) and the vector t

(2)
i to define the set

L(2)i =
{
u(2) ∈ F2k

2 | wt
(
u(2)

)
= p2 and

(
Q1(u

(2))T
)∗

= (t
(2)
i )T

}
where

(
Q1(u

(2))T
)∗

denotes the last r2 components of (Q1u
(2))T .

6. For j = 1, 2, use the sets (L
(2)
2j−1, L

(2)
2j ) and the vector t

(2)
j to define the set

L(1)j =
{
u(1) ∈ F2k

2 | wt
(
u(1)

)
= p1 and

(
(Q1u

(1))T
)∗

= (t
(1)
j )T

}
where

(
Q1u

(1)
)∗

denotes the last r1 components of Q1u
(1).
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7. Use the sets (L
(1)
1 , L

(1)
2 ) and the vector s0 to define the set

L =
{
u ∈ F2k

2 | wt(u) = p and Q1u
T = sT0

}
.
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Abstract

In this work we present a construction of primitive polynomials over Fp based on the
isomorphism between Fpb and Fp[C], where C is the companion matrix of a primitive
polynomial of degree b in Fp.

Key words: companion matrix, primitive polynomial, ring isomorphism

Primitive polynomials have been extensively studied because of their important appli-
cations (see, for example, [6]). They are widely used in cryptographic applications such
that pseudo-random sequence generation. For example, every linear feedback shift register
(LFSR) with maximum period is built from a primitive polynomial [3].

Various tables of primitive polynomials over finite fields were presented in the technical
literature [1, 4]. Primitive polynomials over the binary field, F2, have received particular
attention, due to their use in the generation of linear recurring sequences widely employed
in testing, coding theory, cryptography, communication systems, and many other areas of
electrical engineering [8, 9, 7].

Let Fp be the Galois field of p elements, with p a positive prime integer. A generator
of the cyclic group F∗

p is called a primitive element of Fp.

A polynomial A(x) ∈ Fp[x] of degree m ≥ 1 is called primitive over Fp if it is the
minimal polynomial over Fp of a primitive element of Fpm . Thus, a primitive polynomial
over Fp of degree m may be described as a monic polynomial that is irreducible over Fp and
has a root α ∈ Fpm that generates the multiplicative group of Fpm .
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The companion matrix of a monic polynomial A(x) = a0 + a1x + a2x
2 + · · · +

am−1x
m−1 + xm ∈ Fp[x] is given by the m×m matrix

A =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 · · · 0 −a0
1 0 · · · 0 −a1
0 1 · · · 0 −a2
...

...
...

...
0 0 · · · 0 −am−2

0 0 · · · 1 −am−1

⎤⎥⎥⎥⎥⎥⎥⎥⎦
.

Some authors define the companion matrix of A(x) as AT .
We can see the elements in Fpm as matrices. Consider the primitive polynomial U(x) =

u0+u1x+u2x
2+ · · ·+um−1x

m−1+xm ∈ Fp[x]. For this purpose, we consider the companion
matrix U of the primitive polynomial U(x). In this case, it is well-known that Fp[U] =
{F (U) | F (x) ∈ Fp[x]} is a field which is isomorphic to Fpm (see, for example [5]). Now, we
can consider the field isomorphism ψ : Fpm −→ Fp[U] given by ψ(α) = U, where α ∈ Fpm

is a primitive element, and ψ(0) = O (see [2, 5]). Then we can write

Fpm =
{
O, I,U,U2, . . . ,Upm−2

}
.

This isomorphism can be extended to the following ring isomorphism (see [2]):

Ψ : Matr×r(Fpm) −→ Matr×r(Fp[U])
A = [ai,j ] �→ Ψ(A) = [ψ(ai,j)]

(1)

Next theorem shows how to use this ring isomorphism in order to construct primitive
polynomials with coefficients in Fp using primitive polynomials with coefficients in Fpm .

Theorem 1 Let V be the companion matrix of a primitive polynomial V (x) ∈ Fpm [x] of
degree r, and let Ψ be the ring isomorphism given in expression (1). Then, the characteristic
polynomial C(x) = det (xI−Ψ(V)) ∈ Fp[x] is a primitive polynomial of degree rm.

Example 1 Consider the primitive polynomial U(x) = 1 + x+ x2 ∈ F2[x]. We can use this
polynomial to construct the Galois field F22 of 4 elements. For this purpose, we consider
the companion matrix U of U(x), that is,

U =

[
0 1
1 1

]
and, since U(x) is a primitive polynomial, we know that

F22 ≈ F2[U] = {O, I,U,U+ I} = {O, I,U,U2}.
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Now, as we saw before, given a primitive element α ∈ F22 with α2 + α+ 1 = 0, we can
consider the map ψ : F22 −→ F2[U] such that ψ(α) = U and ψ(0) = O, which is a field
isomorphism.

It is possible to construct the ring isomorphism Ψ : Matr×r(F22) −→ Matr×r(F2[U]),
such that Ψ(A) = [ψ(aij)], for A = [aij ] ∈ Matr×r(F22).

Now, consider the primitive polynomial V (x) = α + α2x + x2 + x3 ∈ F22 [x] whose
companion matrix is

V =

⎡⎣0 0 α
1 0 α2

0 1 1

⎤⎦ .

Then,

Ψ(V) =

⎡⎣O O U
I O U2

O I I

⎤⎦ =

⎡⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 0 1
0 0 0 0 1 1

1 0 0 0 1 1
0 1 0 0 1 0

0 0 1 0 1 0
0 0 0 1 0 1

⎤⎥⎥⎥⎥⎥⎥⎦
and by Theorem 1 the characteristic polynomial

C(x) = det (xI−Ψ(V)) = 1 + x+ x6

of matrix Ψ(V) is a primitive polynomial with coefficients in F2 and degree 6.

Summarizing, with a polynomial of degree 3 over F22 [x] and a polynomial of degree 2
over F2[x] we found a polynomial C(x) of degree 6 over F2[x].
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Abstract

The modified self-shrinking generator was recently designed for stream cipher appli-
cations. This cryptographic keystream generator is a new and improved version of the
self-shrinking generator. However, it is possible to see that the sequences produced by
both generators are also obtained as output sequences of the generalized self-shrinking
generator.

Key words: modified self-shrinking generator, generalized self-shrinking generator,
characteristic polynomial.

The modified self-shrinking generator (MSSG), introduced by Kanso in 2010 [3], is
a special case of the self-shrinking generator [4], where the PN-sequence {ui} generated by
a maximum-length LFSR [1] is self-decimated. Here the decimation rule is very simple and
can be described as follows: Given three consecutive bits {u2i, u2i+1, u2i+2}, i = 0, 1, 2, . . .
the output sequence {sj}, known as modified self-shrunken sequence, is computed as{

If u2i + u2i+1 = 1 then sj = u2i+2

If u2i + u2i+1 = 0 then u2i+2 is discarded.

If L (odd) is the length of the maximum-length LFSR that generates {ui}, then the linear
complexity LC of the corresponding modified self-shrunken sequence satisfies:

2�
L
3
�−1 ≤ LC ≤ 2L−1 − (L− 2),
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and the period T of the sequence satisfies:

2�
L
3
� ≤ T ≤ 2L−1

as proved in [3]. As usual, the key of this generator is the initial state of the register that
generates the PN-sequence {ui}.

Example 1 Consider the LFSR of length L = 3 with characteristic polynomial p(x) =
1 + x2 + x3 and initial state IS = {1 0 0}. The PN-sequence generated is 1001110 . . . with
period T = 23 − 1.

The modified self-shrunken sequence in this case is given by: {0011 . . .} and has period
T = 4 and characteristic polynomial (1 + x)3. Thus, the linear complexity of this modified
self-shrunken sequence is LC = 3. �

Let {ai} be PN-sequence generated by a maximum-length LFSR of L stages. Let G be
and L-dimensional binary vector G = (g0, g1, g2, ..., gL−1) ∈ FL

2 and {vi} a sequence defined
as: vi = g0ai + g1ai−1 + g2ai−2 + · · ·+ gL−1ai−L+1 mod(2L − 1).

For n ≥ 0, the decimation rule is given by:{
If ai = 1 then bj = vi

If ai = 0 then vi is discarded.

The output sequence {bj},denoted by b(G), is called generalized self-shrunken se-
quence associated with G (see [2]).

When G ranges over FL
2 , {vi} corresponds to the 2L−1 possible shifts of {ai}. Further-

more, the set of sequences denoted by B(a) = {b(G) | G ∈ FL
2 } is the family of generalized

self-shrunken sequences based on the PN-sequence {ai}.

Example 2 For an LFSR of length 3 whose characteristic polynomial is p′(x) = 1+x+x3

and output PN-sequence {1 1 1 0 0 1 0}, we get the generalized self-shrunken sequences
shown in the following table:

G v b(G)

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 1 1 0 1 1 1 0 0 1 0 1 0

0 1 0 0 1 1 1 0 0 1 0 1 1 0

0 1 1 1 1 0 0 1 0 1 1 1 0 0

1 0 0 1 1 1 1 1 1 1 1 1 1 1

1 0 1 0 1 0 1 1 1 0 0 1 0 1

1 1 0 1 0 0 1 0 1 1 1 0 0 1

1 1 1 0 0 1 0 1 1 1 0 0 1 1

1 1 1 0 0 1 0
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The modified self-shrunken sequence computed in Example 1 with polynomial p(x) = 1 +
x2+x3, can be also obtained through the generalized self-shrunken sequence with polynomial
p′(x) = 1 + x+ x3 (see the last sequence in the previous table).

In general, the modified self-shrunken sequence obtained with a primitive polynomial
p(x) ∈ F2[x] of degree L can be obtained as well through the generalized self-shrunken
sequence with a primitive polynomial p′(x) ∈ F2[x] of the same degree. This polynomial
corresponds to:

p(x) = (x+ α3)(x+ α6)(x+ α12) · · · (x+ α3·2L−1
),

The implementation of the modified self-shrunken sequence via the generalized self-
shrinking sequence is more efficient, since we need a fewer number of computations and a
small quantity of bits involved in these calculations.
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Abstract

Every finite-dimensional complex solvable Lie algebra can be represented as a ma-
trix Lie algebra, with upper-triangular square matrices as elements. Nevertheless, the
minimal order of these matrices is unknown in general. In this paper, we draft a method
to compute both that minimal order and a matrix representation of such an order for a
given solvable Lie algebra. As application of this procedure, we compute minimal faith-
ful matrix representations for several families of Lie algebras with arbitrary dimensions.

Key words: solvable Lie algebra, faithful matrix representation, minimal representa-
tion, symbolic computation, non-numerical algorithm

MSC 2000: 17B30, 17B05, 17–08, 68W30, 68W05.

1 Introduction

In virtue of Ado’s Theorem, every finite-dimensional complex Lie algebra is isomorphic to
a Lie subalgebra of the general linear algebra gl(n;C) of complex n× n matrices, for some
n ∈ N. This paper deals with finding Lie subalgebras of Lie algebra hn, of n × n upper-
triangular matrices, being isomorphic to solvable Lie algebras; since every finite-dimensional
solvable Lie algebra is isomorphic to a subalgebra of hn, for some n ∈ N, according to [6,
Proposition 3.7.3]. Consequently, it is interesting to determine which is the minimal n ∈ N
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such that a given Lie algebra g is isomorphic to some Lie subalgebra of hn; i.e. finding
out the minimal dimension of faithful representations of g by using n× n upper-triangular
matrices.

This topic has been previously studied in the literature. For example, Benjumea et al.
[1] designed an algorithmic procedure which computed the minimal faithful unitriangular
matrix representations of nilpotent Lie algebras. The complete list of these representations
were given by Benjumea et al. [2] for nilpotent Lie algebras of dimension less than 6. With
respect to filiform Lie algebras, their representations were studied in [4] for dimension less
than 9. Our main goal is to obtain tools which ease the advance for the above-mentioned
research. To do this, we introduce the design of an algorithm (which has been implemented)
to compute minimal faithful matrix representations of solvable Lie algebras.

2 Preliminaries

From here on, we have only considered finite-dimensional Lie algebras over the complex
number field C. The reader can consult [6] for a comprehensive review on Lie algebras.

Given a Lie algebra g, its derived series is defined as follows

C1(g) = g, C2(g) = [g, g], C3(g) = [C2(g), C2(g)], . . . , Ck(g) = [Ck−1(g), Ck−1(g)], . . .

If there exists a natural integer m such that Cm(g) ≡ 0, then g is said to be solvable. We
have the following

Proposition 1

If h is a Lie subalgebra of a given Lie algebra g, then Ck(h) ⊆ Ck(g), for all k ∈ N.
Given n ∈ N, the complex solvable Lie algebra hn consists of n × n upper-triangular

matrices; i.e. its elements can be expressed as

hn(xr,s) =

⎛⎜⎜⎜⎝
x11 x12 · · · x1n
0 x22 · · · x2n
...

...
. . .

...
0 · · · 0 xnn

⎞⎟⎟⎟⎠ , with xr,s ∈ C, for 1 ≤ r ≤ s ≤ n.

The dimension of hn is n(n+1)
2 and the nonzero brackets are

[Xi,j , Xj,k] = Xi,k, ∀ 1 ≤ i < j < k ≤ n;
[Xi,i, Xi,j ] = Xi,j , 1 ≤ i < j ≤ n;
[Xk,i, Xi,i] = Xk,i, ∀ k ≤ i ≤ n.

with respect to the basis Bn = {Xi,j = hn(xr,s) |xr,s = δr,i · δs,j , for 1 ≤ r ≤ s ≤ n}1≤i≤j≤n,
where δ denotes the Krönecker delta function.
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M. Ceballos, J. Núñez, A.F. Tenorio

3 Minimal Matrix Representations

Given a Lie algebra g, a representation of g in Cn is a Lie-algebra homomorphism φ : g→
gl(C, n). The dimension of this representation is the value of n ∈ N. Ado’s theorem assures
the existence of a linear injective representation (i.e. a faithful representation) on a finite-
dimensional vector space for every finite-dimensional Lie algebra over a field of characteristic
zero.

Representations are usually defined as g-modules; i.e. Lie-algebra homomorphisms from
g to Lie algebra gl(V ) of endomorphisms over an arbitrary n-dimensional vector space V
(see [5]).

With respect to minimal representations of Lie algebras, Burde [3] introduced the in-
variant μ(g) for any given Lie algebra g

μ(g) = min{dim(M) | M is a faithful g-module}.

The goal of this paper is to study matrix faithful representations of solvable Lie algebras.
More concretely, we are looking for minimal faithful matrix representations being contained
in hm, for some m ∈ N. Indeed, given a solvable Lie algebra g, our goal is to determine the
minimal value m such that g is isomorphic to a Lie subalgebra of hm, but not of hm−1. This
value is also an invariant of g and can be expressed as

μ̄(g) = min{m ∈ N | ∃ subalgebra of hm isomorphic to g}.

In general, invariants μ(g) and μ̄(g) can be different from each other.
To carry out the computation of a minimal faithful matrix representations for a given n-

dimensional solvable Lie algebra g by using Lie algebras hm, we have sketched an algorithmic
method which only requires the law of g as input. The steps of this algorithm are the
following

1. Construct the derived series of g and look for the first natural integer k such that this
series fits in with that associated with hk. Consequently, we are interested in the first
k verifying Ci(g) ⊆ Ci(hk), for all i ∈ N. This is in virtue of Proposition 1.

2. Express the vectors in the basis {ei}ni=1 of g as linear combinations of basis Bk of hk
(i.e. express g as a subalgebra of hk):

eh =
∑

1≤i≤j≤k

λh
i,jXi,j , for 1 ≤ h ≤ n,

taking into account the possible simplifications resulting from Proposition 1.

3. Compute bracket [ei, ej ] for 1 ≤ i ≤ j ≤ n and compare coordinate to coordinate with
the results in the laws of g, but expressed in terms of the basis Bk of hk.
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4. Solve the previous system and consider one of the solutions corresponding to a set of
linearly independent vectors (i.e. this solution is the faithful matrix representation
searched). If there are no such solutions, then go back to Step 2 and repeat each step
with Lie algebra hk+1 since Lie algebra g cannot be represented as a Lie subalgebra
of hk.

Since we start with k = 1 and k increases one unit when there are no representations
in hk, we can assert that the representation obtained in the previous algorithm is minimal.

4 Some tips for a successful implementation

According to the design previously sketched, the implementation of our procedure should
be organized to give answer to the following issues in this order

• Computing the law of solvable Lie algebra hn.

• Computing two lists to save the dimension of the ideals in the derived series of hn and
g.

• Determining the minimal dimension k such that the derived series of g is compatible
with that of hk (i.e. the smallest k which should be considered to find a faithful matrix
representation of g).

• Expressing all the vectors in the basis of g as linear combinations of basis Bk of hk.

• Imposing the law of both Lie algebras and applying Proposition 1 to obtain an equation
system.

• With a symbolic computation package, solving the system of equations resulting from
the previous expressions. Since equations are polynomial, every symbolic computation
package computes efficiently the algebraic expression of the set of solutions.

• Checking if some of the solutions corresponds to a list of linearly independent vectors.

• If there exists such a solution, then some free coefficients may appear because the
faithful matrix representation of g may be not unique. In order to obtain a simpler
representative, we consider as many null coefficients as possible.

When implementing this algorithm (in our case with Maple), we can compute a minimal
faithful matrix representation of any solvable Lie algebra and, more concretely, the list of
representations for each dimension whose classification is known.
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Abstract

The unceasing demands for high quality multimedia contents and the advent of new
resolutions such as Ultra High Definition (UHD) motivated the development of the High
Efficiency Video Coding (HEVC) standard, which outperforms prior standards by up
to 50% in terms of coding efficiency. While this improvement meets the aforementioned
demands, it also involves higher computational complexities in the encoder. For this
reason, fast and efficient coding algorithms are now a requirement of HEVC-compliant
real-time encoders. In this regard, this paper proposes a pre-analysis algorithm designed
to provide coding information to the intra module of the encoding stage. As a result,
experiments show that the algorithm is able to reduce the encoding time by up to 9.15%
at the expense of negligible losses in terms of coding efficiency.

Key words: HEVC, H.265, Pre-Analysis, Intra Coding

1 Introduction

For more than ten years, H.264/Advanced Video Coding (AVC) [1] has established itself as
the most widespread video compression standard for all types of applications and scenarios,
e.g. Blu-ray and also various High-Definition (HD) television broadcasts. However, the
advent of new video formats such as the Ultra High Definition (UHD) resolution and the
ensuing increase in bit rate along with the demands for higher video quality motivated
the development of the High Efficiency Video Coding (HEVC) standard [2]. Defined by
the Joint Collaborative Team on Video Coding (JCT-VC) in early 2013, HEVC roughly
doubles the rate-distortion (R-D) performance of H.264/AVC, which implies nearly 50% bit
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Figure 1: Time profile of the Kimono sequence using All Intra configuration and QP = 22

rate reduction for the same video quality [3]. This improvement in coding efficiency comes,
however, at the expense of an extremely high computational complexity [4].

In order to reduce the processing time, HEVC introduces some high-level tools, such as
tiles and wavefronts, with the aim of allowing the parallel encoding and decoding of a video
sequence. These tools are, however, insufficient to achieve real-time video compression. For
this reason, the research community is making a considerable effort to find complementary
ways of reducing the computational complexity of the encoder not only from the point of
view of parallelism, but also algorithmically.

Figure 1 shows the profiling results obtained from the baseline HEVC encoder for the
Kimono 1080p sequence, using the All Intra configuration and setting the quantization
parameter (QP) to 32. As can be seen, the vast majority of the time is devoted to the intra
prediction module of the encoder, becoming the most computationally expensive operation
in the encoder for this mode, whereas only 3.86% of the total execution time corresponds to
the remaining encoder modules (labelled as “Others”), including transform, quantization,
entropy coding, and in-loop filtering. The complexity of the intra module can be justified
by the large number of modes it has to test for every prediction unit (PU), namely 33
directional modes, and the DC and planar modes.

Most multimedia applications require real-time encoders, especially those which make
use of the All Intra coding pattern. For this reason, these encoders typically implement
fast algorithms and techniques that support the encoding in several ways. In particular,
many commercial encoders include a so-called pre-analysis algorithm, which is responsible
for providing the encoder some preliminary information about the input pictures and the
encoding process. This information is used by the encoder for different purposes, e.g. reduc-
ing the encoding time or deciding the encoding pattern in Random Access configurations.
In this paper, we design and implement a pre-analysis algorithm for HEVC with the aim of
reducing the computational complexity of the intra coding. In this way, the aforementioned
algorithm performs a fast calculation of the costs of the different 35 intra modes, which is
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Figure 2: Quadtree partitioning structure in HEVC

later used in the intra module of the encoder. As a result, the encoding time is reduced
having little impact on the coding efficiency. It also has to be noted that this algorithm can
be applied to several other video codecs with complex partitioning schemes as in HEVC.

The rest of this paper is organized as follows. Section 2 presents briefly the principles
of HEVC. Section 3 covers some of the most relevant related works in the topic. Following
this, Sections 4 and 5 provide an overview of the pre-analysis architecture and the proposed
algorithm, respectively. An experimental evaluation of this algorithm is carried out in
Section 6, showing its results in terms of time reduction and coding efficiency. Finally, in
Section 7 conclusions are drawn.

2 Technical Background

Not only did HEVC introduce new coding tools in the standard, but also it improved others
which were present in H.264/AVC, notably increasing the overall compression efficiency. In
fact, one of the most important changes affects the picture partitioning. HEVC discards the
term macroblock (MB) and replaces it with a new structure: the coding tree unit (CTU).
CTUs are squared regions into which the picture is divided. Each CTU, whose size is
typically 64×64, can be recursively partitioned into four coding units (CU). These CUs,
ranging from 8×8 to 64×64 pixels, are composed of PUs and transform units (TU). CTUs
and CUs form a quadtree structure as the one shown in Figure 2.

With regard to the partitioning of CUs into PUs, HEVC defines up to eight possible
inter and intra partitions for each CU size (2N×2N, 2N×N, N×2N, N×N, 2N×nU, 2N×nD,
nL×2N and nR×2N) to determine the optimal trade-off between rate and distortion. The
last four PU types correspond to the asymmetric motion partitioning (AMP), and they
were not present in previous standards. The introduction of these new sizes involves a large
increase in the complexity of the encoder, but it also allows the standard to be more flexible
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to adapt itself for edges, specially with larger CU sizes. Other new features in HEVC include
a total of 35 different intra coding modes, the residual quadtree (RQT) in the case of the
transform, or the new in-loop filters.

3 Related Work

Even though the standard already defines parallel tools that assist the encoding process,
several related works focus on further exploiting the parallelism of HEVC. For example,
authors in [5] describe the Overlapped Wavefront (OWF) algorithm, an improved version
of the Wavefront Parallel Processing (WPP) algorithm defined in the standard that solves
the problem of the so-called ramping inefficiencies at the beginning and at the end of the
frames. Alternatively, an analysis of the existing dependencies in the motion estimation
(ME) module is shown in [6], where a highly parallel framework designed for many-core
processors is proposed. Many other works make use of heterogeneous platforms, such as
those based on GPU [7]. However, as mentioned in the introduction of this paper, these
techniques are not enough to overcome the computational complexity of the encoder, and
fast encoding algorithms are still necessary.

Other related works focus on reducing the computational complexity of the encoder
from an algorithmic point of view. The approach followed by many is to prune the decision
tree in order to skip those partitions in which it is unlikely to find a better prediction
candidate than the current one. For example, in the case of intra coding, authors in [8]
make use of Bayesian techniques to determine the splitting or pruning of the CTU tree based
on a set of statistical parameters, while authors in [9] show that the splitting of the current
CU can be determined by the existing relationship in terms of mode and cost with the
neighbouring CUs. All of these techniques perform their operations on a higher level, and
thus they are complementary to the algorithm proposed in this paper. Some other works
focus on reducing the complexity of the intra mode selection such as [10, 11]. However,
while the authors obtain a considerable speed-up, the resulting BD-rate is higher than the
one obtained in this paper.

With regard to pre-analysis algorithms, it is worth mentioning the look-ahead module
of x264 H.264/AVC encoder [12, 13]. This module splits a subsampled version of the input
frame into fixed-size blocks, and calculates their corresponding intra and inter costs. Some of
the ways in which this information is used in the encoder include determining the encoding
pattern, speeding up some operations and adjusting the parameters of the rate-control
module. However, this technique is targeted for H.264/AVC, which involves less block
partitions than HEVC, and even though it has been assimilated in x265 [14] (the version
of x264 for HEVC), it does not completely meet the requirements of the new standard.
Other uses for the pre-analysis algorithm range from the adjustment of the rate-control
algorithm [15] to the analysis of the texture of a picture for CU-size selection in intra
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Figure 3: Typical HEVC encoder architecture with a pre-analysis stage (shared elements
with the decoder are shaded in gray)

configurations [16], and are completely complementary to the algorithm proposed in this
paper.

4 Pre-Analysis Algorithm Architecture

As introduced in the first section of this paper, a pre-analysis algorithm is responsible for
obtaining some preliminary information from the input frames, which is in turn used by
the encoder in various ways. Figure 3 shows the architecture of a typical HEVC-compliant
encoder, in which a pre-analysis stage has been added. The decoder processing blocks that
the encoder duplicates have been shaded in gray. As can be seen, the input pictures are
analysed by this stage before any encoding is performed. This involves that any information
has to be gathered from the original samples, i.e. without any partitioning or neighbour
predictors. In spite of this, the amount of information that can be extracted and predicted by
the pre-analysis algorithm is endless, including motion information, intra modes, prediction
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costs, coding pattern, partitioning, etc. This information is thus used in the many modules
that constitute the encoder to control or aid the encoding process.

In prior works, we focused our efforts on implementing a pre-analysis algorithm for
inter prediction. The obtained motion information can be used to reduce the number of
positions checked in the search area [17, 18] or to limit the number of reference frames [18].
As a result, the total encoding time is notably reduced at the expense of negligible losses in
terms of coding efficiency. Nevertheless, this pre-analysis algorithm is only valid for those
coding configurations that make use of inter prediction, such as Random Access. For this
reason, in this paper we design and develop an alternative but complementary algorithm
for the intra prediction module, especially targeted to All Intra configurations.

5 Proposed Pre-Analysis Algorithm for Intra Prediction

The aim of the pre-analysis stage is to estimate the best intra mode and its corresponding
cost for each PU in a fast way. This is achieved by carrying out a similar process to that of
the intra module. The latter, however, involves large computation times, as it needs to test
every possible mode and perform the transform operation. For this reason, this operation
is simplified in the pre-analysis stage by using less complex operations.

One way in which the intra operation can be performed in the pre-analysis stage is by
dividing the input frames into fixed-size block partitions, resulting in a grid of square blocks.
For each of these blocks, the best intra mode is calculated (directional, DC or planar), which
in turn provides a prediction cost. However, we proved experimentally that extrapolating
the best intra mode from the pre-analysis data for every PU is not really possible if only one
block size is utilised, given the large range of partitioning possibilities that HEVC offers.
For this reason, our proposal divides the input frames into fixed-size block partitions that
vary from 4×4 to 64×64, including 8×8, 16×16 and 32×32. In this way, this preliminary
information can be more easily adapted to the different PUs the encoder might test. In
fact, for each PU there is a pre-analysis block that exactly matches in position and size.

In order to obtain the most reliable prediction possible, all the 33 directional modes are
checked for every block, along with the DC and planar modes. With the aim of performing
a fast estimation, the sum of absolute differences (SAD) measurement is used instead of
the Hadamard transform. While the latter offers a better representation of the distortion
caused by the prediction, the former also allows to compare several prediction modes, but
involving a notably lower computational complexity.

It also has to be taken into account that a pre-analysis stage has some limitations
compared to the encoding stage itself. Nevertheless, it is possible to address them so that
the results obtained in the former are virtually comparable to those of the latter. As a
result, the effects on the resulting coding efficiency are negligible. Some of these limitations
are:
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• As mentioned in Section 4, the pre-analysis stage performs its operations on the origi-
nal input frames. The encoder, however, makes use of the neighbouring reconstructed
samples for the intra prediction. Nevertheless, considering that the reconstructed
samples are fairly similar to the original ones, especially for high QP values, it is rea-
sonable to assume that the prediction in both cases will be similar enough to determine
which prediction modes are best.

• By the same token, there is no neighbour information other than the one that this
stage itself calculates. As a result, it is not possible to know which samples might be
or might not be available for prediction at the encoding stage. However, the standard
defines some sample substitution techniques that ensures that there is always present
the required neighbouring samples to perform intra prediction [3]. In this way, it is
possible to assume that in many cases the original samples will be similar to those
that the encoder will create in the substitution process, and thus this is the approach
that the proposed pre-analysis algorithm follows.

In addition to these two considerations, it also has to be taken into account that the
encoder makes use of an R-D model such as:

J = Distortionintra + λ ·Rateintra (1)

where J represents the cost function, Distortionintra the distortion function (typically
Hadamard), λ is the Lagrangian multiplier which depends on the QP, and Rateintra rep-
resents the bits required to code the prediction mode. Nevertheless, while it is possible
to calculate the λ value and estimate the Distortionintra in the pre-analysis stage, it is
not feasible to predict the value of Rateintra, given that the neighbouring blocks have not
been entropy-coded at that moment. For this reason, only the distortion is estimated in
this stage, postponing the R-D calculation until the moment in which the encoder performs
intra prediction.

With regard to the integration of this algorithm, it has to be noted that the pre-
analysis stage can be part of any HEVC-compliant encoder. However, in order to show how
these encoders can benefit from this algorithm, the remainder of this section will detail its
integration into the HEVC Test Model (HM) reference software [19]. This encoder performs
a 3-step intra prediction algorithm in order to obtain the best intra mode for a given PU. In
the first step, a rough prediction is carried out, in which all the 35 intra modes are tested.
In the second step, a set of the best candidates found in the previous step is considered
along with the most probable modes (MPM), performing a more complex prediction and
a transform of the resulting residual. Finally, the last step consists on choosing the best
candidate out of the ones from the second step and performing the full RQT partitioning,
which results in the definitive R-D cost for the corresponding intra mode.
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As can be seen, the integration of our proposal in this case is fairly immediate. As
the proposed pre-analysis algorithm already estimates the prediction cost of the 35 intra
modes, the first step of the encoding stage in HM can be skipped. Therefore, the set of
best candidates for the second step would be simply obtained from the pre-analysis scores.
While it might seem there is no time reduction from this, actually the operations performed
in the pre-analysis stage are much less complex than the ones in the encoding stage. For
example, there is a lower number of conditions to check, and also the distortion algorithm
being used is SAD and not Hadamard, as mentioned before. The next section will show in
which ways the encoder is influenced by the proposed pre-analysis algorithm.

6 Performance Evaluation

The experiments have been executed on the HM 16.6 reference software, following the
guidelines and coding conditions provided by the document elaborated by the JCT-VC [20].
In this regard, All Intra has been the selected configuration, as it is the configuration to
which our proposal is targeted. The QP values being tested are 22, 27, 32 and 37. The
encodings have been carried out using the Main profile and 8-bit depth. Sequences of classes
A to D according to the JCT-VC classification have been used, which include the following
resolutions: 2560×1600 (A), 1920×1080 (B), 832×480 (C), and 416×240 (D). The rest of
the configuration parameters have all been kept to their default values.

The hardware platform used in the experiments is composed of an Intel R© Xeon R© E5-
2630L v3 CPU running at 1.80 GHz and 16 GB of main memory. The encoder has been
compiled with GCC 4.8.5-4 and executed on CentOS 7 (Linux 3.10.0-327). Turbo Boost
has been disabled to achieve the reproducibility of the results.

The results will be provided in terms of time reduction (TR) and Bjøntegaard delta rate
(BD-rate). The BD-rate is a measure of coding efficiency that represents the percentage of
bit rate variation between two encodings with the same objective quality [21].

Table 1 shows the results obtained by the encoder when the pre-analysis algorithm is
enabled. As can be seen, making use of the information gathered by the pre-analysis stage,
the encoder is able to save up to 9.15% of the total encoding time (7.07% on average).
As mentioned before, these time savings are derived from the fact that the pre-analysis
stage performs less complex operations compared to the baseline encoder, more specifically
because of the substitution of the Hadamard algorithm with the SAD operation. But even
if Hadamard was used in the pre-analysis stage, it would still be possible to obtain time
savings, which demonstrates the fact that this stage is less computationally complex, as it
needs to check less conditions than the encoder.

This table also shows, however, that the pre-analysis algorithm has an effect on the
coding efficiency. In the experiments, the obtained average BD-rate is 0.46%, which is
considered negligible for most multimedia applications. This means that the bit rate is
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Table 1: Results of the proposed algorithm for the All Intra configuration

Class Video sequence
BD-rate Encoding
(%) TR (%)

A

Traffic 0.51 7.96
PeopleOnStreet 0.59 7.87
NebutaFestival 0.20 6.23
SteamLocomotive 0.43 8.62

B

Kimono 0.53 9.15
ParkScene 0.40 7.31
Cactus 0.47 7.47
BasketballDrive 0.59 6.90
BQTerrace 0.28 6.39

C

BasketballDrill 0.46 7.29
BQMall 0.53 6.65
PartyScene 0.38 5.74
RaceHorses 0.40 6.81

D

BasketballPass 0.60 7.82
BQSquare 0.43 5.57
BlowingBubbles 0.41 5.96
RaceHorses 0.56 6.44

Mean values 0.46 7.07

increased by less than 1% for the same objective quality. This small penalization can be
justified by the limitations of the pre-analysis stage stated in Section 5, which result in
sub-optimal decisions compared to the ones the encoder would have made. It should also
be mentioned that these divergences are larger for smaller PUs such as 4×4, as they are
typically harder to predict than the larger ones. Finally, the numeric results also show that
there is some correlation between the BD-rate and the QP value used in the encoding, so
that the higher the former, the higher the latter. This is probably related to the fact that
the pre-analysis stage makes use of the original samples instead of the reconstructed ones.

As a consequence of the pre-analysis algorithm, the encoding time is redistributed as
shown in Figure 4. These timing values have been extracted from the average profiles of all
the tested sequences and QP values. As can be seen, a notable part of the time devoted to
the intra module has been reduced, which is represented in the figure by the blue dotted bar.
The reduced part corresponds to the first step of the 3-step intra algorithm implemented
in HM, which is now performed in the pre-analysis algorithm. It can be seen that the
decrement in time experienced by the encoder is larger than the increment introduced by
the pre-analysis algorithm. It has to be noted that this small pre-analysis overhead does
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Figure 4: Profiling of the baseline (left side bar) compared to the proposal (right side bar)

not involve any latency, as the achieved time reduction is larger than the time spent on this
stage.

7 Conclusions and Future Work

The advent of HEVC has opened the door to new applications and video formats such
as UHD with the aim of fulfilling the demands for quality of experience of the market.
However, the improved coding efficiency of HEVC has also led to a notable increment in
the computational complexity of the encoder. As a consequence, HEVC-based encoders
require efficient algorithms to achieve real-time encoding. Accordingly, this paper proposes
a pre-analysis algorithm designed to estimate the intra prediction cost for every PU and
intra mode in a fast way. This information is later used in the encoder to select the intra
modes to be tested, and thus speed up the encoding. Additionally, this paper also details
some considerations that have been taken into account in the design of the pre-analysis
algorithm given the particularities of HEVC.

An experimental evaluation of the algorithm has shown that 7.07% of the encoding
time can be saved on average with a negligible impact of 0.46% in BD-rate.

Future works include combining our prior work about pre-analysis algorithms to support
both inter and intra modules in the encoder side. In this way, the encoder would take
full advantage of this technique for other coding configurations such as Random Access.
Furthermore, it could be possible to determine whether the encoder should only check inter
or intra for a given CU with the help of the predicted costs. In a higher layer of abstraction,
it could be also possible to determine the CTU partitioning based on these costs.
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Abstract

The solution of Protein-Ligand Docking Problems can be approached through meta-
heuristics, and satisfactory metaheuristics can be obtained with hyperheuristics search-
ing in the space of metaheuristics implemented inside a parameterized schema. These
hyperheuristics apply several metaheuristics, resulting in high computational costs. To
reduce execution times, a shared-memory schema of hyperheuristics is used with four
levels of parallelism, two for the hyperheuristic and two for the metaheuristics. The
parallel schema is executed in a many-core system in “native mode”, and the four-level
parallelism allows us to take full advantage of the massive parallelism offered by this
architecture and obtain satisfactory fitness and an important reduction of the execution
time.

Key words: Parameterized metaheuristic schemas, Parallel metaheuristics, Hyper-
heuristics, Many-core system, Protein-Ligand Docking Problem

1 Introduction

In the Protein-Ligand Docking Problem (PLDP) a scoring function is optimized to obtain
the position at which a ligand best matches a given protein. Different scoring functions
can be used [8]. In this work the scoring function is computed through the Lennard-Jones
potential, obtained as the sum of the interactions of each atom, i, of an active site of the
protein with each atom, j, of the ligand:
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where σ and ε are empirical constants of the model, and r(i, j) is the distance between
atoms i and j.

The PLDP can be seen as a problem of searching for the values of the degrees of
freedom (six) that globally minimize the scoring function. The values of the movements
and rotations of the ligand can be approached with metaheuristics, and hyperheuristics can
be used for the selection of satisfactory metaheuristics for the PLDP.

Hyperheuristics select satisfactory metaheuristics or build new ones by combining basic
metaheuristics for a particular problem [3, 6]. In our approach, we use a parameterized
schema of metaheuristics [2], which facilitates the selection of metaheuristics or their com-
binations by selecting numerical values for metaheuristic parameters in the schema. It
considers a set of basic functions whose instantiation determines the particular metaheuris-
tic being implemented. Hyperheuristics can be developed on top of the parameterized
schema [4], and they search automatically in the space of metaheuristics for a satisfactory
metaheuristic for a particular problem.

When hyperheuristics are used to select satisfactory metaheuristics the execution time
increases significantly, so high performance computing strategies are compulsory.

This paper analyses the use of massive parallelism in a MIC (Xeon Phi) for exploiting
multilevel parallelism in hyperheuristics working on top of parameterized metaheuristics
when applied to the PLDP. The multilevel approach allows the application of parallelism
at hyperheuristic and metaheuristic levels, and the optimal combination of the number of
threads to use at each level should be selected.

The rest of the paper is organized as follows. Section 2 gives the basis of the shared-
memory, parameterized metaheuristic schema which is used for the development of hyper-
heuristics in a MIC. Section 3 discuses the experimental results obtained with the application
of hyperheuristics to an instance of the PLDP. Section 4 concludes and outlines possible
research directions.

2 A parallel, parameterized metaheuristic schema

Our approach for parallelizing metaheuristics consists of the parallelization of a unified pa-
rameterized metaheuristic schema (Algorithm 1). The hyperheuristics and the metaheuris-
tics they search for are implemented with the same schema, and so they are parallelized
in the same way. In the schema, ParamX represents the metaheuristic parameters and
ThreadsX the parallelism parameters for each basic function.
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Algorithm 1 Parameterized shared-memory metaheuristic schema
Initialize(S,ParamIni,ThreadsIni)

while (not EndCondition(S,ParamEnd)) do
SS=Select(S,ParamSel)

SS1=Combine(SS,ParamCom,ThreadsCom)

SS2=Improve(SS1,ParamImp,ThreadsImp)

S=Include(SS2,ParamInc,ThreadsInc)

end while

The basic functions in the schema can be implemented in different ways, and the number
of parameters and their meanings could change. We are not interested here in an in-
depth discussion of the metaheuristic and the parallelism parameters. Interested readers
can consult [1] (parallelism parameters) and [2] (metaheuristic parameters). Some of the
routines are parallelized with only one level of parallelism, and in other functions two levels
are used.

The parallelization based on the shared-memory paradigm [1] is adapted here to a
many-core system for the massive parallelization of the schema, which allows four levels
of parallelism, including parallelism in the hyperheuristic and in the metaheuristics being
selected. The schema is executed directly on the coprocessor without offloading from a host
system, which is known as running in “native mode”.

3 Experimental results

The PLDP can be seen as the problem of searching for the values of the degrees of freedom
(six) that globally minimize the scoring function. The values of the movements and rotations
of the ligand can be approached with metaheuristics. The application of parallelism to this
problem is analyzed in [5], and the application to the problem of hyperheurstics in a MIC
is analyzed here.

Experiments were carried out in a Many Integrated Core (MIC) Intel Xeon Phi with 57
cores at 1.1 GHz based on Pentium (x86), with each core supporting 4 hardware threads,
with a bidirectional ring bus and up to 6 GBytes GDDR5.

The protein PDB:2BSM, from the well-known Protein Data Bank [7], is used for the
experiments. Due to the high size of the problem, hyperheuristics are applied here to this
reduced instance. The study shows the influence on the execution times of the division of
threads between the four levels of parallelism in the MIC architecture, in order to enhance
the performance of our hyperheuristic schema when massive parallelism is required. Due
to the high computational cost of applying hyperheuristics to the PLDP and because the
study was not focused on optimizing fitness, a Reduced Hyperheuristic (Hre) was used in
the experiments. Table 1 shows the values of the metaheuristic parameters considered. As
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mentioned, the number and meaning of the parameters depend on the particular implemen-
tation of the parameterized schema. Our implementation considers eighteen metaheuristic
parameters (five in the initialization, two in the selection, three for combination, six for the
improvement, and two for the inclusion). Some elements are initially generated (INEIni),
and some are selected for the successive steps (FNEIni). A certain percentage of the gen-
erated elements (PEIIni) is improved with a given intensity (IIEIni) and with a short tabu
memory (STMIni); and the corresponding parameters are used for improvement of elements
after combination (PEIImp, IIEImp and SMIImp) and diversification (PEDImp, IDEImp
and SMDImp). In each iteration of the algorithm, some elements are selected from the best
(NBESel) and the worst (NWWSel) ones, and combinations between pairs of best, worst
and best-worst elements (NBBCom, NWWCom and NBWCom) are made. Some of the
best elements are selected for the following iteration (NBEInc), with the use of a long-term
tabu memory (LTMInc). Due to the high computational cost of the hyperheuristic, low
values were fixed for most of the hyperheuristic parameters, and more threads are devoted
to the computations with the metaheuristics the hypeheuristic experiments with.

Table 1: Values of the metaheuristic parameters for the Reduced Hyperheuristic (Hre) used
in the experiments.

INEIni FNEIni PEIIni IIEIni STMIni NBESel
5 5 50 3 0 3

NWESel NBBCom NBWCom NWWCom PEIImp IIEImp
2 2 3 2 50 3

SMIImp PEDImp IDEImp SMDImp NBEInc LTMInc
0 10 5 0 3 5

Different values of the parallelism parameters for the Reduced Hyperheuristic in Table
1 are considered for the executions in the range between 20 and 250 threads (ThT). The
threads are spread over the hyperheuristic (ThH) and the metaheuristics (ThM). The prod-
uct of the number of threads in the hyperheuristic and the metaheuristics is equal to the
total (ThM · ThH = ThT). The ThH combinations for ThT=20 are shown in Table 2. For
example, for the 5-th series (ThH 20 5), with a total of ThT=20 threads, when the initial
generation of the reference set is executed for the hyperheuristic with ThH=5 threads, the
metaheuristics are executed with ThM=20/5=4 threads. The values of the metaheuristic
parameters for the metaheuristics are higher than for the hyperheuristic, and this results in
coarse grained parallelism, for which a large number of threads is preferred in the first level
of the two level routines, and the number of threads in the second level of the metaheuristics
is fixed to 1.

Table 3 shows the experimental times (in seconds) obtained when applying the Reduced
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Table 2: Number of threads of one and two levels of parallelism for the execution of the Re-
duced Hyperheuristic in Table 1, with the total number of threads set to 20. ThH ThT series
represents threads used in the hyperheuristic total number of threads series of the experi-
ment, and the remaining threads are assigned to the metaheuristics is at low level (ThM),
with ThM · ThH = ThT.

One-level parallel routines Two-level parallel routines
ThH ThT series TGEIni TCPCom TIEInc TI Ini TR Imp TC Imp TR Div TC Div

ThH 20 1 p1 1 1 1 1 1 1 1 1
p2 - - - 2 2 2 1 1

ThH 20 2 p1 2 2 2 1 1 1 2 2
p2 - - - 2 2 2 1 1

ThH 20 3 p1 5 5 5 2 2 2 5 5
p2 - - - 2 2 2 1 1

ThH 20 4 p1 5 5 5 1 1 1 1 1
p2 - - - 5 5 5 2 2

ThH 20 5 p1 5 5 5 1 1 1 2 2
p2 - - - 5 5 5 2 2

ThH 20 6 p1 10 10 10 2 2 2 5 5
p2 - - - 5 5 5 2 2

ThH 20 7 p1 10 10 10 1 1 1 1 1
p2 - - - 10 10 10 5 5

ThH 20 8 p1 10 10 10 1 1 1 2 2
p2 - - - 10 10 10 5 5

ThH 20 9 p1 20 20 20 2 2 2 4 4
p2 - - - 10 10 10 5 5
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Hyperheuristic in Table 1 to search for satisfactory metaheuristics for the problem PLDP
in Xeon Phi. Due to the small parameter values managed by the Hre (NFEIni=5 among
others), values of ThT greater than 20 have the same thread combinations as ThH 20 for
all the series in Table 2, so the influence of the threads of the metaheuristic is given for
a fixed configuration of the Hre threads (ThH 20 to ThH 250 series). The lowest times
are achieved in most cases for the series comprised between ThH ThT 3 and ThH ThT 5,
which is not surprising because the number of threads of the hyperheuristic is similar to the
size of the population parameters, with INEIni = FNEIni in that series.

Table 3: Execution time in seconds for the Hre in Table 1 and various thread combinations
in Table 2 applied to the PLDP in Xeon Phi. The sequential time in Xeon Phi was 7983
seconds.

total number of threads (ThT)
thread combination 20 50 100 150 200 250

ThH ThT 1 795 428 346 367 366 361
ThH ThT 2 782 508 388 296 327 422
ThH ThT 3 940 495 354 283 282 338
ThH ThT 4 765 519 359 339 324 393
ThH ThT 5 950 469 343 375 390 397
ThH ThT 6 1021 530 396 401 345 365
ThH ThT 7 1449 696 398 331 477 357
ThH ThT 8 1436 734 407 407 308 442
ThH ThT 9 1512 910 459 416 318 265

The advantage of using parallelism is clear here, with a maximum speed-up of ap-
proximately 30 with respect to the sequential execution in Xeon Phi and with the total
number of threads close to the maximum available. So, for this computationally demanding
problem, the massive parallelism of MIC is well exploited with the parallel, parameterized
metaheuristic schema.

4 Conclusions and future work

A shared-memory schema of hyperheuristics is used to select satisfactory metaheuristics
to be applied to a molecular docking problem. Due to the high computational cost of
the hyperrheuristic, the parallel schema was executed in a many-core system in “native
mode” with four levels of parallelism, which allows us to take full advantage of the massive
parallelism offered by this architecture, obtaining an important reduction in execution times.
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The best results are obtained with a relatively low number of threads assigned to the
hyperheuristic, and the rest are allocated to the low level metaheuristic, with the total
number of threads close to the maximum available.

For higher reductions of the execution time it would be necessary to combine parallelism
in the multicore host and the MIC coprocessor.

As future research lines, the parameterized schema could be applied to other opti-
mization problems. The inclusion of new basic metaheuristics, for example, Ant Colony
Optimization or Particle Swarm Optimization, is also contemplated. Similar parameter-
ized, parallel metaheuristic schemas should be developed for GPU and in heterogeneous
clusters comprising nodes of multicores + multiple GPU or MIC. The use of large, hetero-
geneous clusters would be of special interest for the application of hyperheuristics with large
reference sets or with a high fitness function cost, as in the case of the molecular docking
problems.
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Abstract

In this work, we provide a discrete mathematical system to model the dynamics of the
thickness of two-dimensional thin films subject to a dewetting process. The model under
considerations is a degenerate generalization of the classical thin-film equation, and
considers the inclusion of a singular potential. The analytical model is discretized using a
modification of the exponential method employed by Bhattacharya and co-workers. Our
correction yields an explicit numerical technique that is non-singular with respect to zero
solutions of the mathematical model, and that is capable of preserving the non-negative
character of the approximations. In addition, the explicit nature of our approach results
in an economic computer implementation which produces fast simulations. Key words:

Degenerate thin-film equation, modified Bhattacharya exponential method, preservation
of non-negativity, computationally efficient numerical technique

1 Introduction

Throughout this work, we let A, ε, η, κ and σ be positive numbers. Let Ω represent an open,
bounded and connected domain of R2 with boundary ∂Ω, and let Ω represent its closure
in the standard topology. Assume that h : Ω × R+ → R is a function with continuous
derivatives up to the fourth order that satisfies the initial-boundary-value problem

η
∂h

∂t
(x, t)−∇ · (m(h(x, t))∇p(x, t)) = 0,

subject to

{
h(x, t) = ϕ(x), ∀(x, t) ∈ Ω× {0},
n̂ · ∇h(x, t) = 0, ∀(x, t) ∈ ∂Ω× R+,

(1)
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for every (x, t) ∈ Ω×R+. In our context, Ω will represent a spatial domain and the variable t
will denote time. Meanwhile, the operators ∇·, ∇ and ∇2 will be used to represent the two-
dimensional divergence, the gradient and the Laplacian operators in the spatial variables,
respectively. We will assume that ϕ : Ω→ R will be a nonnegative function, and p will be
given by

p(x, t) = −σ∇2h(x, t) + V ′(h(x, t)), (2)

for each x ∈ Ω and t > 0. Finally,

m(h(x, t)) =
h(x, t)3

3
, (3)

V (h(x, t)) =
ε

h8(x, t)
− A

12πh2(x, t)
. (4)

From a physical perspective, the partial differential equation in (1) describes the spatial
and temporal evolution of the rupture of ultrathin films [1]. The function h provides the
thickness of the thin film at each point x of a two-dimensional substrate Ω, and each time
t ≥ 0. In that context, the constant σ represents the surface tension, η is the constant
viscosity parameter, A is the Hamaker constant of polystyrene on a compound, and ε is
the strength of the potential V . Meanwhile, p is the augmented Laplace pressure, and m is
the specific mobility coefficient [2]. Mathematically, the model (1) is a generalized thin-film
equation for which globally non-negative solutions exist [3, 4, 5]. This fact is physically
relevant in view that h represents the (non-negative) thickness of a thin film. Assuming the
h is a non-negative solution of (1), we can divide both sides of this equation by h(x, t) + κ,
whence we readily obtain the equivalent partial differential equation

η
∂

∂t
lnh(x, t) =

∇ · (m(h(x, t))∇p(x, t))
h(x, t) + κ

, (5)

for each x ∈ Ω and each t > 0.
Analytically, the resolution of a problem governed by the partial differential equation of

(1) is as complicated as solving a problem ruled by (5). However, the numerical discretiza-
tion of the latter partial differential equation results in a new family of techniques that
possesses efficiency properties and preserves some of the features of the relevant solutions.
Indeed, due to the difficulty of determine solutions of the thin-film equation (1), we would
ideally require for a method to fulfill the following computational characteristics: to be com-
putationally fast, to be easy to implement in any computer program, to be able to handle
fine grid meshes, and to require a reasonable amount of computer memory. In addition to
these properties, we also want for the method to possess the next numerical characteristics:
to preserve the non-negativity of solutions, to be robust with respect to zero solutions, to
be stable, and to be convergent. In the present work, we design a numerical method which
satisfies most of the computational and numerical characteristics mentioned above.
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2 Finite-difference scheme

For each positive integer P ≥ 4, define the finite sets IP = {1, . . . , P − 1}, IP = IP ∪{0, P}
and int IP = IP \ {1, P − 1}. Let K, M and N be positive integers. We will restrict our
attention to spatial domains of the form Ω = [a, b] × [c, d] of R2, where a < b and c < d.
We will fix regular partitions (xi)

M
i=0 and (yj)

N
j=0 of the spatial intervals [a, b] and [c, d],

respectively, with partition norms denoted by Δx and Δy, respectively. Let T be a positive
number, and let (tk)

K
k=0 a (not necessarily uniform) partition of the temporal interval [0, T ],

and let Δtk = tk+1 − tk for each k = IK ∪ {0}.
Let D = {(xi, yj , tk) : i ∈ IM , j ∈ IN , k ∈ IK}, and let u : D → R be a function. We

define the following forward-difference operators for each i ∈ IM , j ∈ IN and k ∈ IK :

δ±x u(xi, yj , tk) =
u(xi±1, yj , tk)− u(xi, yj , tk)

±Δx
, (6)

δ±y u(xi, yj , tk) =
u(xi, yj±1, tk)− u(xi, yj , tk)

±Δy
, (7)

δtu(xi, yj , tk) =
u(xi, yj , tk+1)− u(xi, yj , tk)

Δtk
, (8)

μ±
x u(xi, yj , tk) =

u(xi±1, yj , tk) + u(xi, yj , tk)

2
, (9)

μ±
y u(xi, yj , tk) =

u(xi, yj±1, tk) + u(xi, yj , tk)

2
, (10)

The first three operators provide first-order approximations to the partial derivative of u
with respect to x, y and y, respectively, at the point (xi, yj , tk). We also define the following
quadratic approximation of the second-order partial derivatives of u with respect to z, for
z = x, y:

δzzu(xi, yj , tk) =
δ+z u(xi, yj , tk)− δ−z u(xi, yj , tk)

Δz
. (11)

Clearly, the operator ∇̂2u(xi, yj , tk) = [δxx + δyy]u(xi, yj , tk) provides a second-order ap-
proximation for the Laplacian of u at the point u(xi, yj , tk).

We will employ this notation to define approximations of the differential operators
introduced in Section 1. For instance, we will approximate the operator p using the discrete
operator

p̂(xi, yj , tk) = −σ∇̂2h(xi, yj , tk) + V ′(h(xi, yj , tk)), (12)

for each (i, j, k) ∈ IM × IN × IK . It is worth noticing here that the term V ′(h(x, t)) will
be approximated in an exact form in order to reduce the computer time of the simulations.
On the other hand, let

d(x, t) = ∇ · (m(h(x, t))∇p(x, t). (13)
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The finite-difference approximation for the nonlinear diffusion operator at the point (xi, yj , tk)
will be provided by the expression

d̂(xi, yj , tk) =
∑
z=x,y

d̂+z (xi, yj , tk)− d̂−z (xi, yj , tk)
Δz

, (14)

for each i ∈ int IM , j ∈ int IN and k ∈ IK ∪ {0}. Here, for each z = x, y,

d̂±z (xi, yj , tk) = m(μ±
z h(xi, yj , tk))δ

±
z p̂(xi, yj , tk). (15)

Using this notation, the finite-difference discretization used to approximate the solutions
of (5) is given by the following system of equations

ηδt ln(u(xi, yj , tk) + κ) =
d̂(xi, yj , tk)

h(xi, yj , tk) + κ
, (16)

for each i ∈ int IM , j ∈ int IN and k ∈ IK ∪{0}. Of course, initial and boundary conditions
must be imposed in order for the method to be completely defined.
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Abstract

The strong-localization limit of three-dimensional Wigner molecules, in which re-
pulsively interacting particles are confined by a vanishingly weak spherically symmetric
potential, is investigated. An explicit prescription for computation of rovibrational
wavefunctions and energies that are asymptotically exact at this limit is presented.
The performance of the new formalism is illustrated with the three- and four-electron
harmonium atoms at their strong-correlation limits.

Key words: Wigner molecules, strong-correlation, harmonium atoms

In systems with external potentials that are sufficiently weak to allow for large interelectron
distances yet steep enough to prevent ionization, localization of electrons away from the
minima of the external potential gives rise to species known as Wigner molecules [1, 2]. At
the limit of an infinitesimally weak confinement, the electronic states of these species are
de facto properly antisymmetrized parity- and spin-adapted eigenstates of a rovibrational
Hamiltonian, derivation of which shares some of its steps with the formalism of Louck [3]
that avoids references to classical quantities inherent in more conventional approaches [4].
However, the treatment of species composed exclusively of electrons differs in several aspects
from that pertaining to their counterparts comprising nuclei. First of all, since only the
leading asymptotics of the wavefunctions of individual rovibrational states and their energy
ordering are of interest here, both the Watson term [5] and the contributions due to the
vibrational angular momenta and the dependence of the inertia tensor on the vibrational
coordinates can be safely neglected. Second, separation of the translational degrees of
freedom has to be abandoned due to the center-of-mass motions (the Kohn modes [6])
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being harmonic rather than free-particle-like. Finally, some trivial simplifications ensue due
to the equal masses of all the particles in question.

Consider a Wigner molecule comprisingN electrons confined by a spherically symmetric
external potential. The rotational invariance of the potential energy V (�R) (which is the sum
of the confinement and electron-electron repulsion energies) implies V (�R) = V (U �R), where
�R ≡ (�r1, . . . , �rN ) is a supervector of N position vectors {�rj} and U �R ≡ (u�r1, . . . , u�rN ), for

any unitary matrix u. V (�R) has the global minimum at �R0 ≡ (�r01, . . . , �r
0
N ) that is oriented

in such a way that the corresponding inertia tensor I =
∑N

j=1[ (�r
0
j ·�r0j )1 −�r0j ⊗�r0j ] (where

1 is the unit matrix) is diagonal (i.e. [I]kk′ = δkk′ Ik; here and in the following, [a]k and
[A]kk′ denote, respectively, the kth and kk′th element of the vector a and the matrix A).
Consequently,

V (�R) ≈ V (�R0) +
1

2

3N−3∑
p=1

εp
[
�Ξp · (�R− �R0)

]2
, (1)

where {εp} and {�Ξp} ≡ {(�ξp1, . . . , �ξpN )} are, respectively, the eigenvalues and the normal-

ized eigenvectors of the Hessian of V (�R) at �R = �R0 (here and in the following, the symbol
≈ implies smallness of the norm ‖�R− �R0‖). The three vanishing eigenvalues, which do not
enter the sum in the expansion (1), pertain to the eigenvectors {�Ξ3N−2, �Ξ3N−1, �Ξ3N} that
describe infinitesimal rotations. Those are conveniently chosen as

�Ξ3N−3+k = I
−1/2
k (�ek ×�r01, . . . , �ek ×�r0N ) , (2)

where �e1 = (1, 0, 0), �e2 = (0, 1, 0), and �e3 = (0, 0, 1) are three unit vectors.
The above observations prompt introduction of the parameterization

�rj = T (θ1, θ2, θ3)

(
�r0j +

3N−3∑
p=1

qp �ξpj

)
(3)

for the position vectors {�rj} in terms of 3N − 3 normal displacements {qp} and the Euler
angles {θ1, θ2, θ3} of the rotation matrix (in the zyz/active convention)

T (θ1, θ2, θ3) =⎛⎝cos θ1 cos θ2 cos θ3 − sin θ1 sin θ3 − cos θ1 cos θ2 sin θ3 − sin θ1 cos θ3 cos θ1 sin θ2
sin θ1 cos θ2 cos θ3 + cos θ1 sin θ3 − sin θ1 cos θ2 sin θ3 + cos θ1 cos θ3 sin θ1 sin θ2

− sin θ2 cos θ3 sin θ2 sin θ3 cos θ2

⎞⎠ (4)

that satisfy the constraints θ1 ∈ [0, 2π], θ2 ∈ [0, π], and θ3 ∈ [0, 2π]. Application of this
parameterization leads to the familiar rovibrational Hamiltonian

Ĥrv = V (�R0) 1̂ +
1

2

3N−3∑
p=1

(
− ∂2

∂q2p
+ εp q̂

2
p

)
+

1

2

3∑
k=1

I−1
k P̂ 2

k , (5)
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where P̂k is the kth component of the body-fixed angular momentum operator. The ei-
genenergies of Ĥrv read

ELmn;{νp} = V (�R0) +

3N−3∑
p=1

ε1/2p

(
νp +

1

2

)
+ εLn , (6)

where the integer quantum numbers L, m, and n satisfy the conditions L ≥ 0, |m| ≤ L,
and |n| ≤ L, and the elements of the set {νp} of the vibrational quantum numbers are
nonnegative integers. Neither the nth eigenvalue εLn nor the corresponding normalized
eigenvector cLn of the matrix BL with the elements [7]

[BL]μμ′ =
[I−1

1 + I−1
2

4
L(L+ 1) +

2 I−1
3 − (I−1

1 + I−1
2 )

4
μ2
]
δμ,μ′ +

I−1
1 − I−1

2

8

×
(
[L(L+ 1)− (μ− 1)(μ− 2)]1/2 [L(L+ 1)− μ(μ− 1)]1/2 δμ,μ′+2

[L(L+ 1)− (μ+ 1)(μ+ 2)]1/2 [L(L+ 1)− μ(μ+ 1)]1/2 δμ,μ′−2

)
(7)

(where |μ| ≤ L and |μ′| ≤ L) depends on m hence, as expected, the eigenenergies of Ĥrv

are m-independent. In the case of I1 = I2, BL is diagonal and thus [cLn]μ = δnμ. The
eigenfunctions of Ĥrv are given by

ΨLmn;{νp}(θ1, θ2, θ3, {qp}) = π−3(N−1)/4 (I1I2I3)
−1/4

[ L∑
μ=−L

[cLn]μDLmμ(θ1, θ2, θ3)
]

×
3N−3∏
p=1

[
2−νp/2 (νp!)

−1/2 ε1/8p Hνp(ε
1/4
p qp) exp

(
−

ε
1/2
p q2p
2

)]
, (8)

where

DLmμ(θ1, θ2, θ3) =

[
2L+ 1

8π2

(L+m)! (L−m)!

(L+ μ)! (L− μ)!

]1/2
×Pm−μ,m+μ

L−m (cos θ2)

(
cos

θ2
2

)m+μ(
sin

θ2
2

)m−μ

exp[i (mθ1 + μ θ3)] (9)

[in Eqs. (8) and (9), Hn(t) and P
(α,β)
n (t) are, respectively, the Hermite and Jacobi polyno-

mials].

The actual rovibrational states ensue from these primitive wavefunctions upon parity
adaptation, incorporation of spin variables, and antisymmetrization, which is usually more
facile for ΨLmn;{νp}(�R), i.e. for ΨLmn;{νp}(θ1, θ2, θ3, {qp}) expressed in terms of the position
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vectors. Computation of such wavefunctions requires inversion of the parameterization (3),
which produces

qp =

N∑
j=1

[
T (θ1, θ2, θ3) �ξpj

]
· �rj −

N∑
j=1

�ξpj ·�r0j (10)

thanks to the orthonormality of {�Ξp} for 1 ≤ p ≤ 3N − 3, whereas the rotation matrix
obtains from the expression [8]

T (θ1, θ2, θ3) =
2ΩTΩΩT − [κ2 +Tr(ΩTΩ)]ΩT − 2κ (detΩ)Ω−1

2 detΩ− κ [κ2 − Tr(ΩTΩ)]
, (11)

where Ω ≡ Ω(�R) has the elements

[Ω]kk′ =
N∑
j=1

(�ek ·�r0j ) (�ek′ · �rj) , (12)

and κ ≡ κ(�R) is the greatest real root of the equation

κ4 − 2 Tr(ΩTΩ)κ2 − 8 (detΩ)κ+
(
2 Tr(ΩTΩΩTΩ)− [Tr(ΩTΩ)]2

)
= 0 . (13)

When inserted into Eq. (10), the resulting T (�R), i.e. T (θ1, θ2, θ3) expressed in terms of �R,
yields {qp} as functions of the position vectors {�rj}. Finally, noting that

DLmμ(θ1, θ2, θ3) =

[
2L+ 1

8π2

(L+m)! (L−m)!

(L+ μ)! (L− μ)!

]1/2
×
(T13 + i T23

2

)m (−T31 + i T32

1− T33

)μ
Pm−μ,m+μ
L−m (T33) , (14)

where Tkk′ = [T (�R)]kk′ , completes the prescription for computing ΨLmn;{νp}(�R) from Eq. (8)
for any allowed combination of quantum numbers.

For the three-electron Harmonium atom, described by the Hamiltonian

Ĥ =
1

2

N∑
j=1

(−∇̂2
j + ω2 r2j ) +

N∑
j>j′=1

|�rj − �rj′ |−1 (15)

with N = 3, this approach assigns the lowest-energy states to the parent primitive wave-
functions with vanishing vibrational quantum numbers. In particular, the 2P− doublet with
n = 1 is predicted to be the ground state that lies below the 4P+ quartet with n = 0 (both
states corresponding to the lowest allowed value of L = 1) in agreement with the results of
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accurate numerical studies [9]. For the four-electron species that forms a Wigner molecule
with the equilibrium geometry of a regular tetrahedron, one obtains the 5S− quintet as the
ground state, followed by the 3P+ triplet and the 1D+ singlet as, respectively, the first and
second excited states, their parentage being again the primitive functions with vanishing
vibrational quantum numbers. This energy ordering matches that obtained from numerical
work [10].
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Abstract

In this work we analyze, from a numerical point of view, the efficiency of a nu-
merical method used to solve a type of two dimensional parabolic singularly perturbed
problems of convection-diffusion type. In the differential equation of the initial and
boundary value problem, each component of the convective term has an interior simple
turning point, which can be of attractive or repulsive type. The algorithm combines
the fractional implicit Euler method, defined on a uniform mesh, to discretize in time,
and the classical upwind finite difference scheme, defined on an appropriated mesh, to
discretize in space. The fully discrete scheme is uniformly convergent with respect to
the diffusion parameter. Some numerical results for different test problems are showed,
which corroborate the efficiency and the order of uniform convergence of the numerical
method.

Key words: parabolic problem, convection-diffusion, turning point, finite difference
scheme, special meshes, uniform convergence
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1 Introduction

In this paper we are interested in the numerical approximation of the solution of a type
of 2D parabolic convection-diffusion problems, which is given by the initial and boundary
value problem

Lu ≡ ∂u

∂t
+ (L1,ε(t) + L2,ε(t))u = f, in Ω× (0, T ],

u(x, y, 0) = ϕ(x, y), in Ω,
u(x, y, t) = 0, in ∂Ω× [0, T ],

(1)
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where Ω ≡ (0, 1)2, and the spatial differential operators Li,ε, i = 1, 2, are defined by

L1,ε(t) ≡ −ε
∂2

∂x2
+ v1(x, y)

∂

∂x
+ k1(x, y, t),

L2,ε(t) ≡ −ε
∂2

∂y2
+ v2(x, y)

∂

∂y
+ k2(x, y, t),

(2)

respectively.

We assume that the diffusion parameter ε, 0 < ε ≤ 1, can be very small, that the
reaction terms satisfy ki(x, y, t) ≥ 0, i = 1, 2, and that the convective coefficients are given
by

v1(x, y) = −(x− 1/2)a1(x, y), v2(x, y) = −(y − 1/2)a2(x, y), (3)

or by

v1(x, y) = (x− 1/2)a1(x, y), v2(x, y) = (y − 1/2)a2(x, y), (4)

with a1 and a2 such that a1(x, y) ≥ α1 > 0, a2(x, y) ≥ α2 > 0, i.e., we assume that both
coefficients of the convective term has a simple turning point at x = 1/2 and y = 1/2
respectively. We also assume that a1, a2, k1 and k2 are sufficiently smooth functions, and
that sufficient compatibility conditions hold, in order that the exact solution be sufficiently
regular. In case (3), the turning points are attractive and therefore only internal layers,
located at x = 1/2 and/or y = 1/2, can appear depending of the smoothness of the right-
hand side of the differential equation in (1). On the other hand, in case (4), the turning
points are repulsive an therefore, in general, boundary layers at the boundary of the spatial
domain can appear in the exact solution.

Henceforth, we denote by N and M the discretization parameters, being the number of
mesh intervals in the spatial variables and in time variable, respectively. Below, we always
use the pointwise maximum norm, denoted by ‖·‖D (where D is the corresponding domain).

2 The numerical method

In this section we define the fully discrete numerical method that we propose to discretize
the continuous problem (1)-(2). The first step is the discretization in time variable. For
that, we consider the fractional implicit Euler method, which can be written as a two half
step scheme as follows. Let τ ≡ T/M be the time step, and let us consider the uniform
mesh ĪM = {tn = nτ, n = 0, 1, · · · ,M}. Let un ≈ u(x, y, tn), n = 0, 1, · · · ,M , be the
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semidiscrete solutions defined by

i) (initialize)
u0 = ϕ(x, y), (x, y) ∈ Ω.
ii) (first half step)

(I + τL1,ε(tn+1))u
n+1/2 = un + τfn+1

1 , (x, y) ∈ Ω,

un+1/2(x, y) = 0, (x, y) ∈ {0, 1} × [0, 1].
iii) (second half step)

(I + τL2,ε(tn+1))u
n+1 = un+1/2 + τfn+1

2 , (x, y) ∈ Ω,
un+1(x, y) = 0, (x, y) ∈ [0, 1]× {0, 1}, n = 0, · · · ,M − 1,

(5)

with L1,ε(t) and L2,ε(t) defined in (2) and fn+1
1 = f1(x, y, tn+1), fn+1

2 = f2(x, y, tn+1).

After the time discretization, to deduce the fully discrete scheme we must discretize in
space the one dimensional problems of (5), on a rectangular mesh wN ≡ I1,ε,N × I2,ε,N ⊂ Ω,
where

I1,ε,N = {0 = x0 < · · · < xN = 1}, I2,ε,N = {0 = y0 < · · · < yN = 1}.

For simplicity, we assume that the number of mesh points is the same at both spatial
directions. We denote by hx,i = xi − xi−1, hy,i = yi − yi−1, i = 1, · · · , N .

Let us denote in the form •N the discrete functions defined in wN , as [.]N the functions
resulting as the operation of restriction of a function defined in Ω to wN , and by Un

N the
discrete function which will approach to [u(x, y, tn)]N by using the numerical algorithm.
On the mesh wN × ĪM , the fully discrete scheme uses the classical upwind finite difference
scheme and it is defined by

i) U0
N = [ϕ(x, y)]N ,

ii) (I + τL1,ε,N (tn+1))U
n+1/2
N = Un

N + τ [fn+1
1 ]N (x, y), (x, y) ∈ wN ,

Un+1/2(x, y) = 0, (x, y) ∈ {0, 1} × I2,ε,N ,

iii) (I + τL2,ε,N (tn+1))U
n+1
N = U

n+1/2
N + τ [fn+1

2 ]N (x, y), (x, y) ∈ wN ,

Un+1(x, y) = 0, (x, y) ∈ I1,ε,N × {0, 1}, n = 0, 1, · · · ,M − 1,

(6)

where Un
N ≈ u(x, y, tn), (x, y) ∈ wN , n = 0, 1, · · · ,M , and L1,ε,N (tn+1), L2,ε,N (tn+1) are

given by

L1,ε,N (tn+1) W ≡ li−,jW (xi−1, yj) + lic,jW (xi, yj) + li+,jW (xi+1, yj), i, j = 1, · · · , N − 1,

L2,ε,N (tn+1) W ≡ li,j−W (xi, yj−1) + li,jcW (xi, yj) + li,j+W (xi, yj+1), i, j = 1, · · · , N − 1,
(7)
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with

li−,j =
−ε

hx,ih̃x,i
− (|xi − 1/2|+ (xi − 1/2))a1(xi, yj)

2hx,i
,

li+,j =
−ε

hx,i+1h̃x,i
− (|xi − 1/2| − (xi − 1/2))a1(xi, yj)

2hx,i+1
,

lic,j = k1(xi, yj , tn+1)− li−,j − li+,j , i, j = 1, · · · , N − 1,

li,j− =
−ε

hy,j h̃y,j
− (|yj − 1/2|+ (yj − 1/2))a2(xi, yj)

2hy,j
,

li,j+ =
−ε

hy,j h̃y,j+1

− (|yj − 1/2| − (yj − 1/2))a2(xi, yj)

2hy,j+1

li,jc = k2(xi, yj , tn+1)− li,j− − li,j+, i, j = 1, · · · , N − 1,

(8)

where h̃x,i = (hx,i + hx,i+1)/2, i = 1, · · · , N − 1, h̃y,j = (hy,j + hy,j+1)/2, j = 1, · · · , N − 1.

The definition of meshes I1,ε,N , I2,ε,N depends of the case that we consider. In the first
one, we assume that (3) holds and that the right-hand side is a continuous function; then,
there are not any internal layer and a uniform mesh is sufficient to prove that the fully
discrete scheme is uniformly convergent.

In the second case, we assume that (3) holds, but now the right-hand side is discontin-
uous at the points (1/2, y), 0 ≤ y ≤ 1 and/or at the points (x, 1/2), 0 ≤ x ≤ 1; then, a
internal layer appears at x = 1/2 and/or y = 1/2 which has a size O(

√
ε). Having into ac-

count this behavior of the exact solution, we define a special piecewsise uniform of Shishkin
type, which concentrates the mesh points around x = 1/2 and y = 1/2. We give the details
of the construction of I1,ε,N and analogously we proceed for I2,ε,N .

We define the transition parameter

σx = min(
1

4
,mx

√
ε logN), (9)

where mx a constant to be fixed later. We divide the interval [0, 1] in the subintervals
[0, 1/2 − σx], [1/2 − σx, 1/2 + σx] and [1/2 + σx, 1]. Then, the mesh is piecewise uniform
having N/4, N/2 and N/4 subintervals on each one of them. So, the mesh points are given
by

xi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i
4(1/2− σx)

N
, i = 0, · · · , N

4
,

1/2− σx + (i− N

4
)
4σx
N

, i =
N

4
+ 1, · · · , 3N

4
,

1/2 + σx + (i− 3N

4
)
4(1/2− σx)

N
, i =

3N

4
+ 1, · · · , N.

(10)

Finally, we assume that (4) holds and also that the right-hand side is a continuous
function; then a boundary layer appears at the boundary of the spatial domain Ω, which
has a size O(ε). We give the details of the construction of I1,ε,N and analogously we proceed
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for I2,ε,N . We define the transition parameter

σx = min(
1

4
,mxε logN), (11)

where mx a constant to be fixed later. We divide the interval [0, 1] in the subintervals
[0, σx], [σx, 1 − σx] and [1 − σx, 1]. Then, the mesh is piecewise uniform having N/4, N/2
and N/4 subintervals on each one of them. So, the mesh points are given by

xi =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
i
4σx
N

, i = 0, · · · , N
4
, i = 0, · · · , N

4
,

σx + (i− N

4
)
2(1− 2σx)

N
, i =

N

4
+ 1, · · · , 3N

4
,

1− σx + (i− 3N

4
)
4σx
N

, i =
3N

4
+ 1, · · · , N.

(12)

3 Numerical results

In this section we show the numerical results obtained with the algorithm proposed here to
solve successfully some problems of type (1). For the shake of simplicity, for all test examples
we have chosen the same decomposition for the reaction term, k1(x, y, t) = k2(x, y, t) =
k(x, y, t)/2 and the same decomposition of the right-hand side in the form f(x, y, t) =
f1(x, y, t) + f2(x, y, t), where f2(x, y, t) = f(x, 0, t) + y(f(x, 1, t) − f(x, 0, t)), f1(x, y, t) =
f(x, y, t)− f2(x, y, t).

The first example is given by

ut − εΔu− (x− 1/2)(1 + xy)ux − (y − 1/2)(x2 + y2 + exy)uy + (t+ cos(xy))u =
πt3e−t cos(π(x+ y)), (x, y, t) ∈ Ω× [0, 1],

u(x, y, t) = 0, (x, y) in ∂Ω× [0, 1],

u(x, y, 0) = 0, in Ω.

(13)

Figure 1 shows the solution at the final time t = 1; from it, we clearly see that there
are not any boundary and internal layers.

As the exact solution is unknown, to approximate the maximum pointwise errors, we
use a variant of the double-mesh principle. We calculate {ûN}, the numerical solution on
the mesh {(x̂i, ŷj , t̂n)} containing the original mesh points and its midpoints, i.e.,

x̂2i = xi, i = 0, . . . , N, x̂2i+1 = (xi + xi+1)/2, i = 0, . . . , N − 1,
ŷ2j = yj , j = 0, . . . , N, ŷ2j+1 = (yj + yj+1)/2, j = 0, . . . , N − 1,

t̂2n = tn, n = 0, . . . ,M, t̂2n+1 = (tn + tn+1)/2, n = 0, . . . ,M − 1.

Then, the maximum errors at the mesh points of the coarse mesh are approximated by

di,j,N,M = max
0≤n≤M

max
0≤i,j≤N

|uN (xi, yj , tn)− ûN (xi, yj , tn)|, (14)
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Figure 1: Solution of example (13) for ε = 10−4
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and the orders of convergence are given by q = log (di,j,N,M/di,j,2N,2M ) / log 2.

From the double-mesh differences in (14) we obtain the uniform maximum errors by
dN,M = max

ε
di,j,N,M , and from them, in a usual way, the corresponding numerical uniform

orders of convergence by quni = log
(
dN,M/d2N,2M

)
/ log 2.

Table 1 displays the results for problem (13) by using our fully discrete scheme on
uniform meshes in both space variables. From it, we deduce in this case that on uniform
meshes the method is uniformly convergent.

Table 1: Maximum errors and orders of convergence for (13) on uniform meshes

ε N=16 N=32 N=64 N=128 N=256
M=8 M=16 M=32 M=64 M=128

2−6 1.3866E-2 1.3528E-2 9.8770E-3 6.1490E-3 3.5098E-3
0.036 0.454 0.684 0.809

2−8 1.3443E-2 1.3685E-2 1.0202E-2 6.3698E-3 3.6108E-3
-.026 0.424 0.680 0.819

2−10 1.4088E-2 1.3860E-2 1.0485E-2 6.6078E-3 3.7440E-3
0.024 0.403 0.666 0.820

2−12 1.4266E-2 1.3935E-2 1.0611E-2 6.7169E-3 3.9221E-3
0.034 0.393 0.660 0.776

2−14 1.4311E-2 1.3957E-2 1.0649E-2 6.7463E-3 4.2501E-3
0.036 0.390 0.659 0.667

... ... ... ... ... ...
... ... ... ...

2−22 1.4326E-2 1.3965E-2 1.0662E-2 6.7576E-3 4.3741E-3
0.037 0.389 0.658 0.628

dN,M 1.4326E-2 1.3965E-2 1.0662E-2 6.7576E-3 4.3741E-3

quni 0.037 0.389 0.658 0.628
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The second example is the same as in (13), but now the right-hand side is given by

f(x, y, t) =

{
t(2 + sin(x+ y)), if x ≤ 1/2,

t2(1− xy), if x > 1/2,
(15)

for which again the exact solution is unknown. Note that now the right-hand side is dis-
continuous at the points (1/2, y), 0 ≤ y ≤ 1. Figure 2 shows the solution at the final time
t = 1; from it, we clearly see that there is a internal layer at y = 1/2.

Figure 2: Solution of example (13)-(15) for ε = 10−4
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Table 2 displays the results for problem (13)-(15) by using our fully discrete scheme on
the corresponding Shishkin mesh, taking mx = my = 1 to define the transition parameters
σx and σy in (9). From it, we deduce that the method is an almost first order uniformly
convergent method.

The last example is given by

ut − εΔu+ (x− 1/2)(1 + xy)ux + (y − 1/2)(3− x2 − y2)uy + (t+ cos(xy))u =
t(xy + sin(x+ y) + 2), (x, y, t) ∈ Ω× [0, 1],

u(x, y, t) = 0, (x, y) in ∂Ω× [0, 1],

u(x, y, 0) = 0, in Ω.

(16)

Figure 3 shows the solution at the final time t = 1; from it, we clearly see that there
are boundary layers at the boundary of the spatial domain.

Table 3 displays the results for problem (16) by using our fully discrete scheme on the
corresponding Shishkin mesh, taking mx = my = 1 to define the transition parameters σx
and σy in (11). From it, we deduce that the method is a first order uniformly convergent
method; so, we can conclude that in this example the global errors are dominate by the
errors associate to the dicsretization in time.
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Table 2: Maximum errors and orders of convergence for (13)-(15) on Shishkin meshes

ε N=16 N=32 N=64 N=128 N=256
M=8 M=16 M=32 M=64 M=128

2−6 1.0946E-1 6.5962E-2 3.5755E-2 1.8983E-2 1.0030E-2
0.731 0.883 0.913 0.920

2−8 1.2646E-1 8.7755E-2 5.3002E-2 2.7780E-2 1.4168E-2
0.527 0.727 0.932 0.971

2−10 1.2964E-1 8.9214E-2 4.7522E-2 2.8241E-2 1.6008E-2
0.539 0.909 0.751 0.819

2−12 1.3072E-1 7.1399E-2 5.5115E-2 3.1861E-2 1.7807E-2
0.873 0.373 0.791 0.839

2−14 1.3111E-1 8.9577E-2 5.5071E-2 2.8975E-2 1.7803E-2
0.550 0.702 0.926 0.703

... ... ... ... ... ...
... ... ... ...

2−22 1.3138E-1 8.9420E-2 5.4816E-2 3.1691E-2 1.6652E-2
0.555 0.706 0.791 0.928

dN,M 1.3138E-1 8.9577E-2 5.5115E-2 3.1861E-2 1.7807E-2

quni 0.553 0.701 0.791 0.839

Figure 3: Solution of example (16) for ε = 10−4
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Abstract

When computationally intensive classifiers are to be implemented in energy con-
strained embedded devices, there is a tradeoff between accuracy and battery life. Spe-
cific machine learning algorithms are needed in order to deploy efficient solutions for
wearable devices or medical aids, where the life span of the battery is minimal. In this
paper, a design method is proposed for finding rule-based classifiers with a sensible en-
ergy consumption for an unbalanced mix of use cases. This method is validated through
the design of a last-generation hearing aid, that can self adapt to the environment and
detect ambient noise, music or speech without human interaction.

Key words: Energy-conscious machine learning, Fuzzy rule learning, Embedded de-
vices, Hearing aids

1 Introduction: Energy-Efficient Machine Learning

Multiple lines of work within the field of machine learning can be explored in the pursuit
of energy-efficient classification systems. For example, a basic approach is to use relatively
simple classifiers with low computational costs such as decision trees or rule-based systems.
This type of schemes that often exhibit high linguistic interpretability tend to require fewer
operations to infer the class for a given instance, thus reducing the energy required to
perform the classification. In addition to this, high performing but costly schemes can also
be modified to reduce their classification complexity. Examples of this are the approximation
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of the Gaussian RBF kernel proposed in [4] to reduce the computational cost of Support
Vector Machines (SVM), and the Multiplier-less Artificial Neuron presented in [6] to improve
energy consumption on artificial neural networks.

Classifiers can also be built from scratch with complexity in mind. For instance, Multi-
objective Genetic Fuzzy Systems jointly maximize classification accuracy and minimise the
computational complexity in terms of the number of rules and the size of the antecedents.
This is done by producing a set of nondominated fuzzy classifiers with different trade-offs
between both objectives through evolutionary multiobjective optimization [2]. Feature se-
lection can also address the aforementioned issue by indirectly reducing the size of the
classifier and/or the cost associated to the computation of each feature. Other than this,
multi-objective feature selection algorithms exist that reduce the size of the feature sub-
set while maximizing classification performance [8], and multiple simple classifiers can be
combined to produce an ensemble of learned models [1].

Despite most classification schemes expend the same computational costs in all inputs,
not all instances necessarily require the same classification complexity. As according to [7],
a vast majority of inputs can be classified correctly with very low effort, and only a small
fraction require the full potential of the learned classifiers. To address this issue, various
authors have proposed multi-stage classifiers with increasing levels of complexity [5].

Our study will focus in incremental and hierarchical classifiers, whose code can be
short-circuited in part thus different subsets of features are involved when deciding between
different pairs of classes. The purpose of the design presented in this work is to restrict
the computation of the most expensive features to instances that appear with a lower
probability, minimizing the average energy consumption of the classifier.

2 Multiobjective Evolutionary Programming Classifiers

Multiobjective evolutionary algorithms (MOEAs) are to jointly optimise prediction accu-
racy, feature costs and classification complexity. A population of individuals is iteratively
evolved through the application of crossover and mutation operators. The result is a set of
non-dominated individuals, also denoted as the Pareto Efficient Frontier.

Each individual in the population is a complete classifier learned according to a prede-
fined grammar. Let us consider a simple multi-rule fuzzy classifier with as many rules as
possible classes Nc, each one targeted at determining whether or not the class is the one
associated to that rule. Each rule Rn is built according to the following grammar:

RULE Rn → if CONDITION then class is Cn

CONDITION → (CONDITION ∧ CONDITION)

| (CONDITION ∨ CONDITION)

| ASSERTION

ASSERTION → Fx is L̃t | Fx is T̃ r | Fx is R̃t
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where F1 . . . FN are the input features of every instance, ∧ is the logical conjunction com-
puted as (a ∗ b), ∨ is the logical disjunction computed as (a+ b− a ∗ b) and L̃t, R̃t, T̃ r are,
respectively, left trapezoidal, right trapezoidal and triangular fuzzy sets [3].

3 Experimental results

Preliminary results in the application of the proposed method to hearing aids support the
main hypothesis of this work: rule-based classifiers can be conceived that give up a negligible
accuracy while noticeably undercut energy consumption. In Figure 1 a typical Pareto
Efficient Frontier is displayed. This graph relates three values: (a) classification cost (b)
cost of the features (this is defined as the sum of the energetic costs of the features involved
in the classifier) and (c) error rate. In the foreseeable future, a widespread experimentation
and a comparison with other machine learning techniques will be provided.

Error rate
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Figure 1: Bidimensional representation of the Pareto Efficient Frontier obtained in the
experiment using the test set. Each of the circles represents a fuzzy rule-based classifier
with a different tradeoff between energy and accuracy.

4 Concluding remarks and future work

Modern energy constrained embedded devices can support computer intensive algorithms,
but there are few studies where machine learning techniques are oriented to maximize the
accuracy per watt. Given that the computational cost is instance dependent, the lifespan of
the battery will be optimized in terms of the distribution of the expected inputs, combining
the highest possible energy gain with the smallest loss of quality. In this respect, the
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usefulness of incremental or hierarchical classifiers, where features are only computed when
demanded, will be discussed in the full paper.
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Abstract

Based on a family of bi-parametric iterative methods for solving systems of nonlin-
ear equations, we construct a new family of bi-parametric schemes with sixth-order of
convergence. Some elements of the new family have good computational efficiency in-
dex, in comparison with other known methods. Some nonlinear systems with arbitrary
number of equations are used as numerical tests to contrast with the mentioned known
schemes.
Key words: Systems of nonlinear equations, iterative methods, order of convergence.

MSC 2000: AMS codes 65H05, 65H10

1 Introduction

The solution of nonlinear systems is a classic, frequent and important problem for many
applications in sciences and engineering. Specifically, we focus our attention to find the
solution ξ of a nonlinear system F (x) = 0, wherein F : D ⊂ Rn → Rn is a sufficiently
Frechet differentiable function in an open convex set D. The best known method for solving
this kind of problems is Newton’s scheme,

x(k+1) = x(k) − [F ′(x(k))]−1F (x(k)), k = 0, 1, 2, . . . ,

where F ′(x(k)) is the Jacobian matrix of function F evaluated in the kth iteration.
Based on Newton’s or Newton-like iterations, some higher order methods for computing

a solution of nonlinear system F (x) = 0 have been proposed in the literature. For example,
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among other authors, Montazeri et al. [5] and Hueso et al. [4], developed sixth-order itera-
tive methods requiring two evaluations of function F and two of Jacobian F ′ per iteration,
Sharma and Arora [8] designed a sixth-order method which require three functional and two
Jacobian evaluations per iteration. On the other hand, Wang et al. [9] have constructed
a seventh-order derivative free iterative method by using the first order divided difference
operator [x, y;F ] evaluated three times per iteration. The aim of these new schemes is to
accelerate the convergence or to improve the computational efficiency.

Hueso et al. in [4] developed several iterative schemes of order six; we use one of them
in the numerical section for comparing with our proposed scheme on different test problems.
In particular, in [4] the authors present the following method that we denote by HMT

y(k) = x(k) − 2

3
[F ′(x(k))]−1F (x(k)),

z(k) = x(k) −
[
−1

2
I +

9

8
[F ′(y(k))]−1F ′(x(k)) +

3

8
[F ′(x(k))]−1F ′(y(k))

]
[F ′(x(k))]−1F (x(k)),

x(k+1) = z(k) −
[
−9

4
I +

15

8
[F ′(y(k))]−1F ′(x(k)) +

11

8
[F ′(x(k))]−1F ′(y(k))

]
[F ′(y(k))]−1F (z(k)).

On the other hand, Wang et al. in [9] describe the following derivative-free seventh-order
scheme, that we denote by WZQT

y(k) = x(k) −B−1F (x(k)),

z(k) = y(k) −
[
3I − 2B−1[y(k), x(k);F ]

]
B−1F (y(k)),

x(k+1) = z(k) −
[
13

4
I −B−1[z(k), y(k);F ]

(
7

2
I − 5

4
B−1[z(k), y(k);F ]

)]
B−1F (z(k)),

where B =
[
x(k) + F (x(k)), x(k) − F (x(k));F

]
and [x, y;F ] : D ⊆ Rn → Rn is the first order

divided difference on D.
In order to compare the different methods under the point of view of the computational

cost, we recall the computational efficiency index, CI, introduced by the authors in [2],
which combine the efficiency index defined by Ostrowski [7] and the number of products-
quotients required per iteration. We define this index as CI = p1/(d+op), where p is the
order of convergence, d is the number of functional evaluations and op is the number of
products-quotients per iteration. Let us remark that for evaluating function F we need n
scalar functional evaluations (the coordinate functions of F ), whilst for evaluating Jacobian
F ′ it is necessary to evaluate n2 functions (all the entries of matrix F ′). On the other hand,
all the iterative methods for solving nonlinear systems require one or more matrix inversion,
that is, one or more linear systems must be solved. So, the number of operations needed
for solving a linear system plays in this context an important role.

We recall that the number of products and quotients required for solving a linear system
by Gaussian elimination is 1

3n
3+n2− 1

3n, where n is the size of the system. In addition, for
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solving q linear systems, with the same matrix of coefficients, by using LU decomposition we
need 1

3n
3+qn2− 1

3n products-quotients. By using this information, in Section 3 we compare
the computational efficiency index of the different methods used in this manuscript.

In this paper, we design a multidimensional family of bi-parametric iterative schemes,
whose local order of convergence is stated in Section 2. Section 3 is devoted to the analysis
of the computational efficiency index of some elements of the new family in comparison
with other known methods of the same or higher order of convergence. In order to check
the theoretical results, some tests on several nonlinear systems of equations are made in
Section 4. Finally, some conclusions are presented.

2 Design of the methods

In [1], the authors use a combination of Ostrowski’ and Chun’s methods for designing a
family fourth-order bi-parametric methods

xk+1 = yk −
1

a

[
f(xk)

f(xk) + a(b− 2)f(yk)
+

(a− 1)f(xk) + abf(yk)

f(xk)

]
f(yk)

f ′(xk)
, (1)

where yk is a Newton’s step, yk = xk − f(xk)
f ′(xk)

and a and b are arbitrary parameters.
Some algebraic manipulations allows us to generalize this family to several variables

preserving the local order of convergence four by using the divided difference operator
[·, ·;F ] : Ω×Ω ⊂ Rn ×Rn → L(Rn) defined in [6], such that [x, y;F ](x− y) = F (x)−F (y),
for any x, y ∈ Ω. Then, the multidimensional version of the class of iterative methods is

x(k+1) = y(k) −G
(
x(k), y(k)

) [
F ′(x(k))

]−1
F (y(k)),

G
(
x(k), y(k)

)
=

1

a

[
(1 + ab− 2a)I − a(b− 2)

[
F ′(x(k))

]−1 [
x(k), y(k);F

]]−1

(2)

+
1

a

[
(a+ ab− 1)I − ab

[
F ′(x(k))

]−1 [
x(k), y(k);F

]]
,

where I is the identity matrix and F ′ is the jacobian matrix associated with the nonlinear
function. Let us remark that we can rewrite function G

(
x(k), y(k)

)
as follows

G
(
x(k), y(k)

)
=
[
(1 + ab− 2a)I − a(b− 2)S(k)

]−1 [
r1I − r2S

(k) + ab(b− 2)[S(k)]2
]
, (3)

where r1 = 3−ab−2a+ab2, r2 = 2+2ab2−2a−3ab and S(k) =
[
F ′(x(k))

]−1 [
x(k), y(k);F

]
.

If we take a particular case of this bi-parametric family of iterative methods for b = 0
and any non zero values of a, we obtain

G
(
x(k), y(k)

)
=
[
(1− 2a)I + 2aS(k)

]−1 [
(3− 2a)I − 2(1− a)S(k)

]
. (4)
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If we represent 2a = 2− β we obtain

G
(
x(k), y(k)

)
=
[
(β − 1)I − (β − 2)S(k)

]−1 [
(β + 1)I − βS(k)

]
, (5)

that is, the extension of the King’s family for systems. Now, if β = 2, function

G
(
x(k), y(k)

)
= 3I − 2S(k) (6)

used in (2) is the extension of the Chun’s method for systems. However, if β = 0

G
(
x(k), y(k)

)
=
[
−I + 2S(k)

]−1
(7)

and, replacing G
(
x(k), y(k)

)
in (2), the extension of the Ostrowski’s method for systems is

obtained.
Among the different elements of multidimensional King’s family, the extension of Chun’s

method is specially efficient in computational terms. So, in order to design a higher order
procedure, it will take an special role when specific cases are searched for the predictor
step. In general, the multivariate bi-parametric family is used as a predictor, and we add
as corrector step in the following form:

x(k+1) = z(k) − T (x(k), y(k), z(k))
[
F ′(x(k))

]−1
F (z(k)), (8)

where z(k) is obtained by using (2) and

T (x(k), y(k), z(k)) = m1I +m2G(x(k), y(k)) +m3H(y(k), z(k)), (9)

being G(x(k), y(k)) defined in (3) and H(y(k), z(k)) is calculated as

H(y(k), z(k)) = (n1 + n2)I − n2G(x(k), y(k))
[
F ′(x(k))

]−1
[y(k), z(k);F ]. (10)

Theorem 1 Let F : Ω ⊆ Rn → Rn sufficiently differentiable at Ω and let ξ ∈ Ω the solution
of system of nonlinear equations F (x) = 0. Let us assume that F ′(x) is continuous and
nonsingular in ξ. We consider that x(0) is a initial approximation close enough to ξ. Then,
the sequence {x(k)}k≥0 obtained by using the iterative scheme

y(k) = x(k) −
[
F ′(x(k))

]−1
F (x(k)),

z(k) = y(k) −G(x(k), y(k))
[
F ′(x(k))

]−1
F (y(k)), (11)

x(k+1) = z(k) − T (x(k), y(k), z(k))
[
F ′(x(k))

]−1
F (z(k)),

converges to ξ with order of convergence six if m1 = −n1m3 and m2 = 1 for any n2 �= 0,
n1 and m3. Here, G(x(k), y(k)) is according to (3), T (x(k), y(k), z(k)) according to (9) and
H(y(k), z(k)) according to (10).
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By replacing in (9) the conditions on parameters m1, m2 and n2 that guarantee the
order of convergence, we obtain the following expression of T (x(k), y(k), z(k)),

T (x(k), y(k), z(k)) = (3+n2m3)I − 2G(x(k), y(k))−n2m3G(x(k), y(k))R(x(k), y(k), z(k)), (12)

where R(x(k), y(k), z(k)) =
[
F ′(x(k))

]−1
[y(k), z(k);F ]. We note that this function contains

two divided difference operators, involving a high computational cost for solving nonlinear
systems. By choosing m3 = 0, we eliminate this problem and T (x(k), y(k), z(k)) takes the
form:

T (x(k), y(k), z(k)) = 3I − 2S, (13)

that corresponds to the weight function involving Chun’s method at the second step. There-
fore, the additional computational cost is minimum by using this expression of T at third
step of the iterative process and the same weight function at the second step. In the fol-
lowing, we denote by CTV this sixth-order method.

3 Computational efficiency

Our aim in this section is to compare the efficiency of the methods by using the computa-
tional efficiency index CI, presented in the Introduction. Let us recall that CI = p1/(d+op)

where p is the order of convergence, d is the number of functional evaluations per iteration
and op is the number of products-quotients per iteration. To compute F in any iterative
method we need to calculate n scalar functions. The number of scalar functional evalua-
tions is n2 for any new derivative F ′. When we compute a first-order divided difference
[x, y;F ] we need n(n− 1) scalar functional evaluations, where F (x) and F (y) are computed
separately.

On the other hand, in order to compute an inverse linear operator we solve a n × n
linear system where we have to do 1

3n
3 + n2 − 1

3n products-quotients for obtaining LU
decomposition and solving two triangular linear systems. In addition, we need n2 divisions
for computing a first order divided difference, n products for scalar product and n2 products
for matrix-vector multiplication.

Taking into account the previous considerations, we give the index CI of the method
CTV. For each iteration we need to evaluate function F three times, once the Jacobian F ′

and once the divided difference operator, so 2n2 + 2n functional evaluations are needed.
In addition, we must to solve five linear systems with F ′(x(k)) as coefficient matrix (that
is (1/3)n3 + 3n2 − (1/3)n products-quotients), two matrix-vector products (n2 products-
quotients) and n2 divisions in the construction of the divided difference operator. Therefore,
the value of index CI for method CTV on a nonlinear system of size n× n is

CICTV = 6
1

1
3n3+9n2+5

3n .
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In Table 1 we show index CI of the schemes CTV, HMT, WZQT. In it, NFE is the
number of functional evaluations, NLS1 denotes the number of linear systems solved with
the same matrix of coefficients, NLS2 is the number of linear systems solved with other
matrix of coefficient, M × V denotes the number of matrix-vector products and DD the
number of divided difference operators.

Method NFE NLS1 NLS2 DD M × V CI

CTV 2n2 + 2n 5 0 1 2 6
1

1
3n3+9n2+5

3n

HMT 2n2 + 2n 3 3 0 3 6
1

2
3n3+11n2+4

3n

WZQT 3n2 6 0 3 3 7
1

1
3n3+15n2− 1

3n

Table 1: Functional evaluations and products-quotients of the methods

Let us observe that method WZQT needs to solve, per iteration, six linear systems with
coefficients matrix B, to evaluate three divided differences, that is 3n2 quotients, to make
three products matrix-vector and also 3n2 functional evaluations corresponding to three
evaluations of F and three evaluations of the divided difference [x, y;F ]. However, its order
of convergence is seven.

In Figure 1, we can observe the value of index CI for the compared methods and
different sizes of the nonlinear system. Let us remark that, for all the analyzed cases, the

(a) Size from 2 to 10 (b) Size from 10 to 50

Figure 1: Index CI for different sizes of the system

best index CI corresponds to method CTV.
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4 Numerical results

To illustrate the convergence behavior of the proposed method CTV, we consider some nu-
merical examples and compare the performance with the schemes described in the Introduc-
tion and denoted by HMT and WZQT. All computations are performed in the programming
package Matlab R2013b using variable precision arithmetics with 2000 digits of mantissa.
The divided differences performed are of order 1. For every method, we analyze the number
of iterations (iter) needed to converge to the solution such that ‖x(k+1) − x(k)‖ < 10−100

and ‖F (x(k+1))‖ < 10−100 is satisfied, where ‖ ·‖ denotes the Euclidean norm. To verify the
theoretical order of convergence (p), we calculate the computational order of convergence
(ACOC) introduced in [3] as

p ≈ ACOC =
ln (‖x(k+1) − x(k)‖/‖x(k) − x(k−1)‖)
ln (‖x(k) − x(k−1)‖/‖x(k−1) − x(k−2)‖) .

Let us remark that, if the entries of vector ACOC do not stabilize their values along the
iterative process, it is marked as ’-’.

In Tables 2 to 4, we show the numerical results obtained applying the described methods
on three academic nonlinear systems appearing in [9].

Example 1: The first nonlinear system to be solved is defined by F1(x1, x2, . . . , xn),
whose coordinate functions are f i

1 = x2ixi+1 − 1, for i = 1, 2, . . . , n− 1 and fn
1 = x2nx1 − 1.

Moreover, the searched root is ξ ≈ (1, 1, . . . , 1)T .

As this problem has undefined size, we choose n = 100, in order to check how the
methods behave with a big-sized system. In Table 2, the obtained results confirm the
theoretical order of convergence and show the good performance of the three methods.

Methods iter ‖x(k+1) − x(k)‖ ‖F (x(k+1))‖ ACOC

CTV 5 2.12e-595 0.0 5.9997
HMT 5 1.27e-875 0.0 5.9999
WZQT 5 2.35e-954 0.0 7.0000

Table 2: Example 1, x(0) = (1.25, 1.25, . . . , 1.25)T , with size n = 100

Example 2: Also used in [9], this nonlinear system has undetermined size, being the
involved function F2(x1, x2, . . . , xn), whose coordinate functions are defined by f i

2 = xi −
cos

(
2xi −

∑4
i=1 xi

)
, i = 1, 2, . . . , n−1, being in this case ξ ≈ (0.5149, 0.5149, . . . , 0.5149)T .

In this case, we have selected n = 4 to make the numerical tests, whose results can
be seen at Table 3. One of the known methods, HMT, has not reached convergence in a
maximum of 50 iterations and it is marked in Table 3 as ’nc’. The convergence of other
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two methods to the root is reached but, the instability of the process in both methods is
reflected in the calculated ACOC, that is oscillating until the two last iterates.

Methods iter ‖x(k+1) − x(k)‖ ‖F (x(k+1))‖ ACOC

CTV 18 8.87e-1034 2.7e-2008 -
HMT nc - - -
WZQT 19 8.14e-424 1.35e-2008 -

Table 3: Example 2, x(0) = (−1,−1, . . . ,−1)T , with size n = 4

Example 3: The last problem to be solved is defined by the nonlinear function

F3(x1, x2, . . . , xn) whose coordinate functions are f
i
3 =

n∑
j=1,j �=i

xj−exp (−xi), i = 1, 2, . . . , n,

being in this case the root ξ ≈ (0.07714, 0.07714, . . . , 0.07714)T , whose performance is pre-
sented in Table 4, where it can be observed that the seventh-order method does not converge
after 50 iterations and proposed scheme CTV and known method HMT show similar results,
in terms of precision and stability.

Methods iter ‖x(k+1) − x(k)‖ ‖F (x(k+1))‖ ACOC

CTV 4 1.26e-377 1.88e-2007 5.9639
HMT 4 1.34e-353 1.93e-2007 5.9797
WZQT nc - - -

Table 4: Example 3, x(0) = (0.55, 0.55, . . . , 0.55)T , with size n = 50

5 Conclusions

By summarizing, we have defined a sixth-order class of iterative methods for solving systems
of nonlinear equations, on the basis of the best element of a known 4th-order family. From
the numerical point of view, the simplest element of the family has been selected and tested
numerically among other known schemes of same and higher order of convergence. Its good
performance has been showed, even when the other methods fail.
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Abstract

The dynamical analysis of iterative methods without memory for solving nonlin-
ear equations, by using complex dynamics tools, is a very useful technique to study
their stability and reliability. Nevertheless, this technique can not be used on iterative
schemes with memory and it is necessary to define it as a real multidimensional discrete
dynamical system in order to afford this task. Then, the stability of the fixed points
of its rational operator associated on quadratic polynomials can be studied. A para-
metric family of order four, applied on quadratic polynomials, is studied, showing the
bifurcations diagrams and the appearance of chaos.

Key words: Nonlinear equations, iterative method with memory, basin of attraction,
stability, bifurcation.

1 Introduction

Our goal in this paper is to carry out a dynamical study of the iterative methods with
memory designed for solving a nonlinear equation f(x) = 0. As the fixed point iteration
function has more than one variable, an auxiliary function is introduced to facilitate the
calculations. Moreover, specific dynamical concepts are adapted to achieve the appropriate
numerical sense.

On the other hand, we also analyze the local convergence of the method with memory
under study. To get this aim, we use the following result, that can be found in [6].
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Theorem 1 Let ψ be an iterative method with memory that generates a sequence {xk} of
approximations to the zero α of function f(x), and let this sequence converges to α. If
there exist a nonzero constant η and nonnegative numbers ti, i = 0, 1, . . . ,m, such that the
inequality

|ek+1| ≤ η
m∏
i=0

|ek−i|ti

holds, then the R-order of convergence of the iterative method ψ satisfies the inequality

OR(ψ, α) ≥ s∗,

where s∗ is the unique positive root of the equation

sm+1 −
m∑
i=0

tis
m−i = 0.

1.1 Iterative methods with memory as discrete dynamical systems

By using the same structure defined in [1] by the authors, the expression of an iterative
method with memory, which uses two previous iterations to calculate the following estima-
tion, is

xk+1 = g(xk−1, xk), k ≥ 1,

where x0 and x1 are the initial estimations. A fixed point of this method will be obtained
when not only xk+1 = xk, but also xk−1 = xk. In order to obtain them, we define the fixed
point function G : R2 −→ R2 by means of:

G (xk−1, xk) = (xk, xk+1),

= (xk, g(xk−1, xk)), k = 1, 2, . . . ,

being x0 and x1 the initial estimations. This definition can be extended in a natural way
to adapt it to iterative schemes with memory that use more than two previous iterations
per step.

In the following we recall some basic dynamical concepts.

Definition 1 If a fixed point (z, x) of operator G is different from (r, r), where r is a zero
of f , it is called strange fixed point.

Definition 2 Let G : R2 → R2 be a vectorial function. The orbit of a point x̄ ∈ R2 is
defined as the set of successive images of x̄ by the vector function, {x̄, G(x̄), . . . , Gm(x̄), . . .}.

Definition 3 A point x∗ ∈ R2 is a k-periodic point if Gk (x∗) = x∗ and Gp (x∗) �= x∗, for
p = 1, 2, . . . , k − 1.
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The dynamical behavior of the orbit of a point of R2 is classified depending on its
asymptotical behavior. The stability of fixed points for multivariable nonlinear operators,
see for example [7], satisfies the following statements:

Theorem 2 Let G from Rn to Rn be C2. Assume x∗ is a k-periodic point. Let λ1, λ2, . . . , λn

be the eigenvalues of G′(x∗).

a) If all the eigenvalues λj have |λj | < 1, then x∗ is attracting.

b) If one eigenvalue λj0 has |λj0 | > 1, then x∗ is unstable, that is, repelling or saddle.

c) If all the eigenvalues λj have |λj | > 1, then x∗ is repelling.

In addition, a fixed point is called hyperbolic if all the eigenvalues λj of G′(x∗) have
|λj | �= 1. In particular, if there exist an eigenvalue λi such that |λi| < 1 and an eigenvalue
λj such that |λj | > 1, the hyperbolic point is called saddle point.

Moreover, a point x is a critical point of G if the associate Jacobian matrix G′(x) satisfies
det(G′(x)) = 0. One particular case of critical points, for iterative methods of convergence
order higher than two, are those fixed points with null eigenvalues λj = 0, ∀j. These points
are called superattracting, as an extension of the scalar case.

Then, if x∗ is an attracting fixed point of function G, its basin of attraction A(x∗) is
defined as the set of pre-images of any order such that

A(x∗) =
{
x(0) ∈ Rn : Gm(x(0)) → x∗,m → ∞

}
. (1)

The set of the different basins of attraction define the dynamical plane of the system.
The dynamical plane of a method is built by iterating a mesh of points and painting them
in different colors depending on the attractor they converge to.

Summarizing, in this paper we transform a family of iterative methods without mem-
ory in a class of schemes with memory holding the derivatives, stating its local order of
convergence in Section 2. Later on, the real multivatiate tools described in the Introduction
allows us to analyze in Section 3 the stability of the family, showing wide areas of good
performance but also undesired elements, as chaotic attractors.

2 Modified family with memory

The fourth-order family of parametric methods without memory under study was presented
in [4] as an efficient class to estimate the solution of nonlinear systems of equations. Its
iterative expression in the scalar case is

yk = xk − θ
f(xk)

f ′(xk)
,
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tk = xk −
f(yk) + θf(xk)

f ′(xk)
,

xk+1 = xk −
f(tk) + f(yk) + θf(xk)

f ′(xk)
, k = 1, 2, . . .

and its local order of convergence is three, being fourth-order for θ = ±1, under standard
conditions. We denote this family by HMT.

In [1] this family was modified, by substituting the derivative f ′(xk) appearing in all the
steps by f [xk, wk] (where wk = xk + γkf(xk)), to obtain a class of methods with memory,
denoted by MHMT. Its iterative expression is

γk = − 2

f [xk, xk−1]
,

wk = xk + γkf(xk),

yk = xk − θ
f(xk)

f [xk, wk]
, (2)

tk = xk −
f(yk) + θf(xk)

f [xk, wk]
,

xk+1 = xk −
f(tk) + f(yk) + θf(xk)

f [xk, wk]
, k = 1, 2, . . .

and its order of convergence was proved to be at least
1

2

(
3 +

√
13
)
if θ �= 0, and 2 +

√
6

if θ = 1. Its stability properties were studied, by using some tools of multidimensional real
dynamics, and although it was showed to be stable in general, some unstable elements were
found; in particular, two strange attractors were detected.

2.1 Design and local convergence

It is possible to design other classes with memory from HMT family, preserving the deriva-
tives. In this paper, we add to the derivative appearing in each step the term γf(xk), being
the accelerating parameter γ the same at each step of the iterative procedure. The iterative
expression of the resulting class is

yk = xk − θ
f(xk)

f ′(xk) + γf(xk)
,

tk = xk −
f(yk) + θf(xk)

f ′(xk) + γf(xk)
,

xk+1 = xk −
f(tk) + f(yk) + θf(xk)

f ′(xk) + γf(xk)
, k = 1, 2, . . .

It is easy to prove that the third-order of convergence is held and the error equation
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is ek+1 = (1 − θ)(γ + 2c2)(γ + (1 + θ)c2)e
3
k + O(e4k), where c2 =

f ′′(α)
2f ′(α)

. Moreover, we get

fourth-order of convergence for θ = 1 (as in the original method), but not for θ = −1.
To transform the resulting iterative family in other one with memory increasing the

order of convergence it is enough to define γ = −2c2; however, it has no sense to use the
zero α. We propose the following estimation by using only divided differences,

γk = −f ′[xk, xk−1]

f [xk, xk−1]
.

So, we get

γk = −f ′(xk)− f ′(xk−1)

f(xk)− f(xk−1)

yk = xk − θ
f(xk)

f ′(xk) + γkf(xk)
, (3)

tk = xk −
f(yk) + θf(xk)

f ′(xk) + γkf(xk)
,

xk+1 = xk −
f(tk) + f(yk) + θf(xk)

f ′(xk) + γkf(xk)
, k = 1, 2, . . .

denoted by MF. The local convergence of this scheme is analyzed in the following result.

Theorem 3 Let α be a simple zero of a sufficiently differentiable function f : D ⊂ R → R
in an open interval D. If x0 and x1 are sufficiently close to α, then the order of convergence

of method with memory (3) is at least
1

2

(
3 +

√
13
)
. The error equation is

ek+1 = −(θ − 1)2c2(2c
2
2 − 3c3)ek−1e

3
k +O4(ek−1ek),

where cj =
1

j!

f (j)(α)

f ′(α)
, j = 2, 3, . . . However, if θ = 1, the error equation is

ek+1 = (−4c52 + 12c32c3 − 9c2c
2
3)e

2
k−1e

4
k +O6(ek−1ek),

being the local order 2 +
√
6.

As our aim is to analyze the dynamical behavior of the proposed families on real
quadratic polynomials, we will study the fixed point operator associated to the presented
families on p1(x) = x2−1, p2(x) = x2+1 and p3(x) = x2, that will be denoted by M1,θ(z, x),
M2,θ(z, x) and M3,θ(z, x), respectively.

In order to analyze the stability of the members of the class MF, we study the asymptotic
behavior of the fixed points of the respective rational functions obtained by applying the
fixed point operator on each one of the polynomials, pi(x), i = 1, 2, 3, respectively.
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3 Multidimensional dynamical analysis

In this section, we analyze the dynamics of the operator associated to family MF on
quadratic polynomials. The associate fixed point operator on p1(x) = x2 − 1 is

M1,θ(z, x) =

(
x, x−A−B − (x+ z)

(x−A−B)2 − 1

2(1 + xz)

)
,

where

A =

(
x2 − 1

)
(x+ z)(θ(x− 1)(x+ z)− 2(1 + xz))(θ(x+ 1)(x+ z)− 2(1 + xz))

8(xz + 1)3

and

B =
θ
(
x2 − 1

)
(x+ z)

2(xz + 1)
.

Let us observe that the previous operator depends on three elements the last iteration, xk
(denoted by x), the previous one xk−1 denoted by z and one free (θ �= 0) parameter, θ.

By the way the bidimensional operator M1,θ(z, x) is constructed, it has a fixed point
at (z, x) if M1,θ(z, x) = (z, x). It means that z = x and then, all the fixed points have two
equal components. In the following result we present the different fixed points and their
respective stability.

Proposition 1 The fixed points (and their stability) of the operator associated to MF on
quadratic polynomial p1(x) are:

a) Points (1, 1) and (−1,−1) associated to the roots, being both superattracting.

b) The origin (z, x) = (0, 0), which is an attracting fixed point for −4 < θ < −2, it is
repulsive if a < −4 and it is a saddle point if a > −2.

c) The real roots of polynomial

m(x) = 2 + θ +
(
9− 2θ2

)
x2 +

(
17− 3θ + 2θ2 + 2θ3

)
x4 +

(
18 + 4θ2 − 4θ3 − θ4

)
x6

+
(
12 + 3θ − 4θ2 + 3θ4

)
x8 +

(
5− 2θ2 + 4θ3 − 3θ4

)
x10

+
(
1− θ + 2θ2 − 2θ3 + θ4

)
x12,

whose number varies depending on the range of parameter θ: there are two real saddle
points if θ < −2, none if −2 ≤ θ < 6.66633, two non-hyperbolic points if θ ≈ 6.66633
and four (two saddle and two repulsive points) if θ > 6.66633.

Although the fixed point function is different from that analyzed in [1], this result
coincides exactly with the one obtained in that manuscript for the family (2), we refer to
that reference for the proof.
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(b) θ = −3

Figure 1: Dynamical plane of MF method on p2(x) = x2 + 1

Now, we study the behavior of the rational function associated to family MF on p2(x) =
x2 + 1

M2,θ(z, x) =

⎛⎜⎜⎜⎝x,C − (x+ z)
1 + C2

2(xz − 1)
− (x+ z)

(
C − (1+C2)

2(xz−1)

)2

+ 1

2(xz − 1)

⎞⎟⎟⎟⎠ ,

where

C = x+
θ
(
x2 + 1

)
(x+ z)

2(1− xz)
.

Proposition 2 The fixed points (and their stability) of the operator M2,θ(z, x) are:

a) The origin (z, x) = (0, 0), which is an attracting fixed point for −4 < θ < −2, it is
repulsive if θ < −4 and it is a saddle point if θ > −2.

c) The real roots of polynomial

r(x) = 2 + θ −
(
9− 2θ2

)
x2 +

(
17− 3θ + 2θ2 + 2θ3

)
x4 −

(
18 + 4θ2 − 4θ3 − θ4

)
x6

+
(
12 + 3θ − 4θ2 + 3θ4

)
x8 −

(
5− 2θ2 + 4θ3 − 3θ4

)
x10

+
(
1− θ + 2θ2 − 2θ3 + θ4

)
x12,

whose number varies depending on the range of parameter θ: there are two real saddle
points if θ < −2, two non-hyperbolic points if θ = −2, four (two saddle and two at-
tracting fixed points) if −2 < θ < −1.97095, two non-hyperbolic points if θ ≈ −1.97095
and none if θ > −1.97095.
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Some of the behavior shown in the previous proposition is visualized in Figure 1. Specif-
ically, Figure 1a shows the two small basins of attraction of the simultaneously attracting
strange fixed points for θ = −1.98. When θ = −3, (0, 0) is the only attracting fixed point,
as it can be observed in Figure 1b.

p=[NaN,NaN]
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(b) θ = 1.5

Figure 2: Dynamical plane of MF method on p3(x) = x2

Finally, the rational function associated to family MF on p3(x) = x2 is

M3,θ(z, x) =

(
x,−x(θ(x+ z)− 2z)

(
θ(x+ z)2 + 2z(z − x)

)
D

128z7

)
,

where D = θ2(x+ z)4 − 4θxz(x+ z)2 + 4z2
(
x2 + 3z2

)
.

Let us remark that the only fixed point of the operator associated to MF on quadratic
polynomial p3(x) is (z, x) = (0, 0). In this case, an indetermination appears when its
stability is analyzed, so it cannot be determined by using Robinson’s theorem. However,
the dynamical planes in Figure 2 show that it behaves as a saddle point and it remains at
the Julia set.

In order to deep in the analysis of the whole parametric family, it is usual to plot a
bifurcation diagram, called Feigenbaum diagram, to study the changes of behavior of a fixed
point, depending on the values of parameter θ. These kind of diagrams show us the way
from regularity to chaos, if it exists (see, for example, [2], [3], [5]).

3.1 Bifurcation diagrams

Now we present the bifurcation diagrams of the map associated to MF family on quadratic
polynomials pi(x) i = 1, 2, 3, by using as a starting point each one of the strange fixed points
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of the map and observing the ranges of the parameter θ where changes of stability or other
behavior happen. This allows us to check the studied dependence of the stability of these
points on the parameter and also to find numerically strange attractors, if they exist.

(a) (0, 0) (b) r1 (c) r2

Figure 3: Bifurcation diagrams of family MF on p1(x) starting from fixed points

To draw these Feigenbaum diagrams, 500 elements of the orbit of each strange fixed
point are calculated, plotting the last 400, for each value of parameter θ (after a partition
of the analyzed interval in 5000 subintervals). To avoid unnecessary repetitions, we do not
show the bifurcation diagrams of all the strange fixed points. It has been checked that the
orbits of these fixed points depend on the stability of the origin (some of them tend to (0, 0)
for θ ∈] − 4,−2[), but mostly tend to the roots of p(x). However, some details of these
bifurcation diagrams must be calculated, as it seems chaotic behavior is observed in some
figures.

By using the strange fixed point (0, 0) as initial estimation, a bifurcation diagram can
be seen in Figure 3a. Let us remark in this case that it fully coincides with the stability
of this fixed point, stated in Proposition 2; that is, (0, 0) is an attracting fixed point for
θ ∈]− 4,−2[. Out of this interval iterations (points in blue color) tend to one of the roots,
-1 or 1.

(a) (0, 0) (b) r8 (c) r12

Figure 4: Bifurcation diagrams of family MF on p2(x) starting from fixed points
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In Figure 3b, some unstable behavior appears in the same conflictive area (interval
θ ∈ [−6,−4]) where strange attractors appeared in the corresponding family of iterative
methods without derivatives. Further analysis is necessary to determine if there exist also
here this kind of behavior. Moreover, when other strange initial points are used as initial
estimations, convergence yields to one of the roots of the polynomial p1(x), or they become
complex.

When bifurcation diagrams are plotted in case of strange fixed points of operator
M2,θ(z, x), doubling-period bifurcation are found for values θ ∈] − 5,−4[ in case of (0, 0),
r6, r8 or r12 are used as initial estimations (see Figure 4).

To clarify the behavior of family MF with memory, we plot in (x, z)-space the iteration of
operator M2,θ (z, x), for values of parameter θ in specific blue regions of Figure 4b. So, some
symmetric attractors have been found, (see Figure 5). The way these pictures have been
obtained is the following: fixing the value of parameter θ, 10000 different initial estimations
have been taken in rectangle [−0.5, 0.5] × [−0.5, 0.5] . The method has been used on each
of them, plotting one point per iteration. The resulting images show that four attracting
curves appear and it can be observed that small perturbations in the value of the parameter
make these attracting regions bigger until they become one only strange attractor.

(a) θ = −4.9 (b) θ = −4.95 (c) θ = −4.98

(d) θ = −5 (e) θ = −5.1 (f) θ = −5.22

Figure 5: Strange attractors of family MF on p2(x)
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Abstract

This study presents several matrix iterative methods for finding the sign of a square
complex matrix. These schemes are obtained by transforming a family of parametric
iterative methods for solving nonlinear equations to the context of nonlinear matrix
equations. Several special cases including global convergence behavior are dealt with.
We show that they are asymptotically stable and have order of convergence six. Several
numerical experiments for random matrices with different sizes are presented. These
results show the effectiveness of the proposed schemes.

Key words: Matrix sign function, stability, iterative methods, Chebyshev-Halley fam-
ily, eigenvalues.

1 Introduction

It is known that the function of sign in the scalar case is defined for any z ∈ C not on the
imaginary axis by

sign(z) =

{
1, Re(z) > 0,
−1, Re(z) < 0.

An extension of this function for the matrix case was given firstly by Roberts in [14], who
introduced the matrix sign function as a tool for model reduction and for solving Lyapunov
and algebraic Riccati equations. The problem of computing a function of a matrix, named
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by f(A), is of growing significance, though as yet numerical methods are developed for
this purpose. In between, matrix sign function has undoubtedly a clear importance in
the theory and application of matrix functions (e.g. one may refer to [3, 4, 15]). The
matrix sign function has basic theoretical and algorithmic relations with the matrix square
root, the polar decomposition, and from time to time, with the matrix pth roots (see for
more [7, chapter 5]).

The matrix sign function is a valuable tool for the numerical solution of Sylvester and
Liapunov matrix equations [1]. A generalization of the Newton iteration for the matrix
sign function to the solution of the generalized algebraic Bernoulli equations was presented
in [2]. This matrix function is used in [13] as a simple and direct method to derive some
fundamental results in the theory of surface waves in anisotropic materials. For other
applications of matrix sign function, we refer the reader to [12]. Due to the applicability
of the matrix sign function, stable iterative schemes have become some viable choices for
approximating this matrix.

Assume that A ∈ Cn×n is a matrix with no eigenvalues on the imaginary axis. To define
this matrix function formally, let A = PJP−1 be a Jordan canonical form arranged so that
J = diag(J1, J2), where the eigenvalues of J1 ∈ Cp×p lie in the open left half-plane and
those of J2 ∈ Cn−p×n−p lie in the open right-plane, then

S = sign(A) = P

(
−Ip 0
0 In−p

)
P−1.

This matrix function can be uniquely defined (A is a nonsingular square matrix). The most
concise definition of the matrix sign decomposition is given in [5, 10] as follows:

A = SN = A(A2)−1/2(A2)1/2, (1)

whereas S = A(A2)−1/2 is the matrix sign function and 1/2 denotes the principal matrix
square root of a given matrix.

This matrix function has several properties. Some of them are given by [10]:

1. S2 = I (S is involutory).

2. S is diagonalizable with eigenvalues ±1.

3. SA = AS.

4. If A is real, then S is real.

5. (I + S)/2 and (I − S)/2 are projectors onto the invariant subspaces associated with
the eigenvalues in the right half-plane and left half-plane, respectively.
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A number of matrix functions f(A) are amenable to computation by iteration functions
of the form Xk+1 = g(Xk) [7], where for the iterations used in practice, X0 is not arbitrary
but is a fixed function of A. Taking into account the computational burden makes it obvious
that g is a polynomial or rational function. Rational g requires the solution of linear systems
with multiple right-hand sides, or even explicit matrix inversion.

It is necessary to recall that outcomes and intuition from scalar nonlinear iterations
do not necessarily generalize to the matrix case. As an illustration, standard convergence
conditions expressed in terms of derivatives of g at a fixed point in the scalar case do not
directly translate into analogous conditions on the Frechét and higher order derivatives in
the matrix case.

In this paper, we focus on iterative methods for finding matrix S. In fact, such methods
are Newton-type ones which are fixed-point methods producing a convergent sequence of
matrices via applying a suitable initial matrix. The most known method of this class is the
quadratic Newton’s method (NM) defined by

Xk+1 =
1

2

(
Xk +X−1

k

)
, (2)

when X0 = A has been chosen as an initial matrix.

It should be remarked that iterative methods, such as (2) and Newton-Schultz iteration
(NSM)

Xk+1 =
1

2
Xk

(
3I −X2

k

)
, (3)

or the cubically convergent Halley method (HM)

Xk+1 =
[
I + 3X2

k

] [
Xk(3I +X2

k)
]−1

, (4)

are special cases of the Padé family or its reciprocal proposed originally in [11].

Motivated by the recent developments in this area [6, 16], we here propose some com-
putationally variants of Chebyshev-Halley type scheme possessing a free parameter. An
improvement of this family is given as our main contribution to possess high rate of con-
vergence with global convergence behavior for some of its special members. The stability
of the schemes are considered to show that the rounding errors remain under control.

The rest of the paper is organized as follows. In Section 2, a Chebyshev-Halley type
family of schemes for solving nonlinear scalar equations is proposed. Some discussions on
several members of the family are given, including the global convergence, the stability
and the order of convergence. In Section 3, various numerical examples are considered to
confirm the theoretical results. A comparison with the existing methods is also presented
therein.
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2 Construction of the family of schemes

It is known that Chebyshev-Halley family of iterative methods for approximating the simple
roots of the nonlinear equation f(x) = 0 has the iterative expression

xk+1 = xk −
(
1 +

1

2

L(xk)

1− aL(xk)

)
f(xk)

f ′(xk)
, (5)

where a ∈ R is an arbitrary parameter and L(xk) =
f ′′(xk)f(xk)

f ′(xk)2
is the logarithmic con-

vexity operator. For every value of parameter a, the convergence order is cubic. Here,
we consider the general expression (5) to solve the following nonlinear matrix equation
X2 = I, where I is the identity matrix, and we obtain the following iterative expression in
the reciprocal form

Xk+1 =
(
−4aXk + 4(−2 + a)X3

k

) [
I − 3X2

k(2I +X2
k) + 2a(−I +X4

k)
]−1

. (6)

The main goal and motivation in constructing iterative methods for matrix sign is to attain
as fast as possible order of convergence with minimal computational costs.

Expression (6) is costly to attain matrix sign function since it requires four matrix
matrix multiplications (mmm) and one inverse per computing cycle to reach the local order
3. To improve this family of schemes and construct a more economic family of iterations,
we propose the following nonlinear scalar solver,

yk = xk −
(
1 +

1

2

L(xk)

1− aL(xk)

)
f(xk)

f ′(xk)
,

xk+1 = yk −
f(yk)

f [yk, xk]
,

(7)

where f [yk, xk] =
f(yk)− f(xk)

yk − xk
. By using Taylor expansion of the different elements of the

iterative expression we can prove the following result.

Theorem 1 Let f(x) be at least three times differentiable in a neighborhood of its simple
zero α. If an initial approximations x0 is sufficiently close to α, then sequence {xk}k≥0

obtained from (7) converge to α with at least order of convergence four.

From the reciprocal form of (7) we design a new family of improved Chebyshev-Halley
type iterative methods for solving X2 − I = 0:

Xk+1 =
(
Xk − 6aXk + 2(−7 + 2a)X3

k + (−3 + 2a)X5
k

)
W−1

k , (8)

where Wk =
[
(1− 2a)I − 2(3 + 2a)X2

k + (−11 + 6a)X4
k

]
.
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Further simplifying results to

Xk+1 = Xk

(
(1− 6a)I + 2(−7 + 2a)X2

k + (−3 + 2a)X4
k

)
W−1

k , (9)

which requires four mmm and one matrix inverse to reach a higher rate of convergence four
in contrast to (6). Note that, Xk (k ≥ 0), are rational functions of A and hence, like A,
commute with S.

On modern computers with hierarchical memories, matrix multiplication is usually
much faster than solving a matrix equation or inverting a matrix, so iterations such as (9)
that are multiplication-rich are preferred. In what follows, we list some special cases from
the family (9).

• Choosing a = 0 results in (PM1):

Xk+1 = Xk

(
−I + 14X2

k + 3X4
k

) [
−I + 6X2

k + 11X4
k

]−1
.

• Choosing a = 1/2 results in (PM2):

Xk+1 =
(
I + 6X2

k +X4
k

) [
4(Xk +X3

k)
]−1

.

• Choosing a = −1/2 results in (PM3):

Xk+1 = Xk

(
−2I + 8X2

k + 2X4
k

) [
−I + 2X2

k + 7X4
k

]−1
.

• Choosing a = 1 results in (PM4):

Xk+1 = Xk

(
5I + 10X2

k +X4
k

) [
I + 5X2

k(2 +X2
k)
]−1

.

• Choosing a = −1 results in (PM5):

Xk+1 = Xk

(
−7I + 18X2

k + 5X4
k

) [
−3I + 2X2

k + 17X4
k

]−1
.

• Choosing a = −2 results in (PM6):

Xk+1 = Xk

(
−13I + 22X2

k + 7X4
k

) [
−5I − 2X2

k + 23X4
k

]−1
.

• Choosing a = 3/2 results in (PM7):

Xk+1 = Xk

(
4(I +X2

k)
) [

I + 6X2
k +X4

k

]−1
.

• Choosing a = −3/2 results in (PM8):

Xk+1 = Xk

(
−5I + 10X2

k + 3X4
k

) [
−2I + 10X4

k

]−1
.

• Choosing a = −4/5 results in (PM9):

Xk+1 = Xk

(
−29I + 86X2

k + 23X4
k

) [
−13I + 14X2

k + 79X4
k

]−1
.
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It is quite obvious that the sign matrix may be used to determine the number of
eigenvalues of a given matrix A to the right or left of any straight line x = a, (a ∈ R) in the
complex (x, y) plane [8]. To be more precise, the above iterations may be used to determine
whether a matrix is stable. It is also apparent that we may easily determine the number of
eigenvalues inside a vertical strip bounded by the lines x = b and x = c with b, c ∈ R and
b < c, provided that no eigenvalues of A lie on these lines.

In the rest of this section it is discussed for which values of the free parameter a, onemay
attain an efficient scheme for computing matrix sign function. We remark that a method
for computing S must be globally convergent and it is of practical interest if it does not
belong to the general Padé family.

So, it must be checked that for which values of a the convergence is global. To pursue
this aim, it is enough to draw the basins of attraction for the scheme (9) to solve the
scalar equation f(x) := x2 − 1 = 0 (for more information on pure matrix methods and
their global convergence behavior one should consult the thesis [9]). We take a rectangle
D = [−2, 2] × [−2, 2] ⊂ C and assign a color to each point z0 ∈ D according to the simple
zero at which the scheme from (9) converges and we mark the point as black if the method
does not converge. Here, we take into account the stopping criterion for convergence to
be |f(xk)| ≤ 10−2 wherein the maximum number of full cycles for each method is 200 in
the written Mathematica codes. Following such a procedure, we distinguish the attraction
basins by their colors for different methods, which are shaded according to the number of
iterations.

Results of dynamical behaviors for different cases are brought forward in Figures 1-3.
Checking the results and comparing by the schemes from Padé family, it is yield that PM1,
PM3, PM5, PM8 and PM9 are not of global convergence and they would not be of further
interest. On the other hand, PM2, PM4 and PM7 are members from the Padé family. While
this shows the generality of the proposed Chebyshev-Halley type method, we can deduce
that PM6 is new with global convergence.

(a) NM (b) HM (c) NSM (d) PM1

Figure 1: Basins of atraction for Newton, Halley, Newton-Schulz methods and a = 0
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(a) PM2 (b) PM3 (c) PM4 (d) PM5

Figure 2: Basins of atraction for a = 0.5, a = −0.5, a = 1 and a = −1

(a) PM6 (b) PM7 (c) PM8 (d) PM9

Figure 3: Basins of atraction for a = −2, a = 3/2, a = −3/2 and a = −4/5

It can be proved that several members of the proposed family of Chebyshev-Halley
type schemes (9) are convergent with fourth-order, by choosing as initial guess X0 = A. In
addition, it can be analyzed how a small perturbation at kth iterate is amplified or damped
along the iterates, which could be considered as asymptotical stability.

3 Numerical experiments

In this section we present some numerical tests for computing the matrix sign function, by
using Mathematica 8 with 53 digit binary. In this work, the computer specifications are
Windows 7 Ultimate with Intel(R) Core(TM) i5-2430M CPU 2.40GHz processor and 8.00
GB of RAM on a 64-bit operating system.

Different methods are compared in terms of number of iterations and the computational
CPU time. We only apply methods with global convergence behavior for comparison. The
compared schemes are NM, HM, PM4, PM7, PM6 and ANM (accelerated Newton’smethod)
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which is defined by ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
X0 = A,

μk =

√
‖X−1

k ‖
‖Xk‖

,

Xk+1 =
1
2

(
μkXk + μ−1

k X−1
k

)
.

(10)

One can similarly accelerate the performance of the new schemes from the improved
Chebyshev-Halley type family (9) using some strategy as in (10). But since the computation
of the scaling parameter μk is occasionally costly, we do not study it deeply for our family
of iterations. The stopping criterium in this work is ‖X2

k − I‖2 ≤ 10−8.

Example 1 In this series of experiments, we compute the matrix sign function of the fol-
lowing 10 randomly generated matrices

SeedRandom[1234]; number = 10;

Table[A[l] = RandomReal[{-100, 100}, {100 l, 100 l}];, {l, number}];

The results are displayed in Tables 1-2 on random matrices of size 100i × 100i, i =
1, 2, . . . , 10. The results confirm the theoretical aspects of Sections 2-3. They show that
there is a reduction in the number of iterations and computational time using PM4, PM7
and PM6. PM4 and PM7 are the best methods in terms of computational times. Note that
the computation of X2

k per cycle for calculating the stopping condition adds one matrix-
matrix multiplication for NM, while the HM and the proposed methods form this matrix
during the process of each step.

Matrix No. NM ANM HM PM7 PM4 PM6

A100×100 17 11 11 9 8 10
A200×200 19 14 12 10 8 12
A300×300 20 16 13 10 9 12
A400×400 24 18 15 12 11 14
A500×500 20 16 13 10 9 12
A600×600 23 21 14 12 10 14
A700×700 22 18 14 11 10 13
A800×800 23 21 15 12 10 14
A900×900 23 19 14 12 10 14
A1000×1000 23 21 15 12 10 14

Table 1: Comparison of number of iterations for Example 1.
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Matrix No. NM ANM HM PM7 PM4 PM6

A100×100 0.0368623 0.0531857 0.0275516 0.0263713 0.0235674 0.0269054
A200×200 0.158083 0.273685 0.121207 0.113714 0.0977962 0.135305
A300×300 0.44521 0.843781 0.353374 0.315238 0.289896 0.367553
A400×400 1.09422 1.91654 0.88232 0.842601 0.829421 0.984137
A500×500 1.57968 2.92306 1.37999 1.19248 1.1876 1.45492
A600×600 2.97305 6.32247 2.37401 2.30263 2.16222 2.7574
A700×700 4.54777 8.51585 3.7262 3.3351 3.27217 3.94201
A800×800 7.25574 15.3073 6.00425 5.25829 4.87302 6.25886
A900×900 10.361 20.1839 8.11459 7.57771 6.7404 9.08985
A1000×1000 14.3216 31.2905 11.6792 10.3742 9.34322 12.3002

Table 2: Comparison of the elapsed time for Example 1.

Similar numerical experiments have been carried out on variety of problems which
confirm the above conclusions to a great extent. Finally, we can conclude from numerical
experiments that new proposed schemes confirm the theoretical results and show consistent
convergence behavior.
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2 Instituto Tecnológico de Santo Domingo (INTEC), Santo Domingo, República
Dominicana

emails: acordero@mat.upv.es, javier.garcia@intec.edu.do, jrtorre@mat.upv.es,
maria.penkova@intec.edu.do

Abstract

In this paper we present a comparison between the real multidimensional dynamical
behaviour of Ostrowski’ and Chun’s methods to solve systems of nonlinear equations.
In general, scalar methods can be transfered to make them suitable to solve nonlinear
systems. The dynamical behavior of the rational operator associated to a scalar method
applied to low-degree polynomials has shown to be an efficient tool for analyzing the
stability and reliability of the methods. However, although it is possible to transfer
both Ostrowski’ and Chun’s methods from equations to systems of equations, a good
scalar dynamical behaviour does not guarantee a good one in multidimensional case.

Key words: Nonlinear system of equations, iterative method, basin of attraction,
dynamical plane, stability.

1 Introduction

Let us consider the problem of finding a real zero of a function F : D ⊆ Rn −→ Rn that is,
a solution x̄ ∈ D of the nonlinear system F (x) = 0, of n equations with n variables, being
fi, i = 1, 2, . . . , n the coordinate functions of F . This solution can be obtained as a fixed
point of some function Ḡ : Rn −→ Rn by means of the fixed-point iteration method

x(k+1) = Ḡ(x(k)), k = 0, 1, . . . , (1)
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where x(0) is the initial estimation.

Methods for solving nonlinear equations f(x) = 0, f : I ⊆ R −→ R can be transferred
to systems F (x) = 0, F : D ⊆ Rn −→ Rn. To adapt a scalar method a variable is replaced
by a vector, but not all methods are easy to adapt, the extension to systems requires to
rewrite the iterative expression in such a way that there are no evaluations of the nonlinear
function F in the denominator, as they will become vectors in the extension to systems. To
solve this problem the divided difference operator can be used [x, y;F ], see [1]. Once the
method has been transfered to multivariate case, a dynamical study can be made to see if
good methods for solving nonlinear equations are still stable when extended to systems.

In [1] a new family is introduced, the Ostrowski-Chun family of iterative methods, and
the class is extended to systems by using que divided difference operator. In this paper we
analyze the real multidimensional dynamical behaviour of two members of this family.

This paper is organized as follows: in Section 2 some concepts of real multidimensional
dynamics extended to nonlinear systems are introduced. In Section 3 we study the dynam-
ical behaviour of Ostrowski’ and Chun’s methods. Finally, some conclusions are stated.

2 Basic concepts

Some dynamical studies by using complex dynamics tools have been made for iterative
methods for solving nonlinear equations on low degree polynomials, see [2, 3, 4]. These
techniques have proved to be efficient to analyze the stability of a method or to select the
most stable members of a family.

In this work, we propose a dynamical study of Ostrowski’ and Chun’s method to solve
systems of nonlinear equations. In order to analyze the dynamical behavior of a fixed-
point iterative method for nonlinear systems when is applied to n-variable polynomial p(x),
p : Rn → Rn, x ∈ Rn , it is necessary to recall some basic dynamical concepts (see for
example [5, 6]).

Let us denote by G(x) the vectorial fixed-point function associated to the iterative
method on polynomial p(x). Let us note that the next concepts and results are also valid
when the iterative method is applied on a general function F (x).

Definition 2.1 Let G : Rn → Rn be a vectorial rational function. The orbit of a point
x(0) ∈ Rn is defined as the set of successive images of x(0) by the vectorial rational function,{
x(0), G(x(0)), . . . , Gm(x(0)), . . .

}
.

The dynamical behavior of the orbit of a point of Rn can be classified depending on its
asymptotic behavior. In this way, a point x∗ ∈ Rn is a fixed point of G if G(x∗) = x∗.

We recall a known result in discrete dynamics that gives the stability of fixed or periodic
points for nonlinear operators.
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Theorem 1 ([6], page 558) Let G from Rn to Rn be C2. Assume x∗ is a period-k point.
Let λ1, λ1, . . . , λn be the eigenvalues of G′(x∗).

a) If all the eigenvalues λj have |λj | < 1, then x∗ is attracting.

b) If one eigenvalue λj0 has |λj0 | > 1, then x∗ is unstable, that is, repelling or saddle.

c) If all the eigenvalues λj have |λj | > 1, then x∗ is repelling.

In addition, a fixed point is called hyperbolic if all the eigenvalues λj of G′(x∗) have
|λj | �= 1. In particular, if there exist an eigenvalue λi such that |λi| < 1 and an eigenvalue
λj such that |λj | > 1, the hyperbolic point is called saddle point.

Let us note that, the entries of G′(x∗) are the partial derivatives of each coordinate
function of the vectorial rational operator that defines the iterative scheme.

If a fixed point is not a root of the nonlinear function, it is called strange fixed point and
its character can be analyzed in the same manner. Then, if x∗ is an attracting fixed point
of the rational function G, its basin of attraction A(x∗) is defined as the set of pre-images
of any order such that

A(x∗) =
{
x(0) ∈ Rn : Gm(x(0)) → x∗,m → ∞

}
.

As in the scalar case, the set of points whose orbits tend to an attracting fixed point
x∗ is defined as the Fatou set, F(G). The complementary set, the Julia set J (G), is the
closure of the set consisting of its repelling fixed points, and establishes the borders between
the basins of attraction.

3 Dynamical study of Ostrowski’ and Chun’s methods

In this section we will apply the previous dynamical concepts to the rational functions
associated to Ostrowski’ and Chun’s methods, two well known 4th-order methods included
in the family of biparametric schemes designed in [1].

Ostroswski’s method is an optimal fourth order method, when applied to scalar poly-
nomials of degree 2 the basins of attraction are connected and its Fatou set is the same
as Newton’s one but with fourth order of convergence. Ostrowski’s method transferred to
systems takes the form:

x(k+1) = y(k) −
(
−I + 2[F ′(x(k))]−1[x(k), y(k);F ]

)−1
[F ′(x(k))]−1F (y(k)). (2)

where y(k) is Newton’s step.
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On the other hand Chun’s method is an optimal method of order 4, when applied to
scalar polynomials of degree 2 shows no instability. The iterative expression of Chun’s
method transferred to systems is:

x(k+1) = y(k) −
(
I − 2[F ′(x(k))]−1[x(k), y(k);F ]

)
[F ′(x(k))]−1F (y(k)). (3)

where y(k) is Newton’s step.
In particular, we will analyze the dynamical behavior of the methods acting on the

polynomial systems p(x) = 0 and q(x) = 0, where

p1(x) = x21 − 1
p2(x) = x22 − 1

}
,

q1(x) = x1x2 + x1 − x2 − 1
q2(x) = x1x2 − x1 + x2 − 1

}
.

3.1 Analysis of the fixed points

Now we will substitute our test systems p(x) and q(x) in the iterative expressions of Os-
trowski’ and Chun’s methods, (2) and (3), to study its fixed points.

3.1.1 Fixed point operators on p(x)

The jth-coordinate of the vectorial rational function associated to Ostrowski’ scheme on
polynomial p(x) is

λ̄Os,p
j (x) =

1

4

x4j + 6x2j + 1

xj(x2j + 1)
j = 1, 2. (4)

The fixed points are the solutions of λ̄Os,p
j (x) = xj

1

4

x4j + 6x2j + 1

xj(x2j + 1)
= xj , j = 1, 2,

that is

1

4
(x2j − 1)(3x2j + 1) = 0 , j = 1, 2.

Let us remark that has only two real solutions: -1,1. As we have two possible values for j
that leads to 4 fixed points, the roots of p(x), (1, 1), (1,−1), (−1, 1) and (−1,−1).

To check their stability we need to calculate the Jacobian matrix and evaluate their
eigenvalues in each fixed point,

JOs,p(x1, x2) =

⎛⎜⎜⎜⎝
(
x1

2 − 1
)3

4x1
2 (x12 + 1)2

0

0

(
x2

2 − 1
)3

4x22 (x22 + 1)2

⎞⎟⎟⎟⎠
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with eigenvalues ( (
x1

2 − 1
)3

4x12 (x12 + 1)2
,

(
x2

2 − 1
)3

4x22 (x22 + 1)2

)T

.

It is clear that by evaluating these eigenvalues in the roots of the polynomial we obtain
(0,0), which means they are attractive.

In an analogous way, the jth-coordinate of the vectorial rational function to Chun’s
scheme on polynomial p(x) is

λ̄Ch,p
j (x) =

1

16

5x6j + 15x4j − 5x2j + 1

x5j
j = 1, 2. (5)

If we do the same analysis we did for Ostrowski’s scheme the only real fixed points for
are the roots of the p(x), (1, 1), (1,−1), (−1, 1) and (−1,−1) with null eigenvalues, so they
are attractive.

3.1.2 Fixed point operators on q(x)

For q(x) we have for Ostrowski’ scheme

λOs,q
j (x) =

1

2

x21x
2
2 + x21 + 4x1x2 + x22 + 1

x21x2 + x1x22 + x1 + x2
j = 1, 2.

fixed points are the solutions of

1

2

x21x
2
2 + x21 + 4x1x2 + x22 + 1

x21x2 + x1x22 + x1 + x2
= xj j = 1, 2.

The only real solutions of the system are (1,1) and (-1,-1), the roots of q(x). By making
the same analysis we did for p(x) it can be seen that their eigenvalues are null, so they are
attractive.

The coordinates of the vectorial rational function to for Chun’s scheme on q(x) are

λCh,q
j (x) =

x51x2 + 2x41x
2
2 + 3x41 + 4x31x

3
2 + 6x31x2 + 2x21x

4
2 + 12x21x

2
2

(x1 + x2)5

+
−4x21 + x1x

5
2 + 6x1x

3
2 − 2x1x2 + 3x42 − 4x22 + 2

(x1 + x2)5
j = 1, 2.

Again, the only real fixed points for are the roots of q(x), (1, 1) and (−1,−1), and they
are attractive.

As there are no strange fixed points, we expect a good behaviour of the dynamical
planes, as we see in the next section.
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3.2 Dynamical planes

A dynamical plane is a visual representation of a method that gives qualitative information
about its behaviour. Dynamical planes are built by applying the iterative method with
different initial estimations distributed in a mesh. If the numerical method converges to a
root of the system the point of the plane is painted in different colors depending on the root
they converge to, while the points painted in black mean no convergence to any root after
40 iterations.

These dynamical planes have been obtained by using 400×400 subintervals, a maximum
of 40 iterations and an error estimation of 10−3, when the iterates tend to a fixed point.

(a) Ostrowski (b) Chun

Figure 1: Dynamical plane for Ostroswki’ and Chun’s methods for p(x)

Figure 1 shows the dynamical plane for both schemes on p(x). We can see four basins
of attraction, one for each root of the polynomial. Both methods show a stable behaviour,
as the only fixed points with a basin of attraction are the roots of the polynomial.

The dynamical planes of Ostroswki’ and Chun’s methods on q(x) are shown in Figure
2. Again, both methods show stable behaviour and only the roots of the polynomial have
basin of attraction.

4 Conclusions

Both Ostrowski’ and Chun’s methods show a good dynamical behavior when transferred
to systems of equations. A complete study of all the Ostrowski-Chun’s family of methods
to select the best members of the family is necessary, in order to check if there exist other
stable methods.
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(a) Ostrowski (b) Chun

Figure 2: Dynamical plane for Ostroswki’ and Chun’s methods for q(x)
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Abstract

Although attribute implications have widely been studied, the multi-adjoint framework of-
fers powerful tools in order to improve the extracting attributes implications from a knowledge
system. This paper extends a recent contribution developed on this framework, introducing an
efficient mechanism in order to compute the validity of fuzzy implications in the multi-adjoint
frame.

Key words: Concept lattice, attribute implication, join-irreducible element.

1 Introduction

Different research areas such as stock market prediction, disease diagnosis, census data analysis,
etc., have a special interest in the extraction information from databases. Usually, a set of rules is
obtained in order to summarize the obtained information from the knowledge of databases. These
sets of rules are known as logic programs. However, traditional logic program languages are not
able to handle uncertainty and approximated reasoning. In order to solve this trouble, different fuzzy
logic programming systems have been proposed such as Probabilistic Deductive Databases, Hybrid
Probabilistic Logic Programs, Annotated Logic Programming, Residuated Logic Programming, etc.

A generalization of previous logic programming frameworks was introduced, which is called
Multi-adjoint Logic Programming [14, 15] and whose semantic structure is the multi-adjoint lattice.
From a multi-adjoint lattice, a set of weighted rules and facts of a given language is defined, which is
called multi-adjoint logic program. This work is focused on the use of a formal tool which allow us
to obtain multi-adjoint logic programs from databases. Specifically, we are interested in employing
Formal Concept Analysis.
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Formal Concept Analysis is a mathematical technique to extract information from relational
databases that contain a set of objects and a set of attributes. The pieces of the extracted information
are called concepts and they are hierarchized to obtain concept lattices.

Attribute implications is an important topic in formal concept analysis in the classical case [3,
16] and in the fuzzy one [2, 8, 10, 11, 17]. Nevertheless, powerful advantages provided by multi-
adjoint environment are not considered.

Our contribution complements the study presented in [12], related to attribute implications
in multi-adjoint concept lattices [13], where the algebraic structure considered is a multi-adjoint
algebra [6, 7] instead of the residuated lattice.

The paper is organized as follows. Section 2 shows the definitions and some properties of
the calculation operators used in this paper. Section 3 establishes the main notions of the multi-
adjoint concept lattices framework. The main results of this paper together an illustrative example
are presented in Section 4. We prove that the degree in which a fuzzy implication is valid in a
multi-adjoint concept lattice can be calculated by using of the set of join-irreducible elements of the
lattice, instead of considering the whole set of intensions of the concepts of the lattice. Finally, the
paper finishes with some conclusions and prospects for future work.

2 Adjoint triples and hedges

To begin with, we will introduce the operators that we will use to make the computations and
some properties of them. First of all, we will present the notion of adjoint triple which arose as
a generalization of a t-norm and its residuated implication [9]. The well-known adjoint property
between a t-norm and its residuated implication is generalized in two different ways by using of
adjoint triples.

Definition 1. Let (P1,≤1), (P2,≤2), (P3,≤3) be posets and &: P1×P2 → P3, ↙ : P3×P2 → P1,
↖ : P3×P1 → P2 be mappings, then (&,↙,↖) is an adjoint triple with respect to P1,P2,P3 if the
following equivalence:

x≤1 z↙ y if and only if x & y≤3 z if and only if y≤2 z↖ x

holds, for all x ∈ P1, y ∈ P2 and z ∈ P3. The previous equivalence is called adjoint property.

An interesting study of adjoint triples and their useful properties was included in [4]. Specif-
ically, the proposition below states the conditions that the posets and the adjoint conjunctor must
satisfy in order to ensure that the adjoint implications verify a property which can be seen as a
generalization of the boundary conditions of the classical boolean implications.

Proposition 1 ([4]). Given an adjoint triple (&,↙,↖) with respect to the posets (P1,≤1), (P2,≤2)
and (P3,≤3).
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(1) If P2 ⊆ P3 and P1 has a maximum !1 as a left identity element for &, that is, the equality
!1&y = y holds, for all y ∈ P2, then we obtain

!1 = z↙ y if and only if y≤3 z

for all y ∈ P2 and z ∈ P3.

(2) If P1 ⊆ P3 and P2 has a maximum !2 as a left identity element for &, that is, the equality
x&!2 = x is satisfied, for all x ∈ P1, then we have

!2 = z↖ x if and only if x≤3 z

for all x ∈ P1 and z ∈ P3.

Truth-stressing hedges were studied in [9] and they have also considered in the definition of the
concept-forming operators in different fuzzy extensions of formal concept analysis [1].

Definition 2. Let (P1,≤1,!1) be an upper bounded poset and (&,↙,↖) be an adjoint triple with
respect to P1. A truth-stressing a-hedge (a-hedge, for short) is a unary function ∗ : P1→ P1 satisfying
the properties: !∗1 =!1, a∗ ≤1 a, (b↙ a)∗ = b∗ ↙ a∗, a∗∗ = a, for each a,b ∈ P1.

Similarly, a truth-stressing b-hedge (b-hedge, for short) is defined on (P2,≤2,!2), only switch-
ing the property (b↖ a)∗ = b∗ ↖ a∗.

If the properties of both a-hedges and b-hedges are satisfied, we obtain the classic concept of
hedge [9]. Two interesting hedges can be defined if a lattice (L,") is considered. The identity hedge
is defined as a∗ = a, for all a ∈ L; and the globalization hedge, which is defined as:

a∗ =

{
! a =!
⊥ otherwise

for all a ∈ L. These hedges are the greater (identity) and the smaller (globalization) hedges.
The following result shows that the monotonicity of truth-stressing hedges is obtained if the

adjoint conjunctor satisfies the boundary conditions.

Proposition 2. Given an adjoint triple (&,↙,↖) with respect to an upper bounded poset (P,≤,!).

(1) If the equality x&! = x holds, for all x ∈ P, and the mapping ∗ : P→ P is a truth-stressing
a-hedge, then ∗ is order-preserving.

(2) If the equality !&y = y holds, for all y ∈ P, and the mapping ∗ : P→ P is a truth-stressing
b-hedge, then ∗ is order-preserving.
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3 Multi-adjoint concept lattices

The multi-adjoint concept lattice framework provides more flexibility into the language since dif-
ferent adjoint triples can be considered. Moreover, in this framework, operators do not need to be
neither monotone nor associative. With the purpose of taking all advantages supplied by this envi-
ronment, from now on, we will work with a multi-adjoint frame and a multi-adjoint context which
are defined as follows.

Definition 3. A multi-adjoint frame is a tuple (L1,L2,P,"1,"2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n)
where (L1,"1) and (L2,"2) are complete lattices, (P,≤) is a poset and (&i,↙i,↖i) is an adjoint
triple with respect to L1,L2,P, for all i ∈ {1, . . . ,n}.
Definition 4. Let (L1,L2,P,"1,"2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n) be a multi-adjoint frame, a
context is a tuple (A,B,R,σ) such that A and B are non-empty sets (interpreted as attributes and
objects, respectively), R is a P-fuzzy relation R : A×B→ P and σ : A×B→{1, . . . ,n} is a mapping
which associates any element in A×B with a particular adjoint triple in the frame.

We will use the notation LB
2 and LA

1 to denote the set of fuzzy subsets g : B→ L2 and f : A→ L1
respectively. On these sets a pointwise partial order can be considered from the partial orders in
(L1,"1) and (L2,"2), which provides LB

2 and LA
1 the structure of complete lattice. Given a multi-

adjoint frame and a context, the concept-forming operators ↑ : LB
2 → LA

1 and ↓ : LA
1 → LB

2 are defined
as:

g↑(a) = inf{R(a,b)↙σ(a,b) g(b) | b ∈ B}
f ↓(b) = inf{R(a,b)↖σ(a,b) f (a) | a ∈ A}

for all g ∈ LB
2 , f ∈ LA

1 . These two operators form a Galois connection [13]. The notion of concept
can be defined as usual: A multi-adjoint concept is a pair 〈g, f 〉 satisfying that g ∈ LB

2 , f ∈ LA
1 and

g↑ = f , f ↓ = g, with (↑, ↓) being the Galois connection defined above. The fuzzy subsets g and f
are usually known as the extension and intension of a concept, respectively.

Definition 5. Given a multi-adjoint frame (L1,L2,P,"1,"2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n) and a
multi-adjoint context (A,B,R,σ), the multi-adjoint concept lattice associated with them is the set

M = {〈g, f 〉 | g ∈ LB
2 , f ∈ LA

1 and g↑ = f , f ↓ = g}

in which the ordering is defined by 〈g1, f1〉 " 〈g2, f2〉 if and only if g1 "2 g2 (or equivalently, f2 "1
f1).

In the following, we will present a characterization of the join-irreducible elements of a multi-
adjoint concept lattice. A similar result with respect to the meet-irreducible elements was introduced
in [5]. First and foremost, we need to consider a multi-adjoint concept lattice associated with a
multi-adjoint frame and a multi-adjoint context, where L1, L2, P, A and B are finite, and the following
specific family of fuzzy subsets of LB

2 .
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Definition 6. For each b ∈ B, the fuzzy subsets of attributes φb,y ∈ LB
2 defined, for all y ∈ L2, as

φb,y(b′) =
{

y if b′ = b
0 if b′ �= b

will be called fuzzy-objects. The set of all fuzzy-objects will be denoted as Ψ= {φb,y | b∈B,y∈ L2}.

The next theorem establishes that the join-irreducible elements of a concept lattice are uniquely
generated by fuzzy-objects. In addition, they cannot be expressed as supremum of elements that
are less than them. A dual result related to the meet-irreducible elements of a concept lattice was
presented in [5].

Theorem 1 ([5]). The set of join-irreducible elements of M , JF(M ), is formed by the pairs
〈φ ↑↓b,y,φ

↑
b,y〉 in M , with b ∈ B and y ∈ L2, such that

φ ↑b,y �=
∧
{φ ↑bi,yi

| φbi,yi ∈Ψ,φ ↑b,y ≺1 φ ↑bi,yi
}

and φ ↑b,y �= f!1 , where Ψ denotes the set of all fuzzy-objects, !1 is the maximum element in L1 and
f!1 : A→ L1 is the fuzzy subset defined as f!1(a) =!1, for all a ∈ A.

In this paper, we are also interested in considering a multi-adjoint concept lattice framework
enriched with hedges. Given two arbitrary hedges ∗A and ∗B, if we define the concept-forming
operators ↑∗B : LB

2 → LA
1 and ↓

∗A : LA
1 → LB

2 as:

g↑∗B (a) = inf{R(a,b)↙σ(a,b) g(b)∗B | b ∈ B}
f ↓
∗A (b) = inf{R(a,b)↖σ(a,b) f (a)∗A | a ∈ A}

for all g ∈ LB
2 , f ∈ LA

1 , these operators do not form a Galois connection in general [1]. Taking into
account the definition of the identity hedge, in order to simplify the notation, we will write (↑∗ , ↓)
instead of (↑∗B , ↓

∗A ).
The context associated with the previous concept-forming operators will be denoted as (A,B∗,R,σ)

and the concepts will be defined as the pairs 〈g, f 〉 satisfying that g↑∗ = f , f ↓ = g, for all g ∈ LB
2 ,

f ∈ LA
1 .

Definition 7. The multi-adjoint concept lattice with hedges associated with a multi-adjoint frame
(L1,L2,P,"1,"2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n) and a context (A,B∗,R,σ) is the set

M∗ = {〈g, f 〉 | g ∈ LB
2 , f ∈ LA

1 and g↑∗ = f , f ↓ = g}

in which the ordering is defined by 〈g1, f1〉 " 〈g2, f2〉 if and only if g1 "2 g2 (or equivalently, f2 "1
f1).
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4 Validity of fuzzy attribute implications

As we mentioned at the beginning of the paper, our goal focuses on the survey of attribute implica-
tions making use of the powerful advantages provided by the multi-adjoint environment. Namely,
our contribution will allow us to complement the study on attribute implications in multi-adjoint
concept lattices presented in [12].

From now on, the multi-adjoint frame (L1,L2,P,"1,"2,≤,&1,↙1,↖1, . . . ,&n,↙n,↖n) and
the contexts (A,B,R,σ) and (A,B∗,R,σ) will be fixed. The corresponding multi-adjoint lattices will
be denoted as: (M ,") and (M∗,"), respectively.

Now, we will present a generalization of the classical notion of fuzzy implication considering
adjoint triples.

Definition 8. Given an adjoint triple (&,↙,↖) with respect to L1,L2,P and two fuzzy subsets of
attributes f1, f2 ∈ LA

1 , the degree in which f1 is included in f2 is defined as

S( f1, f2) = inf{ f2(a)↖ f1(a) | a ∈ A}

A truth-stressing hedge is considered in the definition of the degree in which a fuzzy implication
is valid.

Definition 9. Given an adjoint triple (&,↙,↖) with respect to L1,L2,P and three fuzzy subsets of
attributes f1, f2, f3 ∈ LA

1 , the degree in which a fuzzy implication f2⇐ f1 is valid in f3 is

‖ f2⇐ f1‖ f3 = S( f2, f3)↖ S( f1, f3)
∗

where ∗ is a truth-stressing hedge.
This notion is extrapolated to a set of fuzzy subsets of attributes F ⊂ LA

1 , defining the degree in
which the fuzzy implication f2⇐ f1 is valid in F as

‖ f2⇐ f1‖F =
∧

f∈F
S( f2, f )↖ S( f1, f )∗

The following definition introduces the notion of validity of a fuzzy implication on a multi-
adjoint concept lattice.

Definition 10. Let (&,↙,↖) be an adjoint triple with respect to L1,L2,P and f1, f2 ∈ LA
1 two fuzzy

subsets of attributes, the degree in which the fuzzy implication f2⇐ f1 is valid in the multi-adjoint
concept lattice M∗ is the truth degree:

‖ f2⇐ f1‖M∗ = ‖ f2⇐ f1‖Int(M∗)

where Int(M∗) is the set of intensions of the concepts in (M∗,").
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The following result reveals that the degree in which a fuzzy implication is valid in a multi-
adjoint concept lattice is obtained computing only the degree of validity on the set of join-irreducible
elements of the lattice [5]. As a consequence, we do not need to calculate the degree of validity on
the whole set of intensions of the concepts of the lattice, which imply an important reduction in the
number of calculations.

Theorem 2. Let f1, f2 ∈ LA
1 be fuzzy subsets of attributes. Then,

‖ f2⇐ f1‖Int(M∗) = ‖ f2⇐ f1‖Int(JF (M∗))

where Int(JF(M∗)) denotes the set of intensions of the join-irreducible elements of the lattice asso-
ciated with (A,B∗,R,σ).

Finally, in order to clarify Theorem 2, we will include an illustrative example that computes
the validity of a particular fuzzy attribute implication and shows that the number of operations is
noticeably reduced.

Example 1. It will be considered the framework (L,",&P), where L = [0,1]10 is the regular par-
titions of [0,1] in 10 pieces and &P is the discretization of the product conjunctor, see [4] for more
details. The fixed context is (A,B∗,R,σ), with A= {a1,a2,a3,a4,a5}, B= {b1,b2,b3}, R : A×B→ L
given by the Table 1, the hedge ∗ is the identity and σ is constantly &P.

The concept lattice related to this framework and this context is composed by 33 concepts whose
intensions are:

Int(C0) = {1.0/a1,1.0/a2,1.0/a3,1.0/a4,1.0/a5} Int(C17) = {0.6/a1,0.6/a3,0.8/a5}
Int(C1) = {1.0/a1,1.0/a3,1.0/a4,1.0/a5} Int(C18) = {0.6/a1,0.6/a3,0.7/a5}
Int(C2) = {1.0/a2} Int(C19) = {0.6/a1,0.6/a3,0.6/a5}
Int(C3) = {0.8/a1,0.8/a3,0.8/a4,1.0/a5} Int(C20) = {0.6/a1,0.5/a3,0.5/a5}
Int(C4) = {0.5/b1,0.5/b2},{1.0/a1,1.0/a3,1.0/a5} Int(C21) = {0.7/a1,0.7/a3,0.8/a5}
Int(C5) = {0.7/a1,0.7/a3,0.7/a4,1.0/a5} Int(C22) = {0.7/a1,0.7/a3,0.7/a5}
Int(C6) = {0.8/a1,0.8/a3,1.0/a5} Int(C23) = {0.7/a1,0.6/a3,0.6/a5}
Int(C7) = {0.6/a1,0.6/a3,0.6/a4,1.0/a5} Int(C24) = {0.7/a1,0.5/a3,0.5/a5}
Int(C8) = {0.7/a1,0.7/a3,1.0/a5} Int(C25) = {0.8/a1,0.8/a3,0.8/a5}
Int(C9) = {0.5/a1,0.5/a3,0.5/a4,1.0/a5} Int(C26) = {0.8/a1,0.7/a3,0.7/a5}
Int(C10) = {0.6/a1,0.6/a3,1.0/a5} Int(C27) = {0.8/a1,0.6/a3,0.6/a5}
Int(C11) = {0.5/a1,0.5/a3,1.0/a5} Int(C28) = {0.8/a1,0.5/a3,0.5/a5}
Int(C12) = {0.5/a1,0.5/a3,0.8/a5} Int(C29) = {1.0/a1,0.8/a3,0.8/a5}
Int(C13) = {0.5/a1,0.5/a3,0.7/a5} Int(C30) = {1.0/a1,0.7/a3,0.7/a5}
Int(C14) = {0.5/a1,0.5/a3,0.6/a5} Int(C31) = {1.0/a1,0.6/a3,0.6/a5}
Int(C15) = {0.5/a1,0.5/a3,0.5/a5} Int(C32) = {1.0/a1,0.5/a3,0.5/a5}
Int(C16) = {}
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R b1 b2 b3

a1 0.5 1 0
a2 0 0 1
a3 0.5 0.5 0
a4 0.5 0 0
a5 1 0.5 0

C0

C1

C2

C3 C4

C16

C5 C6 C29

C7 C8 C25 C30

C9 C10 C21 C26 C31

C11 C17 C22 C27 C32

C12 C18 C23 C28

C13 C19 C24

C14 C20

C15

Figure 1: Relation R and Hasse diagram of Example 1.

From Theorem 1, we obtain that the set of join-irreducible elements associated with the concept
lattice is:

JF(M∗) = {C1,C2,C3,C4,C5,C7,C9,C29,C30,C31,C32}
Now, we will consider the fuzzy subsets of attributes f1 = {0.5/a1,0.5/a3,0.5/a5}, f2 = {0.1/a5}

and we will compute the degree in which the fuzzy implication f2⇐ f1 is valid in Int(M∗). Instead
of using all intensions of the concept lattice related to the context (A,B∗,R,σ), by Theorem 2, we
can reduce the number of computations. We will only consider the intensions of the join-irreducible
elements of the concept lattice associated with (A,B∗,R,σ), which are |JF(M∗)|= 11 < 33. Apply-
ing Definition 9, we have that:

‖ f2⇐ f1‖Int(JF (M∗)) =
∧
{‖ f2⇐ f1‖Int(C) |C ∈ JF(M∗)}

=
∧
{(S( f2, Int(C))↖ S( f1, Int(C)∗) |C ∈ JF(M∗)}= 1
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where Int(C) denotes the intension of a concept.

5 Conclusions and future work

We have proven that the computation of the validity of attribute implications can be carried out by
means of join-irreducible elements of a multi-adjoint concept lattice. This procedure can consider-
ably reduce the number of operations if we compare it with the computations from the whole set of
intensions of the concept lattice. Moreover, we have obtained an interesting property which relates
the boundary conditions of an adjoint triple with the monotonicity of a truth-stressing hedge. This
property has played an important role in the proof of the main result presented in this paper.

As a future work, we will study more properties of the attribute implications in multi-adjoint
framework. In addition, we are interested in performing experimental surveys about the generation
of attribute implications.
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[12] V. Liñeiro-Barea, J. Medina, and I. Medina-Bulo. Towards generating fuzzy rules via fuzzy
formal concept analysis. In J. Kacprzyk, L. Koczy, and J. Medina, editors, 7th European
Symposium on Computational Intelligence and Mathematices (ESCIM 2015), pages 60–65,
2015.

[13] J. Medina, M. Ojeda-Aciego, and J. Ruiz-Calviño. Formal concept analysis via multi-adjoint
concept lattices. Fuzzy Sets and Systems, 160(2):130–144, 2009.
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Abstract

The operative configuration of the heliostat field of solar central receiver plants is a
vital part of their controlling tasks. The subset of active heliostats must be carefully
configured to set the operational state as desired while also avoiding dangerous flux dis-
tributions and radiation peaks over the receiver surface. In this context, a general and
automatic aiming methodology is being developed by the authors of this work. However,
the mathematical formulation of this problem leads to a complex large-scale optimiza-
tion problem in which every active heliostat requires a certain two-dimensional aiming
point over the receiver. In this work, the possibility of applying TLBO, a population
based large-scale optimizer, is studied. Considering the potential computational costs of
this task, a preliminary parallel version of TLBO has been developed. The application
of this method to perform a large exploration of the search-space, in a high-performance
computing environment, is described. The parallelization of the algorithm turns out to
be quite useful to accelerate the procedure for the problem at hand. Therefore, the
possibility of including additional steps to the method remains feasible.

Key words: Parallel computing, large-scale optimization, TLBO, Heliostat aiming

1 Introduction

Solar Central Receiver Systems, SCRS in what follows, are power generation facilities based
on the exploitation of solar energy by concentrating the incident radiation. In general terms,
considering the scope of this work, they are formed by a large group of high-reflectance
orientable mirrors and a radiation receiver on the top of a tower. The mirrors, which are
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Figure 1: Scheme of a solar tower power plant.

called ‘heliostats’, track the apparent movement of the Sun through the day to concentrate
the incident solar radiation over the receiver. Consequently, there is a very high radiation
density over its surface. This power is then transferred to a working fluid which is in
circulation inside the receiver. After increasing its temperature, this fluid can be finally used
in a classic thermodynamic cycle for electric power generation. In Fig. 1, an illustrative
schema of this kind of facilities is shown. Stability of production and operative efficiency
due to the maturity of the underlying technologies are key aspects of this kind of power
facilities. The interested reader is referred to [2, 9] for further information about them.

Controlling the flux distribution formed by the heliostat field over the receiver sur-
face is of major importance to avoid dangerous temperature gradients, thermal stress and
premature aging of its components [1, 3, 7, 11]. This is a key factor for increasing the
operative life of the receiver, what has a direct influence on the production costs of STTP
as highlighted in [7]. Considering that the heliostat field is usually formed by hundreds
(occasionally thousands) of heliostats, the definition of the active subset of them, as well
as their specific aiming point over the receiver according to the desired flux distribution,
leads to face a very complex multi-staggered problem. In [3, 7], this problem is addressed
by a pre-defined set of heliostats and possible aiming points, looking for an homogeneous
flux distribution, with good results. However, in the context of this work, a generalization
of their approach is being developed by trying to automatically configure the whole field
for a given instant of time (i.e., solar position) and a desired flux distribution to achieve.
This methodology would even include the possibility of disabling unnecessary heliostats to
replicate the given reference (as heliostat fields are commonly oversized to face unfavorable
operating conditions such as cloudy days). In any case, that step is out of the scope of the
present paper and it will be assumed that the selected heliostats are already known. At
this point, good overall results are obtained by applying gradient-based local optimizers to
define their corresponding aiming point. Unfortunately, these approaches have a local scope
and the objective function is known to have multiple local optima. It is intended to add
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a computationally efficient global optimizer to the process to get a wide perspective of the
problem. An existing large-scale-oriented population-based global optimizer, the Teaching-
Learning-Based algorithm (TLBO) [5], will be considered. Consequently, the deployment
of this method in a high-performance computing environment is the main aim of this work.

In Section 2, the problem at hand is formally described. Then, in Section 3, the TLBO
algorithm is exposed. In Section 4, the selected parallelization strategy for the algorithm is
commented. Finally, experimentation and results are shown and conclusions are drawn in
Sections 5 and 6 respectively.

2 Problem definition

In order to model the present problem, it is necessary to define the target flux distribution
to achieve, F . It is a matrix of size Y ×X, where X and Y are referred to the number of rows
and columns of the matrix respectively. All the elements of F are known in both position and
magnitude (flux density) as it is part of the information of the problem. This matrix can be
seen as a ‘picture’ of the flux distribution to replicate over the receiver, which is considered
as a flat rectangle, with the active heliostats. Its dimension Y is linked to the vertical of
the receiver plane, the direction from the plane towards the zenith in a three-dimensional
Cartesian system. Similarly, its dimension X is linked to the horizontal direction of the
receiver plane along the West-East direction. In this context, the discretization axes are
also known as vectors Y ′ = y0, · · · , yY and X ′ = x0, · · · , xX whose length is Y and X
respectively. Consequently, every element of the matrix is referred to a particular zone of
the receiver, whose surface is intrinsically discretized by the step used when defining F .

In relation to the active heliostats, it is an ordered set H = {h1, h2, · · · , hT } with
cardinality T . Every heliostat hi projects a certain flux distribution fhi

over the receiver
when it is operative, which is a known bi-dimensional continuous function of the radiation
density. It is defined as a bi-dimensional Gaussian density function as shown in Eq. 1

fhi
(x, y) =

P

2πσxσy
√

1− ρ2
e

(
− 1

2(1−ρ2)

(
(x−μx)2

σ2
x

+
(y−μy)2

σ2
y

− 2ρ(x−μx)(y−μy)

σxσy

))

(1)

where x and y are the coordinates on the plane defined by the receiver rectangular aperture
in its X and Y dimensions respectively, P is the power contribution of the heliostat hi over
the receiver, ρ is the correlation between x and y, σx and σy are the standard deviation along
x and y respectively and μx and μy, which are the mean in the Gaussian probability function,
define the central point of the flux distribution, i.e. the aiming point of the heliostat hi.
This approach is similar to the one selected by [3, 7], where a specific circular Gaussian
density function is applied according to the HFLCAL model [8]. All the parameters that
define the shape of the flux distribution of every heliostat, P , ρ, σx and σy, are known (from
detailed simulation and curve-fitting procedures) while its central point (μx, μy) should be
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determined to replicate the reference. Once every heliostat has a certain aiming point, the
configuration vector of the field c can then be defined by concatenating the pair of aiming
coordinates of every heliostat. Finally, the obtained flux distribution, F ∗

c , is formed then
by the convolution of the particular flux distribution of each one, over the receiver plane,
along the discretization axises.

Taking into consideration the previous definitions, a 2T -dimensional minimization pro-
blem can be formulated as the accumulation of the square difference, at every discretization
point, between the matrices F and F ∗

c as shown in Eq. 2.

min O = min

xX∑
x=x0

yY∑
y=y0

(F (x, y)− F ∗
c (x, y))

2 (2)

3 Teaching-Learning-Based Optimization

Teaching-Learning-Based Optimization, TLBO, is an stochastic population-based global
optimizer presented in [5]. The algorithm models the behavior of a class of students, who
form the population of candidate solutions. They are progressively improved by simulating
both the teaching process of the teacher of the class and the interaction between the students.
This algorithm is mainly characterized by its performance and its virtual lack of specific
parameters, as only the population size and the number of cycles need to be specified
by the user. Although the original form of the algorithm for continuous non-constrained
problems has been selected for this work, the interested reader is referred to [6] for further
information about it, its versions and applications. The linked works of [4] and [10] should
be also examined by the reader interested in TLBO.

Students, i.e. candidate solutions, are defined as N -dimensional vectors, where N is the
number of dimensions of the studied problem. Every dimension is considered as a ‘subject’
in the context of TLBO, and the natural representation of the class is a P × N matrix
in which P is the population size. The quality of the class is assumed to follow a normal
distribution whose average value must be increased by academic interaction. Consequently,
the value of students at every subject is altered along the cycles in order to improve the
overall average as desired. To achieve it, the plain TLBO algorithm relies on two stages per
cycle, the Teacher and the Learners phases [5], which are summarized next for a certain
cycle k from a minimization perspective.

3.1 Teacher Phase (TS)

At this step, the average value per subject, i.e. per column, is calculated from the current
population. An N -dimensional vector, M , is obtained. Then, the best student, whose value
according to the objective function should be the minimum, is promoted to become the
teacher of the cycle. A random integer in [1, 2] called ‘Teaching Factor’, TF , is generated
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as an overall weighting factor of its teaching capabilities. After that, an N -dimensional
random vector r of real values in [0, 1] is generated to model the skills of the teacher at
teaching every subject and the aptitudes of the students while learning them. With this
information, an N -dimensional global shifting vector DM is computed according to Eq. 3,
where T is the content of the teacher as a candidate solution. It must be noted that Eq. 3
is referred to dimensional element-by-element operations. Finally, DM is added as a vector
to every existing individual. However, only improved students, after the evaluation of the
objective function, are kept, while the change is discarded otherwise.

DM = r(T − TFM) (3)

3.2 Learner Phase (LS)

At this step, an N -dimensional random vector r of real values in [0, 1] is generated to model
the advancing possibilities at every subject in a similar way as done for the TS. Then, every
final individual i from the previous step is randomly paired with another one j different
from itself. After that, the individual i is shifted from its current position depending on
whether i has a better value of the objective function than j or not as noted in Eq. 4, where
the dimensional element-by-element operation scheme is maintained. Finally, the individual
i is only updated when its value has been improved after the change.

Studenti =

{
Studenti + r(Studentj − Studenti), if j better than i

Studenti + r(Studenti − Studentj), if i better than j
(4)

At this point, the population of the next cycle would have been defined. However, an
additional step not commented in [5] may should have been included to remove duplicate
solutions, what is highlighted in [4] and addressed in [10]. This procedure is expected to
look for equal solutions and to randomly re-initialize a dimension of one of them, what
requires its re-evaluation as candidate solution.

4 Parallelization strategy

Considering the described structure of TLBO, and assuming a computationally demanding
objective function, the underlying iterative structures linked to both TS and LS (updating
and studying every student) could be assigned to different execution units. By proceeding
this way, the whole procedure would be the same but, at every stage, the management
of the available individuals would be distributed between execution units. Consequently,
the required evaluations of the objective function would be directly shared between the
available execution units. This is the selected approach for the present work in a thread-
based environment. Its efficiency is linked to the number of individuals and the intrinsic
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cost of the evaluation of the objective function. However, it does not depend on the number
of cycles.

Finally, it is important to mention that for extremely large populations and/or hard
objective functions, the previous strategy could be easily generalized. Particularly, the pop-
ulation could be divided in different subsets that would be internally altered and evaluated
also in parallel. It would be suitable for a hybrid process-thread-based environment when
being able to amortize the communication costs.

5 Experimentation and results

A sample instance of the defined problem aims to form an homogeneous flat form over the
receiver. Consequently, matrix F is formed by a single and replicated value: 80 kW/m2

over a 6× 6 meters receiver. The subset of heliostats to activate is adequately selected by
our current procedure, which selects 110 heliostats to deploy. In this context, the developed
parallel TLBO implementation will be launched with different configurations to check its
computational performance. It has been implemented in C with OpenMP directives for
threading purposes.

The execution platform is a cluster node featuring an Intel Xeon E5 2650v2 with 16 cores
and 128 GB RAM. The number of cycles of TLBO has been fixed to 150 after preliminary
adjustment. In relation to the number of individuals, what sets the direct computational
load of every cycle, it has been configured to be 50, 100, 200 and 400. Considering the
hardware, the number of threads has been fixed to 2, 4, 8 and 16 for all cases.

In Fig. 2, the speedup achieved with the parallel version of TLBO is shown for the
different population sizes. Additionally, a black dotted line represents the theoretical linear
speedup. These results have been averaged after five executions. As can be seen, the
speedup is almost linear for all the instances. In fact, with 2 and 4 threads, it could be
considered linear for all the population sizes. The peak of performance is achieved with
the largest population and 16 active threads, where the speedup is 14.10. However, as
expected, it is slightly worse when the population size is reduced and the number of active
threads is too high. In other words, the speedup is progressively separated from linearity
when the ratio between active threads and individuals is reduced. Additionally, considering
the monotonic ascending tendency in all cases, the scalability of the process can be also
highlighted.

Finally, in Fig. 3, the corresponding flux distribution of the best solution found by
TLBO is shown. It has been obtained with a population of 400 individuals along 150 cycles
of search. Its top is relatively flat and near 80 kW/m2 as intended. Consequently, the
algorithm is not simply compatible with an efficient parallel execution, but its results seem
to be promising to be used as the initial point of further local gradient-based optimizers.
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Figure 2: Achieved speedup with the thread-based parallel version of TLBO.

Figure 3: X-Z plane of the obtained solution by TLBO when reproducing a flat distribution.
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6 Conclusions and future work

In this work, the problem of defining the aiming points of a set of heliostats has been
presented. Then, it has been formalized from a mathematical perspective as an uncon-
strained large-scale minimization problem. It is known to have numerous local optima and
a complexity which is increased with the number of active heliostats. Therefore, an exist-
ing population-based global optimizer, TLBO, has been selected to be studied for efficient
vast explorations of the search-space. Considering the computational cost of the objective
function and the necessity of handling large populations, an OpenMP-based TLBO imple-
mentation has been developed. It shows an almost-linear speedup and an scalable behavior
with acceptable results. Consequently, it seems to be adequate to be used as the global
guide of further local optimization stages.

As future work, taking into account the positive results, the inclusion of the parallel
TLBO optimizer in our automatic heliostat aiming procedure will be considered in depth.
Additionally, the possibility of deploying a hybrid parallel version of TLBO that can be
executed in different nodes of a cluster will be addressed.
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Andalućıa (P11-TIC7176 and P12-TIC301). Nicolás Calvo Cruz is supported by a FPU Fe-
llowship from the Spanish Ministry of Education. Juana López Redondo and José Domingo
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Abstract

Scientific software must be optimized, by hand or automatically, for current hybrid
computational systems, which are composed normally of a multicore CPU and several
manycore coprocessors of different types. This work analyses how to apply an auto-
tuning technique, based on execution time modeling, to improve routine performance
on hybrid platforms composed of a CPU plus several GPUs. The final goal is to obtain
a balanced assignation of the work to the computing components in the system and
to decide the best number of CPU threads. Experimental results are satisfactory with
different numbers and kinds of GPUs.

Key words: auto-tuning; parallel linear algebra; manycore; hybrid programming; het-
erogeneous computing

1 Introduction

Among the most important bases that support the scientific and engineering software are
basic BLAS-type matrix routines. Therefore, the improvement in the performance of scien-
tific codes is achieved in many cases by the efficient use of these routines.

There are important research projects whose main goal is the optimization of linear
algebra routines in computational systems of different characteristics [1, 2, 3, 4, 5]. Tra-
ditional approaches for homogeneous platforms are adapted to heterogeneous or dynamic
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systems [6, 7, 8, 9]. Nowadays CPU+coprocessor systems occupy the most important po-
sition among high performance computing systems, so it is necessary to adapt the existing
auto-tuning techniques for these platforms.

Several BLAS implementations exist for multicore CPUs (vendors implementations:
Intel MKL [10], IBM ESSL [11], etc., or free implementations: ATLAS [5], Goto BLAS [12],
etc.) and for manycore GPUs (CULA Tools [13], CUBLAS [14] and MAGMA [15]). The
CPU and GPU implementations used in this work are MKL and CUBLAS, but the same
methodology described here can be applied with other libraries.

This paper describes an auto-tuning technique whose objective is to reduce the exe-
cution time of linear algebra routines that are executed on hybrid systems composed of a
multicore CPU and several manycore GPUs. This optimization engine has to take two im-
portant decisions: the load balance between the CPU and the GPUs, and how many CPU
threads to generate. In previous works we considered two different auto-tuning methods
to obtain a balanced distribution of the tasks between the computing resources accord-
ing to the machine characteristics: an experimental method (guided search) and a mixed
theoretical-experimental method (empirical modeling). The guided search method was an-
alyzed in [16] and the empirical modeling in [17], in both cases for NUMA platforms. Their
extension to CPU+GPU platforms is described in [18] (guided search) and [19, 20] (empiri-
cal modeling). After that, the guided search was also adapted to CPU+multiGPUs in [21].
Here, the empirical modeling is adapted to hybrid platforms composed of a multicore CPU
plus multiple GPUs of different characteristics.

The rest of the paper is organized as follows. Section 2 describes the hybrid matrix
multiplication kernel for multicore+multiGPU platforms. Section 3 introduces the auto-
tuning methodology and explains how to use it for this basic kernel in this type of hybrid
systems. The experimental results are shown in Section 4. Section 5 concludes and outlines
possible research directions.

2 Hybrid matrix multiplication kernel

Simultaneous work of the CPU cores and the coprocessors is considered in order to optimize
the matrix multiplication. If only one coprocessor is available, the multiplication C =
αAB + βC can be expressed as C = α(AB1 + AB2) + β(C1 + C2), with the multiplication
αAB1 + βC1 assigned to the coprocessor and αAB2 + βC2 to the CPU. An optimum split
of the matrix would balance the work assigned to the CPU and to the coprocessor [22, 23].
The computations carried out in the two computational systems overlap. Computation
and communication should overlap for maximum performance, and so the data transfers
between the multicore and the coprocessor should be performed asynchronously.

In the more general case in which there are c coprocessors, numbered from 1 to c,
the multiplication is expressed as C = α(AB1 + . . . + ABc+1) + β(C1 + . . . + Cc+1), and
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αABi+βCi, with 1 ≤ i ≤ c, is assigned to coprocessor i, and αABc+1+βCc+1 to the CPU.

Therefore, two important decisions need to be taken to obtain the lowest execution
time: the distribution of the matrices in the computational system and the number of
CPU threads to be generated. If the coprocessors are homogeneous, ideally the amount
of data assigned to each coprocessor would be the same, but the overheads of coprocessor
initialization and data transfer could make it preferable to use different sizes for different
coprocessors. The second decision involves the number of CPU threads to generate, because
the default option of using as many threads as available cores is not always the best one,
for example, when the work assigned to the CPU is tiny and/or when the CPU has a high
number of cores.

3 Auto-tuning method: empirical modeling

In this technique, a simple, but effective, model of the routine execution time is obtained
and used to decide the values for a set of algorithmic parameters, AP , in order to minimize
the total execution time [20]. In this case, the AP are of two types: the work distribu-
tion between the different computing units (the GPUs and the CPU, with the number of
parameters equal to that of GPUs plus one) and the number of CPU threads.

For each GPU i, the computing time is modeled as:

Tcomp gpu i(n, ngpu i) = 2n2ngpu ikcomp gpu i (1)

where n is the dimension of the matrices to work with (A, B and C, considered square for
simplicity), ngpu i determines the portion of matrix B assigned to GPU i (submatrix Bi

has dimension n× ngpu i), and kcomp gpu i is the computing system parameter, SPcomp, for
the GPU i, defined as the average time to perform a basic operation (a double precision
multiplication or addition) in this coprocessor.

The communication time for sending the operands from the CPU to GPU i and for
receiving the results is modeled as:

Tcomm gpu i(n, ngpu i) = 3ts i + (n2 + 2nngpu i)tw i (2)

where ts i and tw i (communication system parameters, SPcom) are the average times for
starting the communication and for sending/receiving each double precision number to/from
the GPU i.

Therefore, the total time to carry out the work assigned to GPU i is modeled as:

Tgpu i(n, ngpu i) = Tcomm i(n, ngpu i) + Tcomp i(n, ngpu i) (3)

In the same way, the CPU time, using t threads, would be:
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Tcpu(n, ncpu, t) = Tcomp cpu(n, ncpu) = 2n2ncpukcomp cpu t (4)

where ncpu determines the portion of matrix B assigned to the CPU. The computing system
parameter kcomp cpu t is the average time to perform a basic operation (a double precision
multiplication or addition) in the CPU when t threads are used.

Given a specific problem to be solved, whose dimension is nr × nr, and taking into
account that the communications with the GPUs overlap with the CPU computing pro-
cess, the goal of the auto-tuning method is to determine a set of values for the AP
(ngpu 1, ..., ngpu c, ncpu and t, with nr = ngpu 1 + ngpu 2 + ... + ncpu) that minimizes the
total execution time, where this total time corresponds to that of the computing unit with
the largest time to perform its assigned work:

Ttotal(nr, ngpu 1, ..., ngpu c, ncpu, t) = (5)

max{Tgpu 1(n, ngpu 1), ...Tgpu c(n, ngpu c), Tcpu(n, ncpu, t)}

In general, our approach considers that the SP values depend on the quantity of data to
work with/communicate. Therefore, at installation time, these are calculated on each com-
puting unit (the CPU and each GPU) for a set of data sizes
(Unit Problem Size Installation Set), using their corresponding benchmarks. After that,
the second part of the installation consists of a complete search for the best AP values for
each problem size in an established set of data sizes for the whole problem
(Global Problem Size Installation Set). The results of the process make up the
Global Best AP Installation Set.

At runtime, given a specific problem to be solved, of size nr × nr, the AP values to
use in its resolution are selected from the problem sizes in Global Best AP Installation Set
closest to nr.

4 Experimental results

A set of experiments varying the number and the kind of the GPUs was carried out in
the 12CtwoC2075fourGTX590 platform. This is a shared-memory system with two hexa-
cores (12 cores) Intel Xeon E5-2620, two GPU devices Nvidia Fermi Tesla C2075 with 5375
MBytes of Global Memory and 448 cores (14 Streaming Multiprocessors and 32 Stream-
ing Processors per Multiprocessor), and four Nvidia GeForce GTX 590 with 1536 MBytes
in Global Memory and 512 CUDA cores (16 Streaming Multiprocessors and 32 Stream-
ing Processors per Multiprocessor). The different system configurations are referenced as
12CxC2075yGTX590, to indicate a CPU with 12 cores, x Fermi Tesla C2075 and y GeForce
GTX 590.
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As a guarantee of the model, Figure 1 shows a comparison in
12ConeC2075twoGTX590 of the execution time predicted by the model and the experi-
mental execution time, for different problem sizes and for 10 different work distributions.
The number of CPU threads was fixed to 10 for this set of experiments. The model offers
good approximation of the execution times in almost all the cases, independently of the
work distribution, and mainly for the biggest problem sizes. Therefore, it will be a useful
tool to take quick decisions to reduce the total execution time.

Figure 1: Comparison of model and execution times for different problem sizes and work
distributions in 12ConeC2075twoGTX590

In order to measure how far the optimal solutions are from those achieved with the use
of the auto-tuning methodology, another set of experiments was carried out. Due to the
large quantity of different executions with all the possible combinations of AP values in the
general approach, it was necessary to reduce the problem complexity for these experiments.
So, the number of CPU threads was set to 10 and the problem size distribution grain
between the computing units was established at 10% of the problem size. As shown in
Table 1, using the empirical modeling technique, the obtained performance is very close to
the optimum, mainly for large problem sizes, where the use of an optimization technique is
more interesting.

Different work distribution strategies can be considered. Some, from the simplest to
the smartest, are:
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Table 1: Comparison of the value of the algorithmic parameters and the highest GFLOPS
achieved for the hybrid dgemm routine. In 12CtwoC2075fourGTX590. The work distribution
is shown as a percentage of the total size

Optimum Auto-Tuning
n n1 n2 n3 n4 n5 n6 ncpu GFLOPS n1 n2 n3 n4 n5 n6 ncpu GFLOPS

1000 30 0 0 20 20 0 30 150 30 40 30 0 0 0 0 117
2000 10 20 10 10 20 20 10 312 20 20 20 20 20 0 0 264
4000 10 30 10 10 10 30 0 546 20 20 20 20 20 0 0 479
8000 10 30 0 10 10 30 10 652 10 30 10 10 10 30 0 642

• seqCPU: the routine is executed sequentially in the CPU.

• parCPU: the routine is executed in the CPU generating as many threads as available
cores.

• bestGPU: the routine is executed in the fastest GPU of the system. The CPU is idle.

• allGPU: the routine is executed using all the GPUs of the system. The workload is
distributed among them equally. The CPU is idle.

• Auto-Tuning: the routine is executed using the CPU and all the GPUs of the system.
The distribution of the work and the number of CPU threads are decided automatically
with the proposed methodology.

Table 2 shows a comparison of these strategies. The problem size ranges were estab-
lished in accordance with the computing capacity of the different system configurations.
As expected, the performance increases when the work distribution scheme is closer to the
system architecture scheme, that is, with CPU parallelism to take advantage of the CPU
cores and/or using the GPU capacities. In this way, scattering the work among all the
GPUs is a very good solution. Finally, if the GPUs are combined with the CPU, and the
distribution of the work and the selection of the number of CPU threads are performed au-
tomatically by the proposed method, the performance is increased even more in almost all
the cases. It is important to note that this final proposed optimization is achieved without
any code modification in the original routine, but only by adding the auto-tuning wrapper.
Therefore, this approach seems to be a promising method for this kind of hybrid systems.

5 Conclusion and future work

This work studies the adaptation to multicore+multiGPU systems of the auto-tuning me-
thodology called empirical modeling. It is applied to obtain balanced distributions of the
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Table 2: Comparison of the GFLOPS achieved for the hybrid dgemm routine, using different
work distribution methods. On different platform configurations

12ConeC2075oneGTX590
seqCPU parCPU bestGPU allGPUs Auto-Tuning

n GFLOPS GFLOPS GFLOPS GFLOPS GFLOPS n1 n2 ncpu t
1500 18 59 147 156 104 465 795 240 1
2500 18 65 194 205 261 850 1325 325 10
3500 19 72 201 220 269 1085 1155 1260 10
4500 19 125 203 249 272 1260 1980 1260 10
5500 19 141 226 247 377 1485 2530 1485 10
6500 19 134 230 260 441 1820 2925 1755 8

12ConeC2075twoGTX590
seqCPU parCPU bestGPU allGPUs Auto-Tuning

n GFLOPS GFLOPS GFLOPS GFLOPS GFLOPS n1 n2 n3 ncpu t
2500 18 60 198 299 165 600 1050 600 250 1
3500 18 70 214 319 377 875 1400 875 350, 10
4500 19 78 224 347 432 1080 1935 1080 405 10
5500 18 88 228 351 451 1265 1705 1265 1265 10
6500 19 87 240 379 514 1430 2340 1430 1300 10
7500 19 156 249 377 507 1650 2700 1650 1500 10

12ConeC2075threeGTX590
seqCPU parCPU bestGPU allGPUs Auto-Tuning

n GFLOPS GFLOPS GFLOPS GFLOPS GFLOPS n1 n2 n3 n4 ncpu t
3500 18 70 192 396 400 770 1050 770 770 140 1
4500 19 75 206 419 474 900 1440 900 900 360 10
5500 19 94 236 448 499 1100 1925 1100 1100 275 10
6500 19 122 238 480 503 1300 1300 1300 1300 1300 10
7500 19 98 252 479 576 1350 2100 1350 1350 1350 10
8500 19 99 262 405 634 1530 2465 1530 1530 1445 10

12CtwoC2075fourGTX590
seqCPU parCPU bestGPU allGPUs Auto-Tuning

n GFLOPS GFLOPS GFLOPS GFLOPS GFLOPS n1 n2 n3 n4 n5 n6 ncpu t
6500 19 120 235 655 715 845 1430 845 845 845 1430 260 10
7500 19 139 241 685 759 975 1800 975 975 975 1800 0 0
8500 19 115 244 670 780 1020 2040 1020 1020 1020 2040 340 10
9500 19 115 241 686 789 1330 2090 1330 1330 1330 2090 0 0

10500 19 99 248 718 802 1260 2100 1260 1260 1260 2100 1260 10
11500 19 124 251 699 818 1380 2300 1380 1380 1380 2300 1380 10
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work and the best number of CPU threads to execute linear algebra routines. The method-
ology is explained through its application to a matrix-matrix multiplication. Satisfactory
results for these complex, heterogeneous systems are reported. More experiments in more
systems with larger numbers of coprocessors of different architectures and with other lin-
ear algebra routines are needed. More complex systems should be considered, for example
multicore+multiGPU+multiMIC and heterogeneous clusters with heterogeneous nodes.
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Abstract

The H.264/Advanced Video Coding (AVC) standard has been widely used in the
last years, leading to a lot of video streams which are currently encoded in this format.
However, the new High Efficiency Video Coding (HEVC) standard was developed by the
Joint Collaborative Team on Video Coding to replace it and it is thought to dominate
the market for the next few years. In terms of rate-distortion (RD) performance, HEVC
roughly doubles the RD compression performance of H.264/AVC at the expense of a
high computational cost. These facts make efficient transcoding algorithms between
H.264/AVC and HEVC necessary. Moreover, intra encoded streams are commonly used
in certain scenarios, such as video editing and post-production, making a migration of
these intra contents from H.264/AVC to HEVC necessary. This paper proposes a fast
intra H.264/AVC to HEVC transcoding algorithm based on intra mode detection based
on the decisions made by H.264/AVC. Experimental results show that the proposed
algorithm achieves a good trade-off between coding efficiency and complexity compared
with the anchor transcoder, and, moreover, it outperforms non-transcoding algorithms.

Key words: HEVC, H.264/AVC, Transcoding, Intra Prediction.

1 Introduction

In the last ten years, the H.264/Advanced Video Coding (AVC) standard [1] has been the
most extended video compression standard for High Definition (HD) video coding and, thus,
there are a lot of contents according to this standard. However, in January 2013, the High
Efficiency Video Coding (HEVC) standard [2] was established by the Joint Collaborative
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Team on Video Coding (JCT-VC) as a natural evolution of H.264/AVC. HEVC was con-
ceived with the purpose of achieving a highly efficient performance for delivering high quality
multimedia services over bandwidth-constrained networks, but also to give support to Ultra
High Definition (UHD), which demand a high bandwidth. In terms of Rate-Distortion (RD)
performance, HEVC roughly doubles the RD compression performance of H.264/AVC but
at a cost of extremely high computational and storage complexities during encoding [3].

Furthermore, there are a wide range of kind of contents that can be encoded, such
as films, video conferencing, streaming or recorded screen sequences. Specifically, films
are usually encoded under different configurations depending on their usage. In versions
which are oriented to the consumer, a good Group Of Pictures (GOP) pattern might be an
intra frame followed by several inter frames in order to provide random access to the video
stream every few seconds. In other scenarios, such as video editing or post-processing, it is
necessary to access each frame separately, without the need to decode adjacent frames. In
this scenario a GOP pattern which is only composed of intra frames is needed.

Considering both the superior compression performance of HEVC, as well as the large
body of content that is currently encoded using the H.264/AVC standard, a transcoder that
can convert H.264/AVC bitstreams into HEVC bitstreams is interesting device for efficient
conversion between the H.264/AVC standard and the HEVC. As it will be shown in Section
2, there are several proposals which aims at accelerating an inter H.264/AVC to HEVC
transcoder, however, there are not many proposals for the intra transcoder, which is also
useful.

With this fact in mind, this paper presents an intra H.264/AVC to HEVC transcoder.
Specifically, the proposals accelerate the intra mode decision module, which has not been
tackled before in the transcoding scenario. The algorithm re-uses the information collected
in the H.264/AVC decoding process in order to detect the HEVC intra mode direction.

The experimental results show that the proposed algorithm, when compared with the
anchor intra transcoder, achieves a time reduction of almost 20% on average, with a neg-
ligible 0.8% loss in efficiency in terms of BD-rate [4], which measures the increment of bit
rate while preserving the same objective quality of the video stream.

The remainder of this paper is organized as follows. Section 2 includes some technical
background to the new HEVC standard focusing on intra coding, and the related work
which has been previously carried out. Section 3 presents the proposed algorithm, and then
the experimental results are given in Section 4. Finally, Section 5 concludes the paper.

2 Technical Background and Related Work

HEVC maintains the block-based hybrid approach used in H.264/AVC and previous video
compression standards. In addition, new tools have been introduced in HEVC that increase
its coding efficiency compared with it. One of the most important changes affects picture
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Figure 1: Partitioning of CTU into CUs, PUs and TUs.

partitioning. HEVC defines a new flexible Coding Tree Unit (CTU) structure with the aim
of achieving an optimal adaptation to the content details. The CTU’s maximum size is
64x64 pixels and it may contain one or more Coding Units (CUs), which are a replacement
for the 16x16 pixel MacroBlocks (MBs) used in the previous standards. A CU size can
vary from 64x64 (depth = 0) to 8x8 (depth = 3) pixels, as it can be iteratively partitioned
into four squared sub-CUs. Therefore, a CTU can be partitioned into four Depth Levels,
from d = 0 for 64x64 CUs to d = 3 for 8x8 CUs. Thus, a CU in depth level d can be
denoted as CUd,k (k = 0, 1, ..., 4d− 1), and the four sub-CUs pending on CUd,k are denoted
as CUd+1,4k+i (i=0,1,.., 3).

Thus, each CUd,k becomes a root of two new trees which contain two new unit types: the
Prediction Units (PUs), and the Transform Units (TUs). For inter prediction, 8 different
PU sizes are checked, while in the case of intra prediction, a PU uses the same 2Nx2N size
as for the CUd,k to which it belongs, allowing it to be split into four NxN PUs only for CUs
at the deepest level. Therefore, the PU size can range from 64x64 to 4x4 pixels. After that,
the prediction residue is transformed using various TU sizes from 32x32 to 4x4.

In Figure 1, an example of the partitioning is shown, depicting how a CTU is structured
in a hierarchical tree where each CU branch ends in a leaf (CUd,k) that is the root for the
two new prediction and transform trees, containing the PU and TU trees.

It should be noted that a CTU can be split into 149 different intra PUs (
∑4

d=0 4
d), and

each of these PUs should be evaluated for 33 directional modes and 2 non-directional modes
(DC and Planar). The computational complexity difference with respect to H.264/AVC
can be noted, since it only allowed up to 9 modes and the DC mode (Planar was also
available in 16x16 intra blocks, but in this case only 2 directional modes were checked).

However, regarding the selection, the HEVC reference software, namely HM [5], imple-
ments a fast mode decision based on Piao et al.’s scheme [6], which performs a fast pseudo
Rate-Distortion Optimization (RDO), the so-called Rough Mode Decision (RMD), over all
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modes and then it only performs the exhaustive RDO on 3 of them when the PU size is
from 64x64 to 16x16 pixels, and on 8 of them when the PU is smaller.

The above analysis highlights the need to reduce the complexity for HEVC intra pre-
diction in an H.264/HEVC video transcoder. With the algorithm approach, proposals can
be classified into two categories. Algorithms in the first one reduce the number of CU sizes
that need to be checked, mainly by limiting the depth of the CTU tree, and thus they can
be named as tree pruning algorithms. The second category reduces the number of angular
prediction modes to be checked in the RMD and RDO stages.

The intra H.264/AVC to HEVC transcoding problem has not been addressed in depth
in previous works. In the first category of proposals, in the specific framework of an intra
transcoder, the authors use Support Vector Machine classifiers to assist decisions on the
quadtree splitting. Specifically, they use a vector which includes the number of bits that
H.264/AVC used to encode the sub-CUs of the current CU, the average and the variance of
the residue of the three most dominant directional modes and the QP. Then, they obtain
confidence levels of how accurate it would be not to further split the CU, testing the proposal
with different accuracies, obtaining a 30% HEVC encoding time reduction.

A more recent work, in [7] the authors present an intra transcoding algorithm. In
that paper, a quadtree pruning algorithm based on bayesian classifiers is presented. Some
features are fetched in the H.264/AVC decoding stage and, then, it is re-used as input for
Bayesian classifiers which have been previously built. This intra transcoder achieves a 57%
HEVC encoding time reduction with a BD-rate of 2.2%.

Regarding the second category of proposals, the authors could not find other works at
the time of writing which aims to accelerate an intra H.264/AVC to HEVC transcoder. One
of the most recent proposals (not in a transcoding scenario but in a fast HEVC encoding
one) is based on obtaining the dominant gradient of the texture in order to try only a few
directional intra modes [8]. Specifically, the authors define 12 orientations and choose one
of them on the basis of the content of the PU. They then only perform the RDO on 2 to
4 directional modes (those modes whose orientation is the closest to the orientation of the
gradient).

Finally, again in a fast intra HEVC encoding scenario, [9] proposes a combination of
both kinds of algorithms. The authors suggest a fast-partitioning decision algorithm that
uses the correlation of the content and the optimal CTU tree depth, limiting the minimum
and maximum depth levels. The algorithm is based on the observed evidence that small CUs
tend to be chosen for rich textured regions and vice versa. It computes a depth predictor
by using the neighboring tree blocks and 2 early terminations for prediction modes based
on the statistics of neighboring blocks and the RDO cost of the candidates. The authors
report a time reduction of 21% with a BD-rate of 1.7%.
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Table 1: Number of RDM and RDO modes checked by the Piao et al.’s and the proposed
algorithms.

PU size
#(RMD directional modes) #(RDO directional modes)
Piao et al. [6] Proposed Piao et al. [6] Proposed

64x64 33 5 3 2
32x32 33 5 3 2
16x16 33 7 3 2
8x8 33 11 7 5
4x4 33 11 7 5

3 Proposed Intra Transcoding Algorithm for Direction De-
tection

The proposed algorithm follows the same scheme as Piao et al.’s algorithm [6] which is
already implemented in HM reference software, as commented in Section 2. Nevertheless,
while the original Piao et al.’s algorithm checks all the possible directional modes in the
RMD (fast) stage, the proposed algorithm only tries a subset of them. Furthermore, the
proposed algorithm also decrements the number of modes in which the full RDO is checked.
Table 1 shows the number of modes checked at the RMD and RDO stages in both algorithms
according to the PU size. It can be seen that in both cases the number of RDM and RDO
to be checked increases for smaller PU sizes, since the smaller the PU is, the more difficult
is to make a good prediction. Furthermore, in both algorithms the 2 non-angular modes
(i.e. DC and Planar modes) are always checked in the RDM stage.

First of all, it must be taken into account that the HEVC and H.264 partitions sizes are
generally not the same (it might be the same when the PU size is 16x16, 8x8 or 4x4, but
even in these cases, this need not be true). Because of this reason a mapping between the
HEVC PUs and H.264/AVC MBs is performed, so that a PU contains one or more MBs. If
the PU size is bigger than the MB size, the PU will contain several MBs, while if the size
is the same (i.e., 16x16 pixels), the correspondence is one to one. Finally, if the PU size is
smaller than an MB, then the only overlapping MB is considered as the only sample for the
current PU.

When assigning a PU to the different overlapping H.264/AVC directional modes, the
original numeration in H.264/AVC is changed so that the new number represents the HEVC
direction whose orientation is the closest to the orientation of the H.264/AVC mode (DC
and planar modes are not taken into account for calculations). Figure 2 shows the corre-
spondence between the HEVC and H.264/AVC numerations.

Then, if more than one MB overlaps the current PU (i.e., the PU size is 64x64 or 32x32
pixels), the average and the variance of all the overlapping modes are calculated and the
average (rounded to integer) is used as a directional predictor in HEVC. For these two PU
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Figure 2: Correspondence between HEVC and H.264/AVC intra directional modes.

sizes, the intra 16x16 MBs are not considered, since these MBs can only choose between 2
directional modes, either horizontal or vertical (in smaller PUs they are used as they are
the only available sample). In this case, if a PU does not contain any sample (i.e., all the
MBs were 16x16 or not angular modes), the proposed algorithm is not used and the default
Piao et al.’s algorithm is used.

If the PU size was 16x16 or 8x8 (there is only one MB which overlaps the current PU),
the directional predictor is the mode of the only available sample. In the case of a 4x4 PU,
as the area of the image is too small and the information of the only available MB might
not be very accurate, the average and the variance of the current and all the adjacent PUs
(up to 8 PUs) are calculated so that a global gradient is taken into account, and the average
(rounded to integer) is used as a directional predictor.

If the variance calculated (for the PU sizes where a variance is calculated) is higher
than a threshold1, then the current PU is considered as a high entropy PU and the default
[6] fast HM algorithm is used. Otherwise, the selected predictor and (n− 1)/2 modes to its
left and other (n− 1)/2 modes to its right are checked with the RMD, where n represents
the number of modes used to be checked in the RMD stage, as described in Table 1. Then,
the best m modes in the RMD stage, where m is the number of modes used to check the
RDO, as described in Table 1. DC and Planar modes are always checked in the RMD since

1A threshold of 120 has been chosen in the experiments that we performed.
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it is very common to choose one of them, and predicting them is not easy, something which
would result in errors.

4 Performance Evaluation

This section aims to evaluate the intra transcoding algorithm presented in this paper. In
order to ensure a common framework for the simulations, the JCT-VC defined a set of com-
mon test conditions [10] to homogenize comparisons between experiments. Therefore, this
performance evaluation has been carried out in accordance with these guidelines. Specifi-
cally, the QP values used were {22, 27, 32, 37} with the All Intra (AI) configuration. The
sequences contained in this document are grouped into Classes, according to their resolution:

• Class A (2560x1600 pixels): Traffic and PeopleOnStreet.

• Class B (1920x1800 pixels): Kimono, ParkScene, Cactus, BQTerrace and Basket-
ballDrive.

• Class C (832x480 pixels): RaceHorsesC, BQMall, PartyScene and BasketballDrill.

• Class D (416x240 pixels): RaceHorses, BQSquare, BlowingBubbles and Basketball-
Pass.

• Class E (1280x720 pixels): FourPeople, Johnny and KristenAndSara.

The results are presented in terms of time reduction and BD-rate [4]. The global
Peak Signal-to-Noise Ratio (PSNRY UV ) for the BD-rate was calculated as the weighted
average of the luma PSNR (PSNRY ) and chroma PSNRs (PSNRU , PSNRV ), according
to Equation 1 (weights recommended by the JCT-VC in [11], which are considered a fair
representation of the human visual quality).

The software used was JM 18.4 [12] for H.264/AVC, a modified version of the HM
16.2 [5] encoder including the proposed mode detection algorithm, and the original HM
16.2 (used as anchor to calculate the BD-rate and the time reduction). The remainder of
the coding parameters not mentioned are kept as default in the configuration file. All the
measurements were performed on a six-core Intel Core i7-3930K CPU running at 3.20GHz.

PSNRY UV =
6× PSNRY + PSNRU + PSNRV

8
(1)

Table 2 contains the results of proposed algorithm using the AI configuration. It can
be seen that it achieves a very low BD-rate with a time reduction of around 20%. It should
be noticed that the time reduction is not very high since it is compared with the already
fast algorithm implemented in HM [6], so it represents a 20% acceleration of an already fast
algorithm, which is not a bad value.

Regarding the variability of the results, the time reduction is very similar in all the
cases, ranging from 17% to 22%, while the variability of the BD-rate is higher since some
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Table 2: Time reduction and coding efficiency results of the proposed algorithm.

BD-rate (%) Time reduction (%)

Class A

Traffic 0.8 21.00
PeopleOnStreet 1.1 17.08

Nebuta 0.1 17.40
SteamLocomotive 0.3 20.31

Class B

Kimono 0.5 20.80
ParkScene 0.6 20.20
Cactus 1.1 20.25

BasketballDrive 1.1 22.23
BQTerrace 0.8 19.89

Class C

BasketballDrill 1.0 18.65
BQMall 1.2 19.92

PartyScene 1.2 17.86
RaceHorsesC 0.7 18.72

Class D

BasketballPass 1.2 18.09
BQSquare 1.2 16.48

BlowingBubbles 1.0 16.87
RaceHorses 0.8 17.04

Class E
FourPeople 1.0 20.87
Johnny 1.0 19.50

KristenAndSara 1.0 19.50

Arithmetic mean 0.9 19.13
Standard deviation 0.3 1.60

Coefficient of variation (%) 33.3 8.36

sequences obtain very low BD-rate. This fact can be statistically demonstrated with the
Coefficient of Variation (CV) which, as shown in (2), measures the standard deviation
(σ) as a percentage of the arithmetic mean (x̄). Even though the standard deviation also
provides a dispersion metric, it is dependent of the scale of the variable, while the CV is
independent of the scale and can be used to compare the dispersion of different variables,
such as the BD-rate and the time reduction. Thus, while the CV of time reduction is only
8%, the CV of the BD-rate is 33%. This fact is a good point of the proposed algorithm,
since it means that for some sequences (e.g. Nebuta, SteamLocomotive, . . . ), while the time
reduction is still close to the average value, the BD-rate obtains much better results.

CV (%) =
σ

x̄
× 100 (2)

4.1 Comparison with a non-transcoding algorithm

Regarding the comparison with other works, as said in Section 2, the authors could not
find other works which try to accelerate the intra direction decision in the transcoding
scenario. Because of this, the algorithm proposed by Ruiz et al. [8] has been executed in
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Table 3: Comparison of the proposed algorithm with Ruiz et al.’s algorithm [8].

Proposed algorithm Ruiz et al.’s algorithm [8]

BD-rate (%) Time reduction (%) BD-rate (%) Time reduction (%)

Traffic 0.8 21.00 1.3 16.69

Kimono 0.5 20.80 0.6 15.71

BasketballDrill 1.0 18.65 2.1 14.16

BlowingBubbles 1.0 16.87 1.6 12.72

FourPeople 1.0 20.87 1.2 17.21

Average 0.9 19.64 1.4 15.30

the transcoding scenario. Table 3 shows the results of both algorithms for some sequences
(one for each class). First of all, it can be noted that the BD-rate in this scenario is much
higher than that reported in [8]. This is due to the fact that the sequences are subjected to
two quantification processes. Furthermore, it can be seen that the proposed intra direction
detection algorithm obtains 4% more in time reduction with 0.5% less of losses in BD-rate
terms, what demonstrates that the information gathered in the H.264/AVC decoding stage
of the transcoder improves the performance of the direction detection for intra PUs.

5 Conclusions and Future Work

In this paper we have presented an intra H.264/AVC to HEVC transcoding algorithm which
tries to further accelerate the already accelerated decision on the intra directional mode to
be chosen using the intra modes which were decided in H.264/AVC. The proposed algorithm
can reduce the computational complexity of the intra H.264/AVC to HEVC transcoder by
20%, with only a slight BD-rate increase of 0.8%. We would like to highlight the novelty of
the scenario in view of the lack of consistent proposals for such an intra transcoder.

As future work in the topic, it can be noticed that the proposed algorithm can be
combined with an early CU termination algorithm, such as those described in Section 2.
It is clear that, even though both algorithms do not have the same target, they would not
be fully independent of each other, since the proposed algorithm would not be applied to
those branches of the quadtree pruned by early termination algorithm. Thus, neither the
resulting BD-rate nor the time reduction would be the sum of those of the two algorithms.
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Abstract

Phase-fitted splitting methods are constructed for the numerical solution of oscil-
latory differential equations with an additively separable structure. The result of the
experiment on a two-gene regulatory network shows that the new phase-fitted splitting
methods (PLT, PStrang, PTJ) are more effective than the corresponding traditional
splitting methods and Runge-Kutta methods of the same order.

Key words: Gene regulatory network, splitting methods, phase fitting
MSC 2000: 65L04, 65L05, 65L06

1 Introduction

Almost all the organisms have develop a mechanism to adapt to the daily sunlight rhythm.
This mechanism consists of a molecular network, in particular, a gene network, with inter-
acting components. In most cases, negative feedback loops in a gene network have been
shown to entrain sustained oscillations which play an important role in the functioning of
living cells. The dynamics of an N -gene regulated network can be modelled by a system of
ordinary differential equations

ṙ(t) = −Γr(t) + F (p(t)),
ṗ(t) = −Mp(t) +Kr(t),

(1)

where r(t) and p(t) are N -dimensional vectors representing the concentrations of mRNAs
and proteins at time t, respectively, F (p(t)) is the vector of regulatory functions determining
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the cooperativity of two genes, Γ, M and K are diagonal matrices of reaction rate constants.
To simulate the qualitative behavior of the system (1), biologists employ the standard
Runge-Kutta (RK) methods which are available in most scientific computation softwares.
However, the general purpose RK methods fail to take into account the special structure of
the system (1) and can not produce satisfactory numerical results. Recently, regarding the
additively separable structure of the system (1), You et. al. [1] took a splitting approach
and obtained very accurate results. For details of splitting methods, see Blanes [2].

The purpose of this paper is to adapt the standard splitting methods with phase-fitting
to the system (1) whose solutions share an oscillatory property.

2 Phase-fitted splitting methods for oscillatory systems

Consider the initial value problem (IVP) of ordinary differential equations

ẏ = f(y), t > 0, y(0) = y0. (2)

Suppose we can decompose the vector field f in (2) into two subfields

y′ = f [1](y) + f [2](y). (3)

and assume that each subfield f [i](y), i = 1, 2 can has the exact flow ϕ
[i]
t . The Lie-Trotter

splitting method, which is of order 1, is defined by

Ψ
[LT ]
h = ϕ

[2]
h ◦ ϕ[1]

h . (4)

A composition of Ψ
[LT ]
h with its adjoint Ψ

[LT ]
h

∗
:= Ψ

[LT ]
−h

−1
= ϕ

[1]
h ◦ ϕ

[2]
n gives the Strang

splitting method

Ψ
[ST ]
h = ϕ

[1]
h/2 ◦ ϕ

[2]
h ◦ ϕ[1]

h/2. (5)

which is symmetric and has order two. Composition of the Strang splitting leads to the
triple jump

Ψ
[TJ ]
h = ΨST

γ3h ◦Ψ
ST
γ2h ◦Ψ

ST
γ1h (6)

where γ1 = γ3 =
1

2−21/3
and γ3 = − 2

1
3

2−2
1
3
. This method is also symmetric and has order 4.

Consider the scalar autonomous test system of the form

q̇ = ωp, ṗ = −ωq (7)

whose vector field can be decomposed as f [1] + f [2] with

f [1] =

(
ωp
0

)
, f [2] =

(
0

−ωq

)
.

Applying a splitting method yields

(qn+1, pn+1)
T = R(ν)(qn, pn)

T , (8)
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Definition 2.1 The quantities

PL(ν) := ν − arccos
tr(R(ν))

2
√
det(R(ν))

D(ν) := 1−
√

det(R(ν)) (9)

are called the dispersion (or phase lag) and the dissipation (or amplification factor error)
of the splitting or composition method, respectively. If P (ν) = 0 and D(ν) = 0, the method
is zero-dispersive (or phase-fitted) and zero-dissipative (amplification-fitted), respectively.

It is easy to show that the Lie-Trotter method, Strang and triple jump methods are
zero-dissipative. Phase-fitted splitting methods are listed as follows:

(i) The phase-fitted Lie-Trotter method (PLT) of order one

Ψ
[PLT ]
h = φ

[2]
b(ν)h ◦ φ

[1]
a(ν)h (10)

with a(ν) = b(ν) = 2 sin(ν/2)
ν .

(ii) The phase-fitted Strang splitting method (PST) of order two

Ψ
[PST ]
h = φ

[1]
a(ν)h/2 ◦ φ

[2]
b(ν)h ◦ φ

[1]
a(ν)h/2 (11)

with a(ν) = 2 sin ν
ν(cos ν+1) and b(ν) = sin ν

ν .

(iii) The phase-fitted triple jump composition method (PTJ) of order four

Ψ
[PTJ ]
h = ΨST

γ3(ν)h
◦ΨST

γ2(ν)h
◦ΨST

γ1(ν)h
(12)

where

γ1(ν) = γ3(ν) =
1

2−21/3
−
(

1
108 + 1

1082
2/3 + 1

542
1/3

)
ν2 +

(
5

216 + 1537
907202

2/3 + 1067
453602

1/3
)
ν4 +O(ν6)

γ2(ν) = − 21/3

2−21/3
+
(

1
54 + 1

542
2/3 + 1

272
1/3

)
ν2 −

(
31

1080 + 253
113402

2/3 + 94
28352

1/3
)
ν4 +O(ν6)

3 Numerical simulation of the Goodwin oscillator

The new methods will be applied to the two-gene cross-regulatory network

ṙ1 = −γ1ri +miHi(pi), ṗi = −μipi + kiri, i = 1, 2 (13)

with the Hill functions Hi =
1−(−1)3−i

2 + (−1)3−i θ
n3−i
3−i

θ
n3−i
3−i +p

n3−i
3−i

, i = 1, 2. The parameters are

taken as m1 = 1.8, m2 = 1.8, n1 = 3, n2 = 3, k1 = 1, k2 = 1, γ1 = 1, γ2 = 1, μ1 =
1, μ2 = 1, θ1 = 0.6542, θ2 = 0.6542. We integrate the network on the time interval [0, 100]
with step sizes h = 2j , j = −7,−6,−5,−4. Traditional Runge-Kutta methods the Euler

c©CMMSE ISBN: 978-84-608-6082-2455



Phase fitted splitting methods

Table 1: The maximal global errors produced by the six methods for the two-gene regulatory
network.

h Euler Heun RK 4 PLT PStrang PTJ

1/2 8.1e-1 2.7e-1 1.8e-4 2.1e-2 7.1e-4 1.7e-4
1/4 5.2e-1 6.8e-2 7.1e-5 1.1e-2 2.9e-4 1.2e-5
1/8 1.9e-1 1.7e-2 3.5e-6 5.8e-3 5.1e-5 7.2e-8
1/16 6.6e-2 4.3e-4 2.0e-7 2.9e-3 1.3e-5 4.5e-8

method of order one, the Heun method of order two and the four-stage fourth-order Runge-
Kutta method (denoted by RK4) are also utilized for comparison. The numerical result is
presented in Table 1.

From Table 1 we can see that the new phase fitted splitting methods are more effective
than the traditional Runge-Kutta methods of the same order. The first order PLT is more
accurate that the first order Euler method and the second order Heun method, and the
fourth order PTJ is more accurate than the four order Runge-Kutta method. Moreover, for
comparatively large step sizes h = 1/2, 1/4, the second order PStrang performs almost as
well as the fourth order Runge-Kutta method.
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Abstract

Leshmaniasis is a parasite disease transmitted by the bites of sand fly bites. Cuta-
neous Leshmaniasis is the most common form of the disease and it is endemic in the
Americas. Around 70 animal species, including humans, have been found as natural
reservoir hosts of Leshmania parasites. Among the reservoirs, dogs are the most impor-
tant ones due to their proximity to the human habitat. Infection by leshmaniasis does
not invariably cause illness in the host, and can remain asymptomatic for a long period
specially in dogs.

In this work we formulate a model to study the transmission of the disease among the
vector, humans and dogs. Our main objective is to asses the impact of asymptomatics
and dogs on the spread of Leshmaniasis. For this end we calculate the Basic Reproduc-
tion Number of the disease and we carry out sensitivity analysis of this parameter with
respect the epidemiological and demographic parameters.

Key words: Leshmaniasis, sandflyes, asymptomatics, Basic Reproduction Number
MSC 2000: AMS codes 92D30

1 Introduction

Leishmaniasis is a disease caused by at least two dozen of distinct protozoan of the Leishma-
nia species, and it is transmitted by the bite of infected females of phlebotomine sandflies.
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Depending on parasites, and the host immune response, Leshmaniasis can be subclinical
(inapparent), localised (skin lesions), or can present a disseminated infection (cutaneous,
mucosal, or visceral). The disease is associated with malnutrition, poor housing, and popu-
lation displacement, among other factors. In general, it is estimated around 900 000 to 1.3
millon of new cases each year, and approximately 20 000 to 30 000 deaths occur worldwide
each year [12].

Around 70 animal species, including humans, have been found as natural reservoir hosts
of Leishmania parasites, and the clinical characteristics of the disease vary by regions. In
general, the habit of keeping dogs and other domestic animals inside the house is thought
to promote human infection.

Infection by leshmaniasis does not invariably cause illness in the host. The variable
course of disease after infection is thought to due to differences in the immune response
of individuals, and it can remain asymptomatic from one month to several years. In fact,
many infected dogs remain asymptomatic and never develop clinical symptoms. In endemic
regions, it is estimated that only one of five infected dogs develops clinical symptoms [2].

Epidemiological control of Leshmaniasis recommended by WHO includes vector control,
human treatment, and control or sacrifice of infected dogs [8, 12]. Mathematical models are
important tools to understand several aspects of the disease spread, as well as to asses the
effectiveness of control measures, or to suggest new measures. Several non mathematical
studies on Leishamniasis infection have been focus to understand the role of domestic dogs
upon the disease spread. Since a percentage of dogs is lifelong asymptomatic, it is important
to study the impact of the asymptomatics and infective dogs on disease prevalence.

2 Formulation of the model

We consider the infective populations of humans, dogs and sandflies. The first two popula-
tions are divided into the following epidemiological classes:

• Asymptomatic infectious

• Infectious with symptoms

with Ai, and Ii, i = 1, 2 denoting the asymptomatic infectives, and the infected with
symptoms of each specie.

The population of infective sandflies is denoted by Iv.

The dynamics of the disease is modelled by the following system of differential equations

dAh

dt
= rhbβh

Iv
N̄

(N̄h −Ah − Ih)− (γh + ηh + δh + μh)Ah

dIh
dt

= (1− rh)bβh
Iv
N̄

(N̄h −Ah − Ih) + δhAh − (λh + τh + μh)Ih
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dAd

dt
= rdbβd

Iv
N̄

(N̄d −Ad − Id)− (γd + ηd + δd + μd)Ad (1)

dId
dt

= (1− rd)bβd
Iv
N̄

(N̄d −Ad − Id) + δdAd − (λd + τd + μd)Id

dIv
dt

=
b

N̄
(αahAah + αhIh + αadAad + αdId) (N̄v − Iv)− μvIv

in the positive invariant region

Ω = {(Ah, Ih, Ad, Id, Iv) ∈ R5
+|Ah + Ih ≤ N̄h, Ad + Id ≤ N̄d, Iv ≤ N̄v}.

In the model, N̄h, N̄d, and N̄v denote the population sizes of humans, dogs and vectors,
respectively. All the populations are constant with mortality rates given by μh, μd, μv,
respectively. Following [5] it is assumed that susceptible humans and dogs get infected

by infectious sandflies at rates bβh
Īv
N̄

and bβd
Īv
N̄

, respectively, where b is the biting rate

of sandflies, βi, i = h, d are the probabilities that an infected bite gives rise to a new
case in the respective populations, and N̄ = N̄h + N̄v. A fraction ri, i = h, d of each
species becomes asymptomatic infectives, and 1 − ri pass directly to the infectious class.
Reciprocally, sandflies get infected from asymptomatic humans and dogs, and infective

humans and dogs at rates αaib
Ai

N̄
, αib

Ii
N̄

, i = h, d, respectively, where αi, and αai, i = h, d

are the transmission probabilities from humans and dogs to mosquitoes. It is reasonable to
assume that a symptomatic infective is more infectious that an asymptomatic one, therefore
in this work we will assume that αai = fiαi, 0 ≤ fi ≤ 1, i = h, d.

The asymptomatic members of each species become infectious with symptoms at a rate
δi, or return to the susceptible class because they recover or are treated at rates γi, and
ηi, respectively with i = h, d. Analogously, infectious, Ih, and Id recover and return to the
susceptible class, or are treated at rates λi, τi, respectively with i = h, d.

3 Analysis of the model

The analysis of system (1) will be given in terms of the Basic Reproduction Number, R0,
which represents the average number of secondary infections caused by an infected individual
during the infection period in a whole susceptible population.

Using the next generation operator approach [4, 10], we compute the Basic Reproduc-
tion number R0 in terms of the epidemiological and demographic parameters:

R0 =

√
R2

h0

N̄h

N̄
+R2

d0

N̄d

N̄
(2)
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where

R0i =

√
b2βi

(
(1− ri)αi

λi + τi + μi
+

ri
γi + ηi + δi + μi

(αai + αi
δi

λi + τi + μi
)

)
N̄v

N̄

(3)

i = h, d represent the number of secondary infections derived from an infected individual in
the human-vector cycle, and dog-vector cycle, respectively.

System (1) has the equilibrium E0 = (0, 0, 0, 0, 0) called the disease-free state. Using
Theorem 2 of [10] we have the following result in terms of R0.

Theorem 1. If R0 < 1, E0 = (0, 0, 0, 0, 0) is the only equilibrium in Ω, and it is globally
asymptotically stable. If R0 > 1, E0 becomes unstable.

An endemic state is a non trivial equilibrium of system (1). We have the following result.

Theorem 2. When R0 > 1, system (1) has a unique endemic state E1 = (A∗
h, I

∗
h, A

∗
d, I

∗
d , I

∗
v ).

Global stability of E1 in Ω was proved in the case λi + τi = γi + ηi, i = h, d using the
Lyapunov function [11].

W = A

(
Sh − S∗

h − S∗
h ln

Sh

S∗
h

)
+B

(
Ah −A∗

h −A∗
h ln

Ah

A∗
h

)
+ C

(
Ih − I∗h − I∗h ln

Ih
I∗h

)
+D

(
Sd − S∗

d − S∗
d ln

Sd

S∗
d

)
+ E

(
Ad −A∗

d −A∗
d ln

Ad

A∗
d

)
+ F

(
Id − I∗d − I∗d ln

Id
I∗d

)
+G

(
Iv − I∗v − I∗v ln

Iv
I∗v

)
,

where Si = Ni −Ai − Ii, i = h, d, and A,B,C,D,E, F,G are constants.

4 Sensitivity Analysis

The model formulated in this work has numerous parameters whose estimations and refer-
ences are given in Table 1. However, uncertainties are expected to arise in those estimates.
It is illustrative to investigate the sensitivity of the Basic Reproduction Number, R0, to
changes of the parameters related to asymptomatic disease and infective dogs in order to
see the effect of these two factors on the disease prevalence. For this end we calculate the
differential of the expression of R0 given in (2),
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parameter meaning value

b sandfly biting rate 0.79 day−1

βh sandfly-human transmission 0.3

βd sandfly-dog transmission 0.25

αh human-sandfly transmission 0.14

αd dog-sandfly transmission 0.25

δh transition rate from asymptomatic 0.001-0.03 day−1

to infectious humans 0.0155 day−1

δd transition rate from asymptomatic 0.0003-0.03 day−1

to infectious dogs 0.0151 day−1

rh proportion of asymptomatic infections in humans 0.17

rd proportion of asymptomatic infections in dogs 0.8

γh infected humans recovery rate 0.0056 day−1

γd infected dogs recovery rate 0.0056 day−1

λh asymptomatic humans recovery rate 0.0098 day−1

λd asymptomatic dogs recovery rate 0.0098 day−1

μv average sandflies mortality rate 0.03 day−1

μd average dogs mortality rate 0.0003 day−1

μh average human mortality rate 0.00004 day−1

Table 1: Demographic and epidemiological parameters. Values are taken from [1, 2, 3, 6, 7,
8, 9]

ΔR0 ≈ dR0 =
∂R0

∂p
Δp, (4)

to approximate the variations of R0 with respect the parameter p, where p denotes the
asymptomatic fractions (ri, i = h, d) and the increment of dog population (Nd). We measure
the variation of R0 when p increases taking Δp > 0.

When the proportion ri of species i, i = h, d, is increasing by a factor θ,

∂R0

∂ri
=

b2βi
2R0

( −αi

λi + τi + μi
+

1

γi + ηi + δi + μi
(αai + αi

δi
λi + τi + μi

)

)
N̄v

N̄

This expression is bigger than zero if

αi

λi + τi + μi

(
γi + ηi + μi

γi + ηi + δi + μi

)
<

αai

γi + ηi + δi + μi
(5)

The inequality implies that R0 increases if the number of infections produced by an asymp-
tomatic individual during its asymptomatic period is bigger than the number of infections
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produced by a symptomatic one during its infectious period. If the opposite inequality
holds, R0 decreases. Assuming αi = αai, inequality (5) depends only of the infective and
asymptomatic period considering that both types of infected may recover or be cured. In
this case,

1

γi + ηi + μi
>

1

λi + τi + μi
(6)

Figure 1 shows the evolution of R0 when the proportion of asymptomatic humans
increases by a factor θ. In all the simulations R0 increases linearly, but their initial values
and corresponding increments change according the percentage of individuals that receive
treatment and are cured. In the simulations represented in figure 1a) there is not treatment
at all. Only sixty percent of infective humans and thirty percent of infected dogs are treated
in the simulation corresponding to 1b). In figure 1c), 90%, and 70% of the infectives are
cured, 40%, and 25% of the infected and asymptomatic dogs are treated. Finally, in graph
1d), 0.90 and 0.70 of the infected humans and dogs are treated, while 0.80 and 0.50 of the
asymptomatic humans and dogs receives treatment.

r
h

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

R
0
 (

r h
)
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a)
b)
c)
d)

Figure 1

With no treatment, R0 practically remains constant when the asymptomatics of each
species increase. On the other hand, when treatment is applied only to infected ones,
R0 has a significant relative increase that seems contradictory. This behaviour can be
explained observing that in this case R0 has an important decrease at the beginning due to
the treatment, but as the proportion of asymptomatics with respect to infectives, r/(1− r),
grows and infectives are treated, the number of infectious contacts with asymptomatics grow
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rapidly. This increase coupled with the fact that the asymptomatic period can be very long,
especially in dogs, gives rise to an increment of the number of secondary infections.

The behaviour described above is also observed when the proportion of asymptomatic
dogs is increased.

If dog population Nd increments by a factor θ

∂R0

∂Nd
=

1

R0(N̄h + N̄d)3
(−2R0hNh +R0d(Nh −Nd)),

then
∂R0

∂Nd
> 0 if the ratios of dogs to humans, and R0h to R0d satisfy

1− 2R0h

R0d

>
Nd

Nh
. (7)

From this inequality we see that a necessary condition for R0 to increase is that R0h <
R0d√
2
.

Figure 2 illustrates the behaviour of R0 when dogs population increases, assuming the
same treatment scheme as in figure 1. R0 first increases, and then decreases approaching
to a limit value due to saturation effect.
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5 Conclusions

In this work we formulated a mathematical model in order to asses the impact of asymp-
tomatic infectives and dogs in the transmission of Leshmaniasis disease. For this end we
calculate the Basic Reproduction Number of the disease, R0, and we made sensitive analysis
of this parameter with respect the proportion of asymptomatics and dog population size.
Our conclusions can be summarized as:

• R0 increases if the number of infections produced by an asymptomatic individual
during its asymptomatic period is bigger than the number of infections produced by
a symptomatic one during its infectious period.

• Identification and treatment of asymptomatics of both species significantly reduces
the prevalence of the disease.

• It is required a systematic application of serological tests in the regions where the
disease is endemic to identify asymptomatic carriers and treat them.

• Depending on the ratios
R0h
R0d

and Nh
Nd,

R0 increases or decreases when dog population
grows.
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Abstract

The problem of identifying a functor between the categories of algebras and graphs
is currently open. Based on a known algorithm that identifies isomorphisms of Latin
squares with isomorphism of vertex-colored graphs, we describe here a pair of graphs
that enable us to find a faithful functor between finite-dimensional algebras over finite
fields and these graphs.

Key words: graph theory, algebra, finite field, isomorphism, isotopism, invariant.

1 Introduction

Graph Theory has revealed to be an interesting tool to deal with distinct aspects on the
study of algebras [3, 4, 7, 9]. Nevertheless, the problem of identifying a functor that relates
the category of algebras with that of graphs remains still open. Both categories are referred
with respect to their corresponding isomorphisms among algebras and graphs. Based on a
proposal of McKay et al. [10] for identifying isomorphisms of Latin squares with isomor-
phism of vertex-colored graphs, we describe here a pair of graphs that enable us to find a
faithful functor between finite-dimensional algebras over finite fields and these graphs. We
focus in particular on the distribution of partial-magma algebras into isomorphism classes
by means of some isomorphism invariants related to the mentioned graphs.
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2 Preliminaries

2.1 Isotopisms of algebras

In 1942, Albert [1] introduced the concept of isotopism of algebras as a generalization of that
of isomorphism. Specifically, two n-dimensional algebras (A, ·) and (A′, ◦) defined over the
same field K are said to be isotopic if there exist three non-singular linear transformations
f , g and h from A to A′ such that

f(u) ◦ g(v) = h(u · v), for all u, v ∈ A. (1)

Hereafter, in order to simplify the notation and whenever no confusion arises, we do not write
explicitly the products · and ◦. That is, we write the previous identity as f(u)g(v) = h(uv),
for all u, v ∈ A. The triple (f, g, h) is an isotopism between the algebras A and A′.

Let A be an n-dimensional algebra over a field K and let {e1, . . . , en} be a basis of this
algebra. The structure constants of A are the numbers ckij ∈ K such that

eiej =

n∑
k=1

ckijek, for 1 ≤ i, j ≤ n. (2)

If the structure constants of an algebra are all of them zeros, then this algebra is called
abelian .

Lemma 1. The n-dimensional abelian algebra is not isotopic to any other n-dimensional
algebra. �

Let S be a vector subspace of an algebra A. The left and right annihilators of S in A
are respectively defined as the sets

AnnA−(S) = {u ∈ A | uv = 0, for all v ∈ S}. (3)

AnnA+(S) = {u ∈ A | vu = 0, for all v ∈ S}. (4)

The intersection of both sets is called the annihilator of S in A. It is defined as

AnnA(S) = {u ∈ A | uv = vu = 0, for all v ∈ S}. (5)

Lemma 2. Let (f, g, h) be an isotopism between two n-dimensional algebras A and A′. Let
S be a vector subspace of A. Then,

a) f(AnnA−(S)) = AnnA′−(g(S)).
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b) g(AnnA+(S)) = AnnA′+(f(S)).

c) f(AnnA−(S)) ∩ g(AnnA+(S)) = AnnA′(f(S) ∩ g(S)). �

Proposition 1. Let (f, g, h) be an isotopism between two n-dimensional algebras A and A′.
Then,

a) f(AnnA−(A)) = AnnA′−(A′).

b) g(AnnA+(A)) = AnnA′+(A′).

c) f(AnnA−(A)) ∩ g(AnnA+(A)) = AnnA′(A′).

Proof. The result follows straightforward from Lemma 2 and the regularity of f and g.

Hereafter, given a vector subspace S of an algebra A, we define the vector subspace
SA = {uv | u ∈ S and v ∈ A}. The derived algebra of the algebra A is then defined as the
subalgebra

A2 = AA = {uv | u, v ∈ A} ⊆ A. (6)

Lemma 3. Let (f, g, h) be an isotopism between both algebras A and A′. Then, h(A2) = A′2

and dim(A2) = dim(A′2). �

2.2 Partial-magma algebras

A partial magma is a finite set endowed with a partial binary operation. Hereafter, we
suppose this set to be [n] = {1, . . . , n} and we denote the operation as ·. In this case, n
is the order of the partial magma. Two partial magmas ([n], ·) and ([n], ◦) are said to be
isotopic if there exist three permutations α, β and γ in the symmetric group Sn such that

α(i) ◦ β(j) = γ(i · j), for all i, j ≤ n such that i · j exists. (7)

If α = β = γ, then the partial magmas are said to be isomorphic. The triple (α, β, γ)
constitutes an isotopism of magmas (an isomorphism if α = β = γ).

A partial quasigroup is a partial magma ([n], ·) such that if the equations ix = j and
yi = j, with i, j ∈ [n], have solutions for x and y in [n], then these solutions are unique.
Every partial quasigroup of order n is the multiplication table of a partial Latin square of
order n, that is, an n× n array in which each cell is either empty or contains one element
chosen from the set [n], such that each symbol occurs at most once in each row and in each
column. Every isotopism of a partial quasigroup is uniquely related to a permutation of
the rows, columns and symbols of the corresponding partial Latin square. The distribution
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of partial Latin squares into isotopism classes is known for order up to 6 [5, 6]. Finally, if
two Latin squares are isotopic after a reordering of the components of all their entries, then
they are said to be paratopic.

In 1944, Bruck [2] introduced the concept of quasigroup algebra as an n-dimensional
algebra over a base field K such that there exists a basis {e1, . . . , en} and a quasigroup
([n], ·) satisfying that eiej = cijei·j for each pair of elements i, j ≤ n and some non-zero
structure constant cij ∈ K \ {0}. The algebra is then said to be based on the quasigroup
([n], ·). If all its structure constants are equal to 1, then this is called a quasigroup ring.
Partial-magma algebras constitute a natural generalization of the concept of quasigroup
algebra, once the condition of being based on a quasigroup is replaced by that of being
based on a partial magma.

2.3 Graph theory

A graph is a pair G = (V,E) formed by a set V of points or vertices and a set E of lines or
edges formed by subsets of two vertices of V . The degree of a vertex v ∈ V is the number
d(v) of edges containing this vertex. A graph is said to be vertex-colored if there exists a
partition into color sets of its set of vertices. The color of a vertex v is denoted as color(v).
An isomorphism between two vertex-colored graphs G = (V,E) and G′ = (V ′, E′) is any
bijective map f between the set of vertices V and V ′ that preserves collinearity and such
that color(f(v)) = color(v), for all v ∈ V .

Let L = (lij) be a Latin square of order n. McKay et al. [10] defined the vertex-colored
graph G2(L) with n2 + 3n vertices

{ri | i ≤ n} ∪ {ci | i ≤ n} ∪ {si | i ≤ n} ∪ {tij | i, j ≤ n},

where each of the four subsets (related to the rows (ri), columns (ci), symbols (si) and cells
(tij) of the Latin square L) has a different color, and 3n2 edges

{rieij , cjeij , sijtij | i, j ≤ n}}.

They also defined the vertex-colored graph G1(L) from the graph G2(L) by adding 3 ad-
ditional vertices {R,C, S} and 3n additional edges {Rri, Cci, Ssi | i ≤ n}. Here, there are
three colors: one for {R,C, S}, one for {ri, ci, si | i ≤ n} and one for the rest of vertices.
Finally, they defined the vertex-colored graph G3(L) from the graph G2(L) by adding 3n
additional edges {rici, cisi, risi | i ≤ n}. Here, the color of the vertices coincides with
those of G1(L). These authors proved (Theorem 6 in [10]) that two Latin squares L1 and
L2 of the same order are paratopic (respectively, isotopic or isomorphic) if and only if the
graphs G1(L1) and G1(L2) (respectively, G2(L1) and G2(L2), and G3(L1) and G3(L2)) are
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Ó. J. FALCÓN, R. M. FALCÓN, J. NÚÑEZ, A. M. PACHECO, M. T. VILLAR

isomorphic. Figure 1 shows an example of the three graphs related to the next Latin square
of order 2.

L =

(
1 2
2 1

)
.

We have used distinct styles (◦, �, �, 	 and •) in the vertices of the graphs to represent
their colors.

G1(L) G2(L) G3(L)

Figure 1: Graphs related to a Latin square of order 2.

3 The proposed graph

Based on the proposal of McKay et al. for Latin squares, we describe now a pair of graphs
that are uniquely related to a finite-dimensional algebra over a finite field and which enable
us to ensure that any two isotopic or isomorphic algebras map to two isomorphic graphs.
To this end, let A be an n-dimensional algebra over a finite field K. Firstly, we define the
vertex-colored graph G1(A) with four maximal monochromatic subsets⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

RA = {ru | u ∈ A \AnnA−(A)},
CA = {cu | u ∈ A \AnnA+(A)},
SA = {su | u ∈ A2 \ {0}},
TA = {tu,v | u, v ∈ A, uv �= 0}.

and edges
{rutu,v, cvtu,v, swtu,v | u, v, w ∈ A, uv = w �= 0}.

From this graph we also define the vertex-colored graph G2(A) by adding the edges

{rucu, | u ∈ A \AnnA(A)} ∪ {cusu | u ∈ A2 \AnnA+(A)} ∪ {rusu | u ∈ A2 \AnnA−(A)}.

Figure 2 shows, for instance, the two graphs G1 and G2 that are related to any n-
dimensional anticommutative algebra over the finite field F2, with basis {e1, . . . , en}, that
is described by the non-zero product e1e2 = e1.
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G1 G2

Figure 2: Graphs related to the anticommutative algebra e1e2 = e1 over F2.

Example 1. In order to illustrate in a better way the proposed graphs, we describe how to
construct step by step the graph G2 related to the 3-dimensional anti-commutative algebra
A over the finite field F2, with basis {e1, e2, e3}, that is linearly defined from the non-zero
products e1e3 = e2 and e2e3 = e1. In order to make easier this construction, we place the
vertices of the graph in rows and columns as if they were the elements of a matrix. Each
one of these vertices can, therefore, be described by its position (i, j) inside this matrix.

Step 1. The underlying set of vectors of our algebra is {e1, e2, e3, e1+e2, e1+e3, e2+e3, e1+
e2+e3}. Since AnnA(A) = ∅, these seven vectors can appear as left or right factors
of a non-zero product in A. We start, therefore, the construction of the graph G2(A)
by drawing seven vertices labeled as ru in a column at the left of the graph and other
seven vertices labeled as cu in a row on the top of the graph. Each u denotes here
a vector of the algebra (see Figure 3 (left)).

Step 2. In the body of the graph (the empty zone among the two sets of vertices that have been
drawn until now) we draw now those vertices corresponding to non-null brackets.
Since we have at most seven times seven brackets, we add at most 49 new vertices
labeled as tu,v. These vertices are distributed in matrix form according to the left
and right factors that determine the corresponding product (see Figure 3 (center)).

Step 3. Now, since A2 \ {0} = {e1, e2, e1 + e2}, we draw three new vertices labeled as su in
a column at the right of the graph (see Figure 3 (right)).

Step 4. We deal now with the construction of the edges. Firstly, we join each vertex (i, 1)
at the left of the graph with the vertices (i, j) for 2 ≤ i, j ≤ 7. These correspond to
the edges rutu,v of the description (see Figure 4 (left)).

Step 5. After that, we join each vertex (1, j) on the top of the graph with the vertices (i, j)
for 2 ≤ i, j ≤ 7. These correspond to the edges cutu,v of the description (see Figure
4 (left in the center)).
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Figure 3: Steps 1–3 in the construction of the graph G2(A).

Step 6. Next, we join each vertex (i, 1) with the vertex (1, i) for 2 ≤ i ≤ 7. These correspond
to the edges rucu of the description. (see Figure 4 (center)).

Step 7. Now, we join each of the vertices tu,v with the corresponding vertex constructed in
Step 3. These correspond to the edges swtu,v of the description (see Figure 4 (right
in the center)).

Step 8. Finally, whenever is possible, we join the vertices (1, j) and (i, 1) with the cor-
responding vertices constructed in Step 3, for 2 ≤ i, j ≤ 7. These correspond,
respectively, to the edges rusu and cusu of the description (see Figure 4 (right)). 


Figure 4: Steps 4–8 in the construction of the graph G2(A).

Lemma 4. Let A be an n-dimensional algebra over a finite field K. Then,

a) If the algebra A is abelian, then both graphs G1(A) and G2(A) are empty.

b) The graph G1(A) does not contain triangles.

c) In both graphs G1(A) and G2(A),

• The number of vertices is

|A \AnnA−(A)|+ |A \AnnA+(A)|+ |A2|+ |{(u, v) ∈ A×A | uv �= 0}| − 1.
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• d(tu,v) = 3, for all u, v ∈ A such that uv �= 0.

d) In the graph G1(A),

• d(ru) = |A \AnnA+({u})|, for all u ∈ A \AnnA−(A).

• d(cu) = |A \AnnA−({u})|, for all u ∈ A \AnnA+(A).

• d(su) =
∑

v∈A |ad−1
v (u)|, for all u ∈ A2 \ {0}. Here, ad denotes the adjoint action.

e) In the graph G2(A),

• d(ru) = |A \AnnA+({u})|+ 1A\AnnA− (A)(u) + 1A2(u), for all u ∈ A \AnnA−({u}).
• d(cu) = |A \AnnA−({u})|+ 1A\AnnA+ (A)(u) + 1A2(u), for all u ∈ A \AnnA+({u}).
• d(su) = 1A\AnnA− (A)(u) + 1A\AnnA+ (A)(u) +

∑
v∈A |ad−1

v (u)|, for all u ∈ A2 \ {0}.

Here, 1 denotes the characteristic function.

Proposition 2. Let A be an n-dimensional algebra over a finite field K. Then,

a) The number of edges of its related graph G1(A) is∑
u �∈AnnA− (A)

(|A \AnnA+({u})|+
∑

v∈A2\{0}
|ad−1

u (v)|) +
∑

u �∈AnnA+ (A)

|A \AnnA−({u})|.

b) The number of edges of its related graph G2(A) coincides with those of G1(A) plus

|A \AnnA(A)|+ |A2 \AnnA−(A)|+ |A2 \AnnA+(A)|.

Proof. The result follows straightforward from the First Theorem of Graph Theory [8] and
assertions (c–e) in Lemma 4.

Theorem 1. Let A and A′ be two n-dimensional algebras over a finite field K. Then,

a) If both algebras are isotopic, then their corresponding graphs G1(A) and G1(A
′) are

isomorphic. Reciprocally, if the graphs G1(A) and G1(A
′) are isomorphic, then there

exist three bijective maps f , g and h between A and A′ such that f(u)g(v) = h(uv).

b) If both algebras are isomorphic, then their corresponding graphs G2(A) and G2(A
′) are

also isomorphic. Reciprocally, if the graphs G2(A) and G2(A
′) are isomorphic, then there

exists a multiplicative bijective map between the algebras A and A′, that is, a bijective
map f : A→ A′ so that f(u)f(v) = f(uv), for all u, v ∈ A.
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Proof. Let (f, g, h) be an isotopism between the algebras A and A′. We define the map α
between G1(A) and G1(A

′) such that⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
α(ru) = rf(u), for all u ∈ A \AnnA−(A),

α(cu) = cg(u), for all u ∈ A \AnnA+(A),

α(su) = sh(u), for all u ∈ A2 \ {0},
α(tu,v) = tf(u),g(v), for all u, v ∈ A such that uv �= 0.

The description of both graphs G1(A) and G1(A
′) together with Proposition 1, Lemma 3

and the regularity of f , g and h involve α to be an isomorphism between these two vertex-
colored graphs, that is, α is a well-defined bijection between the vertices ofG1(A) andG1(A

′)
that preserves collinearity and the color of the vertices. The same map α constitutes an
isomorphism between the graphs G2(A) and G2(A

′) in case of being f = g = h, that is, if
the algebras A and A′ are isomorphic.

Reciprocally, let α be an isomorphism between the graphs G1(A) and G1(A
′). Collinear-

ity involves this isomorphism to be uniquely determined by its restriction to RA ∪CA ∪SA.
Specifically, the image of each vertex tu,v ∈ TA by means of α is uniquely determined by the
corresponding images of ru, cv and suv. Let β and β′ be the respective bases of the algebras
A and A′ and let π : A → A′ be the natural map that preserves the components of each
vector with respect to the mentioned bases. That is, π((u1, . . . , un)β) = (u1, . . . , un)β′ , for
all u1, . . . , un ∈ K. Let us define three maps f , g and h from A to A′ such that

f(u) =

{
π(u), for all u ∈ AnnA−(A),

v, otherwise, where v ∈ A is such that α(ru) = rv.

g(u) =

{
π(u), for all u ∈ AnnA+(A),

v, otherwise, where v ∈ A is such that α(cu) = cv.

h(u) =

{
π(u), for all u ∈ (A \A2) ∪ {0},
v, otherwise, where v ∈ A is such that α(su) = sv.

From Proposition 1 and Lemma 3, these three maps are bijective. Let u, v ∈ A. If
u ∈ AnnA−(A) or v ∈ AnnA+(A), then there does not exist the vertex tu,v in the graph
G1(A). Since α preserves collinearity, there does not exist the vertex tf(u),g(v) in the graph
G1(A

′), which means that f(u) ∈ AnnA′−(A′) or g(v) ∈ AnnA′+(A′). In any case, we have
that f(u)g(v) = 0 = h(uv). Finally, if u �∈ AnnA−(A) and v �∈ AnnA+(A), then the vertex
tu,v connects the vertices ru, cv and suv in the graph G1(A). Now, the isomorphism α maps
this vertex tu,v in G1(A) to a vertex tu′,v′ in G2(A) that is connected to the vertices ru′ ,
cv′ and su′v′ . Again, since α preserves collinearity, it is f(u) = u′, g(v) = v′ and, finally,
h(uv) = f(u)g(v).
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In case of being α an isomorphism between the graphs G2(A) and G2(A
′) it is enough

to consider f = g = h in the previous description. This is well-defined because of the new
edges that are included in the graphs G1(A) and G1(A

′) in order to define, respectively, the
graphs G2(A) and G2(A

′). These edges involve the multiplicative character of the bijective
map f , that is, f(u)g(v) = h(uv), for all u, v ∈ A.

Theorem 1 enables us to determine non-isotopic and non-isomorphic algebras from
their corresponding non-isomorphic graphs. To this end, it is interesting to compute some
isomorphism invariants of the corresponding graphs G1 and G2. In this regard, Table
1 shows, for instance, some graph invariants of the graph G1 related to each one of the
possible isomorphism classes of 3-dimensional Lie algebras over the finite fields F2 and F3.
All of them constitute partial-magma algebras.

F2 F3

Lie partial-magma algebra Vertices Edges Triangles Vertices Edges Triangles

Abelian 1 0 0 1 0 0
e1e2 = e3 37 72 0 482 1296 0
e1e2 = e2 37 72 0 482 1296 0

e1e2 = e3, e1e3 = −e2 - - - 636 1728 0
e1e2 = e3, e1e3 = e2 53 108 0 636 1728 0
e1e2 = e2, e1e3 = e3 53 108 0 636 1728 0

e1e2 = e2, e1e3 = −e3, e2e3 = −e1 63 126 0 - - -
e1e2 = e2, e1e3 = −e3, e2e3 = 2e1 - - - 702 1872 0

Table 1: Graph invariants for the graph G1 related to each isomorphism class of 3-
dimensional Lie partial-magma algebras over the finite fields F2 and F3.

Thus, for instance, it is known that the n-dimensional anticommutative algebra over
the finite field F2, with n ≥ 3, described by the product e1e2 = e3 is not isomorphic to the
n-dimensional anticommutative algebra over F2 described by the product e1e2 = e1. This
follows straightforward from the fact that the corresponding graph G2 related to the former
coincides with that associated with the latter, which is shown in Figure 2 (right), up to the
vertex se1 , which becomes se3 , and the two edges re1se1 and ce1se1 , which disappear. Both
graphs are, therefore, non-isomorphic and hence, the algebras are neither isomorphic. It is
straightforward verified that both algebras are, however, isotopic. Besides, even if this does
not constitute a necessary condition, their corresponding graphs G1 are isomorphic. That
graph shown in Figure 2 (left) is indeed the graph G1 corresponding to the anticommutative
algebra described by the product e1e2 = e1.

We finish this paper with an illustrative example that focuses on those graphs G1 and
G2 related to the set of non-abelian partial-quasigroup rings over a finite field that are
based on the known distribution of partial Latin squares of order 2 into isotopism classes.
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Particularly, Table 2 shows the graph invariants related to the finite field F2. Partial Latin
squares are written row after row in a single line, with empty cells represented by zeros.
For each isotopism class we indicate the sequence with the number of vertices of each color,
the number of edges and that of triangles of the corresponding graphs G1 and G2.

G1 G2

Partial Latin square Vertices Edges Triangles Vertices Edges Triangles

10 00 (2,2,1,4) 12 0 (2,2,1,4) 16 7
10 01 (3,3,1,6) 18 0 (3,3,1,6) 23 7
10 02 (3,3,3,7) 21 0 (3,3,3,7) 30 16
10 20 (3,2,3,6) 18 0 (3,2,3,6) 25 12
12 00 (2,3,3,6) 18 0 (2,3,3,6) 25 12
12 20 (3,3,3,8) 24 0 (3,3,3,8) 33 13
12 21 (3,3,3,8) 24 0 (3,3,3,8) 33 13

Table 2: Graph invariants for the graphs G1 and G2 related to 2-dimensional non-abelian
partial-quasigroup rings over the finite field F2.

Theorem 2. The set of 2-dimensional non-abelian partial-quasigroup rings is distributed
into six isotopism classes.

Proof. A computational case study enables us to ensure the result. In particular, if the
characteristic of the base field is distinct of two, then the six isotopism classes under con-
sideration are those related to the next partial Latin squares of order 2

1 1

1

1

2

1 2 1 2

2

1 2

2 1

Otherwise, if the characteristic of the base field is two, then the isotopism classes related
to the last two partial Latin squares coincide. In this case, the next partial Latin square
corresponds to the sixth isotopism class

1

2

If the characteristic of the base field is distinct of two, the partial-quasigroup ring
related to this partial Latin square is isotopic to that related to the unique Latin square of
the previous list.
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4 Conclusion and further studies

We have described in this paper a pair of graphs that enable us to define faithful functors
between finite-dimensional algebras over finite fields and these graphs. The computation of
isomorphism invariants of these graphs plays a remarkable role in the distribution of distinct
families of algebras into isotopism and isomorphism classes. Some preliminary results have
been exposed in this regard, particularly on the distribution of partial-quasigroup rings
over finite fields. Based on the known classification of partial Latin squares into isotopism
classes, further work is required to determine completely this distribution.
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Abstract

Multi-frequency trigonometrically fitted multistep methods for the numerical inte-
gration of the undamped Duffing equation are investigated. Three new trigonomet-
rically fitted symmetric six-step methods containing different resonance spectrum are
constructed. Numerical results are reported to show the efficiency of the new methods.
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1 Introduction

The undamped Duffing cubic equation driven by a periodic force has the form

y′′(x) + y(x) + y(x)3 = B cos(ωx). (1)

With the harmonic balance method, Mickens [1] showed that the solution of Equation (1)
can be expanded in a series of periodic functions

y(x) =
∞∑
i=0

A2i+1 cos ((2i+ 1)ωx). (2)

However, estimating of all the coefficients A2i+1 is a task of challenge. On the other hand,
numerical solution of the undamped Duffing equation has attracted more and more interests.
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Recently, with the Fourier spectrum, Wang [2] proposed trigonometrically fitted Numerov-
type methods for the undamped Duffing equation for which the accuracy and stability have
been greatly improved. More recently, Wang [3] constructed a new kind of trigonometrically
fitted Obrechkoff one-step method, which combines the Fourier spectrum with the high-
order derivatives. Unfortunately, Wang’s methods are implicit, for which it needs to solve
a nonlinear algebraic system at each step. Even if for the undamped Duffing equation, the
computational cost is high. In this paper, we will derive a new family of explicit symmetric
six-step methods which will be shown to be more efficient.

2 Construction of the new methods

The Duffing equation (1) can be written in a general form of second-order ODE

y′′(x) = f(x, y), y(x0) = y0, y′(x0) = y′0, x ∈ [x0, xend]. (3)

We consider the following explicit symmetric six-step method

yn+3 − yn+2 − yn−2 + yn−3 = h2(b0(fn+2 + fn−2) + b1(fn+1 + fn−1) + b2fn), (4)

where yn±i = y(x ± ih), fn±i = y′′(x ± ih), i = −3, · · · , 3 (see Simos [4]). The frequency
spectrum of the undamped Duffing equation (1) consists of odd multiples of ω and the
resonant oscillation arises just at these frequencies. With the choice of

{b0, b1, b2} = {67
48

,−1

6
,
61

24
},

we obtain the traditional explicit symmetric six-step method which can be found in Simos
[4]. The local truncation error of this method is

LTER(h) =
787

12096
h8y(8)(x) +O(h10).

Therefore this method is of order six and we denote it as Method I. In the sequel, in order
to derive new methods adapted to oscillatory problems, we follow the line of Fang [5] and
require the method (4) to integrate exactly functions in the set

FK = {sin(kωt), cos(kωt), k = 1, . . . ,K}, ω ∈ R. (5)

2.1 Method II

Requiring the method (4) to be exact for functions in the set F1 leads to

2(cos(3u)− cos(2u)) = −u2(2(d0 cos(2u) + d1 cos(u)) + d2), u = ωh. (6)
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Fixing b1 = −1
6 , b2 =

61
24 and solving the equation (6) gives

b0 = (−48(cos(3u)− cos(2u)) + 8u2 cos(u)− 61u2)/(48u2 cos(2u)).

The local truncation error of this new method is given by

LTER(h) =
787

12096
h8(ω6y(2)(x) + y(8)(x)) +O(h10).

Thus, this method is of order six and we denote it as Method II.

2.2 Method III

Requiring the method (4) to be exact for functions in the set F2 leads to{
2(cos(3u)− cos(2u)) = −u2(2(d0 cos(2u) + d1 cos(u)) + d2),

2(cos(9u)− cos(6u)) = −9u2(2(d0 cos(6u) + d1 cos(3u)) + d2).
(7)

With the choice of b2 =
61
24 , we solve equations (7) and obtain

b0 = csc(u)2(−3(61u2 cos(3u) + 48 cos(3u)2 − 24 cos(5u))

+ cos(u)(72 + 183u2 − 16 cos(6u) + 16 cos(9u)))/M,

b1 = csc(u)2(− cos(2u)(183u2 + 128 cos(6u) + 16 cos(9u))

+3 cos(6u)(61u2 + 48 cos(3u)))/M,

where M = 288u2(3 cos(u) + 2 cos(3u) + cos(5u). The local truncation error of this new
method is given by

LTER(h) = − 787

12096
h8(90ω6y(2)(x) + 91ω4y(4)(x)− y(8)(x)) +O(h10).

So this method is of order six, and we denote it as Method III.

2.3 Method IV

Requiring the method (4) to be exact for functions in the set F3 leads to⎧⎪⎨⎪⎩
2(cos(3u)− cos(2u)) = −u2(2(d0 cos(2u) + d1 cos(u)) + d2),

2(cos(9u)− cos(6u)) = −9u2(2(d0 cos(6u) + d1 cos(3u)) + d2),

2(cos(15u)− cos(10u)) = −25u2(2(d0 cos(10u) + d1 cos(5u)) + d2).

(8)
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Solving the equations (8) gives

b0 = (csc(u)6 sec(u)3(−225 cos(3u)2 + 25 cos(5u)(cos(6u)− cos(9u))

+9 cos(3u)(25 cos(5u)− cos(10u) + cos(15u)) + cos(u)(−25 cos(6u)

+25 cos(9u) + 9 cos(10u)− 9 cos(15u) + 1800 cos(2u)2 sin(u)2)))/N,

b1 = ((225 cos(3u)(cos(6u)− cos(10u))− 16 cos(6u) cos(10u)

+ cos(2u)(−200 cos(6u)− 25 cos(9u) + 216 cos(10u) + 9 cos(15u))

+25 cos(9u) cos(10u)− 9 cos(6u) cos(15u)) csc(u)6 sec(u)3)/N,

b2 = ((2432 + 4504 cos(u) + 3559 cos(2u) + 2434 cos(3u)

+1579 cos(4u) + 1064 cos(5u) + 829 cos(6u) + 734 cos(7u)

+584 cos(8u) + 354 cos(9u) + 164 cos(10u) + 54 cos(11u)

+9 cos(12u)) sec(u2 )
2 sec(u)2 tan(u2 ))/(1800u

2),

where N = 57600u2(1 + cos(2u) + cos(4u)). The local truncation error of this method is
given by

LTER(h) =
787

12096
h8(225ω6y(2)(x) + 259ω4y(4)(x) + 35ω2y(6)(x) + y(8)(x)) +O(h10).

So this method is of order six, and we denote it as Method IV.

3 Numerical experiments

For the parameters B = 0.002 and ω = 1.01 and for the initial values

y(0) = 0.200426728069666, y′(0) = 0,

Van Dooren [6] gave an accurately approximation to the analytic solution of Problem (1)
as follows:

y(x) =

5∑
i=0

a2i+1 cos ((2i+ 1)ωx),

where A1 = 0.2001794775366180, A3 = 0.000246946143255837, A5 = 3.04014985249× 10−7,
A7 = 3.744 × 10−10, A9 = 3.74349084 × 10−10, A11 = 5.68 × 10−16. For comparison, we
select a highly efficient two-frequency trigonometrically fitted Numerov method (denoted
as TFNT) constructed by Fang et al. [7]. In our test, we choose the fitting frequencies
ω1 = ω, ω2 = 3ω for the method TFNT. The problem is integrated in the integral interval
[0, 1000] with several stepsize h = 2/2j , j = 0, 1, 2, 3 and global errors are displayed in Table
1.

From Table 1 we can see that the new Methods II, III and IV are very effective for the
integration of the undamped Duffing equation. Methods III and IV are more accurate than
the method TFNT.
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Table 1: The global errors at the right end point produced by the five methods for the
undamped Duffing equation.
h TFNT Method I Method II Method III Method IV

2 NaN NaN NaN NaN 2.9e− 8
1 0.15 NaN NaN NaN 1.4e− 7
1/2 8.7e− 5 9.6e− 4 1.7e− 4 1.4e− 5 1.1e− 10
1/4 1.3e− 6 8.6e− 6 2.2e− 6 8.5e− 7 2.3e− 10
1/8 1.9e− 8 1.3e− 7 3.1e− 8 1.3e− 9 1.6e− 10
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Abstract

When studying some simple epidemiological models, such as the SIR model, for
which we consider three types of individuals: susceptibles, infected or recovered. But
what if one is infected and eventually infective but does not have any symptoms? How
should such a dynamics be modeled in which we can have this kind of infected individ-
uals? To do this we use a model which differentiates this type of infected individuals
and so we have two types of infected: symptomatic and asymptomatic. We study the
infection rate of an SIR model from this new model, hence an effective infection rate.

Key words: symptomatic, asymptomatic, effective infection rate

1 Introduction

Here we study an epidemiological model in which one can be susceptible, infected or recov-
ered as in the simple SIR model. In our study we consider some not that often considered
facts about the disease in study: we can have symptomatic and asymptomatic infected
individuals. And so we divide the infected into two disjoint subsets. We supposed that the
infected I are our empirical epidemiological data. And, so, we are considering a disease in
which we can have four different kinds of individuals: susceptible S, notified and eventu-
ally hospitalized severe symptomatic H, asymptomatic or subsymptomatic and not notified
infected A and recovered R. This model is denominated here by SHAR model.

c©CMMSE ISBN: 978-84-608-6082-2483



Effective SIR from SHAR models

We assume our population size N to be constant, hence N = S + H + A + R. For
the SHAR model we have the parameters α, β, η, φ and γ, which we will describe in more
detail later, and for SIR model we have the classical parameters α̃, β̃ and γ̃. We will assume
for the moment that α̃ = α and γ̃ = γ. Our main objective is to study the effective
infection rate β̃ as a function of the suposedly underlying α, β, η, φ and γ. We introduce a
relative contribution factor, φ, which represents how much more H contributes to the force
of infection than A on meting susceptibles and infecting them. And we introduce also a
rate η, which is given by the ratio of infected individuals who go to hospital over all infected
individuals and so we have η ∈ [0, 1]. We will draw the rection schemes and the systems of
differential equations and then we will computed the stationary states for the SHAR model
and compare with those for the effective SIR model.

In empirical studies often not all details of the disease dynamics are known, but small
compartmental models already can capture most if not all of the observed features of data
series of notified disease cases. Simple models have easily higher probability than overcom-
plicated models given certain data, this in the sense of statistical model comparison via
Bayes factors etc. [1]. Also it is not a priori clinically know if asymptomatically infected
contribute in the same way as symptomatically and eventually severly infected persons,
which might have a higher viral load than asymptomatic or subsymptomatic. This is espe-
cially important in vector borne diseases like e.g. dengue fever where a secondary infection
with a second dengue virus strain can lead to an enhancement severity of disease due to
an enhanced viral load. Then the question is if asymptomatically infected can transmit
in the first place to mosquitoes in the same way as severely infected can. This question
was recently investigated and answered positively for dengue fever specifically transmitted
via the mosquitoes Aedes aegypti [2]. Finally, unlike in e.g. childhood diseases, which are
highly infectious and symptomatic but humans developed effective immunity mechanisms,
most diseases are less infective and also have often mild outcomes, so that we can expect
some evolution towards decreasing pathogenicity in multi-strain populations, a mechanism
coined ”accidental pathogens”. The basic mechanism is that severed disease is an evolu-
tionary disadvantage for the underlying micro-organism which can grow best as commensal
with the host population rather than harming hosts which then cannot transmit further the
commensal turned pathogen. Finally, in populations with varying pathogenicity, the least
pathogenic and hence mildly symptomatic or asymptomatic strains dominate the popula-
tion [3, 4, 5, 6, 7]. Hence we would expect asymptomatically infected and infectious hosts
to occur frequently rather than being the rare cases in epidemiology.

We model the SHAR complex situation with eventually many unknown classes and
transition parameters in cases of multi-strain models, here in its simplest version and from
this can generate via simulations data about the notified disease cases, here in its simplest
version just the stationary state, which in turn can serve as input to simple effective models,
like here the SIR model. Schematically, the research procedure sketched here can be given
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Finally, the simple effective models should be compared in performance on explaining the
observed data with eventually necessary extensions, but only in case these extensions add
explanatory value to the data analysis.

2 SIR Model

Schematically, the dynamics of the SIR model is given by

S+I I+I
β̃

I R
γ

R S
α

with infection rate β̃, recovery rate γ̃ and waining immunity rate, or in case of life long im-
munity a demographic renewal, α̃ And so from the reaction scheme the system of differential
equations is given by ⎧⎪⎨⎪⎩

Ṡ = αR− β̃
N SI

İ = β̃
N SI − γI

Ṙ = γI − αR

with classically known stationary states given by
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{
S∗
1 = N, I∗1 = 0, R∗

1 = 0

S∗
2 = γN

β̃
, I∗2 = αN

α+γ

(
1− γ

β̃

)
, R∗

2 = γN
α+γ

(
1− γ

β̃

)
where (S∗

1 , I
∗
1 , R

∗
1) is the disease free stationary state and (S∗

2 , I
∗
2 , R

∗
2) the endemic stationary

state, of further interest in the following.

3 SHAR model

We now investigate an extension of the SIR model in the sense that we distinguish between
infected being notified due to severe disease and eventually hospitalized, a disease class H,
and infected not being notified due to mild or completely asymptomatic infection, a disease
class A. Hence on infection of a susceptible S by meeting any of these infectedH respectively
A the notification ratio or hospitalization ratio η on top of the infection rate β sends the
susceptible in the ”hospital class” H, and with ratio (1− η) into the ”asymptomatic class”.
For η = 1 we wold come back to the old SIR model, since asymptomatic would not appear
any more.

In case, hospital case H and asymptomatic case A can infect as susceptible in the same
way, we already would have a complete model with only one new parameter. In case we
want to consider the more general case of hospitalized cases H being more infective than
asymptomatic case A, or eventually even less, e.g. due to immobilization in hospitale etc. as
also [2] find as being possible in the case of dengue fever, we can include a ratio φ multipied
with the infection rate β for hospitalized case meeting susceptibles. Then φ = 1 is the
above described simpler case, for φ > 1 severe cases would transmit more the disease, and
for φ < 1 they transmit less. The limiting case of φ = 0 gives a situation in which the
asymptomatic cases trans mit, but not at all the severe hospitalized. But also the oposite
case of hospitalized transmitting but not at all the asymptomatic can be captured in the
present set-up, via the limit of φ becoming very large or even infinity while the infection
rate β goes to zero in the same way, with no need for eventually two different parameters
φH and φA, for hospitalized respectively asymptomatic.

Schematically, the dynamics of the SHAR model is gven by

S+H

A+H

φ(1− η)β

H+H

φηβ
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S+A

H+A

ηβ

A+A

(1− η)β

A R
γ

H R
γ

R S
α

and so the system of differential equations is given by⎧⎪⎪⎪⎨⎪⎪⎪⎩
Ṡ = αR− β

N S(A+ φH)

Ḣ = η β
N S(A+ φH)− γH

Ȧ = (1− η) β
N S(A+ φH)− γA

Ṙ = γ(A+H)− αR .

For special cases of φ = 1 or φ = 0 the stationary states can be calculated easily along the
lines of the calculations in the SIR model. But with some more effort also the general case
for arbitray φ can be calulated giving the stationary states as follows

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

S∗
1 = N,H∗

1 = A∗
1 = R∗

1 = 0

S∗
2 = γN

β(1+η(φ−1))

H∗
2 = η α

α+γ

(
1− γ

β(1+η(φ−1))

)
N

A∗
2 = (1− η) α

α+γ

(
1− γ

β(1+η(φ−1))

)
N

R∗
2 =

γ(H∗
2+A∗

2)
α = γ

α+γ

(
1− γ

β(1+η(φ−1))

)
N

.

again with index 1 giving the disease free stationary state, and with index 2 the endemic
stationary state.

4 Calculation of effective infection rate

The simplest way to estimate an effective infection rate β̃ of an SIR model from more
complex models, like the here presented SHAR model, is to take the notified and severe
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and eventually hospitalized cases H∗ as the observed infected I∗ of the effective SIR model,
here of course in the endemic state Hence, we will calculate the effective infection rate, β̃,

equaling H∗
2 of the SHAR model to I∗2 of the SIR model, i.e. I∗SIR

!
= H∗

SHAR and isolate β̃

αηN(βφη − βη + β − γ)

β(α+ γ)(φη − η + 1)
=

αN

α+ γ

(
1− γ

β̃

)
⇒ β̃ =

γ

1− η
(
1− 1

1+η(φ−1)
γ
β

) .
Now for various values of φ we can plotted the effective infection rate as a function of

the notification or hospitalization ratio η by fixing the other parameters, see Fig. 1.

Figure 1: Effective infection rate, β̃, for different values of φ

For the present theoretical study we fix the parameters of the SHAR model to γ = 1
hence the time units are fixed to the recovery period and the infection rate to β = 3 · γ,
while α is not appearing in the analytic result of the effective infection rate β̃. Hence in
Fig. 1 we find for φ = 1 and η = 1 the value of β̃ = β = 3. And again for φ = 1 and now
for e.g. η = 0.75 we obtain from an underlying β = 3 · γ an effective β̃ = 2 · γ.
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In initial studies we already also found in time dependent solutions H(t) versus I(t)
that the presently calculated β̃ gives a good comparison not only i stationarity but also
in transients. Such results could eventually be improved by also relaxing the assumptions
of α̃ = α and γ̃ = γ (and later concerning stochastic fluctuations the case of an effective
system size Ñ in the SIR model with Ñ �= N could be investigated).

5 Conclusions and future research

We calculated an effective infection rate β̃ of a simple SIR model depending on further
parameters like notification rate η and contribution to the force of infection of notified
infected versus asymptomatic φ, resulting in mostly slight changes of β̃ versus the underlying
infection rate β of more complex models (respectively φ ·β for varying φ). In future studies
stochastic realizations of the here described SHAR model could be used to estimate the
effective parameters of a simple SIR model (now with free parameters not only the infection
rate β̃ but also other parameters α̃, γ̃ and Ñ), and this not only for fluctuations around the
endemic stationary state but also in transients. In certain parameter regions and for few
data points, hence littel information of the complexity of the underlying model, here the
SHAR model, we would again expect in Bayesian model comparison higher probability for
simpler models like an effective SIR model, as we found in simpler epidemiological models
which still could be treated analytically [1]. Now more numerical methods like described e.g.
in [8] would come to place. Especially in studies of multi-strain models describing dengue
fever it turned out that primary versus seondary infection is more important in describing
the observed fluctuations in empirical data e.g. from dengue hospital notification data from
Thailand than the exact number of strains [9], not needing all possible model complexities.
Of course a good understanding of the notification data is of importance [10].
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Abstract

A simple ecological population system like the Rosenzweig-MacArthur model with
a Holling Type II response function illustrates a Hopf bifurcation. If we add a seasonal
variation to one of the parameters the Hopf bifurcation point becomes a torus bifur-
cation and further through torus destruction we get deterministically chaotic behavior.
We study here the Lyapunov spectra to get insight about the the locations of torus bifur-
cations, torus destruction and chaotic regions in parameter space. Especially interesting
are detected coexisting attract ors, characterized by different Lyapunov exponents de-
pending on initial conditions of the trajectories on which the Lyapunov exponents are
calculated. As the trajectories converge to different dynamic attractors the Lyapunov
exponents change, and sometimes abruptly when constant initial conditions are used.

Key words: Rosenzweig-MacArthur model, torus bifurcation, deterministic chaos,
Lyapunov spectra, coexisting attractors.

1 Introduction

One of the simplest models to study Hopf bifurcations and hence with seasonal forcing
also torus bifurcations is the Rosenzweig-MacArthur model, which however has no direct
stochastic interpretation due to its time scale separation leading to the Holling type II
response function. We studied this system initially in [1] in respect to the time scale sepa-
ration, and stochastic versions via time continuous and state discrete Markov processes and
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Fokker-Planck approximations, see also [2]. The seasonally forced Rosenzweig-MacArthur
model has long been investigated [3], finding torus bifurcations and period doublings into
chaotic motion, where however due to the used methods of bifurcation software only fixed
points and limit cycles can be tracked, but no information can be obtained beyond the torus
bifurcation, hence leaving some insecurity as to where the chaotic attractors should appear.
We overcome this difficulty by analyzing Lyapunov spectra, which can detect deterministi-
cally chaotic attractors via positive Lyapunov exponents, but also can indicate bifurcations
since at period bifurcations one Lyapunov exponent becomes zero and is negative on both
sides of the bifurcation. Tori are characterized by two largest zero Lyapunov exponents.

To study stochastic versions of torus bifurcations and torus break up into chaos, the
parameter values in [3] are not suitable, since it is not easily seen how a time scale separable
system can be obtained from this. But finally we found suitable parameter values which have
similar bifurcation structures as found in [3], but also allow the time scale separation, hence
stochastic versions as investigated e.g. in [1]. On the way to detect the torus bifurcations
we found, like [3] with their bifurcation software, with our methods of Lyapunov spectra
coexistences of attractors in such a relatively simple ecological system, and only via suitable
initial conditions we could detect the regions of torus bifurcations. These findings have, of
course, wide implications in other population biological systems, in which torus bifurcations
and soon after deterministic chaos have been detected [4]. In that case also bifurcation
software like AUTO was used to initially find the torus bifurcations. The stochastic versions
of such systems are of importance in further theoretical understanding [5, 6, 7] and also
empirical data analysis [8].

2 The Rosenzweig-MacArthur model

We consider the Rosenzweig-MacArthur model studied in [1] and [2]. In this model X
represents a population of preys that consume resources S; a population of predators Y
feeds on the preys and they can be in one of two disjoint classes, Ys represents a ”searching”
class that is looking for prey and Yh is a ”handling” class which has already fed on some prey
and will therefore not be searching for more. The model is described by the stoichiometric
formulation

S +X
β−→ X +X (1)

X
α−→ S (2)

X + Ys
b−→ Yh (3)

Yh
k−→ Ys (4)
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Yh
ν−→ Yh + Ys (5)

Ys
μ−→ ∅ (6)

Yh
μ−→ ∅ (7)

Reaction (1) represents a prey consuming resources to procreate at a rate β. Reaction (2)
shows preys dying at a rate α and giving resources free. In reaction (3) we model searching
predators who hunt preys and change their state to handling predators at a rate b. Handling
predators become hungry again and change their state to searching at a rate k in reaction
(4). Handling predators can also give birth to other predators at a rate ν, these newborn
predators are assumed to be in searching state in reaction (5). Reaction (6) and (7) model
predators dying at a rate μ.
We assume that the maximal prey population N := X + S is constant. We also define the
growth rate of the preys � and the carrying capacity κ [6]

� := β − α and κ := N

(
1− α

β

)
,

and we get a three dimensional ordinary differential equation system:

Ẋ = �X

(
1− X

κ

)
− b

N
XYs (8)

Ẏh =
b

N
XYs − kYh − μYh (9)

Ẏs = − b

N
XYs + kYh − μYs + νYh . (10)

2.1 Time scale separation

Using a time scale separation argument as described in [1] we get a two dimensional ordi-
nary differential equations system for a Rosenzweig-MacArthur model with Holling type II
response function

Ẋ = �X

(
1− X

κ

)
− k

X
k
bN +X

Y

Ẏ = −μY + ν
X

k
bN +X

Y .

For the model to fulfill a time scale separation we asign values to the parameters that
conform an ecological model as in [9]. In this sense the preys have a lifespan of roughly
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half a year, so α := 1
1y
2

= 2y−1. Assuming they procreate fast gives β := 20α. We assume

that the predators have a lifespan of 10 months and a procreation rate twice as fast as the
mortality, so μ := 1

10y
12

= 6
5y

−1 and ν := 2μ. Further, the predators would have a digestion

rate of 1 day, hence k := 1
1d = 365−1. And finally a hunting rate b := 3k.
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Figure 1: Lyapunov spectra with tmax = 500 for seasonal forcing a) η = 0.5 with clearly
positive Lyapunov exponents for some parameter regions and b) η = 0.1 with Lyapunov
exponents occasionally close to zero, indicating a torus as attractor. Parameters as given
in [3].

3 Seasonality and Torus

3.1 Seasonal forcing

Past studies have considered seasonal variation of different parameters [3]. We follow [9]
determining the predator hunting rate as the most suitable parameter for seasonal variation.
Yielding a seasonaly forced system

Ẋ = �X

(
1− X

κ

)
− k

X
k
bN +X

Y

Ẏ = −μY + ν(t)
X

k
bN +X

Y.

with
ν(t) = ν0(1 + ηcos(ω(t+ φ))) .

Then we can couple a Hopf oscillator [9] to get an autonomous systme for which we can
calculate the Lyapunov exponents [5, 9]. The autonomous system coupled with the Hopf
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Figure 2: Lyapunov spectra with tmax = 500 for seasonal forcing η = 0.1. Zooming into
the parameter space reveals co-existing attractors around the region of the torus bifurcation.
a) and b) for fixed initial values X(t0) = 0.167 and Y (t0) = 0.0015 for each value of mean
birth rate of predators ν0. Parameters as given in [3].

oscillator shows to have the same Lyapunov exponents as the forced system apart from the
Lyapunov exponents of the oscillator itself [9]. Hence we can directly use the forced system
to calculate the two Lyapunov exponents which are non-trivial, baring in mind that the
trivial zero Lyapunov exponent along a trajectory is in addition to take into account (as
well a second trivial exponent results from the contraction along the Hopf oscillator).

3.2 Lyapunov exponents of the forced Rosenzweig-MacArthur model

Now we examine closely the behaviour of the Lyapunov exponents for variable ν0 in order
to get an insight on the chaotic behaviour of the system. Thus, for fixed initial conditions
we expect one Lyapunov exponent to be zero at the Hopf bifurcation point, whenever an
exponent is positive it indicates deterministic chaos and for a non-trivial exponent close
to zero (besides the trivial zero Lyapunov exponent) we expect there to be a torus as an
attractor, see Figure 1.

Figure 1 b) shows what could be interpreted as a torus bifurcation at around ν0 = 1.8μ.
But zooming in shows a jump in the otherwise relatively smooth curves of the Lyapunov
exponents, see Figure 2. These jumps on the values of the Lyapunovs exponents turn
out to be jumps on the trajectories between coexisting attractors. They can be avoided
by changing the initial conditions in order to track one specific attractor, which yields a
rather smooth curve for the Lyapunov exponents, see Fig. 3 with a) showing one attractor
and b) showing the detection of the torus bifurcation by starting in the jump region with
ν0 = 1.82μ.

Tracking of the torus gives values of the state variables on the torus, here for ν = 1.86μ
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Figure 3: Tracking the different attractors from the initial values with parameter ν0.

as X = 0.380010 and Y = 0.162432, which now can be used as new fixed initial values
X(t0) = 0.380010 and Y (t0) = 0.162432, giving a Lyapunov spectrum, mainly in the torus
region. The Lyapunov spectrum given with fixed initial values X(t0) = 0.380010 and
Y (t0) = 0.162432 is shown in Fig. 4.
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Figure 4: Lyapunov spectra with tmax = 500 for seasonal forcing η = 0.1, for fixed initial
values now on the torus X(t0) = 0.380010 and Y (t0) = 0.162432. Parameters as given in
[3].

3.3 Lyapunov characteristic exponents for two varying parameters

After we have detected the torus bifurcation, see Figure 4, we now can use these intial
conditions to vary two parameters at the same time, the mean predator birth rate ν0 and
the seasonality η and plot in color the leading Lyapunov exponent, also called Lyapunov
characteristic exponent.

Since we have used the forced Rosenzweig-MacArthur 2-dimensional system, we could
eliminate elegantly the trivial zero Lyapunov exponent. In Figure 5 a) hence a negative
characteristic exponent, in blue or green, indicates in the forced system a limit cycle, which
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Figure 5: Lyapunov characteristic exponents for two varying parameters, the mean predator
birth rate ν0 and the seasonality η, a) in good comparison to what [3] have found with
different techniques like bifurcation software, and b) for our parameter values allowing time
scale separation.

in the unforced system, hence η = 0 would be a fixed point. Then the zero characteristic
exponent indicates the region of torus dynamics, in yellow. In the yellow regions we find
again limit cycles cutting in towards vanishing seasonality, the Arnol’d tongues, which widen
for increasing seasonality η.

And only in these Arnol’d tongues we find characteristic exponents indicating bifur-
cations into chaotic dynamics, i.e. positive Lyapunov exponents in orange and red, hence
the phase locking on the tori breaks up into more than 2 dimensional dynamic attractors,
since three dimensions are needed for deterministic chaos to allow non-returning attractors
different from limit cycles.

Finally in Figure 5 b) we find the same dynamical behaviour also for our parameter
values which allow a time scale separation from a more complex stoichiometric system to
the two-dimensional Rosenzweig-MacArthur model, as analyzed previously in [1]. This
allows of course also in future studies the analysis of stochastic systems derived from the
stoichiometric system [6]. So we can analyze the stochastic behaviour around the torus
bifurcation and torus break up into deterministic chaos. This is of major interest especially
in analyzing real world systems, like dengue fever epidemiology with torus bifurcations [4]
and empirical data to perform parameter estimation, see [5, 7, 8].
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Abstract

Reducing energy consumption in large scale computing facilities has become a major
concern in recent years. Most of the techniques have been focused on determining
the computing requirements based on load predictions and thus turning unnecessary
nodes on and off. Nevertheless, once the available resources have been configured, new
opportunities arise for reducting energy consumption by providing optimal matching
of parallel applications to the available computing nodes. Those techniques have not
receivedmuch attention otherwise. The large number of computing nodes, heterogeneity
and application-tasks variability are factors that turn the scheduling into an NP-Hard
problem. Proposed in this paper is a genetic algorithm based on a weighted blacklist
able to generate scheduling decisions that globally minimize the energy consumption.

Key words: Weighted Blacklist, Energy Saving, Genetic Algorithm, Federated Clus-
ters, Scheduling, Co-allocation

1 Introduction

The computing requirements of scientific applications are continuously growing, as is the
amount of data to process. The use of more sophisticated and scalable infrastructure be-
comes necessary to cover these requirements. Different architectural environments such as
Federated Clusters, Grid infrastructures or Cloud computing are examples of federated re-
source environments, where computing resources in different administrative domains work
together to solve a problem [1, 2].
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Nevertheless, the high energy consumption produced by the use of large-scale resources
translates into high energy cost and high carbon emissions which are not environmentally
sustainable. Hence, there is an urgent need for energy-efficient solutions that force s redef-
inition of the way computing resources must be used. Recent research is able to determine
the quantity of resources to be used based on load predictions, QoS requirements, etc.
Nonetheless, once selected the required resources, new opportunities for reducting energy
consumption arise from providing optimal matching of parallel applications to the available
computing nodes. These techniques otherwise have otherwise received little attention.

In this work, we focus on Federated Cluster environments. These environments allow
the execution of parallel applications in which the computing resource requirements exceed
the resources available in a single cluster. Thus, some parallel applications can be co-
allocated to different clusters, sharing computational and communication resources. Under
these circumstances, a large amount of resources, their heterogeneity and also the ability to
apply co-allocation of tasks among different administrative domains turns the job scheduling
problem into an NP-hard problem. However, the adequate matching of computational nodes
and parallel tasks can provide an improvement to the final energy saving process.

The main goal in the present paper is to provide a technique that considers the com-
puting heterogeneity, the parallel tasks requirements and energy resource consumption to
generate scheduling decisions that minimize the energy consumption of the workloads to be
executed. The contribution of this paper is a novel scheduling technique based a genetic
algorithm guided by a weighted blacklist of forbidden resources. The results obtained from
scheduling different workloads from real traces shows that our proposal is able to reduce
the energy consumption compared with other techniques from the literature.

The remainder of this paper is organized as follows. Section 2 presents related work.
The proposed genetic algorithm is elaborated in Section 3. Section 4 demonstrates the
performance analysis and the simulation results for real workload traces. Finally, the con-
clusions is presented in Section 5.

2 Related Work

The potential benefit of sharing computing resources among independent sites in federated
environments has been widely discussed in previous research [1, 2]. However, resource
heterogeneity, data transferring and contention in the communication-links have a large
influence on the execution cost of parallel applications, and become critical aspects for the
exploiting resources and application performance [3, 4].

Beside this, the benefits of aggregating resources to solve huge computational problems
becomes a critical issue from the point of view of energy saving. Some research in the
literature has been conducted with the aim of reducing energy consumption. Several studies
are focused in determine the energy consumption of a computing system. Srikantaiah et
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al. [5] show that the energy consumed by a machine depends directly on the CPU usage.
Furthermore, Chia-Hung Lien et al. [6] demonstrate that the consumption of a modern
CPU in the idle state can be over 50% of its consumption at maximum power. Thus, the
best approach corresponds to using only those computing resources that are really necessary
to execute the workload and turning the others off.

A large amount of research was previously conducted to predict the future load in order
to turn the resources on and off depending on the computing requirements. Cocaña et al.
[7] presented a software tool that predicts the future node requirements using a machine-
learning approach, and then stopping those that will not be required in the near future. In
a similar way, Chae et al. [8] illustrate a method of determining the aggregate system load
and the minimal set of computational resources that can process the workload. Pinheiro
et al. in [9] deal with turning the computational resources on-off in order to handle with
a given workload. And Orgerie et al. in [10] present a three-step strategy based on a
framework able to control the computing requirements by switching the unused nodes off,
predicting their usage in order to switch on them on again and finally aggregating some
reservations in order to avoid frequent on/off cycles.

Once the required computational nodes are identified and configured, the scheduling
process must allocate the tasks of the parallel applications to them. Scheduling decisions
at this stage are critical because energy consumption depends directly on the policy used.
Nonetheless, less attention has been paid to this field of research. Li et al. [11] presented a
batch technique using a Min-Min heuristic in which the computing nodes can be in different
consumption states. When the have not been used nodes are not being used for a period
of time, they change to a lower consumption state using a OPSCS strategy [12]. Hsu et
al. [13] identifies an energy consumption threshold based on the resource utilization and
allocates the parallel applications to avoid exceeding this value.

In the present paper, the main contribution is the implementation of a weighted black-
list that determines the resource unavailability for each parallel job to be scheduled. Our
proposal avoids any systematic allocation of the jobs to the resources with minimum con-
sumption, as is usual in the literature, and it provides new scheduling chances for the
ramaining jobs in the system queue. Our proposal is integrated into a Genetic Algorithm
based meta-heuristic, named GA-BL for Genetic Algorithm BlackList, which is able to
modify the job execution order to take profit of the free resources from the blacklist.

3 Blacklist Energy-Aware Genetic Algorithm

A Genetic Algorithm (GA) is a search heuristic to find near-optimal solutions using nature-
based techniques. It starts by creating an initial population of solutions known as indi-
viduals, each one encoded using a chromosome. To create a new generation, four steps
are performed: ranking the individuals driven by a fitness function, ranking-based selec-
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tion, crossover and mutation. The algorithm is motivated by the hope that after several
generations, the new population will be better than the older ones.

In this paper, the authors propose the integration of a weighted blacklist of the com-
putational nodes, which represents the nodes forbidden to be used in the job allocation
process, into a GA meta-heuristic. This novel GA-BL is mainly focused on reducing energy
consumption. This energy consumption is modeled with equation 1. Considering that, in a
real system, the computing nodes (N) remain in one of two states, idle or computing. Each
node consumes a different amount of energy depending on the current state, with nodes that
are computing consuming more energy than the ones that are idle. Energy consumption is
calculated as follows: ∑

n

(Ec
n ∗ T c

n + Ei
n ∗ T i

n) ∀n ∈ N (1)

Es
n being the energy consumed by node n when it is in state s, where i stands for idle and c

stands for computing, and T s
n is the time spent by the node n in the state s. The execution

time of the job is calculated using the model presented by the authors in [14].

The first decision in developing a GA is the chromosome design. This is used to represent
the individuals in the population. The chromosome representation used is composed of
two parts. The first part represents the order the jobs are to be executed in the system.
The second part represents the weighted blacklist resource unavailability for each job (see
Figure 1). The blacklist was implemented as a real number in the range [0, 1] for each
job and cluster, the value represents the percentage of cluster nodes forbidden from the
allocation of the corresponding job.

To obtain the final job scheduling, the heuristic described in Algorithm 1 was used. If,
in the allocation process, we run out of computational nodes, GA predicts the first job to
finish by using the job execution model presented in [14] and then it releases the allocated
nodes for the subsequent jobs.

Algorithm 1 Allocation Algorithm

Require: Q : Set of jobs
Ensure: A : Set of (Task,Node)
1: for Job ∈ Q do
2: N ← FreeNodes − ForbiddenNodes

3: for Task ∈ Job do
4: A ← A∪ (Task, argminn∈N (Energy(n)))
5: end for
6: end for

Example 1. Given a set of jobs J = {J1, J2, J3, J4, J5}, having every job a set of tasks as
follows: J1 = {T1, T2, T3, T4}, J2 = {T5}, J3 = {T6, T7, T8}, J4 = {T9, T10, T11, T12,
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Figure 1: GA representation for Example 1

T13} and J5 = {T14}; and a set of clusters C = {C1, C2, C3}, every cluster has a set of
nodes as follows: C1 = {N1, N2}, C2 = {N3, N4, N5}, and C3 = {N6, N7}; a possible
solution is given in Figure 1. Observe that job J4 is the last job to be scheduled and it
cannot use any of the nodes in C3, since the solution has a value of 1.0 in its node allocation
spot, what means that 100% of the nodes in this cluster are forbidden for this job. The
corresponding scheduling is represented in Figure 2. For the sake of clarity, the job execution
time and energy consumption for all machines are considered the same. Note that J4 has
as forbidden nodes {N5, N6}, so it will wait for N1 to be scheduled.

J1-T1N1

N2

N3

N4

N5

N6

N7

J1-T2

J1-T3

J1-T4

J2-T5

J3-T6

J3-T7

J3-T8

J5-T14

J4-T9

J4-T10

J4-T11

J4-T12

J4-T13

C3

C2

C1

5 10 150
Time(s)

Figure 2: Schedule for Example 1
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To evaluate each individual in the population, the GA-BL uses the fitness function
described in Equation 1. In each iteration, the individuals with better fitness are selected
using a standard tournament selection algorithm. The crossover operator is divided into
two different algorithms to deal with the representation.

Order: a mask of random binary values is generated. For every position with value 1, the
job of the first parent is placed in the offspring. For the missing jobs, the order of the
second parent is chosen.

Allocation: we use a real number crossover for each value in the allocation grid. A random
value α is selected between the interval[-0.2,1.2] to avoid the premature convergence
of the algorithm. Then, the result of the crossover is calculated with the equation
Fresult = α ∗ Fparent1 + (1− α) ∗ Fparent2.

The mutation operator used to maintain the diversity through the generations is also
divided into two parts.

Order: this consist of swapping two jobs in the allocation queue

Allocation: a new randomly-selected value is obtained.

4 Experimentation

In this section we conducted an experimental study with the aim of analyzing the reduction
in energy consumption obtained by applying the proposed GA-BL scheduling technique.
The experimentation was carried out by simulation, using the Gridsim simulator configured
to emulate an environment composed of 4 different clusters. The characteristics of the
clusters are shown in Table 1. The consumptions of the different nodes were estimated by
using the study done in [10] where the consumption of an idle node and a computing one
are identified.

Cluster Nodes Effective Power MIPS Energy idle Kw/s Energy Computing KW/s

1 64 1000 130 300

2 64 1200 150 320

3 64 1300 250 400

4 64 1800 280 400

Table 1: System characteristics.

The evaluation process has been carried out with other well known techniques existing
in the literature able to be used on Federated Cluster environments.
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These techniques were JPR-E, a variant of Naik’s heuristic [15], where the tasks are
matched with the less energy consuming nodes and FCFS, a technique that schedules the
first job in the queue to available nodes. Both techniques treats only individual jobs from
the queue. Min-Min is a heuristic based on [11]. It is able to consider a set of jobs with
the aim of minimizing the energy consumption by the nodes. And Finally, HILL is a well-
known hill-climbing meta-heuristic focused on minimizing the fitness function described in
Equation 1.

The set of parameters that guide our genetic algorithm proposal is shown in Table 2.
These parameters were selected as a trade-off between the improvement in performance and
the computational cost according to the experimentation done in [14].

Parameter Value

Num. Iterations 120
Population Size 80

Mutation Frequency 50

Table 2: GA-BL parameters.

We evaluated three different workloads HPC2N, CEA CURIE and RICC extracted from
real cluster traces described by Feitelson [16].

Half of the jobs in the HPC2N are made up of 1-2 tasks and the rest, evenly distributed
in 4,8,16 tasks. The average execution time of this workload is around 1 hour.

80% of jobs in the RICC workload are made of 1 tasks while the rest can be up to 32,
and the execution times of each job can vary greatly between 10 seconds to 10 hours.

In the CEA CURIE workload, approximately 50% of the jobs are made up of 32 tasks,
with the execution time of 80% of the jobs being extremely low, from 1 second to 1 minute.

Several job-sets corresponding to one month of execution time were selected for each
workload. To evaluate the energy consumption of all sets, we used a boxplot that synthesizes
the most relevant information of the results: minimum, median and maximum consumption
values as well as the frequency of jobs in the first and third quartile. The outliers are
displayed as dots.

Figure 3 shows the results obtained for the HPC2N workload. As we can see, GA-BL
gave the lowest consumption with lower minimum and maximum values than the others,
and the median 30% lower than the FCFS heuristic, lowest in the literature. These results
comes from the fact that evaluating the whole set of jobs, GA-BL has the ability to forbid
access to some nodes by means of the blacklist, providing a reservation mechanism for those
jobs with computational requirements that can provide better benefits in the future.

The results of the experimentation for the RICC workload can be seen in Figure 4. The
behavior of GA-BL was similar to the previous experiment. It gave the best results but
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Figure 3: Energy saving study for HPC2N workload

also the lowest deviation of the boxplot, meaning that it obtains the lowest consumption
irrespectively of the sets of jobs. We can also observe that the outliers corresponding to the
sets with higher consumption than the median have also have much better results in our
proposal than in the other techniques.
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Figure 4: Energy saving study for RICC workload

In the case of the CEA CURIE, the workloads results are shown in Figure 5. The
median and boxplot results are very similar for all the techniques. The Min-Min is the only
that differs slightly from the others, being the worst technique.
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It is important to point out that the jobs in this workload have very low execution
times. This means that the differences in scheduling decisions about resources allocation or
job ordering have little effect on the consumption results.

Nonetheless, it should be noted that the GA-BL presents a higher rate of sets in the
first quartile, which implies more energy savings.
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Figure 5: Energy saving study for CEA CURIE workload

We can conclude that the workloads with higher variability in the execution times
(HPC2N and RICC) produce better scheduling chances. Our proposal, GA-BL technique,
using a blacklist of computational resources has proved to be effective for the energy saving
and also shows a low sensitivity to workloads variations. However, for the situations where
the nature of the workloads does not provide scheduling chances, as in the case of the CEA
CURIE, all the techniques gave similar results. Nevertheless, our proposal managed to
obtain higher rate of scheduled workloads with lower energy consumption.

5 Conclusions

The paper proposes a novel scheduling technique based on a resource allocation blacklist.
This proposal avoids the systematically allocation of the jobs to the resources withminimum
consumption, providing new scheduling opportunities to reduce global consumption. Our
proposal is integrated into a Genetic Algorithm based meta-heuristic (GA-BL) able to
modify the job execution order based on the blacklist.

The performance of the GA-BL in energy saving was evaluated by simulation and
compared with other techniques in the literature. The experimental study was conducted
with real workload traces in a heterogeneous federated cluster environment.
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The empirical results show that GA-BL can significantly reduce energy consumption
and have also shown a low sensibility to workloads variations. Although in situations where
the results were similar among all the techniques because of the limited opportunities to
reduce the energy, the GA-BL obtained higher rate of scheduling results with the lowest
energy consumption.
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Resumen

The HEVC video coding standard launched on 2013, is able to reduce to the half, on
average, the bit stream size produced by H.264/AVC encoder at the same video quality,
but it requires nearly 70% more time than H.264/AVC to encode a video sequence.
GPUs can help to reduce this coding time considerably. In this paper, we propose the
use of GPUs to perform the intra-picture prediction, explaining which steps in the coding
process has been traslated to GPU and we compare the coding time with respect to the
intra-picture prediction computation on a CPU.

Key words: Parallel algorithms, video coding, HEVC, GPUs, performance, prediction

1. Introduction

HEVC, the High Efficiency Video Coding standard [1] launched on January 2013 by the
Joint Collaborative Team on Video Coding (JCT-VC) is the newest video coding standard
of the ITU-T Video Coding Experts Group (VCEG) and the ISO/IEC Moving Picture
Experts Group (MPEG). The main video coding standard preceding HEVC is the current
H.264/AVC [2] standard, but an increasing diversity of services and the emergence of 4K
and 8K resolution are creating stronger needs for better coding efficiency. HEVC greatly
improved this coding efficiency over its predecessor (H.264/AVC) by a factor of almost
twice while maintaining an equivalent visual quality [3]. HEVC has been designed to cover
all services of H.264/AVC and to focus on two key issues: increased video resolution and

c©CMMSE ISBN: 978-84-608-6082-2510



Parallel processing in GPUs for intra-picture prediction in HEVC

increased use of parallel processing architectures. In terms of complexity, Bossen et al. [4]
studied the complexity aspects of HEVC encoding and decoding software and concluded
that the encoding process is much more challenging than the decoding process.

Despite being a recent standard, we can find in the literature several works about com-
plexity analysis and parallelization strategies for the HEVC standard [4, 5, 6]. Most of the
parallelization proposals are focused in the decoding side, looking for the most appropriate
parallel optimizations at the decoder that provide real-time decoding of High-Definition
(HD) and Ultra-High-Definition (UHD) video contents. In [7] and [8] the authors present
a technique called Overlapped Wavefront (OWF) for the HEVC decoder which is a variant
of Wavefront Parallel Processing (WPP) in which the executions over consecutive pictures
are overlapped. In a multi-threaded approach of the HEVC decoder, a picture is decoded
by several threads at the same time, and each thread decodes different Coding Tree Block
(CTB) rows. In these works, authors claim that a single thread may continue processing the
next picture when it finishes the current one, without waiting for the other threads. These
variations allow a better parallel processing efficiency, reducing the overall decoding time.
Recently, in [9] the authors combine Tiles, WPP with SIMD (Single-Instruction Multiple-
Data instruction set extension to the x86 architecture) instructions to develop a real-time
HEVC decoder.

However, there are less works focused at the HEVC encoder. In [10] authors propose
a fine-grain parallel optimization in the motion estimation module of the HEVC encoder
allowing to perform the motion vector prediction in all Prediction Units (PUs) available at
the Coding Unit (CU) at the same time.

In [11], authors apply parallel processing techniques to HEVC encoder. Authors propo-
se several, synchronous and asynchronous, parallelization approaches working at a coarse
grain parallelization level, based on the Group Of Pictures (GOP), where several groups
of consecutive frames are encoded simultaneously using a multicore platform with shared
memory. The results show that near ideal efficiencies are obtained using up to 10 cores.

A proposal for parallelization for distributed memory systems is presented in [12]. In this
paper, authors present several parallelization approaches to the HEVC encoder for distribu-
ted memory platforms which work at a coarse grain level parallelization, being one group of
pictures (GOP) the basic structure. These approaches encode simultaneously several GOPs
and ideal parallel behavior is shown for a right GOP conformation and distribution.

In [13], authors combine a GPU-based motion estimation algorithm with two different
parallelization techniques: WPP and group of pictures (GOP). This approach allows a
multicore system to process multiple Coding Tree Units (CTUs) by splitting the frame in
rows or the sequence in GOPs, respectively. In either case, the motion estimation of these
regions is issued to the GPU device obtaining speed-ups of up to 3.93x for 4 processes.

In [14] authors propose a parallelization inside the intra prediction module that consist
on removing data dependencies among subblocks of a CU, obtaining interesting speed-up
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Figura 1: Avalaible blocks on decoder side for intra-prediction

results.
Recently, in [15], authors present an hybrid approach combining WPP and intra pre-

diction on GPUs obtaining reductions on the total encoding time of up to 62% with a lower
coding performance loss.

In this paper, we will focus on applying parallel processing in Graphic Processors Units
(GPUs) to the intra-picture prediction process of the HEVC encoder. The remainder of
this paper is organized as follows, in Section 2 an overview of intra-picture prediction in
HEVC and an introduction to the main algorithms used are presented. Section 3 present the
parallelization strategy proposed for using GPUs parallelism in the intra-picture prediction
process, while in Section 4 an evaluation of the proposed architecture and parallel strategies
is presented. Finally, in Section 5 some conclusions are drawn.

2. Intra-picture Prediction in HEVC

The basic source-coding algorithm is a hybrid of interpicture prediction to exploit tem-
poral statistical dependences, intra-picture prediction to exploit spatial statistical depen-
dences, and transform coding of the prediction residual signals to further exploit spatial
statistical dependences. These three elements provide an improvement in compression effi-
ciency when compared to the previous video coding standard H.264/AVC. In particular, the
intra-picture prediction process consists in predicting a block in the current frame, using the
information from neighbouring blocks in the same frame. It supports three different modes,
the angular mode with 33 different directions, the planar mode and the DC mode.

The values of the samples in a frame are often similar to their adjacent neighbour
samples’ values; this is called spatial redundancy or intra-frame correlation. This redundant
information in the spatial domain can be exploited to compress the image. Each frame is
partitioned in blocks and for each block the prediction is created by extrapolating samples
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from previously-coded samples in the same frame. In order for this process to be replicable
at the decoder side, only the pixels along the upper and/or left edges can be used to
create the prediction block as shown in Figure 1. Once the prediction has been generated,
it is subtracted from the current block to form a residual signal. The residual signal is
transformed into the frequency domain and binary arithmetic encoded, together with the
selected prediction mode.

In HEVC, a frame is split into one or several slices and an intra slice contains a number
of consecutive CTUs, which are partitioned into CUs. The maximum CU size is 64x64, and
the minimum size is 8x8. A CU is considered as whole or partitioned into 4 smaller CUs.
Whether to further split the current CU depends on its Rate-Distortion (RD) cost and the
total RD cost of the 4 smaller CUs.

HEVC employs 35 different intra modes to predict a CU, compared to the 8 modes
available in H.264/AVC. The video encoder will choose the intra prediction mode that
provides de best RD performance. The prediction modes are organized into three categories:

Planar prediction: the value of each sample of the prediction CU is calculated assuming
an amplitude surface with a horizontal and vertical slope derived from the boundary
samples of the neighbouring blocks (mode 0) .

DC prediction: the value of each sample of the prediction CU is an average of the
boundary samples of the neighbouring blocks (mode 1).

Directional prediction with 33 different directional orientations: the value of each
sample of the prediction CU is calculated extrapolating the value from the boundary
samples of the neighbouring blocks as shown in Figure 2 (mode 2 . . . 34).

The residual block is obtained as the difference between the original CU and the pre-
diction CU, or:

residualAngularBlock = OriginalCU − PredictionAngCU

Finally the Sum of Absolute Differences (SAD) of the residual block is calculated as:

SADmodeAngular = sum(abs(residualAngularBlock))

In HEVC, the increase in the number of intra prediction modes provides substantial
coding performance gain over H.264/AVC, but it also makes the RD optimization process
more complex. The fast encoding algorithm of HEVC reference software includes two phases.

In the first phase, called Rough Mode Decision (RMD), the N most promising candidate
modes are selected. In this process, all candidates (35 modes) are evaluated with respect to
the following Hadamard transform difference (Had) cost function:

C = DHad + λ ·Rmode
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Figura 2: HEVC angular intra prediction modes

where the DHad represents the absolute sum of Hadamard transformed residual signal for a
CU, λ is the Lagrange multiplier that determines the trade-off between rate and distortion,
and Rmode represents the number of bits of the block when it is encoded with CABAC.
Then, up to three modes with the lowest costs are added to a subset of candidates (SC ).

In the second phase, the full RD optimization process is performed on all the candidates
in set SC, and the intra prediction mode with the minimum RD cost is selected. The total
complexity of this step depends on the number of modes in set SC.

3. Moving Hadamard transformed to GPUs

The release of NVIDIA CUDA API [16, 17, 18] to developers has led to an spectacu-
larly increase of interest in using the GPU capabilities towards faster and more efficient
computation in parallel. The GPU serves as a coprocessor to the CPU through the CU-
DA API and exploits the massive data parallelism on the Single Instruction Multiple Data
(SIMD) architecture of the GPU. Independently operating threads executing CUDA ker-
nels while efficiently sharing high speed memory can be implemented with a set of threads
being organized into blocks. It should be noted that to obtain higher bandwidth and overall
performance gains, memory sharing between threads must be optimized with very careful
programming to ensure the least amount of memory latency between reads/writes.

At the moment, we have introduced the algorithm used in the intra-picture prediction
which is based in a Single Instruction Single Data (SISD) architecture. SAD computing is
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Figura 3: Algorithm for calculate DHad for each mode

implemented in a CB of size 8 × 8 pixels so for each CB, differents SAD values must be
calculated 8 × 8 times in a CTU of size 64 × 64, and ×35 times corresponding to the 35
prediction modes. In this section, we explain how Hadamard transformed is implemented in
the HM 16.3 reference software, and how we have moved this massive computing to GPUs
in order to accelerate the prediction algorithm using the data parallelism.

In Figure 3, a representation of the algorithm used for getting the SAD for each mode
is illustrated. First, we have the original block on the left and the best candidate block
must be searched for modes 0 to 34 (loop A). For the candidate block from mode n, the
difference from original and the Hadamard transformed are obtained in blocks of 8 × 8
pixels, so we must get the transformed to 64 subblocks of size 8 × 8 (loop B). In the
HM 16.3 reference software, the function xCalcHAD8x8 is called for each original subblock
(i, j) and each candidate subblock (i, j) with size 8 × 8. This function has two steps: first,
the difference between predicition and original pixels is calculated; second, the Hadamard
transformed from the difference matrix of size 8 × 8 is obtained. Inside this function, a
new iteration (loop C) is implemented to calculate the difference for each element (k, l)
and the Hadamard transformed of the difference matrix. As we can note, there are not
data dependency between adjacent subblocks and all SAD values for each CTU could be
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Figura 4: Concurrent SAD computation in GPU

calculated simultaneously. But in each subblock there are dependencies on the Hadamard
transformed computing, and there are dependencies in the necessary reduction processes to
compute the sublock differences.

In this work we propose the concurrent calculation of SAD values (including the Ha-
damard transformed) for all subblocks belonging to the CTU. In Figure 4, the concurrent
algorithm to calculate the SAD in GPU is showed. The sum of SAD values is obtained in
two steps. In a first step, we define a kernel grid of 8× 8 blocks of 8× 8 threads. Each block
of threads must calculate a SAD value for each subblock. Each thread participate in the
calculation of its difference value and Hadamard transformed is obtained in a distributed
computing between the threads of the block. At the end of this first step, we get a vector of
64 elements with the SAD value for each subblock. Due to each value has been computed
by a block of threads, to sum these values, a new kernel in the GPU is called performing an
optimized reduction process based on the use of shared memory. The result is the SADSum

associated with the mode n. We must note that before the first computation step, both
CTUs (original and candidate) of size 64× 64 must be transfered from host memory to the
global memory of the device using asyncrhonous transfers. Transfer times can be overlapped
with computing times for previous CTUs. Thereby, communication times between global
memory and device memory should not represent a significant penalty. On the other hand,
the computation of sum values in the first and second steps is implemented using the sha-
red memory. This shared memory is allocated per thread block, so all threads in the block
have access to the same shared memory, which latency is roughly 100x lower than uncached
global memory latency.
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4. Performance Evaluation

In this section we present the performance evaluation of our GPU-based SAD computing
algorithm in terms of computational times obtained and we compare them with the ones
obtained in a CPU using the sequential algorithm of the reference software. Two different
platforms have been used in this work. The first one is a Nvidia Tesla M2050 which contains
448 CUDA cores with 3 GB of dedicated video memory. The second one is a laptop GPU
Geforce GT540M with 96 CUDA cores and 2 GB of video memory. The sequential algorithm
has been also executed in two platforms: first, a node with two processors Intel Xeon X5660
and 48 GB of RAM memory and second a labtop with an Intel i7-2670QM at 2.2GHz and
8GB of RAM memory.

In Figure 5, we present the computational times required for computing SADs in both
GPU platforms used in this work (Tesla M2050 and Gforce GT540M, respectively) and for
five different video frame resolutions: Monaco (352 × 288), BQSquare (416 × 240) , Bas-
ketballDrill (832 × 480), ChinaSpeed (1024 × 768) and Johnny (1280 × 720). In all video
sequences, we have encoded 50 frames. In both figures, CPU means the sequential compu-
tational time required to compute the SAD values and GPU indicates the computational
time for the proposed GPU based algorithm. As we can observe, we obtain remarkables
time reductions, above 70% for the M2050 and above 60% for the GT540M. Note that the
timer reduction does not depend on the resolution image. Obviously, due to M2050 is more
powerful than the GT540M, we obtain better computational results using the first one. On
the other hand, note tha both the Hadamard transformed and the SAD compunting include
reduction operations. These reduction operations decrease substantially the inherent para-
llelism. To be exploited, we execute these operations on the GPUs managing efficiently the
shared memory abd mapping suitably the kernel grid.

5. Conclusions and Future Work

In this paper we have proposed the use of GPUs for computing the SAD values used in
intra-picture prediction in HEVC. The search of the best prediction block implies a gready
search of candidates among 35 modes for each block. On the other hand, this prediction
algorithm is massively used in all CTUs that belongs to a frame. Besides, we have detailed
how the algorithm is implemented in the 16.3 HM reference software and how concurrency
can be highly exploited when computing the sum of CTU’s SAD, spliting it in blocks and
threads. Considering that the time reduction are up to 73%, we value these resultas as a
good first step to substantially improve the intra-picture prediction algorithm using GPUs.
For future work, we plan to increase the concurrent task in GPUs computing all modes
at the same time. Even further work will lead us to make a prediction of the entire frame
concurrently.
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(a) Nvidia Tesla M2050

(b) Nvidia GForce GT540M

Figura 5: Computational times for GPU-based Hadamard transformed for intra-picture
prediction in HEVC
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Abstract

In this work, we propose an exponential-type discretization of the well-known Fisher’s
equation from population dynamics. Only positive and bounded solutions are physically
relevant in this note, and the discretization that we provide is able to preserve both prop-
erties. The method is a novel explicit exponential technique which has the advantage
of requiring less computational resources and less computer time. It is worthwhile to
note that our technique has the advantage over other exponential methodologies that it
yields no singularities. In addition, the preservation of the properties of non-negativity
and boundedness are distinctive features of our method.
Key words: Modified Bhattacharya method, non-negativity, boundedness, efficiency

1 Introduction

Throughout, we let α and β be positive numbers, and let Ω be a domain of R2 which is
open, bounded and connected. We let u = u(x, y, t) be a real function defined on the closure
of Ω×R+, which is twice differentiable in the interior of its domain and which satisfies the
initial-boundary-value problem

∂u

∂t
(x, y, t) = Δu(x, y, t) + αu(x, y, t) (1− βu(x, y, t)) , ∀(x, y) ∈ Ω, ∀t ∈ R+,{

u(x, y, 0) = φ(x, y), ∀(x, y) ∈ Ω,
∂u

∂n
(x, y, t) = 0, ∀(x, y) ∈ ∂Ω, ∀t ∈ R+ ∪ {0},

(1)
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for some continuous function φ : Ω → R that satisfies 0 ≤ φ(x, y) ≤ 1
β at each (x, y) ∈ Ω.

Here, Δ represents the Laplacian operator on the spatial variables x and y. Clearly, the
partial differential equation of (1) is the two-dimensional generalization of the diffusion-
reaction equation investigated simultaneously and independently in 1937 by R. A. Fisher
[1] and A. N. Kolmogorov, I. G. Petrovsky and N. S. Piscounov [2].

Let κ be a positive number. It is well-known that the two-dimensional Fisher’s equation
has non-negative and bounded solutions, some of them traveling waves [3]. In view of this
fact, we will restrict our attention to solutions satisfying u(x, y, t) ≥ 0 for each (x, y) ∈ Ω
and t ≥ 0. After dividing both sides of (1) by the nonnegative function u(x, t, y) + κ and
using the chain rule, we obtain

∂ ln(u(x, y, t) + κ)

∂t
=

Δu(x, y, t) + αu(x, y, t) (1− βu(x, y, t))

u(x, y, t) + κ
, (2)

for each (x, y) ∈ Ω, ∀t ∈ R+. Associated to this differential equation, we consider the same
initial-boundary conditions as in the problem (1) for a continuous and nonnegative function
φ. In the present work, we are interested in developing a numerical method to approxi-
mate the solution of (1), with the following characteristics: (a) the non-negativity and the
boundedness of approximations are preserved, (b) the technique is computationally fast,
(c) the method is easy to implement in any computer language, and (d) the computational
implementation allows to employ fine grid meshes.

2 Exponential method

Let M and N be positive integers and suppose that Ω is the rectangle [a, b] × [c, d] of R2,
where a < b and c < d. Fix uniform partitions {xm}Mm=0 and {yn}Nn=0 of [a, b] and [c, d],
respectively, with step-sizes given by Δx and Δy. Let {tk}∞k=0 be a partition of the temporal
interval [0,∞). For each k ∈ Z+ ∪ {0} and z = x, y, let

Δtk = tk+1 − tk, (3)

Rz =
Δtk
(Δz)2

. (4)

Let wk
m,n represent an estimate of u(xm, yn, tk), for each m ∈ {0, 1, . . . ,M}, n ∈

{0, 1, . . . , N} and k ∈ Z+ ∪ {0}. Throughout, we use the following operators:

δtw
k
m,n =

wk+1
m,n − wk

m,n

Δtk
, (5)

δxxw
k
m,n =

wk
m+1,n − 2wk

m,n + wk
m−1,n

(Δx)2
, (6)

δyyw
k
m,n =

wk
m,n+1 − 2wk

m,n + wk
m,n−1

(Δy)2
, (7)
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for each m ∈ {1, . . . ,M − 1}, n ∈ {1, . . . , N − 1} and k ∈ Z+ ∪ {0}. Obviously, these
operators approximate the values of the functions ut, uxx and uyy at the point (xm, yn, tk)
with order of consistency equal to Δt, (Δx)2 and (Δy)2, respectively. Finally, we will impose
exact discrete conditions at the time t = 0, and discrete homogeneous Neumann conditions
at the boundary of the spatial domain.

Let m ∈ {1, . . . ,M − 1}, n ∈ {1, . . . , N − 1} and k ∈ Z+ ∪ {0}, and let (κk)
∞
k=0 be

a sequence of positive numbers. We discretize the partial differential equation (2) at the
point (xm, yn, tk) as follows:

ln(wk+1
m,n + κk)− ln(wk

m,n + κk)

Δtk
=

(δxx + δyy)w
k
m,n + αwk

m,n(1− βwk
m,n)

wk
m,n + κk

. (8)

Equivalently,

wk+1
m,n = (wk

m,n + κk) exp

[
Δtk (δxx + δyy)w

k
m,n + αΔtkw

k
m,n(1− βwk

m,n)

wk
m,n + κk

]
− κk, (9)

which evinces the explicit nature of (8). An alternative expression of this method is readily
at hand if we consider the following notation. Let

Ak = αβΔtk, (10)

Bk = αΔtk + 2(Rk
x +Rk

y), (11)

Ck
m,n = Rk

x(w
k
m+1,n + wk

m−1,n) +Rk
y(w

k
m,n+1 + wk

m,n−1). (12)

Clearly, the method (8) can be rewritten as wk+1
m,n = F k

m,n(w
k
m,n), where

F k
m,n(w) = (w + κk) exp

[
Akw

2 −Bkw + Ck
m,n

w + κk

]
− κk. (13)

Before closing this section we would like to emphasize the simplicity of the computa-
tional implementation of this scheme. There are various reports in the literature which
describe discretizations similar to (8), most notably [4, 5]. However, those approaches use
values of κk = 0 for each k ∈ Z+ ∪ {0}. Those techniques do not allow for numerical
solutions to be close or equal to zero at any point of the grid. From that perspective, the
inclusion of the parameter κ in the finite-difference discretization (8) avoids divisions by
zero when the approximations wk

m,n are allowed to take on that value.

3 Dynamical properties

We establish here conditions that guarantee the positivity and the boundedness of approx-
imations obtained through (8). To that end, it suffices to bound the range of the function
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F k
m,n : [0, 1

β ]→ R of (13) in [0, 1
β ]. We will restrict our attention to cases when Δx = Δy = 1.

Also, we will use wk to represent the lexicograpically ordered vector of approximations at
the time tk, for k ∈ Z+ ∪ {0}.

Lemma 1 Let k ∈ Z+ ∪ {0}, and suppose Δx = Δy = 1 and Δtk(α + 4) < 1. Then the
function F k

m,n of (13) is increasing in [0, 1
β ] when 0 ≤ wk ≤ 1

β and

κk >
4Δtk

β[1−Δtk(α+ 4)]
. (14)

The following is the main result on the existence and uniqueness of positive and bounded
solutions of (8).

Proposition 2 Let 0 ≤ w0 ≤ 1
β , Δx = Δy = 1, Δtk(α + 4) < 1, and suppose that (14)

holds for each k ∈ Z+ ∪ {0}. Then there exists a unique sequence (wk)
∞
k=0 satisfying the

method (8) and the discrete Neumann boundary conditions, such that 0 ≤ wk ≤ 1
β holds for

each k ∈ Z+ ∪ {0}.

In the present work, these and more analytical/numerical results will be extended to
the case of the Burgers-Fisher equation from population dynamics.
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Abstract

We study invariant sets for switched systems. We focus on a class of third-order
switched systems. In this class of switched systems we solve the problem of finding an
invariant set for a switching law. For each switched system we provide the invariant
set and the swithching law, in addition, the invariant set is a polyhedral cone and the
switching law is switching on the boundary. To accomplish this we reduce the problem to
a simplified system. We provide a procedure calculating the invariant set. The method
is based in calculaing an invariant set for a simplified system and then transformating
the invariant set to the original system. We illustrate this method with an example.

Key words: Invariant set, switched linear systems, third-order system

1 Introduction

A switched linear system is a dynamical system which consist of several subsystem, and one
of them is active each time. There are two posibilities of studying properties of a switched
system, one way is when a property holds for every switching law and other way is when a
property holds for at least one switching law and in this last case the problem is to design
a switching law. For instance, stability is studied in this two ways, see the survey paper [1].

In this paper we only consider continuous switched system, although there are examples
and papers on discrete switched systems [2]. A wide number of properties for dynamical
systems have been studied for switched system as well. For example controllability and
reachability [3], stability and stabilization [1], optimization [4]. See the book [5] to find
others problems for switched systems.

We study the problem of invariant set for switched systems. Invariant sets for dynamical
system have been studied for example in [6]. Invariant set in the scope of switched system
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has been given in the paper [7] but in the context of arbitrary switching law. However we
study when a switched system has an invariant set for some switching law, so we treat with
the problem of design a switching law.

In the next section we describe the problem of invariant set for switched systems. We
focus on a class of third-order systems where we are able to solve the problem. The problem
is solved in Section 3, to accomplish this we reduce the problem to a simplified case. In this
simplified case we give an invariant set. Finally we transform the invariant set to the origianl
system. In Section 4 we give an example and illustrate how to calculate the invariant set.
In the last section we provide the conclusions.

2 Problem description

A switched linear system is a system with several subsystems

ẋ = Akx, k = 1, . . . ,M, (1)

where M is the number of subsystems and A1, . . . , AM are n × n matrices. Only one
subsystem is active each time, the decision of which subsystem is active is given by a
switching law. A switching law says when the active subsystem changes, this decision of
switching to other subsystem can be given in terms of time or state. For our purposes, the
switching law depends on the state. Then, a switching law σ : Rn → {1, . . . ,M}. Given a
switching law σ the system is

ẋ = Aσ(x)x, (2)

and we denote φ(·;x0, σ) the solution of (2) with the initial condition x(0) = x0 ∈ Rn.
The following definition is the fundamental property of this paper.

Definition 2.1 A set S ⊂ Rn is an invariant set for the switched system (1) if there exist
a switching law σ such that if x0 ∈ S then φ(t;x0, σ) ∈ S for each t ≥ 0.

For second-order switched system with two subsystems, if A1, A2 are 2 × 2 matrices
corresponding to each subsystem. In case that A1 and A2 have complex eigenvalues (two
conjugate complex and non-real eigenvalues) and turn clockwise and counter-clockwise,
respectively, then it is easy to check that every cone in R2 is an invariant set, by switching
on the boundary of the cone. For more details see [8].

We desire a similar behavior in third-order, but the same argumentation it does not
work for third-order. Although an invariant set can be given for a certain class in third-
order.

We consider a third-order switched systems with three subsystems

ẋ = Akx, k = 1, 2, 3, (3)
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where A1, A2, A3 are 3×3 matrices. We are interested in switched systems with the following
assumptions.

Assumption 2.2 Each Ak, k = 1, 2, 3, has complex eigenvalues,i.e. the numbers λk, ak +
bki, ak − bki are the eigenvalues of Ak with bk �= 0.

Assumption 2.3 Let vk ∈ R3 be an eigenvector of Ak associated to the real eigenvalue λk,
k = 1, 2, 3, i.e. vk is a non-zero vector such that Akvk = λkvk, then v1, v2, v3 are linear
independent vectors.

Our goal is to show that there is an invariant set for every switched systems with
Assumption 2.2 and 2.3.

3 Invariant set for third-order switched systems

We deal with our problem in several steps. First we show the relation between the class
of third-order switched system above-named and other simplified class of switched system.
Then we give an invariant set for this new simplified switched systems. Finally we transform
the invariant set for simplified switched system to the invariant set for a general class of
switched systems.

3.1 Simplification of the class of third-order switched systems

The following proposition is useful for getting the simplified switched systems,

Proposition 3.1 Let P be a n × n non-singular matrix. The following statements are
equivalent

1. P (S) ⊂ Rn is an invariant set for the switched system

ẋ = Aσx,

2. S ⊂ Rn is an invariant set for the switched system

ẏ = P−1AσPy.

Where we denote P (S) = {Py : y ∈ S}.

Let v1, v2, v3 ∈ R3 be vectors as Assumption 2.3. We define the non-singular matrix

P =

⎛⎝ v1 v2 v3

⎞⎠ . (4)
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Then the matrix P−1AkP has eigenvalue λk with eigenvector ek, for k = 1, 2, 3, where
e1 = (1, 0, 0), e2 = (0, 1, 0) and e3 = (0, 0, 1). By Proposition 3.1 we can replace Assumption
2.3 by the following

Assumption 3.2 For each k = 1, 2, 3 the vector ek is an eigenvector of Ak associated to
the eigenvalue λk.

Therefore Proposition 3.1 states that studying invariant set for switched systems (3)
with Assumption 2.2 and 2.3 is equivalent for switched systems (3) with Assumption 2.2
and 3.2. Note that Assumption 3.2 is a particular case of Assumption 2.3.

3.2 Invariant octant for simplified case

In this step we are going to show that for switched system (3) with Assumption 2.2 and 3.2
there is an invariant octant.

Every octant of R3 is identified with three signs, i.e. each (a, b, c) ∈ {−1,+1}3 is
identified with the octant O(a, b, c) = {(x1, x2, x3) : ax1 ≥ 0, bx2 ≥ 0, cx3 ≥ 0}.

We only consider switching laws such that the switch to other subsystem taken place
in the faces of the octant. All the faces of the octant are the following

O(0, b, c) = {(0, x2, x3) : bx2 > 0, cx3 > 0} O(0, 0, c) = {(0, 0, x3) : cx3 > 0}
O(a, 0, c) = {(x1, 0, x3) : ax1 > 0, cx3 > 0} O(0, b, 0) = {(0, x2, 0) : bx2 > 0}
O(a, b, 0) = {(x1, x2, 0) : ax1 > 0, bx2 > 0} O(a, 0, 0) = {(x1, 0, 0) : ax1 > 0}

A switching law of this type will be called a face switching law. A face switching law σ is
given by

σ(x) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

s1 if x ∈ O(0, b, c)
s2 if x ∈ O(a, 0, c)
s3 if x ∈ O(a, b, 0)
s12 if x ∈ O(0, 0, c)
s13 if x ∈ O(0, b, 0)
s23 if x ∈ O(a, 0, 0)

(5)

where s1, s2, s3 ∈ {1, 2, 3} and sij = si or sij = sj for each 1 ≤ i < j ≤ 3.
The next proposition gives us a characterization for a switched system (3) with a face

switching law (5) such that O(a, b, c) is invariant.

Proposition 3.3 Let O(a, b, c) be an octant in R3 with (a, b, c) ∈ {−1,+1}3, then the
following statements are equivalent

1. O(a, b, c) is an invariant set for switched system (3) with the face switching law (5),

2. the following statements hold
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(a) ab e′1As1e2 ≥ 0 and ac e′1As1e3 ≥ 0,

(b) ab e′2As2e1 ≥ 0 and bc e′2As2e3 ≥ 0,

(c) ac e′3As3e1 ≥ 0 and bc e′3As3e2 ≥ 0,

(d) bc e′2As1e3 ≥ 0 or ac e′1As2e3 ≥ 0,

(e) ab e′1As3e2 ≥ 0 or bc e′3As1e2 ≥ 0,

(f) ab e′2As3e1 ≥ 0 or ac e′3As2e1 ≥ 0.

Where ′ denotes transpose.

We are going to show that there is an invariant octant for the switched system (3) with
Assumption 2.2 and 3.2, to accomplish this we are going to show that there exist a face
switching law and signs (a, b, c) ∈ {−1,+1}3 verifying the condition given in Proposition
3.3.

Let A1, A2, A3 be 3×3 matrices verifying Assumptions 2.2 and 3.2, then they are written
as

A1 =

⎛⎝ λ1 a112 a113
0 a122 a123
0 a132 a133

⎞⎠ A2 =

⎛⎝ a211 0 a213
a221 λ2 a223
a231 0 a233

⎞⎠ A3 =

⎛⎝ a311 a312 0
a321 a322 0
a331 a332 λ3

⎞⎠ (6)

with a123a
1
32 < 0, a213a

2
31 < 0 and a312a

3
21 < 0.

In order to get an invariant octant we propose the following two face switching law

1. σ1 given by expression (5) with s1 = 3, s2 = 1, s3 = 2, s12 = 3, s13 = 2 and s23 = 1,

2. σ2 given by expression (5) with s1 = 2, s2 = 3, s3 = 1, s12 = 3, s13 = 2 and s23 = 1.

Let O(a, b, c) be an octant, with (a, b, c) ∈ {−1,+1}3, then O(a, b, c) is an invariant
set for the switched system (3) with the face switching law σ1 if, and only if, the following
statements hold

1. ab e′1A3e2 ≥ 0 and ac e′1A3e3 ≥ 0,

2. ab e′2A1e1 ≥ 0 and bc e′2A1e3 ≥ 0,

3. ac e′3A2e1 ≥ 0 and bc e′3A2e2 ≥ 0,

4. bc e′2A3e3 ≥ 0 or ac e′1A1e3 ≥ 0,

5. ab e′1A2e2 ≥ 0 or bc e′3A3e2 ≥ 0,

6. ab e′2A2e1 ≥ 0 or ac e′3A1e1 ≥ 0.

Since a313 = a121 = a232 = a323 = a212 = a131 = 0, the above condition is equivalent to

ab a312 ≥ 0 bc a123 ≥ 0 ac a231 ≥ 0. (7)

In conclusion, since a312 �= 0, a123 �= 0 and a231 �= 0, the following statements are equivalent

1. O(a, b, c) is invariant for the switched system (3) with face switching law σ1,

2. a312 has same sign as ab, a123 has same sign as bc and a231 has same sign as ac.
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σ1 σ2

a123 a231 a312 bc ac ab bc ac ab

+ + +
+ + −
+ − +
+ − −
− + +
− + −
− − +
− − −

+ + +
+ + −
+ − +
+ − −
− + +
− + −
− − +
− − −

− − −
− − +
− + −
− + +
+ − −
+ − +
+ + −
+ + +

Table 1: Signs of bc, ac and ab deduce from signs of a123, a
2
31 and a312, for each law σ1 and

σ2.

By a similar argumentation and since a123a
1
32 < 0, a213a

2
31 < 0 and a312a

3
21 < 0, the

following statements are equivalent

1. O(a, b, c) is invariant for the switched system (3) with face switching law σ2,

2. a312 has opposite sign as ab, a123 has opposite sign as bc and a231 has opposite sign as
ac.

We study the eight different case of sign among the numbers a123, a
2
31 and a312, and we

deduce the sign of bc, ac and ab in the two case of law σ1 or σ2 for each above condition.
This is performed in Table 1.

Finally, in Table 2 is shown all posibilities of signs of bc, ac and ab for each octant
O(a, b, c) with (a, b, c) ∈ {−1,+1}3. We note that for all possible signs of a123, a

2
31 and a312

a b c bc ac ab

+ + +
+ + −
+ − +
+ − −
− + +
− + −
− − +
− − −

+ + +
− − +
− + −
+ − −
+ − −
− + −
− − +
+ + +

Table 2: All posibilities of signs of bc, ac and ab for each octant O(a, b, c).
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we can choose (a, b, c) ∈ {−1,+1}3 such that either the column of law σ1 or the column
of law σ2 in Table 1 agrees with the signs of bc, ac and ab. In other words, for each
switched system (3) with Assumption 2.2 and 3.2 there exists an octant O(a, b, c), with
(a, b, c) ∈ {−1,+1}3, which is invariant for the switched system with either the switching
law σ1 or σ2.

3.3 Invariant set for third-order switched systems

Consider a third-order switched system (3) such that Assumption 2.2 and 2.3 hold. If P
is defined as (4), then Assumption 2.2 and 3.2 hold for switched system with subsystems
P−1A1P , P−1A2P and P−1A3P . As a consequence of Subsection 3.2, the last switched
system has an invariant octant O(a, b, c). Proposition 3.1 claims that P (O(a, b, c)) is an
invariant set for (3), hence P (O(a, b, c)) = {x1v1 + x2v2 + x3v3 : ax1 ≥ 0, bx2 ≥ 0, cx3 ≥ 0}.
Note that the invariant set P (O(a, b, c)) is an polyhedral cone and the swtiching is given on
the faces.

4 Example

In this section we show an example in order to illustrate how to calculate the invariant set.
Consider the switched system (3) with matrices

A1 =

⎛⎝ 1 0 0
0 1

3 −10
3

0 4
3

5
3

⎞⎠ , A2 =

⎛⎝ −3 2 2
0 −1 0

−4 4 1

⎞⎠ , A3 =

⎛⎝ 4 −2 0
4 0 0
1 −3

2 1

⎞⎠ . (8)

Assumption 2.2 and 2.3 hold for this switched systems. Following the above notation, we
calculate the vectors v1 = (1, 0, 0), v2 = (1, 1, 0) and v3 = (0, 0,−1), and define the matrix

P =

⎛⎝ 1 1 0
0 1 0
0 0 −1

⎞⎠ . (9)

Then the matrices of the simplified switched system are

P−1A1P =

⎛⎝ 1 2
3 −10

3
0 1

3
10
3

0 −4
3

5
3

⎞⎠ ,

P−1A2P =

⎛⎝ −3 0 −2
0 −1 0
4 0 1

⎞⎠ ,

P−1A3P =

⎛⎝ 0 −2 0
4 4 0

−1 1
2 1

⎞⎠ .
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Figure 1: An example of trajectory inside the invariant set

The next step is calculating an invariant octant for the simplified switched system, to
accomplish this task we get the signs of (P−1A1P )23, (P

−1A2P )31 and (P−1A3P )12 which
are +,+ and −, respectively. Now, we search in Table 1 the row with signs +,+,−, which is
the second row. In this case, it works the swtiching law σ2 and bc, ac and ab have signs −, −
and +, respectively. By looking at Table 2 we deduce that the octants which agree with this
signs are (a, b, c) = (+,+,−) and (a, b, c) = (−,−,+). If we consider (a, b, c) = (+,+,−)
we obtain the invariant polyhedral cone

P (O(+,+,−)) = {x1v1 + x2v2 − x3v3 : x1, x2, x3 ≥ 0} = {(x1 + x2, x2, x3) : x1, x2, x3 ≥ 0}.

We show in Figure 4 the invariant set and a trajectory of this switching system.

5 Conclusions

For a class of third-order switched systems we have provided an invariant set which is an
polyhedral cone. Furthermore, the invariant set is calculated by a procedure.

A future work is to investigate the behavior of the switched systems under face switching
laws in order to get other properties.
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Abstract

Metal nanoclusters are frequently utilised as hetergeneous catalysts due to their high
catalytic activity. This high activity is due to the high surface area to volume ratio, large
number of undercoordinated atoms and unique electronic properties compared with the
bulk material. The catalytic activity is highly dependent on the size and specific shape of
the nanocluster. Thus it follows that to have a thorough understanding of the catalytic
activity and to design optimal catalysts, detailed understanding is required of a detailed
understanding of the relationship between size and shape of nanoclusters is necessary,
in addition to knowledge of the activity of various active sites.

In the present work, firstly the relationship between shape and activity of metal
nanoclusters will be discussed. Examples will be given for H2 evolution on Pt nan-
oclusters [1] and N2 dissociation on Ru nanoclusters [2, 3]. Secondly, the influence of
size and temperature on the relative stability of icosahedral, FCC and decahedral Au
nanoclusters between 600-4000 atoms will be presented and dicussed in the context of
rational catalyst design [4].

Key words: nanoclusters, density functional theory, heterogeneous catalysis
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Abstract

In this paper we have considered the Barenblatt-Gilman equation which models the
nonequilibrium countercurrent capillary impregnation. The equation of this model is a
third-order equation and the unknown function concerns to the effective water satura-
tion.
We have applied the classical method to get the Lie group classification depending on
the unknown function and we have looked for an invariant classification via equivalence
transformations. Moreover, we have obtained travelling wave solutions.

Key words: Barenblatt-Gilman equation, Lie group analysis, equivalence transfor-
mations, travelling wave solutions

1 Introduction

The theory of counterflow capillary impregnation of a porous medium has been studied
extensively due to its applications in various fields such as soil science, petroleum, crystal
growth and flip chip underfilling [13], [12], [9] and [2].

In [1] the physical model of the non-equilibrium effects in a simultaneous flow of two
immiscible fluids in porous media is presented. The Barenblatt-Gilman equation is as follows

ut = α) Φ(u) + αλ ()Φ(u))t (1)
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which unknown function Φ is the effective water saturation.

2 Classical symmetries and equivalence transformations

Naturally, the study of partial differential equations plays a vital role in the physical sci-
ences. These equations are often non-linear and solving them requires unique and creative
methods. Most well-known techniques have a common feature: they exploit symmetries.

Symmetry methods provide the user with a powerful range of tools for studying equa-
tions. The required theory and description of the method can be found in [3], [6], [7], [10]
and so on.

Lie classical method is specially useful in the study of Barenblatt-Gilman equation (1)
due to its arbitrary function because while we are searching for symmetries it will provide
a set of special forms for the unknown function Φ where it is possible to choose.

Moreover, as symmetry calculations normally are lengthy, specially for partial differen-
tial equations, we have obtained classical symmetries of (1) using the free software wxMax-
ima, with its associated programme symmgrp2009.max made by Hereman and Huard ([4],
[5]), and Maple software.

We have obtained a full classification of (1) for α, λ �= 0 in 6 cases:

• Case 1: Φ arbitrary function.

• Case 2: Φ = eu

• Case 3: Φ = −3u−1/3

• Case 4: Φ =
uγ+1

γ + 1

• Case 5: Φ = lnu

• Case 6: Φ = u

In addition, for λ = 0, the cases from 1 to 5 admits an additional infinitesimal generator.

By the way, we have constructed the optimal system and have derived the correspond-
ing reduced equations obtaining similarity variables and similarity solutions. And at the
end, some travelling wave solutions have been obtained.
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On the other hand, we have studied the equivalence transformations. Because of the
presence of an arbitrary function in the Barenblatt-Gilman equation it is interesting to
obtain an equivalence classification. So applying the method suggested by Ovsyannikov
[11], which main part is the use of a secondary prolongation [8], we have obtained few
scaling and translating transformations.
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Abstract

Elemental gallium is a molecular metal, a phenomenon which partly explains its
low melting temperature. Small clusters of gallium, in contrast, have been shown to
melt at much higher temperatures than the bulk metal. We complete an in-depth
structural analysis at finite temperatures, based on the results of first-principles Born-
Oppenheimer molecular dynamics simulations. We find that the anomalous melting
temperatures can only be explained through an analysis of the nature of the liquid
state in the clusters. Key words: gallium, melting, polymorphism, phase transitions

1 Introduction

The low melting temperature of elemental gallium is an anomaly of significant interest for
our understanding of metallic systems. Called a ‘molecular metal’ due to the coexistence of
covalently-bound dimers with the metallicity of the α-phase, gallium also adopts a range of
low-temperature structures β, γ, δ, and ε, as well as a range of structures found under pres-
sure. The high-pressure allotropes, in contrast to the low-temperature structures, become
denser and more metallic with pressure, as may be expected.

However, none of the extensive bulk phase-diagram of gallium can yet explain the
discovery of greater-than-bulk melting in small clusters of gallium, at sizes ranging from
17 to 55 atoms[1, 2, 3]. Numerous experimental and theoretical studies have searched
for the origin of this phenomenon, which contravenes the understood variation of melting
temperature with size, known as melting point depression.
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Previous studies have demonstrated that first principles Born-Oppenheimer MD simu-
lations can accurately reproduce the experimentally observed variation of specific heat with
temperature, which suggests that the questions of how these clusters melt, and why the
melting temperatures are elevated, are able to be answered. However, previous studies of
melting of these clusters have compared melting characteristics only to the global minimum
structure, without fully addressing structural changes that take place at finite temperature,
both below and above the melting temperature.

In our previous work [4, 5, 6] we have demonstrated the ability of density functional
theory calculations to reproduce the experimental findings, in particular the strong size-
sensitivity of the melting temperatures. We have also discussed in depth the rich potential
energy landscape of the clusters, in particular the transitions between different structural
classes [8].

2 The liquid state of gallium clusters

In this work we have analysed the liquid state of the clusters, and found that in contrast to
the usual expectations of spehrical drop-like behaviour the clusters are distorted triaxially
for large proportions of the simulation time. The shortest axis of the clusters is consistently
a length suggestive of the maintenance of a bilayer structure, although one in which the
individual atoms retain significant mobility in the two dimensional plane.

These results explain the higher melting temperatures of the clusters as being due to
the lowered entropy of the liquid phase at small sizes.[9]
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Abstract

The generalized finite difference method (GFDM) has been proved to be a good
procedure to solve several linear partial differential equations (pde’s): wave propagation,
advection-diffusion, plates, beams, etc.
The GFDM allows us to use irregular clouds of nodes that can be of interest for modelling
non-linear pde’s.
This paper shows the application of the GFDM to solving different non-linear problems
including applications to heat transfer, acoustics and problems of mass transfer.

Key words: meshless methods, generalized finite difference method, non-linear partial
differential equations, Newton-Raphson method.
MSC 2000: 65M06, 65M12

1 Introduction

Non-linear pdes govern different problems related with heat transfer, acoustic, combustion
theory, diffusion, equilibrium, and some others [14, 16, 17, 18].
Modern numerical methods, in particular those for solving non-linear PDEs, have been
developed in recent years using finite differences, finite elements, finite volume or spectral
methods. A review of numerical methods for non-linear partial differential equations is
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given by Tadmor [15]. Meshless or meshfree methods can be also used for solving non-linear
partial differential equations [19]. In this paper we use a meshless method called generalizad
finite difference method (GFDM) for solving different partial elliptic non-linear pdes.
Researchers as Jensen [1], Liszka and Orkisz [2], Orkisz [3] and Perrone and Kao [4] have
contributed to develop the GFDM in different aspects of its applications.
Benito, Gavete and Ureña [5, 6, 7, 8] have developed the explicit formulae and h-adaptive
method for the solution of the pdes in 2-D, have also developed several applications of the
GFDM for fundamentally problems of elasticity [9], advection-diffusion [10] and wave prop-
agation [11, 12, 13] in 2-D.
This paper shows that the GFDM can be applied for solving nonlinear pde’s with different
irregular clouds of points in 2D.
The paper is organized as follows. In section 2 the explicit formulae in the GFDM are ob-
tained and its applications using Newton-Raphson method for solving non-linear equations
elliptic partial differential are showed. In section 3, benchmark tests of several examples are
showed. Sections 4, 5, 6,7 and 8 exposes the results obtained for solving different non-linear
problems. Finally, in section 9, some conclusions are obtained.

2 Explicit formulae in GFDM: application to non-linear par-
tial differential equations

Consider the following non-linear problem in the domain D = Ω ∩ Γ ⊂ R2{
LΩ[U ] = f(x, y) in Ω
LΓ[U ] = g(x, y) in Γ

(1)

where LΩ[U ] is a non-linear operator, LΓ[U ] is a linear partial differential operator, Γ is the
boundary of the domain Ω and f, g are known functions.
Let D ⊂ R2 be a domain and

M = {x1, . . . ,xN} ⊂ D

a discretization of the domain D with N points. Each point of the discretization M is
denoted as a node.
For each one of the nodes of the domain where the value of U is unknown Es-star is defined
as Es = {x0;x1, . . . ,xs} ⊂ M with the central node x0 ∈ M and xi(i = 1, . . . , s) ∈ M is
a set of points located in the neighborhood of x0. To select the points different criteria as
four quadrants or distance can be used.
Consider an Es-star with the central node x0, where (x0, y0) are the coordinates of the
central node, (xi, yi) are the coordinates of the ith node in the Es-star, and hi = xi − x0
and ki = yi − y0.
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If U0 = U(x0) is the value of the function at the central node of the star and Ui = U(xi) are
the function values at the rest of the nodes, with i = 1, ..., s, then, according to the Taylor
series expansion it is known that:

Ui = U0 + hi
∂U0

∂x
+ ki

∂U0

∂y
+

1

2

(
h2i

∂2U0

∂x2
+ k2i

∂2U0

∂y2
+ 2hiki

∂2U0

∂x∂y

)
+ ..., i = 1, ..., s (2)

We define:

ci
T = {hi, ki,

h2i
2
,
k2i
2
, hiki} (3)

DT = {∂u0
∂x

,
∂u0
∂y

,
∂2u0
∂x2

,
∂2u0
∂y2

,
∂2u0
∂x∂y

} (4)

If in Eq.(2) the terms over the second order are ignored, an approximation of second order
for the Ui function is obtained. This is indicated as ui. It is then possible to define the
function B(u) as:

B(u) =
s∑

i=1

[(u0 − ui) + hi
∂u0
∂x

+ ki
∂u0
∂y

+

+
1

2
(h2i

∂2u0
∂x2

+ k2i
∂2u0
∂y2

+ 2hiki
∂2u0
∂x∂y

)]2w2
i (5)

where wi = w(hi, ki) is a positive weighting function.

Some weighting functions as potential
1

distn
or exponential exp(−n(dist2)) can be used,

where n ∈ N If the norm given by Eq.(5) is minimized with respect to the partial derivatives,
the following linear equation system is obtained (for each node of the discretization where
u is unknown)

A(hi, ki, wi)D = b(hi, ki, wi, u0, ui) (6)

where

A =

⎛⎜⎜⎜⎝
h1 h2 · · · hs
k1 k2 · · · ks
...

...
...

...
h1k1 h2k2 · · · hsks

⎞⎟⎟⎟⎠
⎛⎜⎜⎝

ω2
1

ω2
2

· · ·
ω2
s

⎞⎟⎟⎠
⎛⎜⎜⎜⎝

h1 k1 · · · h1k1
h2 k2 · · · h2k2
...

...
...

...
hs ks · · · hsks

⎞⎟⎟⎟⎠ (7)

Remark
The matrix A is positive definite.
Proof
If (x0, y0) are the coordinates of the central node of a star and (xi, yi)(i = 1, · · · , s are the
coordinates of the rest of the nodes of the star and are different, we calculate (hi, ki), with
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hi = xi − x0 and ki = yi − y0. By including the basis {hi, ki, h
2
i
2 ,

k2i
2 , hiki} as columns of a

matrix, we obtain

P =

⎛⎜⎜⎜⎝
h1 h2 · · · hs
k1 k2 · · · ks
...

...
...

...
h1k1 h2k2 · · · hsks

⎞⎟⎟⎟⎠ (8)

In matrix P the row vectors are linearly independent. In matrix W

W =

⎛⎜⎜⎝
ω2
1

ω2
2

· · ·
ω2
s

⎞⎟⎟⎠ (9)

with w2
i > 0.

Then matrix A = PWP T is positive definite [20] and it has a unique Cholesky decomposi-
tion. The solution of system Eq(6) is unique and the solutions obtained for the derivatives
are a linear combination of the function values obtained at the nodes. Then,

D = A−1b = A−1PW (u− u01) (10)

where 1 = {1, 1, ..., 1}T and u = {u1, u2, ..., us}T

D = A−1PW e1︸ ︷︷ ︸
m1

u1 + ...+A−1PW esus −A−1PW (e1 + ...+ es)u0 =

= −m0u0 +
s∑

i=1

miui (11)

with

m0 =
s∑

i=1

mi (12)

where ei(i = 1, . . . , s) are the vectors of the canonical basis.
By including the explicit expressions for the values of the partial derivatives, Eq. (11), in
Eqs. (1) a set of N non-linear equations are obtained

Gi[uj ] = 0, i, j = 1, ..., N (13)
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2.1 Approximation order

A−1PW (u− u01) =

= A−1PW

⎛⎜⎜⎜⎜⎝
⎛⎜⎜⎜⎜⎝

u0 + h1
∂u0
∂x + ...+ 1

2h
2
1
∂2u0
∂x2 + ...

u0 + h2
∂u0
∂x + ...+ 1

2h
2
2
∂2u0
∂x2 + ...

...

uN + h1
∂u0
∂x + ...+ 1

2h
2
s
∂2u0
∂x2 + ...

⎞⎟⎟⎟⎟⎠−
⎛⎜⎜⎜⎝

u0
u0
...
u0

⎞⎟⎟⎟⎠
⎞⎟⎟⎟⎟⎠ =

= A−1PW

⎛⎜⎜⎜⎜⎝
h1

∂u0
∂x + ...+ 1

2(h
2
1
∂2u0
∂x2 + ...

h2
∂u0
∂x + ...+ 1

2(h
2
2
∂2u0
∂x2 + ...

...

hN
∂u0
∂x + ...+ 1

2(h
2
s
∂2u0
∂x2 + ...

⎞⎟⎟⎟⎟⎠+A−1PW

⎛⎜⎜⎜⎝
Θ(h2i , k

2
i )

Θ(h2i , k
2
i )

...
Θ(h2i , k

2
i )

⎞⎟⎟⎟⎠
(14)

by replacing P and W in (14), and taking account that the following result is obtained

A−1AD +Θ(h2i , k
2
i ) = D +Θ(h2i , k

2
i ) (15)

Thus, the approximation is of second order Θ(h2i , k
2
i ).

Remark
Consider the Dirichlet problem:{

∇2U = f(x, y) (x, y) ∈ Ω
U(x, y) = g(x, y) (x, y) ∈ Γ

(16)

being U(x, y) an unknown function sufficiently derivable in the domain Ω, f(x, y) and g(x, y)
are known functions and f(x, y) is sufficiently derivable. Then, for case s = 8 (scheme of
nine-point and hi = ki = h,wi =

1
dist3

, the truncation error is of the order six.
Proof
On substituting for u1, u2, u3, u4, u5, u6, u7, u8 (values of the nodes of the star) in terms of u0
(value of the central node) and expanding the Taylor’s series, we obtain as approximation
of Laplacian

4(u1 + u3 + u5 + u7) + u2 + u4 + u6 + u8 − 20u0
6h2

= ∇2u0 +
h2

12
∇2(∇2u0)

+
h4

360
[∇4(∇2u0) + 2

∂4

∂x2∂y2
∇2u0] +

h6

3.8!
[3∇8u0 + 44(

∂4

∂x4∂y4
∇4u0) + 38

∂8u0
∂x4∂y4

] (17)

Denote

F (x0, y0) = f(x0, y0) +
h2

12
∇2(f(x0, y0) +

h4

360
[∇4f(x0, y0) + 2

∂4

∂x2∂y2
f(x0, y0)] (18)

c©CMMSE ISBN: 978-84-608-6082-2550



Solving second order non-linear elliptic pde’s

then F (x0, y0) is known in Ω and taking into account Eq.(17), then, we can obtain a six-order
accurate method of the form

4(u1 + u3 + u5 + u7) + u2 + u4 + u6 + u8 − 20u0
6h2

= F (x0, y0) (19)

because
4(u1 + u3 + u5 + u7) + u2 + u4 + u6 + u8 − 20u0

6h2
− F (x0, y0) =

=
h6

3.8!
[3∇8u0 + 44(

∂4

∂x4∂y4
∇4u0) + 38

∂8u0
∂x4∂y4

]

then a six-order approximation can be obtained [19, 21].

2.2 Newton-Raphson method

To solve the system of equations Eq.(13) the Newton-Raphson method is used.
Let us consider the Jacobian matrix

J =
∂Gi(u)

∂uj
(20)

Newton-Raphson method is based in the convergence of the following series vectors consid-
ering a series of solutions Uk

Uk+1 = Uk − J−1(Uk)G(Uk) (21)

The Newton-Raphson (N-R) error is defined as ‖Uk+1 −Uk‖, difference between two suc-
cessive solutions and its considered in the last iteration.
To stop the algorithm we use two different criterion:

• ‖Uk+1 −Uk‖ ≤ 10−4. The iteration scheme is limited by a given tolerance.

• The maximum number of iterations is 20.

A good initial guess U0 of the discretization of (1) is required, in order to apply (21). As
the Dirichlet condition is known, it can be used to interpolate the initial solution U0 in the
interior of the domain.

3 Benchmark tests.

To analyse the obtained approximation, the method has been applied firstly to the solution
of six different non-linear partial differential equations (see table 1) with Dirichlet boundary
conditions. The benchmark problems used correspond to the non-linear pde’s with their
solutions.
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Table 1: Non-linear pde’s and solutions for benchmark tests

non-linear pde’s exact solution
∂2U
∂x2 + ∂2U

∂y2
+ (∂U∂x )

2 + (∂U∂y )
2 = e−2x(I) U(x, y) = e−xsin(y)

∂2U
∂x2 + ∂2U

∂y2
= 4U2(II) U(x, y) = ((x+ 1)2 + (y + 1)2)−1

∂
∂x(x

∂U
∂x ) +

∂
∂y (y

3 ∂U
∂y ) = U2(III) U(x, y) = 2y

1+xy
∂
∂x(e

x ∂U
∂x ) +

∂
∂y (e

y ∂U
∂y ) = U3(IV) U(x, y) =

√
3
2

1√
e−x+e−y

∂2U
∂x2 + (U + 1)∂

2U
∂y2

+ (∂U∂y )
2 = 0(V) U(x, y) = (x+ 1)y − 1

12(x+ 1)4

U ∂2U
∂x2 + U ∂2U

∂y2
+ (∂U∂x )

2 + (∂U∂y )
2 = 2U4(VI) U(x, y) = 1√

(x+1)2+(y+1)2

In the following table 1 six non-linear pde’s and the corresponding solutions are shown

A domain Ω = [0, 1]× [0, 1] with regular clouds of nodes is used as initial with 64 = 8× 8,
100 = 10× 10, 144 = 12× 12, 196 = 14× 14 and 256 = 16× 16 nodes respectively.
Figures 1, 2 and 3 show the results obtained for quadratic (22) and maximum (23) error
formulae that have been used to compare the exact solution with the approximated solution.

Quadratic error =

√√√√ N∑
i=1

(ui − uexact.i)2 (22)

Maximun error = max
i=1,..,N

(|ui − uexact.i|) (23)

According with [19] it is important to keep clear the distinction between the convergence
of Newton-Raphson method to a solution of the generalized finite difference equations, and
the convergence of generalized finite difference approximation to the solution of the partial
differential equation, then in this paper both errors N-R and global errors, Eqs.(22) and
(23), are considered.
As it shown in figures 1, 2 and 3 we obtain a good convergence to the exact solution.

4 Non-linear heat transfer problems

In this section we study the case of stationary non-linear heat transfer problems where the
conductivity is a function of the temperature U as in (24)

k(x, y, U)
∂2U

∂x2
+ k(x, y, U)

∂2U

∂y2
+

∂k(x, y, U)

∂U
(
∂U

∂x
)2 +

∂k(x, y, U)

∂U
(
∂U

∂y
)2 = q(x, y) (24)
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Figure 1: The quadratic and maximum error formulae solving equations (I) and (II) using
clouds of nodes (with 64, 100, 144, 196 and 256)

Figure 2: The quadratic and maximum error formulae solving equations (III) and (IV) using
clouds of nodes (with 64, 100, 144, 196 and 256)

Different domain have been considered as shown in Fig.4.
Two different examples have been solve as particular cases of general Eq.(24)

Example 1 We analyse the non-linear pde

(1 + U)(
∂2U

∂x2
+

∂2U

∂y2
) = 4(2 + x+ y + x2 + y2 + xy) (25)

It has the solution
1 + x+ y + xy + x2 + y2 (26)

In this example 1 the weighting function selected is
1

dist4
(dist = distance) and the

criterium to select the star of nodes is the distance. The table 2 is refered to the
results obtained for the three clouds of nodes (a,b,c) shown in fig.4
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Figure 3: The quadratic and maximum error formulae solving equations (V) and (VI) using
clouds of nodes (with 64, 100, 144, 196 and 256)

Table 2: N-R error, quadratic error and maximum error

Example 1 Cloud a Cloud b Cloud c

Iterations number 5 5 6

N-R error 1.1014 · 10−6 9.174 · 10−7 2.556 · 10−6

Quadratic error 2.275 · 10−7 2.8193 · 10−7 2.0919 · 10−7

Maximum error 5.0333 · 10−6 7.615 · 10−6 6.909 · 10−6

Example 2 Let us consider the nonlinear pde

(1 + U)(
∂2U

∂x2
+

∂2U

∂y2
) + (

∂U

∂x
)2 + (

∂U

∂y
)2 = 10 + 10x+ 10y + 9x2 + 9y2 + 12xy (27)

It has the solution (26).
In this example 2 the weighting function selected is exponential and the criterium to
select the star of nodes is the four quadrants. The table 3 is referred to the results
obtained for the three clouds of nodes (a,b,c) shown in fig.4

In both examples 1 and 2, using different weighting functions and different criteria to select
the star nodes, we obtain convergent and accurate results in a few iterations, the final
quadratic and maximum errors obtained are very small.
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a b

c d

e

Figure 4: Irregular clouds of nodes: a) with 225 nodes, b) with 361 nodes, c) with 283
nodes, d) with 205 nodes, e) with 55 nodes

5 Heat equation with non-linear source term

We analyse a non-linear pde of combustion theory [14, 17, 18] defined as

∂2U

∂x2
+

∂2U

∂y2
= 6U2 (28)
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Table 3: N-R error, quadratic error and maximum error

Example 2 Cloud a Cloud b Cloud c

Iterations number 5 4 6

N-R error 2.344 · 10−6 9.254 · 10−7 4.565 · 10−6

Quadratic error 2.304 · 10−7 2.796 · 10−7 2.2889 · 10−7

Maximum error 5.580 · 10−6 8.056 · 10−6 7.480 · 10−6

It has the solution

U = (x+
y√
3
+ 1)−2 (29)

In order to solve this problem, the criteria of the distance and the potential weighting
function have been used.
The four clouds (a,b,d,e) of nodes used are shown in fig. 4.
The errors and numbers of iterations of N-R method are shown in table 4.

Table 4: N-R error, quadratic error and maximum error

PDE 28 Cloud a Cloud b Cloud d Cloud e

Iterations number 3 3 3 3

N-R error 1, 1316 · 10−5 2, 938 · 10−5 4, 066 · 10−5 2, 148 · 10−5

Quadratic error 7, 306 · 10−3 8, 379 · 10−3 6, 418 · 10−3 7, 34 · 10−3

Maximum error 1, 372 · 10−2 1, 512 · 10−2 1, 148 · 10−2 1, 134 · 10−2

6 Stationary pde of Khokhlov-Zabolotskya

The stationary equation of Khokhlov-Zabolotskya [14, 16] describes different phenomena in
acoustics, non-linear mechanics and mass transfer. It general form is given by

∂2U

∂x2
+

∂

∂y
[(αU + β)

∂U

∂y
] = 0 (30)

and the analytical solution for α = β = 1, is

U(x, y) = (x+ 1)y − 1

12
(x+ 1)4 (31)
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The GFDM has been used to solve eq.(30) with the criterium of the distance to select the
nodes of the stars with the irregular clouds of nodes shown in fig. 4. Potential weighting
function has been employed. In table 5 the results obtained are shown.

Table 5: N-R error, quadratic error and maximum error

PDE 30 Cloud a Cloud b Cloud c Cloud d Cloud e

Iterations number 6 6 10 5 5

N-R error 3, 047 · 10−5 7, 435 · 10−5 1, 683 · 10−4 1, 940 · 10−4 1, 517 · 10−5

Quadratic error 1, 438 · 10−5 9, 406 · 10−6 8, 476 · 10−5 2, 314 · 10−4 7, 914 · 10−6

Maximum error 2, 876 · 10−5 2, 389 · 10−5 7, 452 · 10−4 7, 938 · 10−4 2, 579 · 10−5

7 Full non-linear equation

Let us consider the following full non-linear pde

∂2U

∂x2
+

∂2U

∂y2
+ (

∂U

∂x
)2 + (

∂U

∂y
)2 = e−2x (32)

It has the solution
U(x, y) = e−xsin(y) (33)

The GFDM has been used to solve Eq.(32) with the criterium of the distance to select the
nodes of the stars with the irregular clouds of nodes shown in figure 4. Potential weighting
function has been employed. In table 6 the results obtained are shown.

Table 6: N-R error, quadratic error and maximum error

PDE 32 Cloud a Cloud b Cloud c Cloud d Cloud e

Iterations number 3 3 3 3 3

N-R error 3, 818 · 10−4 4, 787 · 10−4 3, 552 · 10−4 8, 615 · 10−4 1, 230 · 10−4

Quadratic error 3, 825 · 10−6 4, 845 · 10−6 1, 421 · 10−5 1, 159 · 10−4 5, 033 · 10−6

Maximum error 8, 1241 · 10−6 1, 6314 · 10−5 4, 241 · 10−5 2, 283 · 10−4 1, 534 · 10−5
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8 Exponential equation of combustion theory

This type of pde’s Eq.(34) are related with the combustion theory and the heat extinction
[17, 18].

∂2U

∂x2
+

∂2U

∂y2
= eU (34)

the analytical solution is

U(x, y) = ln(
4

(x+ y + 1)2
) (35)

The GFDM has been used to solve Eq.(34) with the criterium of the distance to select the
nodes of the stars with the irregular clouds of nodes shown in figure 4. Potential weighting
function has been employed. In table 7 the results obtained are shown.

Table 7: N-R error, quadratic error and maximum error

PDE 34 Cloud a Cloud b Cloud c Cloud d Cloud e

Iterations number 3 3 3 3 3

N-R error 1, 078 · 10−6 4, 561 · 10−6 4, 831 · 10−9 2, 348 · 10−6 9, 685 · 10−9

Quadratic error 1, 059 · 10−2 1, 111 · 10−2 3, 289 · 10−2 6, 444 · 10−3 3, 109 · 10−3

Maximum error 2, 276 · 10−2 2, 382 · 10−2 5, 651 · 10−2 1, 382 · 10−2 7, 164 · 10−3

9 Conclusions

This paper shows a scheme in generalized finite differences to the solution of the non-linear
pde’s using the Newton-Raphson method.
The example provided illustrates the viability of the application of GFDM for solving ellip-
tical non-linear pde’s in 2D. The efficiency of the proposed method is clearly shown.
The accuracy of the GFDM has been tested in different non-linear pde’s, including differ-
ent cases related with acoustics, heat transfer, mass transfer, heat extinction, combustion.
Numerical results for several non-linear problems validate the use of GFDM to solve this
type of problems.
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Abstract

Zika, dengue, chikungunya and yellow fever are examples of vector-borne diseases trans-
mitted by day-time active mosquitoes. In 128 countries, in particular in tropic and
sub-tropic regions of Asia and Latin America these diseases are a major health risk and
a negative economic factor. In highly populated countries, like Thailand, Brazil, India
and Pakistan flavivirus infections transmitted by Aedes mosquitos contribute to the
high disease burden. Classical mosquito control measures, like bed-nets and municipal
spraying in the streets, have proven to be of little effectiveness in combating disease
cases. In mosquito control, some activities in demonstration of efficacy using bed-nets
via the WHO are performed. However bed nets are not very efficient against the disease.
One reason is that vectors of dengue, the species Aedes-Egypti and Aedes-Albopictus,
are active in the morning and evening but not very active at night. A new generation
of disease prevention is therefore required. Epidemiologists are encouraged to investi-
gate new measures, like vaccination and mosquito repellence. In this paper we study
a toy-model which mimics the vaccination and repellency factor in the linear infection
model. Numerical analysis with optimal control theory is also performed.

Key words: optimal control theory, repellency, dengue fever, vaccination, mosquito
reduction management, linear infection model
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1 Introduction

Zika infection, dengue fever, chikungunya and yellow fever are examples of vector-borne
diseases transmitted by day-time active mosquitoes. In 128 countries, in particular in tropic
and sub-tropic regions of Asia and Latin America these diseases are a major health risk and
a negative economic factor.

In recent years, however, vector-borne diseases and especially dengue fever are oc-
curring in Europe. Some reasons for this are the worldwide flow of trade and travelling
tourism. Increasing urbanization, as well as regional warming due to global climate change,
have amplified the spread of mosquitoes like Aedes albopictus in Europe. In 2010, in-
fections with the dengue virus were registered in Croatia, France and Italy. In 2012 and
2013, more than 2000 autochtonous patients having dengue fever were found on the isle of
Madeira/Portugal transmitted by Aedes aegypti. Chikungunya infections occurred in Italy
(2007) and Spain/France (2015). Eggs, larvae, pupae and adult mosquitoes of Aedes al-
bopictus were repeatedly detected in the south of Germany in autumn 2014 and in 2015.
Researchers assume from these findings that Asian tiger mosquitoes can survive the winter
and settle in Germany.

Over the past few decades, the incidence of dengue has grown dramatically. Recent
studies indicate the existence of approximately 390 million dengue infections per year and
that 3,9 billion people, in 128 countries including Thailand, Brazil, India and Pakistan, are
at risk of being infected with the dengue virus. The WHO has set the goal to constrain
and control the spreading of dengue fever by 2020, however there are major obstacles in
achieving this goal. Some vaccines are in advanced trial stages, but not effective against
all serotypes, with the Phase 3 results of the Sanofi Pasteur vaccine as front runner just
concluded, and have negative effects in some age classes. WHO guidelines for vaccine trials
are very detailed and specific in their requirements of scientific investigation before licensing,
with phases 1, 2, 2b and 3, and finally phase 4 after licensing.

As already mentioned, for dengue fever first vaccine trials are running, but the results
are not satisfactory. In general regarding mosquito vector-borne diseases vaccines are quite
imperfect like DenVaxia for dengue fever, recently licenced by Sanofi-Pasteur, or vaccines
do not yet exist as is the case for the zika virus. In relation to yellow fever the vaccine is
even in some cases lethal. Classical mosquito control measures, like bed-nets and municipal
spraying in the streets, have proven to be of little effectiveness in combating disease cases. In
mosquito control, some activities in demonstration of efficacy using bed-nets via the WHO
are performed. However bed nets are not very efficient against the disease. One reason
is that vectors of dengue, the species Aedes-Egypti and Aedes-Albopictus are active in the
morning and evening, but not very active at night. Another important aspect in eliminating
mosquitoes by classical pesticides and insecticides, beside the danger to human health, is
that the elimination of mosquitoes, would also deprive many fish, birds, and reptiles of a
food source and even destroy critical pollinator for plants.
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In future research we will investigate SIR-type models with repellency and vaccination
and analyse with optimal control theory. Here we first study a toy model which can in
many aspects be treated analytically, and can already capture some simplest aspects of
repellents respectively vaccination. Then numerical methods are studied to relax the need
for analyticity in the models. In order to calculate numerically the influence of repellency
and vaccination in the model we will use the gradient method and shooting method and
compare the results. For some aspects see also [?, ?]. Ones the effectiveness of different
control measures in known, like e.g. in the case of the dengue vaccine [?] using the experi-
mental data obtained during the phase 3 trial, e.g. [?] or like new generations of mosquito
repellent applications (including nano-particles in cloths etc.) the next step, of course, is
the suggestion of optimal strategies to combat vector-borne diseases like dengue fever, and
it would be a matter of optimal control as a mathematical field.

2 The mathematical model for dengue fever

2.1 The general SIRUV-model for coupling mosquito to human epidemi-
ology including repellency and vaccination

For pure human disease epidemiology, we assume the usual SIR model given by the ODEs:

d

dt
S = μ(N − S)− β

N
SI

d

dt
I =

β

N
SI − (γ + μ)I

d

dt
R = γI − μR (1)

with state variables S for susceptible humans, I for infected and R for recovered humans.
The population of humans N = S + I +R is assumed constant. The infection rate is given
by β, recovery rate γ and birth and death rate for humans by μ.

The stationary states are easily otained. For the human infection we obtain the trivial
∗
1 = 0 and the non-trivial case I∗2disease-free equilibrium stationary state I = (μ/(γ+μ)(1−

(γ + μ)/β)N . Respectly we have the two stationary states for the susceptibles S1
∗ = N and

S2
∗= ((γ+ μ)/β)N and for the recovered in both casesR∗=N− S∗− I∗.

Now we add to the ODEs ( ) the susceptible mosquito population U and the infected
mosquitos V . In the easiest case the total population size M adds up to M = U + V .
We assume since mosquitos do not have an immune system they cannot recover from the
infection. So the resulting ordinary differential equations give the following system:

d

dt
S = μ(N − S)− β

M
SV − υS
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d

dt
I =

β

M
SV − (γ + μ)I

d

dt
R = γI − μR+ υS (2)

d

dt
U = ψ − νU − ϑ

N
UI

d

dt
V =

ϑ

N
UI − νV

with mosquito birth rate ψ, infection rate from human to mosquito ϑ and mosquito mortality

ν, mosquito population size M = U(t) + V (t) assumed constant, hence for now ψ := ν · M .
We also included in the above equations ( ) the vaccination factor υ. Here the repellent acts
as reducing contact rates between humans and mosquitoes, hence β and ϑ, where in time

scale separation or center manifold analysis the simplest version already gives β · ϑ as contact
parameter in the effective SIR model .

2.2 The simple case of linear infection model and optimal control

Using the described model in the last section we use the simple case of the linear infection
model to understand the application of the optimal control method in these above mentioned
models. The linear infection model with reaction scheme

S + I∗ β−→ I + I∗ (3)

with susceptibles S meeting outside infected I∗ assumed in equilibrium with infection rate β
brings the different aspects of of modelling and analysing disease control measures together,
since

Sc + I∗ β−→ Ic + I∗

Sv + I∗
(1−kv)β−→ Iv + I∗

is used in its stochastic version to describe vaccine trials . Here kv is the vaccine efficacy which

can be estimated e.g. in a Bayesian framework from empirically given numbers of infected in
the vaccine group Iv, ones β is estimated from the number of infected in the control group Ic.
And Sc and Sc are given by the group sizes of control group and vaccine group. Vaccines,

however, are not always completely effective or even in some age groups like the dengue
vaccine dangerous with occasionally negative vaccine efficacy kv< 0, giving quite interesting

effects in more complex multi-strain modelles including such imperfect vaccines in itself .

Hence, other control measures like mosquito repellents, modelled as

Sc + I∗ β−→ Ic + I∗

SM + I∗
(1−kM )β−→ IM + I∗
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should be studied, with an as yet to investigate mosquito repellent efficacy kM .
The reaction scheme gives the rate equation

d

dt
I =

β

N
SI∗ = β∗S (4)

with β∗ = (β/N)I∗ and then omiting the star, but keeping conservation of population size
N constant, hence

d
I = βS = β(N − I) (5)

dt

defining the linear infection model . For the optimal control problem the linear infection

model is given by
d

dt
I = β0(N − I) (6)

with natural infection rate β0, as for example measured from a control group study. For
any control measure, vaccination of mosquito control, we obtain then

d

dt
I = (1− k)β0(N − I) = (β0 − kβ0)(N − I) (7)

with a maximally possible control u0 := kβ0 for a vaccination of mosquito repellency group
with all members vaccinated (hence 100% coverage). Any actual control strategy u(t) then
should be larger zero and smaller than the maximum, hence 0 < u(t) < u0.

We introduce the control signal u(t) in β(t) = (β0 − u(t)) in the above optimal control
problem (??) with the simple solution of the ODE

I(t) = N − (N − I0)e
− ∫ t

t0
β(t̃)dt̃

= N − (N − I0)e
− ∫ t

t0
{β0−u(t̃)}dt̃

(8)

=: I[u(t̃)] (9)

and then the optimal control problem minimizes the cost function

J =

∫ T

t0

{1
2
kI2 +

1

2
�u2} dt (10)

By using the variation of the cost function

δJ [u(t)]

δu(t)
= 0 (11)

and for numerical analysis discretisation we can then solve the above problem. For the
solution we discretize the total time T into n steps with size Δt

T = nΔt (12)

c©CMMSE ISBN: 978-84-608-6082-2565



Using Optimal Control Theory, a Toy Study

and hence the continuous I(t) becomes time discretisize time using Eq. (??)

Ii = N − (N − I0)e
−∑i−1

k=0{β0−uk} Δt (13)
∑

and for convenience Bi := e−
i
k
−
=0
1 {β0−uk} Δt. Note that we run the sum from k = 0 to k = i − 1.

The cost function becomes plugging the above into Eq. ( ), and using m := �/k with
unimportant factor k in the cost function

J (T ) =

n∑
i=1

{1
2
I2i +

1

2
mu2i } Δt

= J (u0, u1, · · · , un−1)︸ ︷︷ ︸
=:u

= J (

{
uk

}n−1

k=0

) (14)

hence

J (u) =
n∑

i=1

{1
2
I2i (u) +

1

2
mu2i } Δt (15)

so the optimization problem reduces to optimizing J in respect to u, i.e.

∂J (u)

∂uj
= 0 (16)

for all uj .

After some calculations one finds the following expressions for the partial derivatives fo
the cost function J

∂J (u)

∂uj
= muj ·Δt+

n+1∑
i=j+1

Ii(u) · (−(N − I0)Bi) (Δt)2 (17)

with Ii(u) = N − (N − I0)Bi and the Bi being functions of the control signal u. These
partial derivatives either could be analyzed to be zero, but no solution is easily visible, or
they can be used for a gradient method numerically, the way we went finally. Hence for the
update of the (ν+1) step of the control signal uj from the ν step with initially zero control

u
(0)
j := 0 is given by

u
(ν+1)
j = u

(ν)
j + hj (18)

with hj = c · (−∂J /∂uj), i.e. maximizing G := −J , and a step size c initially quite large,
and then halfing every time it overshoots the minimization process. Numerical results will
be presented at the CMMSE 2016 conference.
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2.3 Generalization to not directly solvable disease dynamics

In cases when the disease dynamics İ = f(I, u) cannot be solved analytically, we can
use Lagrange multipliers λ(t) for the optimization of the cost function, taking the disease
dynamics as constraint into account, hence

L[I(t), u(t), λ(t)] =
∫ T

t0

{1
2
I2 +

1

2
mu2 + λ(İ − f(I, u))} dt (19)

to be minimized.

Now the discretization, done in the same way as before, reveals some interesting insights,
namely the variation in respect to the Lagrange multipiers ∂L/∂λj = 0 gives back the
constraint of the disease dynamcis

1

Δt
(Ij+1 − Ij) = f(Ij , uj) (20)

and then variation in respect to the infecteds ∂L/∂Ij = 0 gives a backward in time dynamics
for the Lagrange multipliers

1

Δt
(λj−1 − λj) = λj

∂f

∂Ij
− Ij (21)

with the upper boundary condition λn = −In+1 · Δt → 0 for small time steps Δt → 0.
Finally the variation in respect to the control signal ∂L/∂uj = 0 gives an algebraic equation
system

muj − λj
∂f

∂uj
= 0 (22)

which in the case of a linear control in f , like we have here in the linear infection model,
gives the control signal uj as a function of λj and Ij only, due to ∂f/∂uj is then only a
function of Ij , and not of uj any more. Hence then the forward dynamics for the infected
and the backward dynamics for the Lagrange multipliers are sufficient to solve the optimal
control problem. Again, numerically this can be done by a gradient method as described
above.

2.4 Shooting method

Though the gradient method can be applied to the forward/backward dynamics of disease
dynamics and Lagrange multipliers, it is somehow inelegant, sticking with a backward it-
eration. This drawback can be overcome by a shooting method, where also the Lagrange
multiplier dynamics is iterated forward, starting from an arbitrary (but numerically even-
tually already well suited) initial condition λ0, arriving at an end point λn �= 0, but then
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via Newton’s method iteratively seek a solution λ0 for which the function λn(λ0) vanishes,
hence λn(λ0) = 0, hence

λ
(ν+1)
0 = λ

(ν)
0 − λn(λ

(ν)
0 )

∂λn
∂λ0

(23)

to be used numerically from step ν to step (ν + 1).
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[7] Aguiar, M., Stollenwerk, N., & Halstead, S. (2016) The impact of the newly licensed
dengue vaccine in endemic countries, submitted for publication.

[8] Aguiar, M., Halstead, S., & Stollenwerk, N. (2016) DengVaxia: improving disease
burden reduction, submitted for publication.

c©CMMSE ISBN: 978-84-608-6082-2569



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Paramagnetic H-related defects in silica:
a first-principles investigation.

Luigi Giacomazzi1, L. Martin-Samos2 and N. Richard3

1 CNR-IOM/Democritos, via Bonomea 265, 34136 Trieste (Italy)
2 MRL, University of Nova Gorica, Vipavska 11c 5270-Ajdovscina, (Slovenija)

3 CEA, DAM, DIF, F-91297 Arpajon (France)

emails: giacomaz@sissa.it, lmartinsamos@gmail.com, nicolas.richard@cea.fr

Abstract

Due to its ubiquitous presence, high diffusivity, and reaction capabilities, hydro-
gen represents an important source of absorbing centers in optical fibers. Despite its
well known darkening effect, the structural details and generation mechanisms of some
H-related defect as e.g. the E′

β are not yet well understood. In this paper we ap-
ply first-principle state-of-the-art techniques to investigate issues concerning H-related
paramagnetic centers in silica.

Key words: E′
β, silica, EPR

1 Introduction

The use of optical fibers has revolutionized the telecommunications industry, in particular,
by allowing an enhancement of the data transmission speed of four order of magnitude in
the last 30 years [1]. Because of the rapidly increasing traffic in core networks future optical
fibers are expected to require a transmission capacity well beyond the current optical fiber
input power limit [1]. In such a context, reducing the presence of absorbing centers (i.e.
defects that can be intrinsic as e.g. oxygen vacancies or extrinsic as e.g. hydrogen impurity)
will become a crucial task for the optimization of the future optical fibers. Hydrogen
darkening is a rather common phenomenon of signal attenuation. The latter can be caused
either by molecular hydrogen or defect sites that have reacted with hydrogen to form other
absorbing centers. Typical hydrogen sources include not only the ambient atmospheric
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hydrogen but also the one coming from galvanic reaction between dissimilar metals in the
cable or even from the action of certain microorganisms (e.g. sulfate-reducing bacteria).

In his review of defects in silica, Griscom [2] discussed the main paramagnetic defects
related to the hydrogen presence observed using γ- or 100 KeV X-rays. The first one is the
radiolytic atomic hydrogen (H0) which exhibits a Fermi contact of 50.5 mT and a almost
isotropic g tensor (g ∼ 2.0025). The radiolytic hydrogen by reacting with a proper precursor
site (i.e. an oxygen vacancy) should transform in to the so-called E′

β center [2]:

H0 + [≡Si − Si≡] −→ [≡Si − H + ≡Si·] = E′
β (1)

where · indicated an unpaired electron and ≡Si indicates a three-fold Si atom. As the
EPR spectrum of the E′

β does not show hyperfine interaction with a proton it follows that
a separation of at least 5 Å should occur between the proton “H” and the spin “·” [2].
Furhermore since the oxygen vacancy could occur as a twofold Si atom one needs also to
consider the following reaction (Eq. 2): H0 + [=Si :] −→ [=Si − H]·
which is known as the H(I) center [2]. While the structural model of the latter H(I) center
has received several confirmations both from theory and experiments the former model
[Eq. (1)] of the E′

β center has received very little attention and, to our knowledge, no
theoretical attempt has been done to discuss such a model. In the present paper we discuss
the structural origin of the above mentioned types of H-related centers in silica glass. To
this aim we show and discuss accurate state-of-the-art first-principles calculations for a
significant set of models that includes the most considered representatives for the observed
paramagnetic H-related centers, i.e. H0, the E′

β as in Eq. (1), and the H(I) centers as in
Eq. (2).

2 Metods and models details

The EPR calculations presented in this work are based on Density Functional Theory
(DFT). In particular we adopt the Perdew-Burke-Ernzerhof (PBE) exchange-correlation
functional. We use norm-conserving, scalar-relativistic Trouiller-Martins gipaw pseudopo-
tentials and Kohn-Sham wavefunctions are expanded in a basis of plane waves up to a kinetic
cutoff of 80 Ry [3]. The adopted amorphous silica model consists in a supercell containing
108 atoms at a density close to the experimental one ∼ 2.2 g/cm3 [5]. We obtain hydrogen-
doped silica configurations by inserting a H atom in a neutrally charged oxygen vacancy
configuration that was generated starting from a pure a-SiO2 model [5]. We similarly gen-
erated other two configurations (neutrally charged) by adding, in two different places, a H
atom to the unpuckered configuration that was obtained for the same vacancy site (Fig. 1).
Moreover by inserting a H2 molecule (H-H distance 0.75 Å) inside the positively charged
oxygen vacancy we could obtain a configuration where the vacancy is passivated by a H
atom while the other one becomes an interstitial H atom (H0), as also confirmed by our EPR
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parameters calculations. The configurations of the H(I) centers (Eq. 2) were generated by
adding a H atom placed near a twofold Si atom [6]. All the configurations mentioned here
above have been relaxed by first-principles prior to the calculation of the EPR parameters.
We use the QE-GIPAW code, which implements the gauge including projector augmented
wave (GIPAW) method [3], of the Quantum ESPRESSO package [4] for the calculation of
the EPR parameters (EPR hyperfine and g-tensors) of the here investigated defect models.

3 Results

In Fig. 1(a) we show the configuration obtained by following directly the left hand side of
Eq. 1. During the relaxation the two ≡Si units rotate to accomodate the hydrogen atom
but no major structural change occurs and the spin-density points towards the center of
the oxygen vacancy. The hydrogen atom shows some spin localization which is confirmed
also by the non-negligible Fermi contact Aiso(H)= 1.3 mT. As the latter was not found in
the experiments [2] we should rule out Fig. 1(a) as a possible candidate of the E′

β. Next,
by taking advantage of a previously generated unpuckered configuration [5], we tried to
directly obtain a model as suggested by the right hand side of Eq. 1 and in particular we
started first by generating a configuration [Fig. 1(b)] which resembles very much the E′

β

model given in Fig. 3 of [2]. The Fermi contact Aiso(29Si) is almost 2 mT lower than found
in the H-free model [5]. The g-tensor is slightly more axial than in the H-free model as
suggested by the small decrease in the g23 = g2 − g3 value. However the g2 value is slightly
larger than found for the H-free model in contrast to the decrease observed between the g2

values of the E′
β and E′

γ centers [2]. Because of the above listed discrepancies between our
calculations, based on the model given in Fig. 3 of [2], and the experimental data we have
calculated the EPR parameters of the configuration where the hydrogen and the unpaired
electron exchange their place [Fig. 1(c)]. Such a configuration shows a Aiso(29Si) larger by
5.5 mT with respect to the one of the H-free model and also a slightly decreased g2 value,
even if the g23 value increases with respect to Fig. 1(b). Furthermore the average of the EPR
parameters obtained for Fig. 1(b) and (c) suggests that a better representation of the E′

β

could be achieved by considering not only Fig. 1(b) but also other H-doped configurations
like e.g. Fig. 1(c).

The H(I) center is experimentally characterized by Aiso(H)∼7.4 mT and g tensor g1 =
2.0022, g2 = 2.0016, g3 = 2.0003 [2]. On average our calculations provide Fermi contacts
and g-values differing with experiments by less than 0.4 mT and 3·10−4 respectively.

4 Conclusions

We performed a preliminary series of first-principles calculations of the EPR parameters for
a set of hydrogen-doped amorphous silica models. In particular, the present calculations
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H

Si Si

(b)

H
Si

Si

(a)

H
Si

Si

(c)

Figure 1: Spin densities (shadowed grey) obtained by a first-principles relaxation of neutrally
charged H-doped silica configurations: (a) the H atom is first placed at about the middle
position of the Si-Si, (b) and (c) the H atom is placed near one or the other of the two Si
atoms of an unpuckered configuration [5]. H, O and Si atoms are shown in black, dark grey
and grey respectively.

suggest that the commonly accepted structural model of the E′
β should be updated by

considering at least two alternative sites hosting the hydrogen atom.
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emails: k.j.h.giesbertz@vu.nl, robert.vanleeuwen@jyu.fi

Abstract

The non-vanishing of the natural orbital occupation numbers of the one-particle
density matrix of many-body systems has important consequences for the existence of
a density matrix-potential mapping for nonlocal potentials in reduced density matrix
functional theory and for the validity of the extended Koopmans’ Theorem. We ana-
lyse for a number of explicit examples of two-particle systems that in case the wave
function is non-analytic at its spatial diagonal and derive a more general criterium for
the non-vanishing of natural occupations for two-particle wave functions with a certain
separability structure. Singlet two-electron systems also allow for a diagonal representa-
tion of the wave function with the natural orbitals as its eigenfunctions and the squares
of its eigenvalues, the natural amplitudes, are equal to the occupation numbers. We
demonstrate that the sign pattern of the natural amplitudes is related to the long-range
structure of the wave function, which is in turn dictated by the tail of the Coulomb
interaction.

Key words: one-body reduced density matrix, vanishing, natural occupation number,
natural amplitude, decay

The one-body density matrix of a wavefunction Ψ can be defined in terms of the usual field
operators as

γ(x,x′) := 〈Ψ|ψ̂†(x′)ψ̂(x)|ψ〉 , (1)
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where x := rσ is space-spin coordinate. The natural occupation numbers are defined as the
eigenvalues of the one-body reduced density matrix (1RDM)∫

dx′ γ(x,x′)φk(x
′) = nk φk(x) . (2)

The corresponding eigenfunctions are called the natural orbitals (NOs) [1].
The sum of the occupation numbers equals the number of electrons in the system.

Therefore, if we order the occupation numbers, nk, from the highest to the lowest one, their
values need to decay to zero sufficiently fast for k → ∞, i.e.

lim
k→∞

nk = 0 , (3)

or even become zero after some point kmax. The question whether they actually do be-
come zero or only approach zero for k → ∞ is not only an academic question, but also of
practical interest for methods that try to build an accurate approximation to the wavefunc-
tion by making an expansion in terms of Slater determinants, e.g. configuration interaction
(CI). The non-vanishing of the natural orbital (NO) occupation numbers of the one-particle
density matrix of many-body systems also has important consequences for the existence
of a density matrix-potential mapping for nonlocal potentials in reduced density matrix
functional theory [2, 3] and for the validity of the extended Koopmans’ theorem [4, 5, 6, 7].

To investigate this matter [8, 9, 10], we limit ourselves to singlet two-electron system.
Since the spatial part of the wavefunction is symmetric, it can be diagonalised

Ψ(r1, r2) =
∑
k

ck φk(r1)φk(r2) . (4)

By calculating the corresponding spin-integrated 1RDM, one readily finds that the eigen-
functions are NOs. The eigenvalues ck are called the natural amplitudes and are related
to the occupation numbers as nk = c2k. The advantage is that we can access the NOs
and natural occupations directly from the wavefunction, bypassing the construction of the
1RDM (1).

Since the wavefunction has a cusp at the coalescence points of the two electrons, the
first order derivative of the wavefunction is discontinuous. Combined with a theorem by
Weyl [11], this allows us to put a modest lower bound to the decay rate of the natural
amplitudes

lim
k→∞

|ck|k1/2 = 0 . (5)

On the other hand, an infinitely differentiable wavefunction can be shown to have a much
higher decay rate of its natural amplitudes with the help of a result by Hille and Tamar-
kin [12, 13]

lim
k→∞

|ck|Rk/4 = 0 , (6)
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where R is some constant.
Equations (5) and (6) only provide lower bounds to the decay rate and do not say much

on the more difficult question whether the occupation numbers do become zero or not. For
a two-particle wavefunction of the special form

Ψ(r1, r2) = α(r1)α(r2)f(r1 − r2) , (7)

we have been able to establish the following theorem.

Theorem 1. A two-particle wavefunction of the form (7) has no vanishing natural amp-
litudes (eigenvalues) if and only if the Fourier transform of f is nonzero almost everywhere.

A detailed proof is exhibited in Ref. [8]. The use of this theorem is obvious, since one
does not need to explicitly construct the NOs and natural amplitudes for wavefunctions of
the form (7) to determine whether any of the natural occupation numbers are zero. For
example, we can show that for a two-particle system of harmonically confined electrons with
a Coulombic interaction, the so-called Hookium [14, 15], the natural occupation numbers
never vanish. We have also used this proof to show that a fully optimised wavefunction of
the form (7) for the 1D H2 molecule with soft Coulomb interactions does not have vanishing
occupation numbers [10].

The natural amplitudes do not only determine the natural occupation numbers, but
also cary a phase, which can only be +1 or −1 for a real singlet ground state wavefunction.
In the second part we explore the relation between the signs of the natural amplitudes
and the nature to the two-body interaction [9]. We show that long-range Coulomb- type
interactions are responsible for the appearance of multiple positive amplitudes.

We also explore how the sign pattern changes when the system parameters are changed,
e.g. the bond length in the H2 molecule or the confinement of the Hookium. It has been
argued by Goedecker and Umrigar that in weakly correlated systems, e.g. the He atom and
Hookium with strong confinement, that if the phase of highest occupied NO is positive, all
the other natural amplitudes will be negative [16]. In the strongly correlated regime, how-
ever, the sign pattern becomes alternating, as demonstrated explicitly for the Hookium [17]
and the hydrogen molecule [18]. It therefore appears that when the bond in the H2 molecule
is stretched or the parabola in the Hookium is widened, that the natural amplitudes need
to cross zero.

We will argue that this is actually not the case. Firstly, the argument by Goedecker and
Umrigar is based on the assumption that the all the NOs resemble the Hartree–Fock orbitals.
This assumption is obviously wrong. That the statement of Goedecker and Umrigar is
incorrect, has indeed been demonstrated by very large basis set calculations on the He
atom for which multiple positive natural amplitudes were found [19]. Nevertheless, the
sign pattern changes from predominantly negative to alternating when changing from the
weakly to the strongly correlated regime, so one could surmise that the natural amplitudes
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need to cross zero to change their sign. However, this argument is only valid in a finite
basis. In an infinite basis, an infinite amount of natural amplitudes will be clustered around
zero. Since eigenvalues typically can only cross under very special circumstances, natural
amplitudes can typically never become zero. The simple reason is that there always will
be a natural amplitude closer to zero, blocking its approach. This mechanism of avoided
crossings therefore prevents the natural amplitudes to become zero when variations in the
external potential are made, e.g. nuclear configuration of a molecule.

The only way natural amplitudes can cross zero is when all natural amplitudes go
together through zero. A combined collapse only occurs by making modifications to the
interaction itself. For the Coulomb interaction this be be the non-interacting limit. For spe-
cial interactions such a collapse of the natural amplitudes can also occur at finite interaction
strength. An example is the Hamiltonian of the form

Ĥ = −1

2
∇2

r1 −
1

2
∇2

r2 +
1

2
ω2(r21 + r22) +

λ

r212
. (8)

The ground state of this Hamiltonian has the following surprisingly simple form [20]

Ψ(r1, r2) = Nα e
− 1

2
ω(r21+r22)rα12, (9)

where α =
(√

1 + 4λ − 1
)
/2 and Nα is a normalisation factor. Exactly when α is an even

integer, most of the natural amplitudes collapse to zero and only a finite amount remain
nonzero [9].

The same line of reasoning immediately carries over to the natural occupation numbers,
so we have a very strong argument that the occupation numbers in systems with a Coulomb
interaction never vanish. Note that this argument only applies to an infinite Hilbert space,
so is not applicable to the model Hamiltonians due to the finite basis representation on our
computers. In a finite Hilbert space there will be a smallest occupation number which can
vanish, since there is no lower occupied NO anymore that can prevent this, via an avoided
crossing.
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Abstract

We show that simple, closed-form wavefunctions and energies that can be found
for two Coulombically interacting electrons confined to a D-dimensional sphere. After
outlining the method for solving the relevant Schrödinger equations, we give particular
solutions for the cases of a ring (D = 1), a normal sphere (D = 2) and a glome (D = 3).

Key words: Exactly soluble systems, two-electron systems, ringium, spherium, glomium

1 Introduction

It is often said that it is impossible to find exact wavefunctions and energies for a system
with two or more electrons. This is because, in general, the associated Schrödinger equation[

−∇2
1

2
− ∇2

2

2
+ V (r1) + V (r2) +

1

r12

]
Ψ = EΨ (1)

(where V is the external potential and r12 = |r1 − r2| is the interelectronic distance) is not
separable in any convenient coordinate system. Fortunately, however, this is not always
true and there exist a few special systems where separation is possible and surprisingly
simple and elegant solutions can be obtained. Many years ago, Kais et al. showed how to
achieve this for a pair of electrons in a harmonic well [1] and Taut subsequently generalized
this to a countably infinite number of confinement strengths [2]. Taut later extended his
approach to cases wherein an external magnetic field is also present [3]. These papers have
been well cited, largely because exact solutions are ideal testbeds [4, 5, 6, 7, 8, 9, 10, 11] for
the refinement of cruder models like density functional theory (DFT) and quantum Monte
Carlo (QMC).
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A few years ago, we discovered that the Schrödinger equation for two electrons confined
to a D-dimensional sphere (a ring (D = 1), a normal sphere (D = 2), a glome (D = 3),
etc.) can also be solved in closed form for certain special values of the sphere radius R.

2 Two electrons on a D-sphere

2.1 Two electrons on a ring

In the D = 1 case, the Hamiltonian is

Ĥ = − 1

2R2

[
∂2

∂θ21
+

∂2

∂θ22

]
+

1

R
√
2− 2 cos(θ1 − θ2)

(2)

In the coordinates Ω = (θ1+θ2)/2 and u = R
√

2− 2 cos(θ1 − θ2), the Hamiltonian separates
into the sum of

ĤΩ = − 1

4R2

d2

dΩ2
Ĥu =

[
u2

4R2
− 1

]
d2

du2
+

u

4R2

d

du
+

1

u
(3)

and the total wavefunction and total energy are then given by

Φ(Ω, u) = Λ(Ω)Ψ(u) E = E + ε (4)

The eigenfunctions and eigenvalues of ĤΩ are

ΛJ(Ω) = exp(iJΩ) EJ =
J2

4R2
(5)

The eigenfunctions of Hu satisfy a Heun-like equation and fall into four families [12]. For
a countably infinite number of special values of the radius R, the eigenfunctions reduce to
elementary functions. For example, for the indicated radii, one finds the ground states

R = 1/2 ε = 9/4 Ψ(u) = u
√
1 + u (6)

R =
√
6/2 ε = 2/3 Ψ(u) = u(2 + u) (7)

R =
√
46/2 ε = 9/46 Ψ(u) = u(92 + 46u+ 5u2) (8)

and the first excited states

R =
√
10/2 ε = 9/10 Ψ(u) = u(2 + u)

√
10− u2 (9)

R =
√
66/2 ε = 8/33 Ψ(u) = u(132 + 66u+ 7u2)

√
66− u2 (10)

A method for obtaining these elementary solutions, along with several additional examples,
can be found elsewhere [12].
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2.2 Two electrons on a sphere

In the D = 2 case, the Hamiltonian again separates after a change of coordinates. By
following Breit’s approach [13], the spin and angular wavefunctions can be factorized out,
leaving the univariate interelectronic Hamiltonian Ĥu.

Within the manifold of 1S states, the interelectronic Hamiltonian is

Ĥu =

[
u2

4R2
− 1

]
d2

du2
+

[
3u

4R2
− 1

u

]
d

du
+

1

u
(11)

and, as on a ring, there are an infinite number of special values of R for which the eigen-
functions are elementary. For example, for the indicated radii, one finds the ground states

R =
√
3/2 ε = 1 Ψ(u) = 1 + u (12)

R =
√
7 ε = 2/7 Ψ(u) = 28 + 28u+ 5u2 (13)

Within the manifold of 3P states, the interelectronic Hamiltonian is

Ĥu =

[
u2

4R2
− 1

]
d2

du2
+

[
5u

4R2
− 3

u

]
d

du
+

1

u
(14)

and some of the ground-state solutions include

R =
√
15/2 ε = 1/3 Ψ(u) = 3 + u (15)

R =
√
23 ε = 3/23 Ψ(u) = 276 + 92u+ 7u2 (16)

A method for obtaining these elementary solutions, along with several additional examples,
can be found elsewhere [14, 15].

2.3 Two electrons on a glome

In the D = 3 case, we follow the same approach as for the D = 2 case.
Within the 1S manifold, the interelectronic Hamiltonian is

Ĥu =

[
u2

4R2
− 1

]
d2

du2
+

[
5u

4R2
− 2

u

]
d

du
+

1

u
(17)

and examples of ground-state solutions include

R =
√

5/2 ε = 1/2 Ψ(u) = 2 + u (18)

R =
√

33/2 ε = 2/11 Ψ(u) = 132 + 66u+ 7u2 (19)

Within the 3P manifold, the interelectronic Hamiltonian is

Ĥu =

[
u2

4R2
− 1

]
d2

du2
+

[
7u

4R2
− 4

u

]
d

du
+

1

u
(20)
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and examples of ground-state solutions include

R =
√
14/2 ε = 1/4 Ψ(u) = 4 + u (21)

R =
√
77/2 ε = 8/77 Ψ(u) = 616 + 154u+ 9u2 (22)

A method for obtaining these elementary solutions, along with several additional examples,
can be found elsewhere [14].
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Abstract

Real-Time terrain visualization plays an important rule in multiple popular appli-
cations like geographical information systems, computer games, or civil or militar sim-
ulators, where hardware tessellation has become a de-facto standard nowadays in the
graphic pipeline. Also, post-processing techniques enhance the appearance of the ren-
dered image by applying changes at the pixel level using the fragment shader, without
increasing the number of polygons, but they have not been still used in terrain rendering
due to different reasons. In this paper, we present a new real-time terrain rendering
approach which efficiently combines hardware tessellation and parallax mapping, mak-
ing parallax mapping compatible with hardware tessellation and terrain rendering. The
performance evaluation results show that the proposed scheme improves the perfor-
mance of real-time terrain rendering applications in regard to the performance yielded
when exclusively using hardware tessellation.

Key words: Terrain visualization, Real-Time rendering, GPU shaders, Hardware
tessellation, Parallax mapping)

1 Introduction

Real-Time terrain visualization is a very active research field in the area of computer graph-
ics and plays an important rule in multiple applications like Geographic Information Sys-
tems (GIS) [13, 14], computer games [2] or civil or militar simulators [1]. Figure 1 shows an
example of an image displayed by a GIS application, a mountain valley with some villages.

One of the main tasks of these applications is to display a high visual quality terrain
model at interactive frame rates. Terrain datasets used in these applications usually exceed
the rendering capabilities of currently available hardware graphics, and their interactive
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Figure 1: Example image displayed by a Geographic Information System application

rendering require that applications adjust their complexity in a view-dependent manner.
Traditionally, most of the techniques managed the level-of-detail required at every point of
the terrain surface by executing CPU-based algorithms [4]. However, modern GPU features
provide a more efficient way to control view-dependent level-of-detail using GPU-based
algorithms [5, 6, 7, 8, 9].

One of the features that are potentially useful for level-of-detail control appeared in
the Shader Model version 4: the geometry shader stage[10]. This new stage in the graph-
ics pipeline allows the creation of view-dependent geometry directly on the GPU without
transferring all the data from the CPU, thus increasing the rendering frame-rate and visual
quality. However, this feature is limited and poorly effective, making current research on
terrain rendering focus on other techniques. Another similar feature, directly applicable to
terrain rendering, is hardware tessellation [11]. This feature, that appeared in the shader
model version 5, adds new stages in the graphic pipeline that allow to create new geometry
”on the fly” more efficiently than the earlier shader stage, achieving high fidelity interactive
terrain rendering [12].Hardware tessellation has become a de-facto standard nowadays.

On other hand, some very popular GPU post-processing techniques have been devel-
oped. These techniques enhance the appearance of the rendered image by applying changes
at the pixel level using the fragment shader, without increasing the number of polygons.
Two examples of these techniques are bump mapping [3] and parallax mapping [15]. Par-
allax mapping is actually an advance over bump mapping. It uses information included in
a texture with height small variations of the reference surface (usually a flat surface) to
modify the texture coordinates of the color texture applied to the model. In an intuitive
way, parallax mapping corrects the coordinates of the color texture mapped on the reference
surface, approximating them to its coordinates as if the full resolution surface had been ren-
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dered as a polygonal surface instead. However, some features of parallax mapping prevent
it from being used for terrain rendering. One of these features is that parallax mapping
is designed for real surfaces with small variations on the reference surface (such as stone
walls or floors). Nevertheless, a real terrain surface can show great height variability, since
terrains typically have a fractal structure. Another feature is that the corrected coordinates
become too large when the angle between the view ray and the reference surface is small,
obtaining a wrong estimation. Since most of the applications that usually render a ter-
rain surface (like computer games or driving simulators) place the virtual camera near the
ground surface, parallax mapping cannot be used in the most extened kind of visualization
applications.

In this paper, we present a new real-time terrain rendering approach which efficiently
combines hardware tessellation and parallax mapping, making parallax mapping compat-
ible with hardware tessellation and terrain rendering. The proposed approach uses a low
resolution terrain model instead of a flat surface as the reference surface, and it determines
”on the fly” the height variations on the terrain model, in order to reduce their size. The
performance evaluation results show that the proposed scheme improves the performance
of real-time terrain rendering applications in regard to the performance yielded when using
hardware tessellation only.

The rest of the paper is organized as follows: section 2 describes the proposed approach
for real-time terrain rendering. Next, section 3 shows the performance evaluation of the
proposed model. Finally, section 4 shows some conclusion remarks.

2 A new real-time terrain rendering approach

We propose an approach that combines hardware tessellation and parallax mapping tech-
niques. Both techniques are implemented in the graphics shaders. Following the OpenGL
nomenclature, some code is placed in the vertex shader but the main code is implemented
in the tessellation shaders (Tessellation Control Shader and Tessellation Evaluation Shader)
and in the fragment shader. Figure 2 illustrates the location of these programmable shaders
in the graphic pipeline. Hardware Tessellation appeared in the shader model version 5, with
the introduction of two new programmable stages in the graphic pipeline: the Tessellation
Control Shader (TCS) and the Tessellation Evaluation Shader (TES), and one fixed stage:
the Tesselation Primitive Generator (TPG). In our approach, we have applied similar ideas
to those in the NVIDIA whitepaper [12] to program these shaders.

2.1 Tessellation

Hardware tessellation requires that the base mesh of the tile is defined as a set of patch
primitives. These primitives are general-purpose primitives defined from a set of vertices.
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Figure 2: Graphic pipeline with the programmable stages

The maximum number of patch vertices is implementation-dependent, but the minimum
number can be a single patch vertex.

On other hand, the tessellation technique uses heightmaps (textures with elevation
information), in addition to color texture, in order to add geometry from a coarse mesh
according to the distance to the observer, performing a smooth view-dependent level-of-
detail representation. However, heightmaps typically do not fit into the GPU memory. In
order to overcome these kind of hardware-imposed tessellation density limitations, the base
geometry as well as the textures mapped onto it (color texture, heightmaps, normalmaps,
etc.), are divided into rectangular regions (each one corresponding to one patch). At run-
time, the textures of every new patch inside the camera view-frustum are sent to the GPU,
where they are directly refined and rendered. When every patch is rendered with a view-
dependent level-of-detail, some cracks (holes in the terrain surface) can appear along the
edges. The solving of this problem requires the handling of patch boundaries resolution in
an independent way of the inner mesh resolution, in addition to seams between heightmaps.

The Tessellation Control Shader (TCS) should determine how many times the patch
must be subdivided, on the basis of the camera distance. It is also responsible for ensuring
continuity across boundaries patches, forcing the shared edges between the patches to use
the same level of tessellation. Figure 3 shows part of the code (using GLSL language) for
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this shader. The control points and texture coordinates are passed unaltered to the next
stage.

i f ( frustrumTest == true )
{

g l TessLeve lOuter [ 0 ] = getTessLeve l ( distEdge0toCamera ) ;
g l TessLeve lOuter [ 1 ] = getTessLeve l ( distEdge1toCamera ) ;
g l TessLeve lOuter [ 2 ] = getTessLeve l ( distEdge2toCamera ) ;
g l TessLeve lOuter [ 3 ] = getTessLeve l ( distEdge3toCamera ) ;

g l Te s sLeve l Inne r [ 0 ] = getTessLeve l ( distCentertoCamera ) ;
g l Te s sLeve l Inne r [ 1 ] = getTessLeve l ( distCentertoCamera ) ;

}
tcTexCoords [ g l Invoca t i on ID ] = vTexCoords [ g l Invoca t i on ID ] ;
g l ou t [ g l Invoca t i on ID ] . g l P o s i t i o n =

g l i n [ g l Invoca t i on ID ] . g l P o s i t i o n ;

Figure 3: Tessellation Control Shader code

The TPG subdivides the patch based on the tessellation level values computed by the
TCS, and the Tessellation Evaluation Shader (TES) computes the vertex values for each
generated vertex. Figure 4 shows part of the code for this shader. It must be noted that
we are using mipmapping with the heightmap texture to avoid aliasing problems.

vertexPos = computeVertexPosit ion ( gl TessCoord ) ;
vertexPos . y = uHeightSca le ∗ t ex tu r e ( uHeightmap , tcTexCoords ) . r ;

g l P o s i t i o n = uModelViewProjectionMatrix ∗ vertexPos ;

Figure 4: Tessellation Evaluation Shader code

2.2 Parallax mapping

Parallax mapping uses information included in the heightmap texture to modify the texture
coordinates of the color texture that is mapped on the reference surface (usually a flat mesh),
approximating them to the coordinates of the full resolution surface. The process is similar
to trace rays into the height field to obtain the texture coordinates of the visible point.

Simple parallax mapping [16] obtains the target texture coordinates (u′, v′) by the
projection of the intersection point on the real surface (high resolution surface) assuming
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that the heigh field h(u, v) is near constant everywhere in the neighborhood of (u, v). This
technique usually uses a flat mesh as reference surface. Figure 5 shows the process, and
figure 6 shows the implementation of the Welsh method [17] for this type of reference surface.

Figure 5: Finding the intersection point between the eye and the reference surface (flat
mesh)

f loat hsb = texture ( uHeightmap , teTexCoords . s t ) . r ;
newTexCoords = teTexCoords + hsb ∗ eye . xz ;

Figure 6: Implementation of the simple parallax mapping method for a flat reference surface

However, parallax mapping is not well-suited for terrain rendering when a flat reference
surface is used, due to the great variability of terrain data that results in a wrong estimation
of the corrected texture coordinates, specially when the angle between the view vector and
the reference surface is small.

Nevertheless, we can avoid these problems using a reference surface closer to the real
surface. Therefore, we use the mesh created in the tessellation stages of the graphic pipeline,
which is a low resolution model of the terrain model, as reference surface in the parallax
mapping algorithm. This process does not change the geometry of the surface rendered
(which still remains the mesh created by the tessellation shaders), but the results are similar
as if the full resolution surface had been rendered as a polygonal surface instead.

The heightmap (real surface) is defined in a planar domain, but we now need to compute
height variations of the real surface from every planar triangle of the new reference surface in
its normal vector direction. Therefore, we have modified the tessellation evaluation shader
code to output the height hr and the normal vector direction nr at every point of the
reference surface. Also, we have modified the parallax mapping algorithm to compute these
variations in order to determine the new texture coordinates for the color texture, as shown
in figure 7.
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f loat hsb = ( tex ture ( uHeightmap , teTexCoords . s t ) . r − hr ) ∗ nr . y ;
newTexCoords = teTexCoords + hsb ∗ eye . xz ;

Figure 7: Implementation of the simple parallax mapping method for the reference surface
created in the tessellation shaders

3 Performance evaluation

In this section, we analyze the performance of the proposed approach. Concretely, we
compare the results obtained when exclusively using hardware tessellation with the results
obtained when using hardware tessellation combined with parallax mapping. We have
implemented a generic terrain visualization application to compare both strategies. This
application performs a real-time fly over the terrain model using different visual quality
parameters, and it allows taking screen captures of the rendered terrain from the user
point-of-view and storing them for analysis.

The terrain database used in the tests is a subset of the Puget Sound database [18].
This database is usually used to test terrain visualization applications, due to its varied
geography. The subset has been split in 4x8 regular tiles. Each one of them is a heightmap
image of 1024x1024 pixels with a sample spacing resolution of 20 centimeters. This involves
a total surface of 819 meters wide by 1638.5 meters long. The color textures have a resolution
of 2048x2048 pixels. The total size of the test data is about 671 MB in its decompressed
form. Tests were run on a PC-platform based on an Intel Core i7-4790 CPU processor, 12
GB of RAM and a NVIDIA GeForce GTX 650 GPU graphic card.

Both strategies have been tested using different levels of detail (tessellation factors), in
order to study how they scale with the number of triangles. The terrain data set has 8x4
tiles and the underlying geometry has been set to 8 subdivisions, which translates into a
162 triangle mesh with the minimum tessellation factor, 1. The number of triangles scales
linearly as the tessellation factor increases, until it reaches a total of 331776 triangles at the
maximum tessellation factor, 64.

We have obtained the Mean Square Error (MSE) produced by the two considered tech-
niques (Tessellation and Tessellation + Parallax) as a function of the number of triangles
drawn in the scene, which in turn depends on the tessellation level, that is, the level of detail
used by the tessellation algorithm for generating the mesh. Figure 8 shows these results,
proving that the proposed technique yields a higher accuracy for all the levels of detail.

Figure 9 shows a quantitative measurement of the improvements achieved by the pro-
posed technique, in regard to the performance obtained by tesselation. In this figure, each
point represents a fixed number of triangles. For that number of triangles, the X-axis value
is the MSE yielded by the tessellation technique, and the value in the Y-axis is the MSE
yielded by the propoped technique (tessellation+Parallax). Since the slope of the plot is
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Figure 8: MSE as a function of the number of triangles in the mesh

around 75%, it means that the proposed technique yields and improvement of around 25%.

4 Conclusions

In this paper, we have proposed a new real-time terrain rendering approach which efficiently
combines hardware tessellation and parallax mapping, making parallax mapping compatible
with hardware tessellation and terrain rendering. The performance evaluation results show
that the proposed scheme reduces the MSE of real-time terrain rendering applications in
regard to the one yielded when exclusively using hardware tessellation. Therefore, we
can conclude that the proposed technique not only makes possible the use of the de-facto
standard of hardware tessellation in these applications, but it also improves the rendering
performance
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Abstract

To reduce the amplitude of the oscillations of a nonlinear vertical heavy string with
a tip mass at the end free is an important mechanical problem. We analyze two ways
to attain this goal. One of them is to change systematically the length of the string.
The second one is to replace some part of the elastic string by viscoelastic components.
The string is modeled by an array of N masses connected by N massless linear elastic
springs. At the bottom end the string has a tip mass. The interacting force between
the particles is the classical Hooke’s force and the nonlinearity is due to the geometry
the problem.

Key words: Nonlinear vibrations, Elastic string, Hanging string, Variable length
pendulum, Viscoelastic.

MSC 2000: 65L05, 70F10

1 Introduction

There are several mechanical problems where to reduce the amplitude and the velocity of
the free end of a vertical string with a tip mass is important. For instance, the amplitude
of a simple pendulum can be reduced by systematically varying its length, [10]-[12]. Other
example, is the control of the vibrations of the hanging string with a tip mass by replacing
one o several springs by a Kelvin’s unit. The study of the hanging chain with a tip mass
has been considered by Sujith and Hodges [13] who derived an exact frequency relation.
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Figure 1: Discrete model of a hanging string with a tip mass.

This study has been extended and tested experimentally by Deschaine and Suits [2]. Some
numerical studies has been done by C. Y. Wang, [14].

In this paper we use a discrete model, [3]-[7], [9], to study the vertical heavy string with
a tip mass. The description of the discrete model is contained in the second section. The
third section is dedicated to the variable length pendulum and in the last one we analyze
how the amplitude oscillations of a heavy vertical string can be reduced by replacing springs
by Kelvin elements.

2 Model formulation

The discrete model of a hanging string with a tip mass consists of N particles, P1, P2, ..., PN

with masses m1,m2, ...,mN respectively, joined by N Hookean massless springs. The ith
particle is connected to the (i + 1)th particle by a ith spring with stiff constant ki. The
initial lengths of the springs are l1, l2, ..., lN (L = l1+ l2+ ...+ lN ). The upper end of the first
spring is fix and the lower end of the last spring is connected to the tip mass (M = mN ).
The discrete model is shown in Fig. 1. The variables at time t are:
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ri(t) = (xi(t), yi(t)) Coordinate of the particle Pi,
ri,j(t) Vector ri − rj ,
ri,j(t) Norm of the vector ri,j ,
vi(t) Velocity of the particle Pi,
ai(t) Aceleration of the particle Pi,
F∗
i (t) Force acting on Pi due to nearest neighbor particles,

fi(t) Long range force acting on particle Pi (gravity), and
Fi(t) Total force acting on Pi

for i = 1, 2, ..., N.

The force F∗
i exerted on the particle Pi by the springs i and i+ 1 is given by:

F∗
i = − [ki(ri,i−1 − li)]

ri,i−1

ri,i−1
+ [ki+1(ri,i+1 − li+1)]

ri,i+1

ri,i+1
, (1)

where ri,j =
√

(xj − xi)2 + (yj − yi)2 is the Euclidian distance between the particles Pi and
Pj . This expression introduces the nonlinearity in our problem since we are allowing vibra-
tions in two dimensions. In contrast to the usual model where the particles are constrained
to move only along the horizontal axes.

The total force acting upon the particle Pi is

Fi = F∗
i + fi.

The acceleration of Pi at time t is related to the force by a discrete Newton’s Law:

mi
d2ri
dt2

= Fi(t), i = 1, 2, ..., N (2)

Thus (2) is a system of 2N second order differential equations. In general this system
can not be solved analytically from initial positions and velocities, therefore it must be
solved numerically.
Since the velocity, at time t, of the particle Pi is vi we can determine the kinetic energy of
the string by

T (t) =
1

2

N∑
i=1

mi ‖ vi ‖2 .

The potential energy V (t) is found by considering the gravity effect and the increment
or decrement of length of each spring. The ith spring increases or decreases its length from
li to ri,i−1. Therefore, we have done an amount of work 1

2ki(ri,i−1 − li)
2 . Summing up for

all the springs, we obtain the potential energy of the string at time t:

V (t) =
N∑
i=1

1

2
ki(ri,i−1 − li)

2 +mighi.
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where hi is the height of the ith particle relative to the equilibrium position of the N − th
particle (yeqN ) which is obtained from (3).

2.1 Equilibrium position

The equilibrium position of the particles of the string, reqi = (0, yeqi ), i = 1, 2, ..., N , is
obtained by taking the x component equal to zero and the right hand side of (2) equal to
zero. The y-component of (2) becomes a linear system, (3), which is solved for each initial
condition.

Kyeq = −(TI+ gm), (3)

where

K =

⎛⎜⎜⎜⎝
−(k1 + k2) k2

k2 −(k2 + k3) k3
. . .

. . . kN
kN −kN

⎞⎟⎟⎟⎠ ,

T =

⎛⎜⎜⎜⎝
k1 −k2

k2 −k3
. . . −kN

kN

⎞⎟⎟⎟⎠ ,

and m = [m1,m2, ...,mN ]t, l = [l1, l2, ..., lN ]t

3 Variable length pendulum

Controlling the angular oscillations of a simple pendulum is related with a child’s swing. It
is well known that to swing a swing one must be crouch near to equilibrium position and
straighten up at the extreme position to increment the period of oscillation. One way to
control the pendulum oscillations is by adjusting the length of the cable r(t), [10, 11, 12].
The motion equation of the simple pendulum with variable length is given by

mr2θ̈ + 2mrṙθ̇ = −mrgsin(θ),

where the term Fc = 2mrṙθ̇ is known as the inertia force associated with the the sliding
motion of the mass. This term can be use to increase o decrease the amplitude of the
angular oscillations. As a simple mass-spring system with damping, when ṙ > 0 the Fc
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Figure 2: a) Angular velocity of the simple pendulum along a period (dotted line) and the
temporal derivative of pendulum length that increases the Fc force effect (continuum line).
b) The evolution of the product ṙθ̇ .

force is opposite to the rotation of the pendulum decreasing the amplitude of the oscilla-
tions. On other hand when ṙ < 0 the Fc force impels the pendulum rotation. One way
to reduce the amplitude of the oscillations is by increasing and decreasing the pendulum
length appropriately.

Fig. 2(a) shows the angular velocity (θ̇) of the pendulum during a oscillation period. At
t = 0 the mass of the pendulum is θ radians far from the vertical and its velocity is zero. The
maximum angular velocity, in magnitude, is attained when the mass move toward o away
from the equilibrium position. If the pendulum length is increased when the magnitude of
the angular velocity is hight then the Fc force is maximum and this maximize the damping
effect. The length of the pendulum should be reduced when the angular velocity is small.
One way to attain this goal is to vary the length of the pendulum periodically with a
frequency twice the pendulum natural frequency (w). In Fig. 2(b) we show ṙθ̇ of a simple
periodic function, r(t) = L ΔLsin(2wt), which reduces substantially the amplitude of the
pendulum oscillations.

After the above strategy has been applied the period of the pendulum changes and it
requires a period estimation before to applying the strategy to the next period. An example
of the pendulum evolution over time is shown in Fig. 3 and Fig. 4. The angle between the
vertical and the pendulum decreases to zero as the potential and kinetic energy also does .
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Figure 3: Angular displacement evolution when the length of the pendulum is equal to
r(t) = L−ΔLsin(2wt), ΔL = 0.1.
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Figure 4: Kinetic, Potential and total energy of the pendulum evolution when the length of
the pendulum is equal to r(t) = L−ΔLsin(2wt), ΔL = 0.1
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Figure 5: D. Young [15]. First four vibrational modes of the hanging chain. The analytical
solution is shown in red.

4 Hanging string with a tip mass

We use the discrete model of the section 2 to analyze the hanging string with a tip mass
behavior. The mass of the string is m = m1 + ... + mN−1 = 1 with m1 = ... = mN−1.
The mass of the tip is mN = M . First we analyze the hanging string behavior when a
initial velocity is applied at the free end, the string density is constant, m1 = ... = mN , the
length of the string is L = 1, and its stiffness is also constant, k1 = k2 = ... = kN = 1000.
The gravity is g = 0.1 and N = 32 the number of particles. The initial conditions for the
discrete model are given by:

ri(0) = (0, yeqi ) , i = 1, 2, ..., N,

vi(0) = (0, 0), i = 1, 2, ..., N − 1, and

vN (0) = (β, 0), β = 2.5E − 1.

The initial impulse produces a sudden displacement to the right of the free end and
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Figure 6: (a) H. Bailey, [1] . Experimental data from a movie showing the position of the
last particle. (b) Discrete model.

then it returns quickly near to the equilibrium position, without swinging to the left and
remains there for a while. Next a sudden jump to the left of the free end occurs and
returns again near to the equilibrium position. Immediately after a whip of the free end
it oscillates quickly from left to the right and finish again near to the equilibrium position.
After reaching this position the free end suddenly jumps to the right and returns again
near the equilibrium position. Finally the free end arrives near to the initial condition (zero
displacement and velocity β).

Some experiments, with this kind of strings, had been carried out for D. Young [15],
he shows a perfect matching between the first four vibrational modes of a hanging string
and its analytical approximation and it is shown in Fig. 5. The motion of the free end
of the string was obtained experimentally by H. Bailey in [1] and a comparison with the
numerical results obtained from own discrete model are shown in Fig.6. Both results match
satisfactorily.

In general the string behavior depends mainly on the quotient q = M/m, when the
gravity and its stiffness are constants. When this quotient is bigger than the previous case
the displacement of the tip mass is described for a Lissajous curve. The tip mass behavior
for M/m = 1, 10, 1000 and 1000 is shown in Figs. 7(a)-7(d). As the quotient q increases
the length of the string at equilibrium position increases and the frequency of the tip mass
decreases. While the x-displacement is symmetric around the equilibrium position the y
component is not. The oscillations of the hight frequency are reduced as the quotient
increases. For instance, the Fig. 7 shows the tip evolution when M/m = 1, it has a wide
range of oscillations that are reduced when q is bigger, as shown in Figs. 7(b)-7(d).
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Figure 7: Evolution of the tip mass for (a) M/m = 1, (b) M/m = 10, (c) M/m = 100, (d)
M/m = 1000.

5 Control of the tip mass amplitude

In some applications it is important to reduce the amplitude of the tip mass as soon as
possible. To reduce the amplitude and the velocity of the free end we replace one o several
springs by Kelvin units. A Kelvin unit is a mechanical device formed by a spring and a
damper in parallel. When the i− th spring is replaced by a Kelvin unit the equation (2) of
the model is replaced by

F∗
i = −[ki(ri−1,i − li) + ηiṙi−1,i]

ri−1,i

ri−1,i
+ [ki+1(ri,i+1 − li) + ηi+1ṙi,i+1]

ri,i+1

ri,i+1
, (4)

where ṙ(t) denotes the temporal derivative of r(t) and ηi is the viscosity coefficient of the
Kelvin unit. The system (2) with F∗

i as in (4) is solved numerically by using the fortran
subroutines DDRIV2 [8]. The relative accuracy in the all solution components was taken
equal to 1E − 6.
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Figure 8: Evolution of the (a) x-component and (b)y-component of the displacement of
the free end when a spring is replaced for a Kelvin unit at different positions of the string.
k = 1 (fix end), k = N (free end).

5.1 One replacement

The evolution of the x and y components of the tip displacement relative to the equi-
librium position are shown at the top-left in Fig.8(a-b) respectively. The amplitude of
x-displacement is at least three times bigger than y-displacement. Both displacements de-
crease when one spring is replaced for one Kelvin unit. From the same figure it can be
observed that when one Kelvin unit is put at position k = 3N/4, is more effective in slow-
ing down the oscillations. The same figures show that the y-component tend to zero faster
than the x-component. How fast tends to zero depends on the unit Kelvin position and
its parameter η. Besides the position of the Kelvin unit has a different damping effect
over each component of the displacement. When the Kelvin unit is located near the fix
end the y-displacement tends to the equilibrium position in the fastest way. However the
x-component is more affected by the Kelvin unit near the free end (k = 3N/4). In all cases
η was 0.4.

5.2 Two replacements

Now two springs are replaced by two kelvin units, we keep the position 3N/4 which gave the
best results when one spring is replaced. According with the Fig. 9(a-b) when the second
Kelvin unit is located at the position k = N the x-oscillations of the free end decreases and
are minimum among the other positions after a fix time. The decrement of y-component of
the displacement is almost independent of the second Kelvin unit position. Although the
high frequency oscillations are reduced when the second Kelvin unit is at k = N/2.
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Figure 9: Evolution of the (a) x-component and (b) y-component of the displacement of the
free end when two springs are replaced for Kelvin units at different positions of the string.
k = 1 (fix end), k = N (free end).

6 Conclusions

According with our numerical experiments, to replace one o several spring by Kelvin units
is an effective way to slow down the amplitude oscillations of the tip mass of a hanging
string. The replacement procedure is more efficient for the y than the x-component. On
other hand, variable length strategy can reduce the angular displacement and velocity of a
simple pendulum. The frequency of the length cable variation must be the double of the
natural frequency of the pendulum.
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Abstract

When a group key exchange protocol is executed, the session key is typically extracted from
two types of secrets; long-term keys (for authentication) and freshly generated (often random)
values. The leakage of this latter so-called ephemeral keys has been extensively analyzed in the
2-party case, yet very few works are concerned with it in the group setting. We provide a generic
construction that is strongly secure, meaning that the attacker is allowed to learn both long-term
and ephemeral keys (but not both from the same participant because this would trivially disclose
the session key). Our construction can be seen as a compiler, in the sense that it builds on a
2-party key exchange protocol which is strongly secure and transforms it into a strongly secure
group key exchange protocol by adding only one extra round of communication. When applied
to an existing 2-party protocol from Bergsma et al., the result is a 2-round group key exchange
protocol which is strongly secure in the standard model, thus yielding the first construction with
this property.

Key words: group key exchange, compiler, strong security, ephemeral keys

1 Introduction

Group key establishment (GKE) protocols are a fundamental cryptographic building block allowing
n ≥ 2 participants to agree upon a common secret key. It is usually assumed that these participants
hold both long-term secrets, which are typically used for authentication and ephemeral secrets,
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which are session-specific randomly generated values that provide enough entropy for the key to be
indistinguishable from random in some sense.

The way to define and handle key privacy is highly dependent on the amount of information
the adversary is supposed to be able to derive of the two types of “secrets” described above. In the
literature, leakage of ephemeral secrets is often modeled through a RevealState oracle, which when
invoked by the adversary outputs either ephemeral keys as described above or a larger set containing
them, typically referred to as the full state of the attacked user. Unfortunately, as first pointed out
by Cremers in [8], the meaning of full state is scarcely defined within the security model and often
the output of the corresponding oracle calls is only made explicit when proving particular protocols
secure. Generally speaking, ephemeral key leakage refers to the exposure of user-generated fresh
randomness, while full state compromise involves in addition other values computed/stored by the
user —yet never any long-term keys.

Previous work. Strong security for GKE protocols was first considered in [6]. This setting brings
into play a new type of adversary who may gain access to ephemeral keys in addition to long-term
secrets. However, many proposals dealing with this type of leakage [6, 5, 10, 11] actually assume
that the adversary cannot access any ephemeral secret of the attacked session.

In order to subsume a wider class of attacks, other works have removed this restriction exclud-
ing only reveals of both the ephemeral and long-term secrets of the same user (as, in this case, the
session key would be trivially disclosed). Some examples of secure proposals in this type of models
are the NAXOS protocol [12] in the 2-party setting and [13, 9] for the case of 3 users. In the gen-
eral multi-user group setting Zhao et al. [15] modify a protocol by Bohli et al. [4] to obtain strong
security; nevertheless this proposal was found flawed in [7] where an improvement was proposed.

Many of these previous works have in common that the access to the ephemeral secrets is
modelled granting the adversary a RevealState oracle, which, when queried, outputs the contents of
a variable state linked to the execution. As pointed out by Cremers [8], the security in these models
is highly dependant on how the state variable is defined for each concrete protocol; in addition
Cremers shows that the NAXOS protocol, proven secure in the model with a different formalism
(namely, defining a so-called RevealEphemeralKey oracle), is insecure when certain state reveals
are allowed. Also in this line, in a recent work from PKC2015, Bergsma et al. [3] present a
generic 1-round 2-party key exchange construction in the standard model. The authors also propose
a strong security model which builds on previous ones and captures both perfect forward secrecy
and ephemeral secrets leakage. The latter is modeled by a RevealRand oracle which outputs the
local randomness selected by the user in a protocol execution.

Our contributions. We propose a security model for GKE capturing the leakage of ephemeral
secrets even within the attacked session. To avoid any ambiguity we define, in the line of [3] in the
2-party setting, a variable rand that stores, for each instance of a participant, all the session values
that cannot be computed from long-term secret keys or other values received/computed previously in
the session. Typically these values are chosen uniformly at random from a prescribed set, therefore
the name of the variable. The adversary is given access to an oracle RevealRand which outputs the

c©CMMSE ISBN: 978-84-608-6082-2607
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values stored in rand when queried. The strength of our security model is comparable to those in
[15] or [7] (although they are not fully comparable as evidenced by Cremers [8]).

In addition, the main contribution of this work is a generic protocol or compiler that, build-
ing on any strongly secure 2-party authenticated key exchange (AKE) protocol, produces a group
AKE which is strongly secure in our model, by adding only one round of communication. The
construction is in the standard model. Further, we highlight that:

• Our constuction is the first to explicitly take into account the randomness used for authenti-
cation. We do so by expliciting that the nonces involved in any signature produced are part of
the rand variable linked to the signing instance, and therefore allowing the adversary to obtain
these values. We provide a security notion for signatures withstanding randomness reveal and
discuss how to achieve it. This improves previous works, such us [7] where the random values
for the signature are supposed to be protected or absent (by using a deterministic signature).

• When instantiated with a 1-round 2-party protocol strongly secure in the standard model, for
instance [3], our compiler produces a 2-round GKE which is strongly secure in the standard
model. As far as we know there is no other construction in the literature with this property.

2 Security Model

Our security model is a modification of the model of Bohli et al [4] and quite similar in strength and
security requirements to those in [15] and [7]. It differs from previous ones in that it treats separately
the session state (state) and the session ephemeral keys (rand) from a given session, following the
rationale from [8].

Protocol instances. Users are modeled as probabilistic polynomial time (ppt) Turing machines.
Each user from a set U of possible participants may execute a polynomial number of protocol
instances in parallel. To refer to instance si of a user Ui ∈ U we use the notation Πsi

i (i, si ∈ N). To
each instance we assign seven variables, informally described next:

• usedsii indicates whether this instance is or has been used for a protocol run;

• statesii keeps the internal state of the Turing machine that executes the protocol;

• randsii keeps the session-specific atomic secret values –typically values generated uniformly
at random — which will be referred to as ephemeral keys. More precisely, these are any
values that cannot be computed from long-term secret keys or other values received/computed
previously in the session;

• termsi
i shows if the execution has terminated;

• sidsii denotes a session identifier;
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• pidsii stores the set of identities of those users that Πsi
i aims at establishing a key with—

including Ui himself;

• accsii indicates if the user accepted the session key;

• sksii stores the session key once it is accepted by Πsi
i .

Communication network. Arbitrary point-to-point connections among the users are assumed to
be available. The network is non-private, however, and fully asynchronous. More specifically, it is
controlled by the adversary, who may delay, insert and delete messages at will.

Adversarial capabilities. We restrict to ppt adversaries. The capabilities of an adversary A are
made explicit through a number of oracles allowing A to communicate with protocol instances run
by the users:

• Send(Ui, si,M) This sends message M to the instance Πsi
i and returns the reply generated

by this instance. If A queries this oracle with an unused instance Πsi
i and M ⊆ P , a set of

identities of principals, the usedsii -flag is set, pidsii initialized with pidsii := {Ui} ∪ M , and
the initial protocol message of Πsi

i is returned.

• Execute({Πsu1
u1 , . . . ,Π

suμ
uμ }) This executes a complete protocol run among the specified un-

used instances of the respective users. The adversary obtains a transcript of all messages sent
over the network. A query to the Execute oracle is supposed to reflect a passive eavesdrop-
ping.

• Reveal(Ui, si) Yields the session key sksii along with the session identifier sidsii .

• Test(Ui, si) Provided that the session key is defined (i. e. accsii = true and sksii �=⊥) and
instance Πsi

i is fresh (we define freshness later on), A can execute this oracle query at any
time when being activated. Then, the session key sksii is returned if b = 0 and a uniformly
chosen random session key is returned if b = 1, where b is a hidden bit chosen at random prior
to the first call. Namely, an arbitrary number of Test queries is allowed for the adversary A,
but once the Test oracle returned a value for an instance Πsi

i , it will return the same value for
all instances partnered (also defined later) with Πsi

i . 1

• RevealRand(Ui, si) This oracle returns the value stored in randsii .

• Corrupt(Ui) This oracle returns the long term key hold by Ui. We say user Ui is honest or
uncorrupted if A has not made a call Corrupt(Ui) previously.

1This is the so-called Real or Random model, which can be proven equivalent to the usual model allowing for only
one Test query with a loss of a factor m in the reduction, m being the number of involved protocol instances. See, for
instance [1, 2].
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We aim at two basic goals for our protocol: correctness and strong security. A protocol is
correct if all users involved in an execution in the presence of a passive adversary compute the same
session key. Our notion of strong security ensures key privacy in the presence of an active adversary
which is given access to all the oracles we have described. Before formally defining correctness and
strong security, we introduce partnering and freshness, to express which instances are associated in
a common protocol session and limit when the adversary is allowed to call the Test oracle.

Partnering. We refer to instances Πsi
i , Πsj

j as being partnered if sidsii = sid
sj
j , pidsii = pid

sj
j and

accsii = acc
sj
j = true.

Freshness. A Test-query should only be allowed to those instances holding a key that is not for
trivial reasons known to the adversary. To this aim, an instance Πsi

i is called fresh if

• accsii = true

• A never called Reveal(Uj , sj) with Πsi
i and Π

sj
j being partnered.

• If Πsi
i and Π

sj
j are partnered and A called Corrupt(Uj), then any message sent to Πsi

i on
behalf of Πsj

j must indeed come from Π
sj
j intended to Πsi

i .

• A never called both Corrupt(Uj) and RevealRand(Uj , sj) with Πsi
i and Π

sj
j being partnered.

Definition 2.1 (Correctness) We call a group key establishment protocol P correct, if in the pres-
ence of a passive adversary A—i. e., A must not use the Send oracle—the following holds: for all
i, j with sidsii = sid

sj
j , pidsii = pid

sj
j and accsii = acc

sj
j = true, we have sksii = sk

sj
j �=NULL.

Definition 2.2 (Strong security) We say a group key establishment protocol is strongly secure, if
the advantage AdvA of a ppt adversary A in attacking protocol P is a negligible function in the
security parameter, where the advantage is defined as

AdvA := 2 · Succ− 1.

Here Succ is the probability that the adversary queries Test only on fresh instances and guesses
correctly the bit b used by the Test oracle in a moment when all these instances are still fresh.

3 Proposal of a secure protocol

3.1 Signatures supporting randomness reveals

Our proposal of a secure protocol will make use of a signature scheme to authenticate the par-
ticipants. As our security model allows the adversary to access the random coins involved in the
execution of the protocol, by means of the oracle RevealRand, we assume that this oracle also
outputs the randomness used for signing (if any). Therefore we introduce a new security notion
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Set up:

Let F be a collision-resistant pseudorandom function family and v a fixed value. Further,
let UH be a family of universal hash functions ranging in {0, 1}�, with � such that {0, 1}�
is super-polynomial in the security parameter. A function UH from UH and F from F are
made public together with a value v in the domain of F .

A pair of keys (pki, ski) for the signature scheme S is generated for each Ui, which gets the
secret key ski while pki is publicized.

Round 0:

Usage of 2-SAKE.
• For i = 1, . . . , n execute 2-SAKE(Ui, Ui+1). After that each user Ui holds two

keys
−→
Ki and

←−
Ki shared with Ui+1 and Ui−1 respectively.

• Additionally, in the last round of the 2-SAKE, each Ui chooses a random nonce
ri ∈R {0, 1}�, computes a signature σ0

i of (Ui, ri) and broadcasts M0
i :=

(Ui, ri, σ
0
i ).

Round 1:

Computation. Each Ui :

• Checks the signatures σ0
j ; if something fails, aborts;

• Sets sidi := pidi|r1| . . . |rn;
• Computes Xi :=

−→
Ki ⊕

←−
Ki;

• Computes a signature σ1
i of (Ui, sidi, Xi).

Broadcast. Each Ui broadcasts M1
i := (Ui, sidi, Xi, σ

1
i ).

Key Computation.
Check. Each Ui checks all the signatures, equality of pid’s, sid’s and X1⊕· · ·⊕Xn = 0;

if something fails, aborts.
Computation. Each Ui

• for j = 1, . . . , n, computes
←−
Kj and sets Kj :=

←−
Kj ;

• sets K := (K1, . . . ,Kn, sidi);

• accepts ski := FUH(K)(v).

Figure 1: A Compiler for achieving group AKE with strong security
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for signature schemes, which we call existential unforgeability under adaptive chosen message and
randomness reveal attacks (EUF-AMRA), that captures the property of remaining secure even if the
randomness used when signing is leaked. Essentially we strengthen the standard security defini-
tion for signature schemes, i.e. existential unforgeability under adaptive chosen message attacks
(EUF-AMA), by giving the adversary access to a more powerful oracle, that also provides the ran-
domness used when generating the signature. A formal definition is depicted in the full version of
this paper.

Note that this security notion is trivially achieved by a EUF-AMA signature scheme which is
either deterministic or such that the randomness is provided to the verifier as part of the signature.
As pointed out in [14], where an extensive list can be found, the latter is the case for many existing
schemes.

3.2 From 2-Party to group keeping strong security: a compiler

In this section we present a compiler, which applied to a strongly secure 2-party key exchange
2-SAKE yields a strongly secure group key exchange adding only one communication round. Our
construction is in the standard model, thus if the 2-SAKE does not involve any random oracle, so
will the resulting n-party protocol be.

Our construction is detailed in Figure 1, where the Set up phase can be realized by means of
a public key infraestructure (PKI) —and should thus be assumed to involve a trusted entity. Note
that we further assume that there might be independent authentication keys used for the 2-party and
group setting, namely, the compiler will call for (freshly generated) signing keys for a dedicated
signature scheme (which we will denote by (vki, sigki)) while we also make explicit each user may
have generated a pair of long-term keys (2pki, 2ski) for 2-SAKE.2 The n participants are arranged
in a logical cycle and indexed modulo n. The construction fulfills the strong security notion depicted
in Section 2:

Theorem 3.1 Assuming S is an EUF-AMRA signature scheme and 2-SAKE is strongly secure, the
protocol from Figure 1 is correct and also strongly secure.

A formal proof of this statement is included in the full version of the paper. However, it is
interesting to mention the reason that makes the scheme resilient to randomness reveals. A query
RevealRand(Ui, si) returns (−→ri ,←−ri , ri, sigr0i , sigr1i ) where −→ri ,←−ri are the random coins used in the
two executions of the 2-SAKE, ri is the random nonce used in Round 1 of the compiler, and sigrji ,
for j = 0, 1 are the nonces involved in the two signatures enforced by the compiler. Now our
construction remains secure despite the RevealRandcalls, as it is easy to argue that this oracle is
not useful for the adversary. Indeed, RevealRand(Ui) returns:

2This statement is quite general; note that these might not even be signing keys (as it would happen if 2-SAKE is the
NAXOS scheme).
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a) the randomness used by Ui in the 2-SAKE protocol, which is of no use for the adversary due to
the strong security of 2-SAKE;

b) the signing nonces sigr0i , sigr
1
i , which will also be useless if the signature scheme is secure in

the sense of EUF-AMRA;

c) the nonce ri, which is anyway public, as it is broadcast in Round 1.
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Generic one round group key exchange in the standard model. In Information, Security and
Cryptology–ICISC 2009, pages 1–15. Springer, 2009.

[11] M Choudary Gorantla, Colin Boyd, Juan Manuel González Nieto, and Mark Manulis. Model-
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[14] Sven Schäge. Strong security from probabilistic signature schemes. In Public Key
Cryptography–PKC 2012, pages 84–101. Springer, 2012.

[15] Jianjie Zhao, Dawu Gu, and M Choudary Gorantla. Stronger security model of group key
agreement. In Proceedings of the 6th ACM Symposium on Information, Computer and Com-
munications Security, pages 435–440. ACM, 2011.

c©CMMSE ISBN: 978-84-608-6082-2614



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Natural Convection MHD Stokes Flow in a Square Cavity
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Abstract

This study considers the steady natural convection slow flow of a viscous, incom-
pressible and electrically conducting fluid in a square cavity under the effect of a uniform
horizontally applied magnetic field. The cavity is heated from the left and the right wall
is kept cooled while the other walls are adiabatic. The governing equations are obtained
from the Navier-Stokes equations of fluid dynamics including buoyancy and Lorentz
force terms and the energy equation including Joule heating and viscous dissipation
terms. These equations are solved iteratively in terms of velocity components, stream
function, vorticity, temperature and pressure by using radial basis function (RBF) ap-
proximation. Particular solution which is approximated by RBF to satisfy both differen-
tial equation and boundary conditions becomes the solution of the differential equation
itself. For obtaining unknown vorticity boundary conditions, stream function equation
is discretized using finite difference scheme which includes also interior stream function
values. Pressure boundary conditions are taken as zero normal derivatives. The numeri-
cal results are obtained for Hartmann number (M) values in the range 0-50 and Grashof
number (Gr) is taken 10 and 100 for fixed Reynolds number (Re) values of 0.6 . This
way MHD Stokes flow is approached (Re << 1). As Gr increases, fluid moves to the
right cold wall and isotherms concentrate trough the right boundary forming boundary
layer. Dissipation of the viscous fluid alters the behaviour of the flow and temperature
only when Gr is high. An increase in the magnetic field intensity retards the effect
of buoyancy force. The solution is obtained in a considerably low computational cost
trough the use of RBF approximations.

Key words: MHD Stokes flow, natural convection, viscous dissipation, RBF

1 Introduction

The natural convection flow under the influence of a magnetic field has many engineer-
ing applications such as the cooling of electronic systems, chemical processing equipment,
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nuclear reactors, crystal growth and solar technology. In recent years, the effect of heat
transfer on MHD flow is investigated by many researchers. Colaço et al. [1] have ap-
plied RBF approximation to solve incompressible MHD convection flow in terms of stream
function and temperature neglecting Joule heating and viscous dissipation. MHD natural
convection flow in a horizontal shallow cavity problem has been studied by Benos et al. [2].
Analytical solution was given with the method of matched asymptotic expansions. Kishore
et al. [3] have showed the effect of viscous dissipation on MHD free convection flow past an
exponentially accelerated vertical plate.

Highly viscous flow (Re << 1) in slow motion is called Stokes flow. Young et al. [4]
have applied multiquadratic meshfree methods to solve 2D and 3D Stokes flow problem in
a lid-driven and a circular cavity.

In the present study, we solve 2D steady, natural convection Stokes flow in a square
cavity under a uniform magnetic field. The effects of both applied magnetic field and buoy-
ancy force on Stokes flow are investigated in terms of all flow variables. Navier-Stokes and
energy equations including Joule heating and viscous dissipation terms are solved iteratively
by using RBF approximation which is easy to implement with small computational cost.

2 Mathematical formulation

MHD convection flow is considered in a square cavity when the temperature of the fluid is
subjected to variations in the channel due to the wall temperature differences. A uniform
magnetic field in the x−direction is applied. The continuity equation and the equations of
motion for a natural convective MHD slow flow include buoyancy and Lorentz forces, and the
energy equation includes Joule heating and viscous dissipation terms for an incompressible
dissipative viscous fluid [6].
These are in 2D, the contunity equation

∇ · u = 0 , (1)

The momentum equation

ρ(u · ∇)u = −∇p+ ρν∇2u+ J× μH+ gρβ(T − Tcold) (2)

and the temperature equation

ρcp((u · ∇)T ) = ∇ · (λ∇T ) +
1

σ
J2 + ρνΦ+ ρQ (3)

where u = (u, v), p, H = (Hx, Hy) and T are the velocity, pressure, the magnetic field and
the temperature of the fluid, respectively. gρβ(T − Tcold) denotes the buoyancy force and
Φ is the viscous dissipation function given by

Φ = 2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]
+

(
∂v

∂x
+

∂u

∂y

)2

.
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Here ν, σ, μ, ρ, cp, β and λ are kinematic viscosity, electrical conductivity, magnetic perme-
ability, the density, specific heat, thermal expansion coefficient and thermal conductivity of

the fluid, respectively.
1

σ
J2 is the Joule dissipation. Q represents other sources of volumetric

energy release like nuclear radiation or chemical reactions. Physically, viscous dissipation
is a transformation of kinetic energy into internal energy.

Now, we introduce the scaled transformations

x→ xL, u→ uU0, H→ HH0 (4)

p→ pρνU0/L, Q→ Q0Q, T − Tcold → T (Thot − Tcold) (5)

and substitute into equations (1)-(3) to obtain the non-dimensional MHD convection equa-
tions as

∂u

∂x
+

∂v

∂y
= 0 (6)

Re(u
∂u

∂x
+ v

∂u

∂y
) = −∂p

∂x
+∇2u (7)

Re(u
∂v

∂x
+ v

∂v

∂y
) = −∂p

∂y
+∇2v −M2v +

Gr

Re
T (8)

Re(u
∂T

∂x
+ v

∂T

∂y
) =

1

Pr
∇2T +M2Ecv2

+Ec

(
2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]
+

(
∂v

∂x
+

∂u

∂y

)2
)

+ReQ (9)

where Re = LU0/ν, M = LμH0

√
σ/ρν, Ec =

U2
0

cp(Thot − Tcold)
, Gr =

gβ(Thot − Tcold)L
3

ν2

and Pr =
ρcpν

λ
are the Reynolds number, the Hartmann number, Eckert number, Grashof

number and Prandtl number, respectively. Gr is the ratio of buoyancy force to viscous
force. In our study, we consider air flow in cavities whose Pr is approximately equal to
0.71 and neglect the volumetric energy (Q = 0). If viscous dissipation is neglected, Eckert
number is taken as Ec = 0.

Introducing 2D stream function ψ to satisfy the continuity equation as u =
∂ψ

∂y
, v =

−∂ψ

∂x
, and the vorticity as ω =

∂v

∂x
− ∂u

∂y
, we obtain stream function equation ∇2ψ = −ω.
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Differentiation of vorticity definition with respect to x− and y− gives velocity-vorticity
equations as

∇2u = −∂ω

∂y
, ∇2v =

∂ω

∂x
. (10)

Pressure Poisson’s equation is obtained by differentiating equation (7) and equation (8)
with respect to x− and y−, respectively, and adding them up,

∇2p = −2Re(
∂v

∂x

∂u

∂y
− ∂u

∂x

∂v

∂y
)−M2∂v

∂y
+

Gr

Re

∂T

∂y
. (11)

Similarly, vorticity Poisson’s equation can be derived from cross-differentiation of equa-
tions (7) and (8) as

∇2ω = Re(u
∂ω

∂x
+ v

∂ω

∂y
) +M2∂v

∂y
− Gr

Re

∂T

∂x
. (12)

Thus, the 2D MHD convection flow is represented with Poisson’s type equations in
all the problem variables as velocity components, stream function, vorticity, pressure and
temperature

∇2u = −∂ω

∂y
, ∇2v =

∂ω

∂x
(13)

∇2ψ = −ω (14)

∇2T =PrRe(u
∂T

∂x
+ v

∂T

∂y
)−M2EcPrv2

−EcPr

(
2

[(
∂u

∂x

)2

+

(
∂v

∂y

)2
]
+

(
∂v

∂x
+

∂u

∂y

)2
)

(15)

∇2ω = Re(u
∂ω

∂x
+ v

∂ω

∂y
) +M2∂v

∂y
− Gr

Re

∂T

∂x
(16)

∇2p = −2Re(
∂v

∂x

∂u

∂y
− ∂u

∂x

∂v

∂y
)−M2∂v

∂y
+

Gr

Re

∂T

∂y
. (17)

3 Numerical method (RBF approximation)

In the radial basis function approximation [5], the inhomogeneity in a partial differential
equation Lu(x, y) = f(x, y) is approximated as

f(x, y) *
n∑

j=1

ajϕj(r), (x, y) ∈ Ω (18)
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and boundary condition is given as Bu(x, y) = g(x, y) where L and B are linear operators, f
and g are known functions in a domain Ω with the boundary ∂Ω. r =

√
(x− xj)2 + (y − yj)2

is the Euclidean distance and n is the number of unknown coefficients, ϕj(r)’s are the radial
basis functions.

Then, we can write the approximate solution û as

û(x, y) =

n∑
j=1

ajΨj(r) (19)

where {Ψj} is obtained by back substitution through the differential equation LΨj(r) =
ϕj(r) and with those {Ψj}, û is forced to satisfy the boundary condition Bu = g as

n∑
j=1

ajBΨj(r) = g(x, y), (x, y) ∈ ∂Ω . (20)

The coefficients aj in the approximation (19) are determined by taking N + L = n
collocation points (xi, yi) on the boundary and interior of the domain from the two linear
systems

n∑
j=1

ajBΨj(rk) = g(xk, yk), 1 ≤ k ≤ N and
n∑

j=1

ajϕj(rl) = f(xl, yl), 1 +N ≤ l ≤ n

(21)

which are combined to give one linear system [A]{a} = {b} for the solution vector {a} =[
a1 · · · an

]T
. The coefficient matrix and the right hand side vector are given as

[A] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

BΨ1(r1) BΨ2(r1) · · · BΨn(r1)
...

...
. . .

...
BΨ1(rN ) BΨ2(rN ) · · · BΨn(rN )
ϕ1(rN+1) ϕ2(rN+1) · · · ϕn(rN+1)

...
...

. . .
...

ϕ1(rn) ϕ2(rn) · · · ϕn(rn)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
n×n

, {b} =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

g(x1, y1)
...

g(xN , yN )
f(xN+1, yN+1)

...
f(xn, yn)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
n×1

.

Solution of this system using Gaussian elimination gives the coefficients aj ’s, 1 ≤ j ≤ n,

and û(x, y) =
n∑

j=1
ajΨj(r).

In this study, all the equations in (13)-(17) for MHD convection flow are considered
as Poisson’s type and solved iteratively approximating the right hand sides using RBF ap-

proximation. We take RBF as ϕ(r) = 1 + r, and so Ψ(r) =
r2

4
+

r3

9
. First, the equations
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of velocity component (13) are solved with an initial estimate for vorticity. Also, stream
function equation (14) is solved similarly. Then, with the use of the new values of velocity
components and initial estimate for temperature, we solve the energy equation (15). Vor-
ticity equation (16) is solved similarly. In each iteration, the required space derivatives of
unknowns u, v, ω and T are obtained by using the coordinate matrix F as

∂D

∂x
=

∂F

∂x
F−1D,

∂D

∂y
=

∂F

∂y
F−1D

where D denotes u, v, ω and T . The iteration continues until a preassigned tolerance (ε)
is reached between two successive iterations. Then, we solve pressure equation (17) by
using converged values of velocity components and temperature. Stream function equation
is discretized using finite difference scheme which includes also interior values to obtain
vorticity boundary conditions, whereas pressure boundary conditions are derived by using
coordinate matrix for space derivatives and finite difference for pressure gradients. Normal
derivative of pressure is taken as zero on the walls of the cavity.

4 Numerical results

The present iterative RBF approximation has been applied to natural convection flow of a
dissipative viscous fluid in a square cavity under the effect of a uniform horizontally applied
magnetic field. The problem configuration and the boundary values are shown in Figure 1.

u = 0, v = 0, ∂T∂n = 0, ∂p
∂n = 0

�

�
g

H0

u = 0

v = 0

T = 0

∂p
∂n = 0

u = 0

v = 0

T = 1

∂p
∂n = 0

u = 0, v = 0, ∂T∂n = 0, ∂p
∂n = 0

Figure 1: Square cavity and the boundary conditions

We take N = 80 (number of boundary points), 0 ≤M ≤ 50, and Gr = 10, 100 for fixed
Re = 0.6 (as an approach to Stokes flow) and fixed Eckert number Ec = 1. The Prandtl
number is taken as Pr = 0.71. The tolerance for stopping the iterations is 10−3. Solution
is depicted in terms of streamlines, vorticity, temperature and pressure contours in Figures
2-3.
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Viscous dissipation effect on the MHD Stokes flow can be noticed for Gr ≥ 100 in Figure
2. As Gr increases, dissipative viscous fluid (Ec = 1) moves to the cold right wall. When
we look at the isotherms, heat spreads splitting through the center of the cavity with an
increase in the magnitude, and then temperature value decreases and concentrates trough
the right cold wall forming boundary layer. The flow and pressure behaviours are also
altered. Flow circulates at the center but tends to move through the cold wall and pressure
is symmetrically distributed in front of the walls when Gr = 100. Viscous dissipation retards
the convection dominance on the temperature (bending of isotherms to be parallel to the
adiabatic forms).

Ψ ω T p

Gr = 10

Ec = 0

Gr = 10

Ec = 1

Gr = 100

Ec = 0

Gr = 100

Ec = 1

Figure 2: The effects of Gr on the flow, temperature and pressure for M = 0.
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Figure 3 shows the effect of magnetic field on MHD natural convection Stokes flow when
viscous dissipation is present. As M increases, center vortex of the streamlines converts to
elliptic shape with a decrease in magnitude. Further an increase in M forces vorticity to
be divided into two vortices in front of the bottom and top walls (adiabatic walls). Thin
boundary layers are formed near the heated and cooled walls. Magnetic field retards the
effect of the buoyancy force. When M reaches to the value of 50, the temperature comes
back to the uniform distribution between the vertical walls. Moreover, an increase in M
leads pressure profiles to form four symmetric vortices emanating from the corners.

Ψ ω T p

M = 0

M = 10

M = 30

M = 50

Figure 3: The effects of Hartmann number on the flow, temperature and pressure for
Gr = 100.
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5 Conclusion

The natural convection Stokes flow in a square cavity is solved under the effect of uniform
horizontal magnetic field by using RBF approximation. The effects of buoyancy force and
magnetic field on the behaviours of the flow, the temperature and pressure are investigated.
The numerical results shows that increase in Grashof number results in an increase in
the magnitude of the stream function and pressure. However, they decrease as Hartmann
number increases. Magnetic field effect on isotherms is opposite to the effect of Grashof
number. Viscous dissipation effect can be observed only when Gr reaches to 100.
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1 Introduction

So-called superatoms are metal clusters, where the electronic structure is dominated by
the number of valence electrons [1, 2]. Those valence electrons are mostly delocalized and
follow a shell model [3, 4]. Upon shell closing, superatoms show an increased stability and
atom-like behaviour, which allows them to act as bonding partners in molecules or solid
state compounds [5, 6, 7]. Consequently, the capability to assemble such superatoms opens
a broad field of new materials with a high potential for intriguing physical properties.

In 2013, Nuckolls et al. [7] reported three new materials (see Fig. 1), which are solid-
state nanoscale-atom compounds based on CoSe-, CrTe- and NiTe-clusters in combination
with fullerenes as bonding partners. The first two new compounds, [Co6Se8(PEt3)6][C60]2
and [Cr6Te8(PEt3)6][C60]2, showed an atom-like behaviour by forming a CdI2 crystal struc-
ture. In CdI2 cation layers are interchangeably either empty or fully occupied, which results
in van-der-Waals bound neighbouring anion layers. Additionally, for both systems, experi-
ments show indications of a charge transfer of one electron from the cluster to each of the two
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Co6Se8(PEt3)6C60 Cr6Te8(PEt3)6 Ni9Te6(PEt3)8

CPTeSeCo Cr Ni H

Figure 1: Schematic presentation of the [Co6Se8(PEt3)6][C60]2, [Cr6Te8(PEt3)6],
[Ni9Te6(PEt3)8] cluster structures and the C60 fullerene. Atoms are not true to scale for
reasons of clarity.

fullerenes. Both compounds show paramagnetic behaviour and the typical characteristics
of small-gap semiconductors.

The third structure, [Ni9Te6(PEt3)8][C60], is quite different from the other two materi-
als. It crystallizes in the cubic Fm3̄ space group and for temperatures below 4K it reveals
ferromagnetic characteristics [8]. Additionally, in [Ni9Te6(PEt3)8][C60], fullerenes obtain
even more charge compared to the CoSe- and CrTe-compounds.

Here, we have investigated all three of the aforementioned compounds and assess them
for their superatom character in terms of their binding energies, electronic structure, and
electronic transport by applying periodic DFT quantum chemistry methods.

2 Technical Details

We employed plane-wave DFT with the GW projector augmented wave (PAW) potentials as
implemented in the VASP 5.3.5 program package [9, 10, 11, 12]. Full structure relaxations,
electronic structures and related properties were obtained from spin-polarized LDA [13],
PBE [14], PBEsol [15], PBE-D3 [16] and PBE-DTS [17] computations.

Charges were obtained by the Bader formalism. Transport properties were obtained
semi-classically by Boltzmann transport theory and the first principles band structures.
Projections onto spherical harmonics for the superatom assessment were performed as de-
scribed earlier [18], with spheres of appropriate sizes for all three materials, respectively.
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The cohesive energies are obtained as

Ecoh = ECompound − ECluster − nEC60 , (1)

the difference of the energy of the compound (ECompound) and the energies of its building
blocks, i.e. the ligand-protected cluster (ECluster) and the n fullerenes (EC60) in the unit
cell.

3 Results

Due to the size – small variations in large size unit cells may add up to large errors – for all
three compounds relaxation of the unit cells is essential. All functionals perform reasonably
well in describing the lattice parameters, within the limitations of the applied exchange-
correlation functionals (see Fig. 2). It becomes apparent that dispersion corrections are
important due to large contributions of van-der-Waals interactions. Thus, great improve-
ments on the lattice structure are achieved for PBE-D3 and PBE-DTS. An outstanding and
surprisingly excellent agreement compared to experiment is reached by the PBEsol func-
tional for all compounds. As described in the introduction, van-der-Waals interactions are
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Figure 2: Relative deviations of computed lattice parameters in comparison to experiment
[7] as obtained by various exchange correlation functionals within DFT and the dispersion
corrected PBE versions of Grimme and Tkatchenko.
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smaller in the NiTe-based compound. Consequently, in that case all functionals perform
better.

Cohesive energies confirm the strong van-der-Waals contributions in the bonding. Here,
we use the cohesive energy to analyze the bonding, rather than to compare to experiment.
All applied functionals predict strongly deviating cohesive energies. Where standard func-
tionals tend to (strongly) underestimate the binding, dispersion corrected functionals seem
to overestimate the bonding. Better agreement between the various methods is achieved for
the NiTe-compound, which is again due to less van-der-Waals contributions.

However, although there is an obvious strong contribution of dispersive interactions, we
observe an additional charge transfer, similar to experiment. According to our charge anal-
ysis about one electron is transfered from the metal clusters to the fullerenes. This charge
separation is in fact enabled by the metal core-protecting ligands. The charge separation
leads to an additional stabilization of the compounds by electrostatic interactions.

Band structure computations reveal small-gap semiconductors for the CoSe- and CrTe-
compounds in agreement with experimental observations. A strong spin-polarization within
the NiTe-compound indicates a magnetic ground state which is indeed observed in experi-
ment for temperatures below 4K. Our computed semi-classical transport properties agree
well with experiments allowing for a properties evaluation.

4 Conclusions

Our results show that the lattice structure of our presented superatom compounds relates
strongly to actual atoms. Not only crystallize the large building blocks according to their
smaller relatives but additionally a similar amount of charge is transfered between the
“atoms”. That the large building blocks form an actual solid, is reflected by the compounds’
transport properties. The electronic structure, however, shows different characteristics than
would be expected from a typical superatomic shell closing.

Acknowledgements

This work has been supported by the MacDiarmid Institute for Advanced Materials and
Nanotechnology and the New Zealand eScience Infrastructure (NeSI).

References

[1] W. A. de Heer, The physics of simple metal clusters: experimental aspects and simple
models, Rev. Mod. Phys. 65 (1993) 611–675.

c©CMMSE ISBN: 978-84-608-6082-2627



Lukas Hammerschmidt

[2] W. D. Knight, K. Clemenger, W. A. de Heer, W. A. Saunders, M. Y. Chou,

and M. L. Cohen, Electronic Shell Structure and Abundances of Sodium Clusters,
Phys. Rev. Lett. 52 (1984) 2141–2143.

[3] J. Pedersen, S. Bjornholm, K. Hansen, T. P. Martin, and H. D. Rasmussen,
Observation of quantum supershells in clusters of sodium atoms, Nature 353 (1991)
733–735

[4] M. Walter, J. Akola, O. Lopez-Acevedo, P. D. Jadzinsky, G. Calero, C.

J. Ackerson, R. L. Whetten, H. Groenbeck, and H. Haekkinen, A unified
view of ligand-protected gold clusters as superatom complexes, Proc. Natl. Acad. Sci.
105 (2008) 9157–9162.

[5] D. E. Bergeron, A. W. Castleman Jr., T. Morisato, and S. N. Khanna,
Formation of Al13I

–: Evidence for the Superhalogen Character of Al13, Science 304
(2004) 84–87.

[6] M. Schulz-Dobrick and M. Jansen, Intercluster Compounds Consisting of Gold
Clusters and Fullerides: [Au7(PPh3)7]C60·THF and [Au8(PPh3)8](C60)2, Angew.
Chem. Int. Ed. 47 (2008) 2256–2259.

[7] X. Roy, C.-H. Lee, A. C. Crowther, C. L. Schenck, T. Besara, R. A.

Lalancette, T. Siegrist, P. W. Stephens, L. E. Brus, P. Kim, M. L. Steiger-

wald, and C. Nuckolls, Nanoscale Atoms in Solid-State Chemistry, Science 341
(2013) 157–160.

[8] Chul-Ho Lee, L. Liu, C. Bejger, A. Turkiewicz, T. Goko, C. J. Arguello, B.

A. Frandsen, S. C. Cheung, T. Medina, T. J. S. Munsie, R. DÓrtenzio and
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Abstract

Remotely sensed hyperspectral imaging offers the possibility to collect hundreds
of images, at different wavelength channels, for the same area on the surface of the
Earth. Hyperspectral images are characterized by their large volume and dimensional-
ity, which makes their processing and storage difficult. As a result, several techniques
have been developed in previous years to perform hyperspectral image analysis on high
performance computing architectures. However, the application of cloud computing
techniques has not been as widespread. There are many potential advantages in ex-
ploiting cloud computing architectures for distributed hyperspectral image analysis. In
this paper, we present a cloud implementation (developed using Apache Spark) of the
popular K-means algorithm for unsupervised hyperspectral image clustering. The ex-
perimental results suggest that cloud architectures allow for the efficient distributed
processing of large hyperspectral image data sets.

Key words: hyperspectral imaging, cloud computing, k-means clustering.

1 Introduction

Hyperspectral images comprise hundred of contiguous spectral bands, thus imposing sig-
nificant requirements in terms of storage and data processing. These requirements have
increased exponentially with the technological advances in satellite and airbone remote
sensing, leading to the creation of high-dimensional hyperspectral data repositories [1].

The availability of new hyperspectral missions is now generating a continuous stream
of multi/hyperspectral data, and this has introduced important challenges for scalable and
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efficient processing of hyperspectral data in the context of different applications [1]. For
instance, the NASA Jet Propulsion Laboratory’s Airbone Visible/Infrared Imaging Spec-
trometer (AVIRIS) [2] has a data collection rate of 2.5 MB/s (nearly 9 GB/hour). A similar
case is the space-borne Hyperion instrument [1], which collects almost 71.9 GB/hour (over
1.6 TB/day). Most of the satellite missions that will be soon in operation, such as the envi-
ronmental mapping and analysis program (EnMAP)1 present similar data collection ratios.
Hyperspectral data repositories are becoming increasingly massive and often distributed
among several geographic locations due to their volume, which makes hard to meet the
storage and computational requirements of large-scale hyperspectral data processing appli-
cations without resorting to distributed computing facilities.

In recent years, cloud computing platforms have been adopted for remotely sensed data
processing. The cloud is now a standard for distributed computing due to its advanced ca-
pabilities for internet-scale computing, service-oriented computing, and high-performance
computing. The use of cloud computing for the analysis of large hyperspectral data reposito-
ries can be considered a natural solution and an evolution of previously developed techniques
for other kinds of computing platforms [3]. However, there are few efforts in the recent lit-
erature oriented to the exploitation of cloud computing infrastructure for hyperspectral
imaging techniques in general, and for unsupervised clustering algorithms in particular.

Clustering can be defined as a segmentation process in which pixels are assigned into a
group that represents a specific land-cover class [4]. Themain advantage of clustering is that
there is no need for labeled samples which are common in supervised classification techniques
[5]. In this regard, clustering offers an unsupervised alternative that has been widely used
in various fields. However, clustering is also a very challenging task due to the large spectral
variability and complex spatial structures present in hyperspectral images. A widely used
family of clustering algorithms is represented by centroid-based clustering methods such
as K-means [4], which assumes that similar pixels always form clusters in feature space.
When applied to hyperspectral images, these methods can provide satisfactory results but
are hampered by their large computational complexity.

In this paper we explore the possibility of using a distributed framework for massive
hyperspectral image processing based on cloud computing. We use unsupervised clustering
as a case study, focusing on the K-means algorithm to demonstrate the applicability of
utilizing cloud computing technologies to efficiently perform distributed parallel processing
of hyperspectral data and accelerate computations.

The remainder of the paper is organized as follows. Section II presents the distributed
framework design that will be used in our implementation. Section III presents the K-
means algorithm and its distributed implementation. Section IV experimentally assesses
the proposed method in terms of both accuracy and computational performance. Finally,
section IV concludes with some remarks and hints at future research lines.

1http://www.enmap.org/
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2 Distributed framework design

In order to develop a distributed framework for implementing the K-means algorithm on
cloud computing architectures, two main issues need to be addressed: 1) the distributed
programming model and 2) the computing engine.

For distributed programming, we resort to the MapReduce model [3], taking full ad-
vantage of the high-performance capabilities provided by cloud computing architectures.
In this model, a task is processed by two distributed operations: map and reduce. The
datasets are organized as key/value pairs, and the map function processes a key/value pair
to generate a set of intermediate pairs, dividing a task into several independent subtasks
to be run in parallel. The reduce function is in charge of processing all intermediate values
associated with the same intermediate key, then collecting all the subtask results to gather
the result for the whole task.

Regarding the distributed computing engine, a first solution considered was Apache
Hadoop2 due to its reliability and scalability, as well as its completely open source nature.
However, Apache Hadoop only supports simple one-pass computations and is generally not
appropriate for iterative algorithms such as K-means. Apache Spark3 is a newly developed
computing engine for large-scale data processing on cloud computing architectures, which
implements a fault-tolerant abstraction for in-memory cluster computing, and provides fast
and general data processing on large distributed platforms. It not only supports simple one-
pass computations, but can also be extended to the case of multi-pass, iterative algorithms.

With the aforementioned issues inmind, the design of our distributed parallel framework
for hyperspectral data clustering using Apache Spark is graphically sketched in Fig. 1.

As shown by Fig. 1, the architecture has two main parts:

• The hardware zone: it contains the physical machines that support our virtual ma-
chines, which are created in the OpenStack4 platform, a cloud operating system that
controls large pools of compute, storage, and networking resources throughout a dat-
acenter, all managed through a dashboard that gives administrators control while
empowering their users to provision resources through a web interface.

• The platform zone: the Apache Spark framework in Fig. 1) is installed over a set of
Ubuntu Linux virtual machines, created by OpenStack. Our cluster has various types
of nodes. The K-means algorithm is designed using the MLib machine learning library
5, and the implementation is embedded into a joint Spark and OpenStack framework,
as illustrated graphically in Fig. 2. When we launch an instance of K-means, the
master node manages the resources of the cluster and the slaves (workers) perform

2http://hadoop.apache.org
3http://spark.apache.org/
4https://wiki.openstack.org/wiki/Main Page
5https://spark.apache.org/docs/latest/mllib-guide.html
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individual tasks on the data. The driver node divides the work into tasks, and the
master node coordinates the allocation of tasks with the idea that all the task will be
executed in the worker nodes by the executors, following the MapReduce model.

Figure 1: Integrated Apache Spark and Open-
Stack framework used for the implementation
of K-means.

Figure 2: Description of the Apache Spark
architecture used in our experiments.

3 The K-means clustering algorithm

K-means is one of the most widely used unsupervised algorithms to group data in a
specified number of clusters. The procedure begins with a set of data or observations,
X = [x1, x2, ..., xn], in Rd (so xi = [xi1, xi2, ..., xid], with i = 1, 2, ..., n), that needs to be
grouped into a number of clusters (k <= n). Iteratively, K-means calculates the centers of
the k groups, optimizing the error of each group as follows:

min

k∑
j=1

nk∑
i=1

‖ x
j
i − Cj , ‖

2 (1)

where ‖ xji −Cj ‖
2 is the distance between a data point xji of the cluster j (nk is the number

of observations within each cluster) and the cluster center Cj .
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The K-means algorithm strongly depends on the choice of the initial centers (K-means
can converge to a local minimum). So, a proper initialization will result in a final best
solution. In order to obtain a set of good initial cluster centers, several methods have been
proposed. One of them is the K-means++ method [6]. This algorithm obtains a set of k
initial centers which are generally very close to the final solution by the following five steps:

1. An initial point is chosen from the set of samples X = [x1, x2, ..., xn] by an uniform
random variable. This point c1, is the first center.

2. For each sample xi, the distance, D(x), between xi and the center, C1, is calculated.

3. Then, a new candidate to become center is randomly selected using the probability-

weighted distribution D(x)2∑
k

i=0 D(xi)2
.

4. Steps 2 and 3 are repeated until k initial centers have been selected.

5. Once the k initial centers have been chosen, we apply the standard K-means algorithm.

4 Parallel/distributed implementation of K-means

4.1 Distributed implementation on Apache Spark

Apache Spark implements a parallel version of the K-means++ method, called k-means||
[7] using the MapReduce model of computation. K-means|| is very similar to K-means++
with the difference that, instead of choosing a single point after calculating the probability
distribution of each of the points in the data set, several clusters are chosen at each iteration.
At the end of the parallel algorithm O(k log n) points are obtained, which are clustered in
k centers. This process is illustrated in Algorithm 1.

In order to use the K-means method in Apache Spark, the user must specify the fol-
lowing parameters: number of desired clusters, k; maximum number of iterations that the
algorithm can be executed, maxIterations; and number of times to execute the K-means
algorithm completely, runs6. The initializationMode indicates the type of initialization (if
completely random or with K-means|| method. Also, a set of initial centers can be intro-
duced using the initialModel option. Finally, the number of steps to be executed during the
K-means++ phase, initializationSteps, and a pre-defined error threshold for convergence,
ε, should also be specified.

6Since the K-means may not find the optimal overall solution, it is recommended to run it several times
to converge to a better final solution.
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Algorithm 1 K-means|| algorithm

1: procedure K-means||(k, l) � k → number of clusters, l → Θ(K)
2: C ← uniform rand(X)
3: ψ ← φX(C)
4: for O(logψ) do

5: C ′ ← x ∈ X with p(x) = l·D(x)2

φX(C) � Probability-weighted distribution

6: C ← C
⋃
C ′

7: end for
8: For x ∈ C, set wx to be the number of points in X

closer to x than any other point in C
9: Reclusted (C, k)

10: end procedure

4.2 Paralllel implementation on Scikit-Learn

Scikit is a Python Library for machine learning. This library contains its own k-means++
version, as an option of the kmeans class into the sklearn.cluster package, allowing the
parallel execution of K-means method with the parameter n jobs. The operation is quite
similar to Spark, since the usermust indicate the number of clusters, n clusters; the number
of iterations of one complete execution of the K-means algorithm, max iter; and the number
of times the k-means will run with different centers, n init7. Much like Apache Spark, Scikit
has the option to initialize the first set of centroids randomly, using k-means++ or through
an array of data, called init. Finally, we must indicate the tol or relative increment in the
results before declaring convergence, and the number of CPUs that will be used during the
execution, n jobs.

5 Experiments

5.1 Hyperspectral datasets

The images used in our experiment were collected by the Airborne Visible-Infrared Imaging
Spectrometer (AVIRIS) [2]. The well-known Indian Pines dataset was adquired in 1992
over an agricultural site composed of agricultural fields with regular geometry and with a
multiple crops:

1. The first scene has a size of 145x145 pixels, and it was collected over a mixed forest
and agriculture area. It has 220 spectral bands in the range from 400 to 2500 nm,
with spectral resolution of 10 nm, moderate spatial resolution of 20 nm, and 16 bits

7After iterating, the algorithm takes only the best solution reached.
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radiometric resolution. After an initial analysis, 8 bands have been removed due to
noise, ending up with a total of 212 bands. About half of the pixels in the image
(10366 of 21025) contain ground-truth information, which comes in the form of a
single label assignment having a total of 16 ground-truth classes.

2. The second scene has a much larger size of 2678x614 pixels. It was collected over
the same area, but spanning a much larger extent. It contains 220 spectral bands in
the range from 400 to 2500 nm, with spectral resolution of 10 nm, moderate spatial
resolution of 20 nm and 16 bits of radiometric resolution. The percentage of pixels
with ground truth information is 20.33% (334245 out of 1644292 pixels) and the total
number of classes is 58.

5.2 Experimental Configuration

The distributed environment in which we have tested our implementation is the one de-
scribed in section 2. As mentioned in that section, the cloud computing platform used for
experimental evaluation OpenStack. This software is a collection of Open Source technolo-
gies that provide a scalable deployment of a cloud computing environment. Our environment
is composed of Intel(R) Xeon(R) CPUs E5430 @ 2.66GHz (8 cores), 16 GB RAM, Shared
storage, NetApp FAS3140.

The virtual nodes that we use over the hardware specified have two virtual CPUs, 4GB
of RAM and 40 GB hard disk each. In addition, we have developed a parallel version of
the algorithm for comparative purposes. This version has been implemented on a palt-
form with Intel(R) Core(TM) i7-4790 CPUs @ 3.60GHz (8 cores), 16 GB RAM, SanDisk
SDSSDA240G.

In our experiments, we used Java 1.8.0 92-b14, Ubuntu 14.04 x64 LTS as operating
system, Python 2.7.10, Scikit Learn 0.14.1 version and the newest (under-development)
Apache Spark 2.11.

5.3 Description of experiments

5.3.1 Single vs multiple cores

In a first experiment, we considered the small Indian Pines image and launched 50 executions
of the algorithm changing the number of cores between 1 and 4. In this test, we set the
tolerance threshold to 1e-15, we performed 10 iterations with different centroid seeds, and
used k-means++ to select initial cluster centers. The obtained results are summarized in
Table 1, which reports on the learning fit, the prediction accuracy, the clustering accuracy
and the reliability (average and standard deviation). As shown in this table, the values
remain constant as we increase the number of cores except the trainning of the model. The
fit time is reduced until 3 cores are used (see Fig. 3a). At that point, there is no difference
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to add more workers because the algorithm no longer is able to parallelize more information
and therefore the speedup remains constant.

To validate the results obtained from K-means++, we used a confusion matrix [8] which
is graphically represented in Fig. 3c. The confusion matrix indicates the agreement between
the ground-truth classes and the clusters identified in the process, which appears to indicate
a good fit between each ground-truth class and at least one of the identified clusters. Finally,
the clusters obtained by the K-means++ algorithm for the small Indian Pines image are
shown in Fig. 4. The figure shows the clusters with the background of the image removed
(i.e., those pixels that do not have associated ground-truth) and also without removing the
background.

Cores
AVG Std AVG Std AVG Std AVG Std
Fit Fit Predict Predict Accuracy Accuracy Reliability Reliability

1 3.1055 0.2826 0.0508 0.0010 0.5446 0.0019 0.4770 0.0058
2 2.1135 0.1846 0.0606 0.0028 0.5456 0.0029 0.4772 0.0067
3 1.7955 0.1387 0.0612 0.0028 0.5452 0.0022 0.4770 0.0059
4 1.6213 0.1282 0.0620 0.0037 0.5453 0.0017 0.4779 0.0054

Table 1: Summary of the execution of K-means in multiple cores with the small Indian
Pines image.

(a) Time to training (b) Time to clustering (c) Confusion matrix

Figure 3: Graphical representation of the time to train, time to clustering and the confusion
matrix obtained after applying the K-means algorithm to the small Indian Pines image

(a) Without background (b) With background

Figure 4: Clustering results obtained with the small Indian Pines image
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5.3.2 Single vs multiple nodes

In this experiment, we launch 50 executions with the large Indian Pines image changing
the number of slave nodes to 1, 2, 3 and 4. We select a tolerance threshold of 1e-15 and
10 run with different centroid seeds and using the k-means|| algorithm. Here, we use the
large Indian Pines data set. The results obtained are shown in Table 2. In the table, we
can observe how the values remain constant as we increase the number of nodes (except the
trainning model). The fit time is reduced exponentialy (see Fig. 5a). Moreover, to validate
the results obtained from K-Means, we show the confusion matrix for the large Indian Pines
image in Fig. 6a. The final clusters obtained by the algorithm are shown in Fig. 7.

Nodes
AVG Std AVG Std AVG Std AVG Std
Fit Fit Predict Predict Accuracy Accuracy Reliability Reliability

1 336.0076 4.5684 0.0000305 0.00000522 0.4118 0.0132 0.2547 0.0043
2 191.1449 3.0629 0.0000293 0.00000415 0.4107 0.0153 0.2543 0.0046
3 122.8018 2.8471 0.0000289 0.00000335 0.4149 0.0114 0.2542 0.0050
4 95.9846 3.2338 0.0000293 0.00000502 0.4127 0.0120 0.2536 0.0048

Table 2: Summary of the execution of K-means in multiple nodes with the large Indian
Pines image.

(a) Time to training (b) Time to clustering

Figure 5: Confusion matrix obtained after applying the K-means algorithm to the large
Indian Pines image.

Figure 6: Graphical representation of the time to train and time to clustering after applying
the K-means algorithm to the large Indian Pines image.
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Figure 7: Clustering results obtained with the large Indian Pines image.

5.4 Parallel vs distributed

Finally we compare the parallel and distributed implementations of K-means. Table 3
shows the timing average (in seconds) measured after the parallel/distributed execution of
K-means using both images and multiple cores/nodes. Figs. 8 and 9 respectively provide
a graphical representation of the times for fitting and predicting for the parallel and dis-
tributed version with both images. Finally, we show in Fig. 10 a graphical representation
of speedup evolution in all cases.

Image used small Indian Pines image large Indian Pines image
Cores Par Par Dist Dist Par Par Dist Dist

or nodes Fit Predict Fit Predict Fit Predict Fit Predict

1 3.1055 0.0508 8.4701 0.0000279 694.8973 1.7438 336.0076 0.0000305
2 2.1135 0.0606 5.7111 0.0000278 409.5856 2.0710 191.1449 0.0000293
3 1.7955 0.0612 5.7370 0.0000289 357.4873 1.9692 122.8018 0.0000289
4 1.6213 0.0620 5.7213 0.0000287 327.6066 1.9747 95.9846 0.0000293

Table 3: Timing average (in seconds) measured after the parallel/distributed execution of
K-means using both images and multiple cores/nodes (Par refers to the parallel version and
Dist refers to the distributed version).

(a) Fitting (b) Predicting

Figure 8: Graphical representation of the times for fitting and predicting with the small
Indian Pines image for the parallel and distributed implementation of K-means.
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(a) Fitting (b) Predicting

Figure 9: Graphical representation of the times for fitting and predicting with the large
Indian Pines image for the parallel and distributed implementation of K-means.

(a) Speedup (fitting) (b) Speedup (predicting)

Figure 10: Graphical representation of the speedup for fitting and predicting with the Indian
Pines images for the parallel and distributed implementation of K-means.

6 Conclusions and future lines

In this paper, we have discussed the possibility of exploiting cloud computing architectures
for hyperspectral image processing. As a case study, we have presented a cloud computing
implementation of the K-means algorithm on Spark platform. Clustering has the advan-
tage that it can be performed in unsupervised fashion. Our experimental results show the
effectiveness of the proposed distributed implementation, not only in terms of clustering ac-
curacy but also in terms of computational performance. As future work, we will implement
other algorithms for hyperspectral data processing.
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Abstract

The concept of geometric-arithmetic index was introduced in the chemical graph
theory recently, but it has shown to be useful. The main aim of this paper is to show
that the computation of the geometric-arithmetic index of a graph G is essentially
reduced to the computation of the geometric-arithmetic indices of the so-called primary
subgraphs obtained by a decomposition of G. Furthermore, using these results, we can
obtain formulas for the geometric-arithmetic indices of bridge graphs and other classes
of graphs, like bouquet of graphs and circle graphs.

Key words: Graph invariant, Topological index, Geometric-Arithmetic index
MSC 2000: 05C07, 92E10

1 Introduction

A topological index is defined as a single number that represents a chemical structure in
graph-theoretical terms via the molecular graph, and that correlates with a molecular prop-
erty; it is used to understand physicochemical properties of chemical compounds. Topologi-
cal indices are interesting since they capture some of the properties of a molecule in a single
number. Hundreds of topological indices have been introduced and studied, starting with
the seminal work by Wiener [23] in which he used the sum of all shortest-path distances of
a (molecular) graph for modeling physical properties of alkanes.

Topological indices based on end-vertex degrees of edges have been used over 40 years.
Among them, several indices are recognized to be useful tools in chemical researches. Prob-
ably, the best know such descriptor is the Randić connectivity index (R) [15]. There are
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more than thousand papers and a couple of books dealing with this index (see, e.g., [7], [8],
[16] and the references therein). During many years, scientists were trying to improve the
predictive power of the Randić index. This led to the introduction of a large number of new
topological descriptors resembling the original Randić index. The first geometric-arithmetic
index GA1, defined in [22] as

GA1(G) =
∑

uv∈E(G)

√
dudv

1
2(du + dv)

,

where uv denotes the edge of the graph G connecting the vertices u and v, and du is the
degree of the vertex u, is one of the successors of the Randić index. Although GA1 was
introduced just seven years ago, there are many papers dealing with this index (see, e.g.,
[5], [13], [17], [18], [22] and the survey [4]). There are other geometric-arithmetic indices,
like Zp,q (Z0,1 = GA1), but the results in [4, p.598] show empirically that the GA1 index
gathers the same information on observed molecules as other Zp,q indices.

The reason for introducing a new index is to gain prediction of some property of
molecules somewhat better than obtained by already presented indices. Therefore, a test
study of predictive power of a new index must be done. As a standard for testing new
topological descriptors, the properties of octanes are commonly used. We can find 16
physico-chemical properties of octanes at www.moleculardescriptors.eu.

The graphic in [4, Fig.7] (from [4, Table 2], [21]) shows that there exists a good linear
correlation between GA1 and the heat of formation of benzenoid hydrocarbons (the corre-
lation coefficient is equal to 0.972). Furthermore, the improvement in prediction with GA1

index comparing to Randić index in the case of standard enthalpy of vaporization is more
than 9%. Hence, one can think that GA1 index should be considered in the QSPR/QSAR
researches.

We say that a family of subgraphs {G1, . . . , Gr} of G is a decomposition of G if G1 ∪
· · · ∪Gr = G and Gi ∩Gj is either empty or a vertex for every i, j ∈ {1, . . . , r} , i �= j. The
subgraphs G1, . . . , Gr are usually called primary subgraphs of the decomposition.

Particular cases of decompositions are the T-decompositions (equivalent to the concept
of graphs obtained by point-attaching, see [6], [19]); they are a very useful tool in different
areas of graph theory, as Gromov hyperbolic graphs (see, e.g., [2], [3], [12]), polynomials
on graphs (see [6]) and metric dimension of graphs (see [19]). We say that a vertex v of a
graph G is a cut-vertex if G \ {v} is not connected. Given a graph G, we say that a family
of subgraphs {G1, . . . , Gr} of G is a T-decomposition of G if G1 ∪ · · · ∪Gr = G and Gi ∩Gj

is either empty or a cut-vertex for every i, j ∈ {1, . . . , r} , i �= j. A graph is biconnected if
it does not contain cut-vertices. The set of maximal biconnected components of a graph is
an example of T-decomposition (the well-known biconnected decomposition of the graph);
hence, every graph has a T-decomposition.

In [9] and [10] the authors introduce the concept of bridge and chain graphs, which
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are particular cases of T-decompositions (a chain graph is a graph with a T-decomposition
in which every cut-vertex belongs at most to two primary subgraphs; bridge graphs are a
subset of chain graphs). For bridge and chain graphs the PI index was determined in [9]
and for bridge graphs the Szeged index (and the vertex PI index) was considered in [11].
Recently, the Wiener index was considered in [1] for a class of graphs containing as special
cases the bridge and chain graphs. Also, in [10] appear formulas for the Wiener, hyper-
Wiener, detour and hyper-detour indices of bridge and chain graphs. Besides, [20] contains
formulas for the Szeged, edge-Szeged, PI, vertex-PI and eccentric connectivity indices of
splice graphs (another class of graphs with T-decompositions). More classes of graphs can
be obtained as particular cases of T-decompositions: bouquets of graphs, rooted product
graphs, corona product graphs and block graphs (see [19]).

Throughout this paper, G = (V (G), E(G)) denotes a (non-oriented) finite simple (with-
out multiple edges and loops) connected graph with E(G) �= ∅. Note that the connectivity
of G is not an important restriction, since if G has connected components G1, . . . , Gr, then
GA1(G) = GA1(G1) + · · ·+GA1(Gr); furthermore, every molecular graph is connected.

2 Geometric-Arithmetic Index and decompositions

If v ∈ V (G), then we denote by NG(v) or N(v) the set of neighbors of v, i.e.,

NG(v) = N(v) = {u ∈ V (G) | uv ∈ E(G)}.

Given a decomposition {G1, . . . , Gr} of G, denote by W the set of vertices v in G
belonging at least at two Gi’s. Given a vertex v ∈ W, denote by Gi1 , . . . , Gik the set
of primary subgraphs containing v and by dij the number of neighbors of v in Gij (then
dv = di1 + . . .+ dik). If v ∈ W, then we define W (v) as

W (v) =
∑

u∈NG(v)\W

√
dudv

1
2(du + dv)

−
k∑

j=1

∑
u∈NGij

(v)\W

√
dudij

1
2(du + dij )

.

Denote by Z the set of edges in G with both endpoints in W. If e = uv ∈ Z, then e ∈ Gi

for some i, and we denote by d∗u, d∗v the degrees of u, v in Gi. If e = uv ∈ Z, then we define
Z(e) as

Z(e) =

√
dudv

1
2(du + dv)

−
√
d∗ud∗v

1
2(d

∗
u + d∗v)

.

The following result allows to compute the precise value of GA1(G) in terms of the
geometric-arithmetic indices of the primary subgraphs in any decomposition.
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Theorem 2.1 Let {G1, . . . , Gr} be a decomposition of the graph G. Then

GA1(G) =

r∑
i=1

GA1(Gi) +
∑
v∈W

W (v) +
∑
e∈Z

Z(e).

In order to estimate the difference between GA1(G) and
∑r

i=1GA1(Gi), Proposition
2.2 below will provide bounds for W (v) and Z(uv).

Given a decomposition {G1, . . . , Gr} of G and e = uv ∈ Z, we say that e is maximal or
minimal if du = dv or d∗u = d∗v, respectively.

Given a graph G, denote by Δ, δ the maximum and minimum degrees of G, respectively.

Proposition 2.2 Let {G1, . . . , Gr} be a decomposition of the graph G. Given e ∈ Z, denote
by Δe, δe the maximum and minimum degrees of the primary subgraph Gi with e ∈ Gi,
respectively. Then

−1 ≤ 2
√
Δδ

Δ+ δ
− 1 ≤ Z(e) ≤ 1− 2

√
Δeδe

Δe + δe
≤ 1,

for every e ∈ Z. If e is maximal or minimal, then Z(e) ≥ 0 or Z(e) ≤ 0, respectively.
Furthermore,

|W (v)| ≤ 1

8

√
Δ dv(dv − 1),

for every v ∈ W.

We have the following direct consequence of Theorem 2.1, since |Z(e)| ≤ 1 for every
e ∈ Z by Proposition 2.2.

Corollary 2.3 Let {G1, . . . , Gr} be a decomposition of the graph G. Then∣∣∣GA1(G)−
r∑

i=1

GA1(Gi)
∣∣∣ ≤ 1

8
Δ3/2(Δ− 1) cardW + cardZ.

Proposition 2.4 Let {G1, . . . , Gr} be a decomposition of the graph G. If dv ≤ du for every
v ∈ W and u ∈ NG(v) \W, then

GA1(G) ≥
r∑

i=1

GA1(Gi)− cardZ.

Furthermore, if every edge in Z is maximal, then

GA1(G) ≥
r∑

i=1

GA1(Gi).
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Corollary 2.5 Let {G1, . . . , Gr} be a decomposition of the graph G with minimum degree
δ. If dv = δ for every v ∈ W, then

GA1(G) ≥
r∑

i=1

GA1(Gi)− cardZ.

Furthermore, if every edge in Z is maximal, then

GA1(G) ≥
r∑

i=1

GA1(Gi).

Next, we apply our results on decompositions in order to compute the geometric-
arithmetic indices of several chemical graphs.

Let {Gi}di=1 be a set of finite pairwise disjoint graphs and vi, wi ∈ V (Gi). The chain
graph

C(G1, G2, . . . , Gd) = C(G1, G2, . . . , Gd; v1, w1, v2, w2, . . . , vd, wd)

of {Gi}di=1 with respect to the vertices {vi, wi}di=1 is the graph obtained from the graphs
G1, . . . , Gd by identifying the vertex wi and the vertex vi+1 for every i ∈ {1, 2, . . . , d− 1}.

We denote by ui the vertex in C(G1, G2, . . . , Gd; v1, w1, . . . , vd, wd) obtained by iden-
tifying the vertices wi and vi+1. It is clear that {G1, . . . , Gd} is a T-decomposition of the
chain graph:

C(G1, . . . , Gd; v1, w1, . . . , vd, wd).

Following the notation in [9], given any graph H, v, w ∈ V (H) and an integer d > 1,
let us define

Td(H, v, w) = C(H, . . . ,H; v, w, . . . , v, w),

where H appears d times. Theorem 2.1 has the following direct consequence.

Corollary 2.6 Consider any graph H, v, w ∈ V (H) and an integer d > 1.
(1) If vw /∈ E(H), then

GA1(Td(H, v, w)) = dGA1(H) + (d− 1)W (u1).

(2) If vw ∈ E(H), then

GA1(Td(H, v, w)) = dGA1(H) + (d− 1)W (u1) + (d− 2)Z(vw).

As an example, we deal with the Spiro chain of hexagons. Consider the chain graph
Td(C6), where C6 is the cycle graph with vertices v1, v2, . . . , v6 (labeled clockwise), v = v1
and w = v4. Since vw /∈ E(C6), Corollary 2.6 gives

GA1(Td(C6)) = dGA1(C6)+(d−1)W (u1) = 6d+(d−1)
(
4
2
√
8

6
−4

)
=
(
2+

8
√
2

3

)
d+4−8

√
2

3
.
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Note that if we take v = v3 or w = v5, then we obtain graphs with the same geometric-
arithmetic index than the previous one.

Given any graph H, v, w ∈ V (H), P2 a graph of one edge connecting the two vertices
v′, w′, and an integer d > 1, let us define

Ud(H) = C(H,P2, . . . , H, P2, H; v, w, v′, w′, . . . , v, w, v′, w′, v, w),

where H appears d times. Theorem 2.1 also has the following consequence.

Corollary 2.7 Consider any graph H, v, w ∈ V (H) and an integer d > 1. Denote by
dv, dw the degrees of v, w in H, respectively.

(1) If vw /∈ E(H), then

GA1(Ud(H)) = dGA1(H) + (d− 1)
(
W (u1) +W (u2) +

2
√

(dv + 1)(dw + 1)

dv + dw + 2

)
.

(2) If vw ∈ E(H), then

GA1(Ud(H)) = dGA1(H) + (d− 1)
(
W (u1) +W (u2) +

2
√

(dv + 1)(dw + 1)

dv + dw + 2

)
+(d− 2)Z(vw).

As another example, we deal with the Polyphenylenes. Consider the chain graph Ud(C6),
where C6 is the cycle graph with vertices v1, v2, . . . , v6 (labeled clockwise), v = v1 and
w = v4. Since vw /∈ E(C6), Corollary 2.7 gives

GA1(Ud(C6)) = dGA1(C6) + (d− 1)
(
W (u1) +W (u2) +

2
√

(dv + 1)(dw + 1)

dv + dw + 2

)
= 6d+ (d− 1)

(
2
(
2
2
√
6

5
− 2

)
+ 1

)
=
(
3 +

8
√
6

5

)
d+ 3− 8

√
6

5
.

If we take v = v3 or w = v5, then we obtain graphs with the same geometric-arithmetic
index than the previous one.

Let {Gi}di=1 be a set of finite pairwise disjoint graphs and vi ∈ V (Gi). The bridge graph

B(G1, G2, . . . , Gd) = B(G1, G2, . . . , Gd; v1, v2, . . . , vd)

of {Gi}di=1 with respect to the vertices {vi}di=1 is the graph obtained from the graphs
G1, . . . , Gd by connecting the vertices vi and vi+1 by an edge for every i ∈ {1, 2, . . . , d− 1}.
Theorem 2.1 has the following consequence.
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Theorem 2.8 Let {Gi}di=1 be a set of finite pairwise disjoint graphs and vi ∈ V (Gi). Then

GA1(B(G1, . . . , Gd; v1, . . . , vd)) =

d∑
i=1

GA1(Gi) + d− 1 +

d∑
i=1

W (vi) +

d−1∑
i=1

Z(vivi+1).

Given any graph H, v ∈ V (H) and an integer d > 1, let us define

Gd(H, v) = B(H, . . . ,H; v, . . . , v),

where H appears d times. Theorem 2.8 has the following corollary.

Corollary 2.9 Consider a graph H, v ∈ V (H) and an integer d > 1. Denote by vi the
copy of v in the i-th copy of H in Gd(H, v) and by dv the degree of v in H.

(1) If d = 2, then

GA1(Gd(H, v)) = dGA1(H) + 1 + 2W (v1).

(2) If d ≥ 3, then

GA1(Gd(H, v)) = dGA1(H) + d− 3 + 2W (v1) + (d− 2)W (v2)+

+
4
√

(dv + 1)(dv + 2)

2dv + 3
.

As an example of the previous result, we consider k ≥ 3, d ≥ 3 and the bridge graph
Gd(Pk, w1), where Pk is the path graph with vertices w1, w2, . . . , wk. Corollary 2.9 gives

GA1(Gd(Pk, w1)) = dGA1(Pk) + d− 3 + 2W (v1) + (d− 2)W (v2) +
4
√

(dv + 1)(dv + 2)

2dv + 3

=
(
k − 3 +

4
√
2

3

)
d+ d− 3 + 2

(
1− 2

√
2

3

)
+ (d− 2)

(2√3
4
− 2
√
2

3

)
+

4
√
6

5

=
(
k − 2 +

2
√
2

3
+

√
3

2

)
d− 1−

√
3 +

4
√
6

5
.

As another example, we deal with the Polyethene (when d = 4). For d ≥ 3, consider
the bridge graph Gd(P3, w2). Corollary 2.9 gives

GA1(Gd(P3, w2)) = dGA1(P3) + d− 3 + 2W (v1) + (d− 2)W (v2) +
4
√
(dv + 1)(dv + 2)

2dv + 3
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=
4
√
2

3
d+ d− 3 + 2

(
2
(2√3

4
− 2
√
2

3

))
+ (d− 2)

(
2
(2√4

5
− 2
√
2

3

))
+

4
√
12

7

=
13

5
d− 31

5
+

22
√
3

7
.

The obtention of bounds for the geometric arithmetic index is a very active topic of
research (see, e.g., [5], [13], [17], [22], the survey [4] and the references therein). In this
section we are going to obtain an upper bound for it involving the numbers of vertices and
the diameters of the primary subgraphs in the biconnected decomposition.

Let us define M(n, r) as follows:

M(n, r) := r +
1

2
(n− r − 1)(n− r + 4).

We denote by diam (G) the diameter of G: diam (G) := max{d(u, v) |u, v ∈ V (G)}.

Theorem 2.10 If {G1, . . . , Gk} is the biconnected decomposition of a graph G and Gj has
nj vertices for 1 ≤ j ≤ k, then

GA1(G) ≤
k∑

j=1

M(nj , diam (Gj)).
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[5] K.C. Das, I. Gutman and B. Furtula, On first geometric-arithmetic index of
graphs, Discrete Appl. Math. 159 (2011) 2030–2037.
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1 Introduction

The prototype of an algebraic Riccati equation [9] is given by the quadratic matrix equation
of the form

R(X) := XDX −XA−BX − C = 0,

where the coefficients A,B,C,D are real or complex n × n matrices and n × n matrix
solutions X are to be found. The growth of interest in algebraic Riccati equations in the
last years has been explosive. Primarily, this has been driven by the important role played
by these equations in optimal filter design and control theory. Moreover, they may arise
in many areas of scientific computing and engineering applications such as the total least
squares, problems with or without symmetric constraints, the transport theory, the Wiener-
Hopf factorization of Markov chains, the optimal solutions of linear differential systems, for
instance see [8, 5].

Frequently, algebraic Riccati equation take a symmetric form:

R(X) := XDX −XA−A∗X − C = 0, (1)

where C and D are hermitian matrices (A∗ is the complex conjugate of the transpose of A).
The main concern of this work is with the numerical hermitian solutions of these alge-

braic Riccati equation (1), which are required for physical reasons. Firstly, we consider the
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symmetric algebraic Riccati equation (1) under the hypotheses that D = D∗, C = C∗, the
pair (A,D) is stabilizable (if there is a feedback matrix K such that A+BK is stable, that
is its eigenvalues are all in the open left half-plane), and the size of matrix A, D and C is
n× n. Under these conditions, the existence of hermitian solutions X of R(X) = 0 can be

characterized using spectral properties of the matrix

(
−A D
C A∗

)
, see [9].

The Riccati function R(X) = XDX−XA−A∗X−C that we consider maps hermitian
matrices to hermitian matrices. The set of all hermitian matrices of size n × n forms a
linear vector space H over R, and it is possible to formulate the Frechét derivatives of the
function R. The first Frechét derivatives at a matrix X is a linear map R′(X) : H → H
and is easily found to be ([13]):

R′(X)E = E(DX −A) + (DX −A)∗E. (2)

Also the second derivative at X, R′(X) : (H×H)→ H is given by

R′′(X)E1E2 = E1DE2 + E2DE1 (3)

therefore, the second derivative is a bilinear constant operator.
Although algebraic Riccati equations (1) are truly nonlinear equation, many studies

have been made to solve such equations, by methods which rely heavily on linear algebra
and the theory of matrices, see [9, 14]. However, our main objective is approximate a
solution of the algebraic Riccati equation (1) using iterative methods ([13]). Basically the
iterative process used is the well known Newton-Kantorovich method [12]:⎧⎨⎩ X0 given,

Xn+1 = Xn − [R′(Xn)]
−1R(Xn), n ≥ 0,

(4)

or variants of this method, see for example [3, 7]. Notice that, apply the Newton-Kantorovich
method to approximate a solution of algebraic Riccati equation (1) is simply to solve the
Lyapunov equation:

Xn+1(A−DXn) + (A−DXn)
∗Xn+1 = −H(Xn)− C,

where H is the operator H(X) = XDX. The Lyapunov equation

SA+A∗S = W, whereA,W are given andW is hermitian, (5)

is the most common problem in the class of problems which involve matrix equations.
If Lyapunov equation is solved as a set of n(n + 1)/2 equations in n(n + 1)/2 variables
the opertional cost is O(n6) operations. However, there exist fast methods, that exploit
the special structure of the linear equations, based on first reduce A to Schur or upper
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Hessenberg form. For instance, the Bartels-Stewart algorithm [4] for the Lyapunov equation
has operational cost O(n3) operations. The Bartels-Stewart algorithm is one of the most
effective schemes for solving the symmetric linear matrix equation. The algorithm is ideally
suited to the sequential solution of (5) with different W , and with the same A matrix.

Different results were obtained approximating the solution of (1) by iterative processes
with quadratic convergence. In this paper, we consider the possibility of doing so through
an iterative process with higher order of convergence. The iterative process with cubical
convergence most commonly used is the Chebyshev method [6]:⎧⎪⎪⎨⎪⎪⎩

X0 given,

Yn = Xn − [R′(Xn)]
−1R(Xn),

Xn+1 = Yn + 1
2LR(Xn)(Yn −Xn), n ≥ 0,

where LR(Xn) = [R′(Xn)]
−1R′′(Xn)[R′(Xn)]

−1R(Xn). In this case note that, apply the
Chebyshev method to approximate a solution of algebraic Riccati equation (1) is reduced
to solve two Lyapunov equations:

Yn(A−DXn) + (A−DXn)
∗Yn = −H(Xn)− C,

Xn+1(A−DXn) + (A−DXn)
∗Xn+1 = H(Yn −Xn)−H(Xn)− C,

Notice that, the difference with the application of the Newton-Kantorovich method is one
more Lyapunov equation to solve and to obtain the new matrix H(Yn − Xn). Of course,
higher order schemes require more computational cost than other simpler methods, which
makes them unfavorable to be used in general. However, the existence of an extensive
literature of high order methods [1, 2] reveals they are only limited by the nature of the
problem to be solved. In this paper, we construct a parameter family of iterative processes
with at least fourth order of convergence to approximate a solution of (1). Thus, for a fixed
value of the parameter, it is obtained the fourth efficient iterative process:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

X0 given,
Yn = Xn − [R′(Xn)]

−1R(Xn),

Zn = Yn +
1

2
[R′(Xn)]

−1

[
3

2
(R′(Xn)−R′(Xn +

2

3
(Yn −Xn)))

]
(Yn −Xn), n � 0,

Xn+1 = Zn +
1

2

[
3

2
[R′(Xn)]

−1(R′(Xn)−R′(Xn +
2

3
(Yn −Xn)))

]2
(Yn −Xn), n � 0.

(6)
Iterative process (6) only involve the Riccati function and its first Frechét derivative as
the Newton method. And therefore, the operational cost is similar to the Newton method.
Thus, it is an efficient iterative method.
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We show that apply iterative process (6) to approximate a solution of algebraic Riccati
equation (1) is simply to solve three Lyapunov equations. In fact, the three Lyapunov
equations are:

Yn(A−DXn) + (A−DXn)
∗Yn = −H(Xn)− C,

Zn(A−DXn) + (A−DXn)
∗Zn = −H(Xn)− C +H(Yn −Xn).

Xn+1(A−DXn) + (A−DXn)
∗Xn+1 = −H(Xn)− C + (Yn −Xn)D(Zn − Yn)

+(Zn − Yn)D(Yn −Xn).

Therefore, the difference with the application of the Newton-Kantorovich method is two
more Lyapunov equation to solve and to obtain the new matrices (Yn − Xn)D(Zn − Yn),
(Zn − Yn)D(Yn − Xn), H(Yn − Xn). Note that, matrix H(Yn − Xn), (Yn − Xn)D and
D(Yn − Xn) are already computed when we apply the Chebyshev method. Thus, this
method has good numerical behavior.
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Abstract

In this work we introduce an input-state-output representation of four models of
concatenation of a block code and a 2D convolutional code.

Key words: 2D convolutional code, block code, input-state-output representation,
linear systems, concatenated code.

1 Introduction

The concatenation of an outer block code and an inner convolutional code were introduced
by Forney [3] as a way of providing long codes with a manageable decoding complexity.

On the other hand, in recent years, multidimensional (mD) convolutional codes has
gained interest as an alternative to 1D convolutional codes as working on a framework that
take advantage of the correlation of data in several dimensions of time. These codes have
many applications, starting from transmition of m-dimensional data, such a 2D pictures,
3D animatation, etc. (see [5, 8]), through to the storage of digital information [7]. While
1D convolutional codes have been thoroughtly studied, the literature about mD convolu-
tional codes is quite limited. Gluesing-Luerssen, Rosenthal and Weiner analyze the relation
between multidimensional convolutional codes and systems [4]. More recently, Napp, Perea
and Pinto [6], introduce the natural extension of the input-state-output representation of
1D convolutional codes to 2D convolutional codes.

In this work we present the natural, although non-trivial, generalization of the input-
state-output representation of concatenation of a block code and a 1D convolutional code
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introduced in Climent, Herranz and Perea [1] to the input-state-output representation of a
block code and a 2D convolutional code.

The paper is structured as follows. Our starting point in Section 2 will be linear systems
representation of 2D convolutional codes, that we will need throughout the paper. In Section
3 we characterize four models of concatenation of a block code and a 2D convolutional from
a linear systems theory viewpoint.

2 Preliminary results

Denote by F = GF (q) the Galois field of q elements and F[z1, z2] the ring of polynomials in
2 indeterminates with coefficients in F.

Error correcting codes are usually divided into two distinct classes: block codes and
convolutional codes. A block code is the primary type of channel coding which was used in
earlier mobile communication systems.

A block code B can be characterized as the set of vectors v ∈ Fn such that v = Gu for
some u ∈ Fk (with k ∈ N), where G is an n × k matrix of full column rank that we call a

generator matrix of B. In addition, if G =

(
Ik
P

)
, we say that G is systematic. Also, we say

that u is the information vector and that v is the corresponding code vector or codeword.
We refer B as an [n, k]-code.

Next we give some preliminaries on 2D linear systems, which we will use to construct
2D finite support convolutional codes. In particular, we consider the Fornasini-Marchesini
state space model representation of 2D systems [2]. In this model a first quarter plane 2D
linear system, denoted by

Σ = (A1, A2, B1, B2, C,D),

is given by the updating equations

x(i+ 1, j + 1) = A1x(i, j + 1) + A2x(i+ 1, j) + B1u(i, j + 1) + B2u(i+ 1, j)
y(i, j) = Cx(i, j) + Du(i, j)

}
,

(1)

where A1, A2 ∈ Fδ×δ, B1, B2 ∈ Fδ×k, C ∈ F(n−k)×δ, D ∈ F(n−k)×k, δ, n, k ∈ N, n > k
and with past finite support of the input and of the state and zero initial conditions (i.e.,
u(i, j) = x(i, j) = 0 for i < 0 or j < 0 and zero initial conditions x(0, 0) = 0. We say that
Σ = (A1, A2, B1, B2, C,D) has dimension δ, local state x(i, j), input u(i, j) and output
y(i, j) at (i, j).

We denote by C(A1, A2, B1, B2, C,D) the 2D finite suppport convolutional code whose
codewords are the finite-weight input-output trajectories of the system Σ = (A1, A2, B1, B2, C,D).
Moreover, Σ is called an input-state-output (ISO) representation of C(A1, A2, B1, B2, C,D).
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3 Models of concatenation of a block and a 2D convolutional
code

In this section we introduce four models of concatenation of a block code and a 2D con-
volutional code. Let Co be a block code, that we call outer encoder, and let Ci be a 2D
convolutional code, that we call inner encoder.

Let Go be an encoder of the block code Co and let Σ2 = (A
(2)
1 , A

(2)
2 , B

(2)
1 , B

(2)
2 , C(2), D(2))

be an ISO representation of the 2D convolutional code Ci.
Let u1(i, j) be the information vector of Co, and let x2(i, j), u2(i, j), and y2(i, j) be

the state vector, the information vector and the parity vector of Ci, respectively. We will
consider the interconnection models defined in [1] for 1D systems.

3.1 First model

In the first model of concatenation, the outer encoder Co and the inner encoder Ci are
serialized, one after the other as described in [1] for 1D systems (see Figure 1). The input
information u1(i, j) is fed to Co and the obtained codeword

v1(i, j) = Gou
1(i, j) (2)

is then encoded by Ci in a way that

u2(i, j) = v1(i, j) (3)

So, the codewords v2(i, j) of Ci are given by

v2(i, j) =

(
y2(i, j)
u2(i, j)

)
(4)

We denote by BC(1) the corresponding 2D concatenated convolutional code. Observe
that the vector state x(i, j), the information vector u(i, j) and the parity vector y(i, j) of
BC(1) are given by

x(i, j) = x2(i, j), u(i, j) = u1(i, j), and y(i, j) = y2(i, j). (5)

So the codewords v(i, j) of BC(1) are given by

v(i, j) =

(
y(i, j)
u(i, j)

)
=

(
y2(i, j)
u1(i, j)

)
. (6)

Next theorem introduces an input-state-output representation of the 2D concatenated
convolutional code BC(1) from the generator matrix of the outer code Co and an input-state-
output representation of the inner code Ci.
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Co
[m, k]

Ci
(n+m− k,m, δ)

� � �

�

u1(i, j) v1(i, j) y2(i, j)

u1(i, j)

Figure 1: Concatenated code BC(1)

Theorem 1: Let Co be an [m, k]-code with generator matrix Go and let

Ci(A(2)
1 , A

(2)
2 , B

(2)
1 , B

(2)
2 , C(2), D(2)) be an (n+m− k,m, δ)-2D convolutional code . Then an

input-state-output representation for the rate k/n 2D concatenated code BC(1) is given by
system (1), with

A1 = A
(2)
1 , A2 = A

(2)
2 , B1 = B

(2)
1 Go, B2 = B

(2)
2 Go, C = C(2), and D = D(2)Go. (7)

3.2 Second model

If in the first model we consider that the generator matrix Go of the block code Co is in

systematic form, that is, Go =

(
Ik
Po

)
and we consider the parity check vector Pou

1(i, j) of

the obtained codeword

v1(i, j) =

(
u1(i, j)

Pou
1(i, j)

)
(8)

of Co as the input of Ci, that is,

u2(i, j) = Pou
1(i, j), (9)

then we obtain the 2D concatenated code of Figure 2. Here, the codewords v2(i, j) of Ci
are given by

v2(i, j) =

(
y2(i, j)
u2(i, j)

)
. (10)

We denote by BC(1)sys the corresponding 2D concatenated convolutional code. Analo-
gously to the model BC(1), the vector state x(i, j), the information vector u(i, j), the parity
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Co
[m, k]

Ci
(n+m− 2k,m− k, δ)

� � �

�

u1(i, j) Pou
1(i, j) y2(i, j)

u1(i, j)

Figure 2: Concatenated code BC(1)sys

vector y(i, j) and the codewords v(i, j) of BC(1)sys are given by expressions (5) and (6). An

input-state-output representation of the 2D concatenated convolutional code BC(1)sys is given
by the following theorem.

Theorem 2: Let Co be an [m, k]-code with generator matrix Go =

(
Ik
Po

)
and let

Ci(A(2)
1 , A

(2)
2 , B

(2)
1 , B

(2)
2 , C(2), D(2)) be an (n+m−2k,m−k, δ)-2D convolutional code. Then

an input-state-output representation for the rate k/n 2D concatenated convolutional code

BC(1)sys is given by system (1), with

A1 = A
(2)
1 , A2 = A

(2)
2 , B1 = B

(2)
1 Po, B2 = B

(2)
2 Po, C = C(2), and D = D(2)Po. (11)

3.3 Third model

If we vary the code BC(1) so that the codeword v1(i, j) of the outer encoder is a part of
the concatenated codeword (see Figure 3), we obtain a new 2D concatenated convolutional
code that we denote by BC(2).

Here, the information vector u1(i, j) and the codeword v1(i, j) of Co and the information
vector u2(i, j) and the codewords v2(i, j) of Ci are the same as in the first model (see
expressions (2), (3) and (4)). Then, the vector state x(i, j), the information vector u(i, j)
and the parity vector y(i, j) of BC(2) are given by

x(i, j) = x2(i, j), u(i, j) = u1(i, j), and y(i, j) =

(
y2(i, j)
v1(i, j)

)
=

(
y2(i, j)

Gou
1(i, j)

)
(12)
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Co
[m, k]

Ci
(n− k,m, δ)

� � �

�

�

u1(i, j) v1(i, j) y2(i, j)

v1(i, j)

u1(i, j)

Figure 3: Concatenated code BC(2)

and the codewords v(i, j) of BC(2) are given by

v(i, j) =

(
y(i, j)
u(i, j)

)
=

⎛⎝ y2(i, j)
Gou

1(i, j)
u1(i, j)

⎞⎠ . (13)

Next theorem provides an input-state-output representation of the 2D convolutional
code BC(2) from the generator matrix of the outer encoder Co and an input-state-output
representation of the inner encoder Ci.

Theorem 3: Let Co be an [m, k]-code with generator matrix Go and let

Ci(A(2)
1 , A

(2)
2 , B

(2)
1 , B

(2)
2 , C(2), D(2)) be an (n−k,m, δ)-2D convolutional code. Then an input-

state-output representation for the rate k/n 2D concatenated convolutional code BC(2) is
given by system (1), with

A1 = A
(2)
1 , A2 = A

(2)
2 , B1 = B

(2)
1 Go, B2 = B

(2)
2 Go

C =

(
C2

O

)
, D =

(
D2Go

Go

)
.

(14)

3.4 Fourth model

Finally, if we make to BC(2) a similar variation as the variation made to BC(1) in order to

get BC(1)sys, we obtain a 2D concatenated convolutional code that we denote by BC(2)sys (see
Figure 4).

Here, the information vectors u1(i, j), u2(i, j) and the codewords v1(i, j), v2(i, j) of

Co and Ci, respectively, are the same as in BC(1)sys (see expressions (8), (9) and (10)). Also,
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Co
[m, k]

Ci
(n− k,m− k, δ)

� � �

�

�

u1(i, j) Pou
1(i, j) y2(i, j)

Pou
1(i, j)

u1(i, j)

Figure 4: Concatenated code BC(2)sys

the state vector x(i, j) and the information vector u(i, j) of BC(2)sys are the same as in BC(1)sys

(see expression (5) and the comments before Theorem 2). But in the 2D concatenated code

BC(2)sys, the parity vector y(i, j) and the codeword v(i, j) are given by

y(i, j) =

(
y2(i, j)

Pou
1(i, j)

)
and v(i, j) =

(
y(i, j)
u(i, j)

)
=

⎛⎝ y2(i, j)
Pou

1(i, j)
u1(i, j)

⎞⎠ . (15)

So, an input-state-output representation of the 2D concatenated code BC(2)sys is given by
the following theorem.

Theorem 4: Let Co be an [m, k]-code with generator matrix in systematic form Go =

(
Ik
Po

)
and let Ci(A(2)

1 , A
(2)
2 , B

(2)
1 , B

(2)
2 , C(2), D(2)) be an (n − k,m − k, δ)-2D convolutional code.

Then an input-state-output representation for the rate k/n 2D concatenated convolutional

code BC(2)sys is given by system (1), with

A1 = A
(2)
1 , A2 = A

(2)
2 , B1 = B

(2)
1 Po, B2 = B

(2)
2 Po

C =

(
C2

O

)
, D =

(
D2Po

Po

)
.

(16)
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	� d(x, y) ≥ 0,
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(ε(f))c = δ(f c),
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f ≤ g ⇒

⎧⎪⎨⎪⎩
ε(f) ≤ ε(g),

δ(f) ≤ δ(g).

� ���
�	�	�	��� �� ��	 
� ������� ��	 ������ ������� �� 	��	����	 ��� 	���� �����
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0 ∈ B ⇒

⎧⎪⎨⎪⎩
ε(f) ≤ f,

f ≤ δ(f).

� �������	�	��� 
� ��� �	 �����	� ��� ��	�	�� ����� ��� ������� ��� �	 �����	� ��

������	������ 	����� ��� ��������

B = δB1(B2) ⇒

⎧⎪⎨⎪⎩
εB(f) = εB1(εB2(f)),

δB(f) = δB1(δB2(f)).

��������� 	
 	�� 
������ ��� �
����� 	�� ���	 ��
���	��� ��� ��	������

����������� 	  �	���� ��� ������ �	����� ������� ��	 ���!��� ���	���	��

" �
�����	
�� �� �� ����������!��� �� �	���� ��� �����	 ��	 �������� � ����	�����

���������

� ���
�	�	�	���  �	���� �� �����	��	����	� ������ �� 	��	����	�

� ��������
��� #��� �	���� ��� ������ ��	 ��	���	���

� �������	���

���� ����� ������� 	�� ��
���	��� ��	����� �� � ��� ������ 
� �
���
�
���� 
����	
�� �
�


�
� ������� ����� ��
���	��� ��� �������� �� 
���� 	
 ��
�� �
�� 
� 	�� �
�	 ���
�	��	

��
����� ����	�� 	
 
�
� ����� ��
������� ��� �� 	�� ����� 
�
� ��
����� �� ��	���

�
��� �� ���� 	�� �	��� �
�� ��������� ��
���	��� ���
���� �� 	
 ����� ��������	 
�
�

��������	�	�
�� 	
 
�	��� 	�� ���	 ����
����� �� ������� 	�����


������������

��� ������� �� 	��� ����� ��� ���� ����
�	�� �� ���	 �� ����	 �� !"#$��"%&'($ )*)(+$,-

�	� ������� ����
�	 �� ���	������ ���
��������

�©����� ����� 	
��������������670



�������� �� ���

����������

��� �� ������� ����������	
� 	���� ����
��� �� ���
��� ������� �
���	� �
�� �� ���
�	��

�����	
���� �� ��
�� ��������� ���
�	����� 
�� 
�
���� ����	
�� ����� ��� �����
������ ������ ���	��
�

�� �� ������	
 �� ����� �� ������	
������ �
��
��	 �� �������
���� �����������
��
����	�� ������� ����������� ������� ����� ������ ���	����

�� �� � �	��� ���������� ������	 ��� ������	 ���
������ �� ����� ����������� ��
�
����	�� �� �����������  �!�"��� ��! #��"����� ���$� ��! #��%�" &��'������ �'
�(� )���( #*������ +%,,� ��'��*����� ���������� -������� ������!���� �' �-� #.
)#+��-/�$� 0���� ���	����

�
 �� ������ ������� ��� ���������� ��
 ����� ����������� ��
����	� ��� 	���
�� ��
�
�� ����� �
������ ��� ���������� +%,,� -��� ��! -����*� ������� ������ ��$�	��1��

�$ �� �����
 �� �	���� ����� ����������� ��
����	���� � �����
����� ������ ���.
���� ����������� �	��� ����$� ��
�	�����

�1 �� ������� ����
 �� ��	 � �	 !��
 "� ��!��#$�!�%��� ����� ��
����	�
���� ���
���
� �� ���	� �
�������	�  ��(2��� 3 -�'� &�*0%���� ����� ������ �$	����

�� "� $�!�%��
 "� &��'�� ��	���� ���	� �
�������	� #!!����.4���"� �%5"��(���
&�*0���� ���1�

�� �� �	()��
 *� +�	!������ ��������	 ����������� ��
����	� �� ����
 ���	�
�
�������	� �� &6��/��.��� ������������" &��'������ �� &�"�� �� 6��0(��� ��! �*����
0���� �$�	�1�� �����

�� $� �	����!�  ����� ���� ��� ����	
�� 	�����
�� 7�(� 4�"�� 3 -��� ���� )�2 8��9�
���$�

��� +� "�!�� !� ����������� ��
����	� ����� �������� ��������� -����" 0���������
����� ������ ���	�$
�

��� *� ���	� ���	� �������� ��� ����������� ��
����	� "#��� �$� #��!�*�� ������ ���.
!��� �����

��� *� ���	� ���	� �������� ��� ����������� ��
����	� "#��� ��$� #��!�*�� ������
���!��� �����

��� *�*� �	! ' $��!'
 *��� "��'�!,� %
��������
���� ����
 ��
����	� &���� ��
�
����� �::: ;����������� �� �*��� ���������� ����� ����
� ���1	�����

�©����� ����� 	
��������������671



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Tensor Rank Decomposition of the Coulomb Integrals

Felix Hummel1 and Andreas Grüneis1

1 Solid State Research, Max-Planck Institute, Stuttgart, Germany

emails: f.hummel@fkf.mpg.de, a.grueneis@fkf.mpg.de

Abstract

Coupled Cluster methods employ the Coulomb integrals, a tensor of fourth order,
for approximating the electronic correlation energy. Its memory footprint scales like
O(N4), which often poses the bottleneck of Coupled Cluster methods.

We study a decomposition of the Coulomb integrals into a tensor contraction of six
matrices of which only two are distinct. We find that the Coulomb integrals of insulators
as well as of metals can be well approximated in this form already with small matrices
compared to the number of real space grid points. The matrices can be computed in
O(N4) using a regularized form of the Alternating Least Squares (ALS) algorithm.

The studied factorization of the Coulomb integrals can be exploited to reduce the
computational costs of the Distinguishable Cluster Singles Doubles (DCSD) method to
O(N5).

Key words: tensor rank decomposition canonical-polyadic-decomposition cpd
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Abstract

Experimentally known gold compounds were analyzed with respect to their bonding
situation by the means of the density functional theory (DFT). Several quantum chem-
ical tools were used for this investigation: The Quantum Theory of Atoms in Molecule
(QTAIM), Energy Decomposition Analysis with Natural Orbitals for Chemical Valence
(EDA-NOCV) and the analysis of Frontier Molecular Orbitals (FMO).
The bonding situation of the icosahedral gold cage compounds [M(AuPH3)11AuCl]3+

(M = Pt, Pd, Ni) is a cross between a metallic cluster and complex-like interactions of
the ligands with the central atom.
An unusual bonding situation is present in the Au(0) complex (cAAC)→Au←(cAAC)
(cAAC = Cyclic (alkyl) (amino) carbene): The gold atom possesses an unpaired elec-
tron which is delocalized over the p(π) AOs of the carbene ligands and the p orbital
of Au. Through EDA-NOCV analyses, the strongest interaction between the Au and
(cAAC) ligands could be identified as the donation of the unpaired p electron of the Au
to the (cAAC) ligands, meaning that gold is acting as a strong donor in this system.

Key words: Gold, Au(0), Interstitial Clusters, Complexes, Bonding Analysis, Energy
Decomposition Analysis (EDA-NOCV)

1 Introduction

Some transition metal clusters can not be synthesized without the stabilizing effect of an
interstitial atom in the center of the cage.[1, 2] Besides the attractive interactions of the
metal atoms within the cage, the interactions between the enclosed central atom and the
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metallic cage have to be considered as well. In such cases, the bonding situation is not eas-
ily describable with a single model and the systems need to be viewed as metallic clusters
and transition metal complex compounds simultaneously. The experimentally accessible
compounds [M(AuPH3)11AuCl]3+ (M = Pt, Pd, Ni) are examples for such systems.[3] They
fulfill the 18 valence electron (VE) rule for stable transition metal complexes, but at the
same time can be understood as stable gold clusters with 8 cluster valence electrons (CVE)
in a 1S21P6 superatom configuration.[4]

Figure 1: Left: General structure of the interstitial gold cage com-
pounds [M(AuPH3)11AuCl]3+. Right: M06/SVP optimized structures of
(cAAC)→Au/Ag/Cu←(cAAC).

On the other hand, it is possible to reduce the number of cluster atoms and arrive
at the ligand stabilized complex (cAAC)→Au←(cAAC) (cAAC = Cyclic (alkyl) (amino)
carbene).[5, 6] This system has the gold atom in an oxidation state of 0 and can there-
fore be described as the “smallest piece of gold”. A comparison with the homologues
(cAAC)→Cu←(cAAC)[7] and the hypothetical (cAAC)→Ag←(cAAC) shows the signifi-
cance of relativistic effects for the stability of the gold complex.

c©CMMSE ISBN: 978-84-608-6082-2674



Paul Jerabek

Acknowledgements

This work was supported by the Deutsche Forschungsgemeinschaft (DFG).

References
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Luis Ignacio Jiménez1, Javier Plaza1 and Antonio Plaza1

1 Hyperspectral Computing Laboratory, Department of Computer Technology and
Communications, University of Extremadura

emails: luijimenez@unex.es, jplaza@unex.es, aplaza@unex.es

Abstract

Morphological building index (MBI) and morphological shadow index (MSI) are re-
cently developed techniques that aim at automatically detect buildings/shadows using
high resolution remotely sensed imagery. Traditional mathematical morphology oper-
ations are usually time-consuming as they are based in the consideration of a wide
range of image-object properties such as brightness, contrast, shapes, sizes and in the
application of series of repeated transformations (e.g. classical opening and closing op-
erators). In the case of MBI and MSI, the computational complexity is also increased
due to the use of multiscale and multidirectional morphological operators. In this pa-
per, we provide a computationally efficient implementation of MBI and MSI algorithms
which is specifically developed for commodity graphic processing units (GPUs) using
Nvidia CUDA. We perform the evaluation of the parallel version of the algorithms us-
ing two different NVidia architectures and three widely used hyperspectral datasets.
Experimental results show that the computational burden introduced when consider-
ing multidirectional morphological operators can be almost completely removed by the
developed implementations.

Key words: mathematical morphology, high resolution, remotely sensed imagery,
graphic processing units (GPUs).

1 Introduction

The efficient and precise location/identification of buildings is an increasingly important
task for a great part of the most developed countries of the world, as it provides crucial
information for population estimation and territorial planning [1]. This is possible due to the
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availability of high-resolution Earth Observation (EO) instruments that now provide almost
complete spatial information about the surface of the Earth that can be efficiently used to
complement available spectral information [2]. This allows for an increase in the separability
of spectrally similar classes. With this purpose, several sophisticated (supervised or semi-
supervised) segmentation techniques have been developed for building extraction [3, 4, 5].

Recently, most efforts have been focused on the generation of a feature index that can
be applied to building detection without the need for training data or complex segmentation
processes. The morphological building/shadow index has been recently proposed with this
aim [6]. The main idea of MBI is to relate the implicit characteristics of buildings (e.g.
brightness, size and contrast) with morphological operators (e.g. top-hat reconstruction,
granulometry and directionality).

As mentioned before, while integrated spatial/spectral developments hold great promise
for Earth science image analysis, they clearly introduce new processing challenges that,
combined with the complex and large size of EO datasets, limits the possibility of utilizing
those algorithms in time-critical applications [7, 8]. Particularly, the use of multiscale and
multidirectional morphological operators introduces a significant computational burden in
MBI algorithm [9] which can be alleviated if parallel implementations are developed.

Even though EO data processing algorithms map nicely to clusters and heterogeneous
networks [10, 11], these systems are generally expensive and difficult to adapt to on-board
data processing scenarios, in which low-weight and low-power integrated components are
essential to reduce mission payload where field programmable gate arrays (FPGAs) and
graphic processing units (GPUs) can further provide a response in (near) real time, which
is believed to be acceptable in many remote sensing applications [12]. In this paper we
present the first GPU-based parallel implementation of the MBI/MSI algorithm for EO
data exploitation using the NVidia CUDA framework.

The remainder of the paper is organized as follows. Section II describes the original
implementation of MBI and MSI algorithms and our proposed C implementation (optimized
for memory usage). Section III briefly introduces GPU architectures and the NVidia CUDA
framework, and further describes the newly proposed GPU implementation for MBI and
MSI algorithms. Section IV evaluates the proposed GPU implementations in terms of
building/shadow detection accuracy and computational performance. Section V concludes
this paper with some remarks and hints at plausible future research lines.

2 Morphological Building/Shadow Index

Morphological building/shadow index is based on the construction of a relationship between
the implicit characteristics of buildings (e.g. brightness, size and contrast) with morpholog-
ical operators (e.g. top-hat reconstruction, granulometry and directionality). Some of the
basics of this relationship are introduced below.
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• Brightness. We can define the brightness of a pixel as the maximum value of the
pixel at all the contained spectral bands. Building areas are characterized by high
brightness scores while shadow areas brightness should be smaller due to their low
spectral reflectance. White/black top-hat transformation will be used to point out
bright/dark structures with a determined size in order to identify buildings/shadows.

• Contrast. Building areas are generally characterized by their high contrast, due to
the difference between the spectral reflectance values of roof and spatially adjacent
shadows. The case of shadows is exactly the opposite (high contrast between shadows
and the neighboring areas) The MBI algorithm is able to characterize the local contrast
of buildings extracting the differential morphological profiles (DMP) of the white top-
hat transformed data. MSI algorithm relies on the extraction of the DMP over the
black top-hat transformed data.

• Shape. The most widely adopted shape descriptor for building areas is the rectangle.
Therefore, the length-width ratio can be used to filter out structures with similar
spectral response.

• Size and directionality. In order to assist with the removal of spectrally similar struc-
tures, a series of linear structuring elements (SEs), designed to measure the size and
directionality of structures, is implemented in both MBI and MSI.

Based on the above concepts, we can describe the steps of the MBI algorithm as follows
(the main differences betwee MSI and MBI are also highlighted):

1. Calculation of the brightness. Using all the spectral bands of the considered image,
we select the brightest component of each pixel as follows:

b(x) = max
1<=k<=K

bandk(x), (1)

where x is the pixel, K is the number of components of the pixel’s spectral signature,
and bandk(x) is the pixel value in the k -th band.

2. The white top-hat by reconstruction for MBI and the black top-hat by reconstruction
for MSI (2). White top-hat is then computed to highlight bright structures:

W − TH(d, s) = b− γreb (d, s), (2)

while the black top-hat aims at highlighting dark structures:

B − TH(d, s) = ϕre
b (d, s)− b, (3)

where γreb represents the opening by reconstruction, ϕre
b represents the closing by

reconstruction, and d denotes the size and directionality of the linear SE.

c©CMMSE ISBN: 978-84-608-6082-2678



Morphological Building/Shadow Index for GPUs

3. The morphological profiles (MPs) of the white top-hat are now defined as:{
MPW−TH(d, s) = W − TH(d, s)
MPW−TH(d, 0) = b

(4)

4. To complete the calculation of the MBI and MSI we need to define the differential
morphological profiles (DMP) as:

DMPW−TH(d, s) = |MPW−TH(d, s+Δs)−MPW−TH(d, s)|, (5)

DMPB−TH(d, s) = |MPB−TH(d, s+Δs)−MPB−TH(d, s)|, (6)

where Δs is the interval of the profiles between and smin <= s <= smax.

5. The MBI and MSI are defined as the average of the DMP of the white top-hat and
the black top-hat, respectively:

MBI =

∑
DMPW−TH(d, s)

D ∗ S , (7)

MSI =

∑
DMPB−TH(d, s)

D ∗ S , (8)

where D is the number of the directions applied to the linear SE and S = ((smax −
smin)/Δs) + 1. Buildinds and shadows are respectively represented by larger values
in each index.

Algorithm 1 provides a pseudode description of the original MBI/MSI algorithm im-
plemented in Matlab. When calculating the black top-hat and white top-hat, it should be
noticed that opening and closing by reconstruction morphological operations are comple-
mentary.

For the C version we introduce some changes in order to optimize the code to the new
language (specially focusing on the memory management). In the Matlab version, iteration
t partially repeats operations from the previous iteration (t− 1) oriented to the white top-
hat and black top-hat creation, while in the C implementation, we preserve the operations
already executed in previous iterations due to the absence of memory restrictions. Besides,
we eliminate the creation of the linear SE by applying the direction of it to the erosion
morphological operator. The resulting pseudocode of the C implementation is provded in
Algorithms 2 and 3. Using this latest version as a reference, we have developed a CUDA
version that implements each step as a CUDA kernel. This version is described in the
following section.
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Algorithm 1 Pseudocode of Morphologic Building Index and Morphologic Shadow
Index in Matlab code

image = ReadImage
img = CalculationBrightest/DarkestScene(image)
for s = smin:Δs:smax

for dir = 1 :1 :D
se = CreateStructureElement(dir)
a = W-TH(se,s,img) / B-TH(se,s,imgC )
b = W-TH(se,s+Δs,img) / B-TH(se,s+Δs,imgC )
DMP(dir) = b - a

end
end
DMP = DMP/(D*S)
MBI/MSI =

∑
DMP(dir)

Scale(MBI,0,1)

3 Parallel Implementation

GPUs can be understood in terms of a stream model, under which all data sets are repre-
sented as streams (i.e., ordered data sets), and each of them is processed by a multiprocessor,
which means that a GPU also can be seen as a set of multiprocessors (MPs). Each multi-
processor is characterized by a single instruction multiple data (SIMD) architecture. Each
processor has access to a local shared memory and also to local cache memories in the
multiprocessor, while the multiprocessors have access to the global GPU (device)memory.
Algorithms are constructed by chaining so-called kernels which operate on entire streams
and are executed by a multiprocessor, taking one or more streams as inputs and producing
one or more streams as outputs. The kernels can perform a kind of batch processing ar-
ranged in the form of a grid of blocks, where each block is composed by several threads which
share data efficiently through the shared local memory and synchronize their execution for
coordinating accesses to memory. As a result, there are different levels of memory in the
GPU for the thread, block and grid concepts. There is also a maximum number of threads
that a block can contain but the number of threads that can be concurrently executed is
much larger (several blocks executed by the same kernel can be managed concurrently, at
the expense of reducing the cooperation between threads since the threads in different blocks
of the same grid cannot synchronize with the other threads). Our GPU implementation of
MBI is based in the following kernels.

BrightnessImage: this kernel implements the first step of MBI and MSI algorithm,
where the brightness is calculated according to equation 1. In the case of MSI, a final
step to complement the returned structure is performed. The number of threads is set to
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Algorithm 2 Pseudocode of Morphologic Building Index in C code

image = ReadImage
img = CalculationBrightestScene(image)
for s = smin:Δs:smax

for dir = 1 :1 :D
erode=Erosion(dir, img)
recon=Reconstruction(erode,img)
wth1(dir) = img - recon
if(s != smin)

DMPWTH(dir) += (wth2(dir)-wth1(dir))
else

DMPWTH(dir) = 0
wth2(dir) = wth1(dir)

end
end
MBI =

∑
DMPWTH(dir)

Scale(MBI,0,1)

the maximum allowed by the device and the number of blocks equals the number of pixels
divided by the number of threads.

ErodeOperator : the morphological erosion operator is implemented using different ker-
nels depending on the direction of the linear SE being applied. The original work explains
that the number of directions is set to four (NE, N, NW and W) because changing to an
eight-connected neighborhood resulted in a similar outcome with a significant computational
time increase. As result, one kernel computes the erosion for the four directions storing the
erode images consecutively in memory. This kernel uses a two-dimensional grid setting the
x-dimension to the number of lines and the y-dimension to the number of samples both
divided by the block size for each dimension, which is the same making a square block of
size 32.

Reconstruction: this step performs the morphological reconstruction using two kernels
that performs the raster scan (x forward) and the antiraster scan (x backward) of the four
directions erode images; x forward finds the maximum value within the NE, N, NW, W
neighbors and the origin pixel from the top-left to the bottom-right of the image; and
x backward computes the maximum value within the E, SE, S, SW neighbors and the origin
pixel from the bottom-right to the top-left of the image. The same way as the erosion
kernel, the reconstruction is performed for the four directions considered in the same call.
Both kernels set the number of block to the number of samples divided by a number of
threads empirically set to 32, in order to maintain a balance between blocks and threads.
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Algorithm 3 Pseudocode of Morphologic Shadow Index in C code

image = ReadImage
img = CalculationDarkestScene(image)
for s = smin:Δs:smax

for dir = 1 :1 :D
erode=Erosion(dir, img)
recon=Reconstruction(erode,img)
wth1(dir) = recon - img
if(s != smin)

DMPWTH(dir) += (wth2(dir)-wth1(dir))
else

DMPWTH(dir) = 0
wth2(dir) = wth1(dir)

end
end
MBI =

∑
DMPWTH(dir)

Scale(MSI,0,1)

Substraction: this stage computes, in one kernel called substract, the difference between
consecutive iterations reconstructed images, acumulating the results to perform the aver-
age in a subsequent step. Once the iterave process is finished, other kernel performs the
averaging of the results based in the number of iterations between the minimum,smin, and
maximum, smax, structure size values used.

4 Experimental validation

4.1 Hyperspectral data and hardware architectures

Our experiments have been carried out using three different hyperspectral images. The first
considered hyperspectral image is the well-known Pavia University hyperspectral dataset
(Figure 1a), acquired by the ROSIS optical sensor during a flight campaign over the urban
area of the University of Pavia, Pavia, Italy. The original Pavia University dataset consists
on 610 × 340pixels, with high spatial resolution of 1.3 m per pixel. The number of data
channels in the acquired image is 103 (with the spectral range from 0.43 to 0.86 μm). Nine
thematic land-cover classes are available, from which we select metal sheets, self-blocking
bricks and bitumen to generate the class building (see Figure 1b). In addition, a shadow
class is also provided in the ground-truth information (see Figure 1c).

The second hyperspectral dataset used was acquired by the NSF-funded Center for Air-
borne Laser Mapping (NCALM) over the University of Houston campus and its neighboring
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(a) Pavia University image (b) Building ground-truth (c) Shadow ground-truth

Figure 1: Pavia University hyperspectral dataset. (a) False color composition of the Pavia
University image. (b) Reference spatial distribution of the buildings. (c) Reference spatial
distribution of the shadow class.

area. This hyperspectral data has 144 spectral bands in the 380-1050 nm spectral region
and spatial resolution of 2.5 m. The image size in pixels is 349 × 1905. Figure 2a shows
a false color composite of the image. Ground-truth information is available as 15 different
land-cover classes. The building groud-truth has been generated by the fusion of residential
and commercial original land-cover classes.

The last hyperspectral image scene used for experiments in this work was collected by
the AVIRIS sensor, which was flown by NASAs Jet Propulsion Laboratory over the World
Trade Center area in New York City on 16 September 2001, just 5 days after the terrorist
attacks that collapsed the two main towers and other buildings in the WTC complex.
The selected subset consists of 500 × 1600pixels, 224 spectral bands, and a total size of
(approximately). The spatial resolution is 1.7 m/pixel. Extensive reference information,
collected by U.S. Geological Survey (USGS), is available for the WTC scene.

We have used two different computer architectures for the experimental validation of
the proposed approaches: a compute cluster with 44 NVidia TESLA S2070 GPU nodes (2
M2075 per node), each with an Intel Xeon CPU E5645 at 2.40 GHz and a total of 24 GB
of RAM, divided in 12 modules of 2 GB each (hereinafter Architecture 1) and a desktop
computer (Intel i7 920 CPU at 2.67 GHz and 6 GB of RAM) with an NVidia GTX 580 GPU
equipped with 512 processor cores operating at 1.54 GHz and 1536 MB of RAM memory
(hereinafter Architecture 2).

1http://www.ceta-ciemat.es
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(a) Houston campus image

(b) Building ground-truth

Figure 2: Houston campus hyperspectral dataset. (a) False color composition of the Houston
campus image. (b) Reference spatial distribution of the buildings.

(a) World Trade Center image

(b) Building Index

(c) Shadow Index

Figure 3: False color composition of the World Trade Center hyperspectral dataset acquired
by the AVIRIS instrument.
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4.2 Analysis of algorithm precision

In this section we will focus on analyzing the parallel MBI and MSI implementations using
the two datasets with groud-truth information about building and shadows. Particularly,
Table 1 shows results based on the generation of a binary image applying different threshold
values (th1 = 1/255, th2 = 50/255, th3 = 100/255, th4 = 150/255 and th5 = 200/255) over
the MBI and MSI estimation images over Pavia University and Houston datasets (we remove
all the pixels with a value below the thereshold, considering the range of 0 to 255 based
on the original RGB algorithms scale). Then, we calculate the MBI/MSI values (being 100
the best case and 0 the worst) by comparing the each thresholded image with the ground-
truth. It can be seen that the results obtained by the CPU and GPU implementations
are almost the same (the slight differences are due to the removal of the queue structure,
which seems to benefit the parallel implementations). It should be noticed that no ground-
truth information is available for the shadow class in the Houston dataset and, therefore,
no precision results can be shown for this particular case.

Pavia Univ. (610× 340) Houston Univ. (349× 1905)

Algorithm Implementation th1 th2 th3 th4 th5 th1 th2 th3 th4 th5

MBI
CPU 100 18,79 10,68 2.61 0 100 5.85 4.10 1.31 0
GPU 100 18,24 10,45 2,84 0 100 6,68 4.57 1,79 0

MSI
CPU 100 97.36 47.94 19.64 3.69 – – – – –
GPU 100 97,99 50,05 18,80 6.44 – – – – –

Table 1: Mean execution time (in seconds) for the CPU and GPU implementations along
with the obtained speedup after 10 Monte-Carlo runs over each of the considered architec-
tures over the two processed hyperspectral datasets with available groundtruth.

4.3 Analysis of parallel performance

Table 2 shows the obtained speedups in the two considered architectures for the three
selected scenes. The results obtained by the Architecture 2 are better due to the fact
that the NVidia TESLA S2070 includes error checking and correction (NVidia GTX 580
does not include this characteristic) that guarantees more stable results at the expense of
a slightly reduced performance. The time taken by data transfers between the CPU and
the GPU is included in the execution times. As it can be seen, speedups around ×5 can be
achieved when considering the two large datasets. It is important to emphasize that parallel
implementation is able to overlap the processing of the four considered directions, thus
providing a significant performance improvement with regards to the serial implementation.
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L.I. Jiménez, J. Plaza, A. Plaza

Pavia Univ. (610× 340) Houston Univ. (349× 1905) WTC (500× 1600)

Hardware CPU time GPU time Speedup CPU time GPU time Speedup CPU time GPU time Speedup

MBI
Architec. 1 0.794 0.508 x1.563 2.735 0.608 x4.498 3.850 0.886 x4.345
Architec. 2 0.695 0.426 x1.632 2.575 0.496 x5.188 3.537 0.708 x4.995

MSI
Architec. 1 0.809 0.503 x1.608 2.792 0.605 x4.615 3.920 0.892 x4.395
Architec. 2 0.699 0.427 x1.639 2.625 0.494 x5.314 3.556 0.704 x5.050

Table 2: Mean execution time (in seconds) for the CPU and GPU implementations of
MBI and MSI along with the obtained speedup after 10 Monte-Carlo runs over each of the
considered architectures over the three considered hyperspectral datasets.

5 Conclusions and future reserch lines

In this paper we have presented a GPU implementation of MBI/MSI algorithms for build-
ing/shadow detection in high resolution remote sensing images. The implementation are
based in optimized implementations developed in C, which reduce the amount of mem-
ory required. In addition, an efficient raster image processing scheme is implemented on
the GPU. As a result, we achieve independence between the execution time of the paral-
lel implementation and the number of considered directions when applying the MBI/MSI
multidirectional morphological operators. In our experiments, four different directions have
being processed simultaneously in the GPU implementation, achieving speedups over ×5
for some of the considered images. Future research lines will focus on improving both the
accuracy and the computational performance of the proposed approaches. We will also
explore the use of FPGAs as a specialized device with low power consumption and onboard
processing capabilities in order to accelerate the MBI/MSI algorithms.
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Abstract

Spectral unmixing pursues the identification of spectrally pure constituents, called
endmembers, and their corresponding abundances in each pixel of a hyperspectral im-
age. Most unmixing techniques have focused on the exploitation of spectral information
alone. Recently, some techniques have been developed to take advantage of the com-
plementary information provided by the spatial correlation of the pixels in the image.
Computational complexity represents a major problem in these spatial-spectral tech-
niques, as hyperspectral images contain very rich information in both the spatial and
the spectral domains. In this letter, we develop a computationally efficient implementa-
tion of a spatial-spectral processing (SSPP) algorithm that has been successfully applied
prior to spectral unmixing of hyperspectral data. Our implementation has been opti-
mized for multi-core processors, and is evaluated (using both synthetic and real data)
using an 2×Intel Xeon processor E5-2670 at 2.60GHz. Significant speedups can be
achieved when processing hyperspectral images of different sizes. This allows for the
inclusion of the proposed parallel preprocessing module in a full hyperspectral unmixing
chain able to operate in real time.

Key words: Hyperspectral unmixing, spatial-spectral preprocessing (SSPP), OpenMP,
multi-core processors.
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1 Introduction

In hyperspectral unmixing, endmember extraction is the process of collecting pure signature
spectra of the materials present in a remotely sensed hyperspectral scene. These pure
signatures are then used to decompose the scene into a set of so-called abundance fractions
representing the coverage of each endmember in each image pixel.

Several algorithms have been developed for automatic or semi-automatic identification
of endmembers over the last decade [1] which majority have been developed under the pure
pixel assumption, i.e., they assume that the remotely sensed data contain one pure obser-
vation for each different material in the scene [2]. Most of these algorithms rely exclusively
on the exploitation of spectral information in order to select the final set of endmembers.

In order to include also the spatial information, several spatial preprocessing algorithms
have been developed that can be applied prior to any spectral-based endmember extraction
technique. Techniques include the spatial preprocessing (SPP) [3], region-based spatial pre-
processing (RBSPP) [4], and spatial-spectral preprocessing (SSPP) [5]. The goal of these
preprocessing methods is to guide the search for endmembers using not only spectral but
also spatial information, which greatly assists in the selection of more spatially representa-
tive endmembers without the need to modify the endmember identification algorithm (the
preprocessing can be applied as an optional step). As consequence, the spatial prepro-
cessing increase the computational cost to the full spectral unmixing chainmaking efficient
implementations for spatial preprocessing techniques an important goal.

In this work, we present a new parallel implementation of the SSPP algorithm, which
has been shown as one of the most successful spatial preprocessing techniques available
in the literature [5]. Our implementation has been developed for multi-core architectures
where real and synthetic scenes are used to validate the efficacy of the implementation.

The remainder of this manuscript is organized as follows. Section 2 enumerates and
describes the different steps of the SSPP method. Section 3 describes the proposed parallel
implementation for multi-core processors. Section 4 describes the experiments conducted
using real and synthetic data sets intended to evaluate the acceleration achieved by our
parallel implementation. Section 5 concludes the paper with some remarks and hints at
plausible future research lines.

2 Spatial-Spectral Preprocessing

This section briefly outlines the SSPP algorithm in [5]. As shown in the flowchart given in
Fig. 1, the SSPP method consists of the following steps:

Multi-scale Gaussian filtering. This step takes as input the original hyperspectral im-
age Y and returns a filtered version of the image. To perform this step, we first ap-
ply Gaussian filtering to each of the B spectral bands of the hyperspectral image. This
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Spectral purity index 
calculation 

Spectral Clustering 
Multiscale Gaussian 

filtering 

Spatial homogeneity 
calculation 

Fusion of  spatial and 
spectral information 

Figure 1: Block diagram illustrating the spatial-spectral preprocessing (SSPP) method.
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results in a filtered version YF of the original hyperspectral image. Let us denote by
y(i, j) = [y1(i, j), y2(i, j), · · · , yB(i, j)] the B-dimensional pixel vector at spatial coordinates
(i, j) of the hyperspectral image Y, which can now be defined as a set Y = {y(i, j)}i∈1,··· ,r.
Eq. (1) shows the pixel-level operation that we perform for each k-th spectral band of the
hyperspectral image, with 1 ≤ k ≤ B:

Fk[y(i, j)] =
r∑

i′=1

c∑
j′=1

G(i− i′, j − j′) · yk(i′, j′), with G(i′, j′) =
1

2πσ2
e−

i′2+j′2
2σ2 . (1)

Spatial homogeneity calculation. This step takes as input the filtered hyperspectral
image obtained in the previous step and produces a spatial homogeneity index for each
pixel in the original image Y. To perform this step, we first calculate the root mean square
error (RMSE) [6] between the original hyperspectral image and the filtered image. Eq.
(2) indicates the operation to calculate the RMSE between the pixel y(i, j) in the original
image and the pixel at the same spatial coordinates, yF (i, j), in the filtered image:

RMSE[y(i, j),yF (i, j)] =

(
1

B

B∑
k=1

(yk(i, j)− yFk
(i, j))2

) 1
2

. (2)

The lower the RMSE score, the higher the similarity between the pixel in the original
image and its neighbors. Quite opposite, the higher the RMSE, the lower the similarity of
the pixel in the original image with regards to its neighbours. As a result, the RMSE in Eq.
(2) can be used as a spatial homogeneity index for each pixel y(i, j) in the hyperspectral
image Y.

In the spectral purity index calculation step, we first use principal component analysis
(PCA) [7] to reduce the dimensionality of the hyperspectral image, retaining the first p
principal components (PCs) containing most of the variance in the data. Then, we use the
first PCs as the skewers for which we identify the pixels with maxima and minima projection
values, following a procedure similar to the one adopted by the pixel purity index (PPI)
algorithm in [8]. The pixels with maxima and minima projection values are assigned a
weight of 1. The weight of the mean value between the maxima and minima projection
value is 0. A threshold value is also applied so that the weights lower than this threshold
are assigned the value 0. Finally the spectral purity is calculated as the sum of all the
weights over the first p PCs.

In the spectral clustering, we perform a spectral-based unsupervised clustering of the
original hyperspectral image. This step, which is applied separately from the previous steps,
uses the K-Means algorithm [9] in order to identify p clusters in the hyperspectral image.

Fusion of spatial and spectral information is a step that takes as input the spatial
homogeneity index calculated in the second step and the clusters calculated in fourth step,
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and returns a subset of candidate pixels in the original hyperspectral image which will
be used for endmember identification purposes. For each cluster, a subset of spatially
homogeneous and spectrally pure pixels is selected. To do so, pixels in each cluster are
ranked according to increasing values of their spatial homogeneity and spectral purity.

Finally, an endmember extraction algorithm can be applied to the pixels retained after
the procedure above. The outcome of the process is a set of p endmembers and their
corresponding fractional abundance maps (one per endmember).

3 Parallel Implementation

The parallel implementation of SSPP has been developed using OpenMP which is an API
used to explicity address multithreaded, shared-memory parallelism. In OpenMP the users
specify the region in the code that are suitable for parallel implementation using pragmas
and clauses supported in the gnu or Intel compilers. In the following, we briefly summarize
the main techniques used in the multi-core implementation of the considered algorithm:

1. Multi-scale Gaussian filtering. We have developed an optimization where the most
consuming part using the convolution of two 1-dimensional filters is the central part.
This optimization consists on declare a #pragma omp parallel for schedule (static, 32)
where the loop is divided into 32 equal-size chunks and also, an unrolling is developed
to vectorize this central part to calculate the gaussian filtering. We have empirically
tested that, if the size of the secene is largest, this value should be increased.

2. Spatial homogeneity calculation. The RMSE is required to calculate the spatial ho-
mogeneity index for each pixel in the data set. A reduction process for each pixel
is computed where #pragma omp simd is applied to vectorize the reduction whose
main loop is based on each spectral band. Finally, for each pixel we have used a
#pragma omp parallel for to divide the loop iterations between the spawned threads
and compute the square for each pixel in the scene.

3. Spectral purity index calculation. The PCA operation is required to calculate the
spectral purity index. First of all, we need to calculate the normalized image obtained
by substracting the average of all pixels in the scene to each pixel in the original image.
For this purpose, the reduction process is performed using the #pragma omp parallel
for private (mean), where mean is the average of all pixels in the scene and later. For
this calculation, #pragma omp simd is used to vectorize the loop. The same strategy
is applied to substract the mean value to each pixel in the data set. After that, mkl
and lapack are used to compute matrix multiplications to obatin the reduced image.

4. Spectral clustering and fusion of spatial and spectral information. For both steps,
we have not applied any parallel technique to accelerate the process because the
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processing time is lower.

4 Experimental validation

The experiments are carried out using a collection of 24 synthetic hyperspectral images
simulated with different sizes (10000 to 200000 pixels) and number of endmembers (10 to
30). The signatures are obtained from the USGS library and the scenes are generated using
the procedure described in [10] to simulate natural spatial patterns. These images comprise
224 narrow spectral bands between 0.4 to 2.5 μm. On the other hand, we have used the
well-known AVIRIS Cuprite scene, collected by the Airborne Visible Infra-Red Imaging
Specrometer (AVIRIS) in the summer of 1997 and available online in reflectance units after
atmospheric correction. The portion comprises a relatively large area (350 lines by 350
samples and 20-m pixels) and 224 spectral bands between 0.4 to 2.5 μm and a total size of
around 46 MB. Bands 1-3, 105-115, and 150-170 were removed prior to the analysis due to
water absorption and low SNR in those bands prior to the analysis.

In order to evalute the performance, the proposed multi-core implementation has been
tested on the following platform: 2×Intel Xeon processor E5-2670 with 8 cores each, at
2.60 GHz and 32 GB of DDR3 RAM memory. The Figs. 2 and 3 show the processing
times considering different number of endmembers and execution threads. As can be seen,
increasing the number of threads allows a better parallel performance and speedup respect
to our single-threaded optimized implementation. On the other hand, Fig. 4 shows the
execution times obtained for the AVIRIS Cuprite scene.

For illustrative purposes, Table 1 shows the timming results and speedups for each data
set used in the experiments. As shown in Table 1, our data sets could be processed with
significant speedup factor using the Intel Xeon, up to 3 times.

Table 1: Mean execution times (in seconds) and speedups (in the parentheses) for the best
multi-core setting using real and synthetic scenes with different sizes and endmembers.

Image 10 endmembers 20 endmembers 30 endmembers
100×100 - 8 threads 0.0697 (1.68) 0.0697 (1.68) 0.0704 (1.72)
200×100 - 8 threads 0.1136 (1.81) 0.1101 (1.81) 0.1120 (1.82)
300×100 - 8 threads 0.1576 (1.85) 0.1490 (1.93) 0.1483 (1.94)
400×100 - 8 threads 0.1805 (2.02) 0.1830 (1.89) 0.1801 (2.06)
100×500 - 8 threads 0.2112 (2.13) 0.2027 (2.12) 0.2034 (2.07)
200×100 - 8 threads 0.3649 (2.25) 0.3582 (2.22) 0.3591 (2.20)
300×100 - 8 threads 0.5104 (2.26) 0.5028 (2.18) 0.5115 (2.22))
400×100 - 8 threads 0.6494 (2.39) 0.6568 (2.38) 0.6729 (2.39)

AVIRIS Cuprite - threads 0.3579 (2.72) - 19 endmembers
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(a) (b)

(c) (d)

Figure 2: Execution times (seconds) for the multi-core version of the SSPP algorithm,
considering different number of endmembers and sizes: (a) 100×100 pixels. (b) 200×100
pixels. (c) 300×100 pixels. (d) 400×100 pixels.
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(a) (b)

(c) (d)

Figure 3: Execution times (seconds) for the multi-core version of the SSPP algorithm,
considering different number of endmembers and sizes: (a) 100×500 pixels. (b) 200×500
pixels. (c) 300×500 pixels. (d) 400×500 pixels.

Figure 4: Execution times (seconds) for the multi-core version of the SSPP algorithm,
considering the AVIRIS Cuprite scene.
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5 Conclusions

A multi-core implementation of the SSPP algorithm for spectral unmixing has been pro-
posed. The optimized version exploits different strategies using OpenMP: vectorization and
shared memory between threads. The obtained results indicate that significant performance
could be obtained using an Intel Xeon processor E5-2670 platform. Further experimenta-
tion with additional real scenes and a comparison with another programming languages are
desirable in future research developments.
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Abstract

This paper is concerned with the optimal quaternion filtering problem for linear
discrete-time stochastic systems with one-step delayed observations. A recursive algo-
rithm for the widely linear filter is proposed, derived from the augmented state-space
model formed by the quaternion signal and observation together with their involutions.
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1 Introduction

Recently, in many research papers on signal estimation, the problem is approached by
using quaternion domain, thus giving rise to that the optimal linear processing is full-
widely linear, from now on called widely linear (WL). Its main characteristic is that, for
the estimation, it is used not only the quaternion vector but also its three involutions,
allows us to obtain considerable improvement over the conventional optimal processing.
Several estimation algorithms has been newly developed under a WL processing. We will
mention the research papers [?]-[?], in which adaptive filters are obtained, or [?], in which a
Kalman filtering algorithm is proposed by using quaternion algebra, or [?]-[?], in which the
estimation problem is approached under the semi-widely linear (SWL) processing, consisting
of the use of the quaternion Cη-properness. Notice that none of the above WL or SWL
solutions incorporate delayed observations.

In the last years, since its application to real situations, there has also been a prolifera-
tion of research papers approaching signal estimation problems from observations which can
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be updated or delayed at each instant of time (see, for example, [?],[?] and the references
therein). All the references before consider real signal and delayed observations, but in this
paper, we propose a recursive filtering algorithm to obtain the WL signal estimator from
observations updated or one-step delayed at each instant of time in quaternion domain.

2 Problem statement

All the random variables in this paper are assumed of zero-mean. Let xn ∈ H be a quaternion
state, given by xn = xn,r + ηxn,η + η′xn,η′ + η′′xn,η′′ , where xn,r, xn,i, xn,j and xn,k are real
random signals and {1, η, η′, η′′} is a quaternion orthogonal basis. It verifies this equation:

xn = fnxn−1 + gnx
η
n−1 + hnx

η′
n−1 + enx

η′′
n−1 + wn−1, n ≥ 1 (1)

where fn, gn, hn, en are deterministic and wn is a quaternion white noise. Similarly, assume
that the real quaternion observations z̃n ∈ H satisfy the following equation:

z̃n = xn + vn, n ≥ 1 (2)

where vn a quaternion white noise. Let us also consider that, at each instant of time, every
quaternion component of the available observation can coincide with the corresponding
component of the real observation at this time (updated) or be delayed one sampling period.
To model this situation, let us consider the following observation equation

zn = (1− γn) � z̃n + γn � z̃n−1, n ≥ 2 (3)

where γn ∈ H with components γn,l, for l = r, η, η′, η′′ which are independent Bernoulli
random variables with parameters pn,l, and � denotes the product � between two quater-
nions xn, ym ∈ H, defined as xn � ym := xn,rym,r + ηxn,ηym,η + η′xn,η′ym,η′ + η′′xn,η′′ym,η′′ .
Observation equation (??) ensures that the first available observation is updated (z1 = z̃1),
and from the second one, their quaternion components can be updated or delayed one time.

From this model, our aim is to obtain recursive algorithms for calculating the WL filter
of the signal xn from the observations {z1, . . . , zn}, denoted by x̂WL

n/n. For this purpose, we
first derive the augmented WL system containing the state and the observations, together
with their involutions. Taking into account the properties of the quaternion involutions,
from (??) the following augmented state equation is obtained:

x̄n = Fnx̄n−1 + w̄n−1 (4)

where x̄n =
[
xn, x

η
n, x

η′
n , x

η′′
n

]T
, w̄n =

[
wn, w

η
n, w

η′
n , wη′′

n

]T
(T denotes the transpose vector)

and

Fn =

⎡⎢⎢⎢⎣
fn gn hn en
gηn fη

n eηn hηn

hη
′

n eη
′

n fη′
n gη

′
n

eη
′′

n hη
′′

n gη
′′

n fη′′
n

⎤⎥⎥⎥⎦
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Between the augmented vector of xn and the real vector xr
n = [xn,r, xn,η, xn,η′ , xn,η′′ ]

T

can be established the following relation x̄n = Axr
n, where

A =

⎡⎢⎢⎣
1 η η′ η′′

1 η −η′ −η′′
1 −η η′ −η′′
1 −η −η′ η′′

⎤⎥⎥⎦
with AHA = 4I4 (H denotes the Hermitian vector and In the n× n identity matrix).

Additionally, we denote the covariance matrix of the initial state vector x̄0 by P0, and
we assume that w̄n is a quaternion white noise vector with E

[
w̄nw̄

H
n

]
= Qn.

Similarly, from (??), (??), the augmented observation equation can be written as

z̄n = (I4 − Γn) ¯̃zn + Γn
¯̃zn−1, n ≥ 2; z̄1 = ¯̃z1

¯̃zn = z̄n + v̄n
(5)

where Γn = 1
4Adiag(γr

n)AH , with diag(·) denoting a diagonal matrix with the elements
specified on the main diagonal.

Moreover, we assume that v̄n is a quaternion white noise vector with E
[
v̄nv̄

H
n

]
= Rn

and also that x̄n, w̄n, v̄n and Γn, are mutually independent.

3 WL filtering algorithm

For the system (??)-(??), the WL filter is obtained as x̂WL
n/n = [1, 0, 0, 0]ˆ̄xn/n, where ˆ̄xn/n is

calculated as
ˆ̄xn/n = Fn ˆ̄xn−1/n−1 + Sx̄

n,nΩ
−1
n νn, n ≥ 2

ˆ̄x1/1 =
(
F1P0F

H
1 +Q0

)
Ω−1

1 z̄1

νn vectors are given by

νn = z̄n − ((I4 −Πn)Fn +Πn) ˆ̄xn−1/n−1 −Πn (I4 −Πn−1)Rn−1Ω
−1
n−1νn−1, n ≥ 2

ν1 = z̄1

with Πn =
1

4
Adiag(E[γr

n)]AH , for n ≥ 1, and Ωn is of the form

Ωn = Adiag
(
var (γr

n) ◦
(
E
[(
xr
n − xr

n−1

) (
xr
n − xr

n−1

)H]
+ E

[
vr
nv

rH
n

]))AH

+((I4 −Πn)Fn +Πn)P
x̄x̄
n−1,n−1/n−1 ((I4 −Πn)Fn +Πn)

H

+(I4 −Πn) (Qn−1 +Rn) (I4 −Πn)

+Πn

(
Rn−1 −Rn−1Ω

−1
n−1 (I4 −Πn−1)Rn−1

)
Πn, n ≥ 2

Ω1 = F1P0F
H
1 +Q0 +R1

being ◦ the Hadamard product.
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Matrix Sx̄
n,n is calculated as follows

Sx̄
n,n = FnP

x̄x̄
n−1,n−1/n−1 ((I4 −Πn)Fn +Πn)

H +Qn−1 (I4 −Πn) , n ≥ 2

Sx̄
1,1 = F1P0F

H
1 +Q0

The WL filtering error is computed by pWL
n,n/n = [1, 0, 0, 0]Px̄x̄

n,n/n[1, 0, 0, 0]
T where

Px̄x̄
n,n/n = FnP

x̄x̄
n−1,n−1/n−1F

H
n +Qn−1 − Sx̄

n,nΩ
−1
n Sx̄H

n−1,n, n ≥ 2

Px̄x̄
1,1/1 =

(
F1P0F

H
1 +Q0

) [
I4 −Ω−1

1

(
F1P0F

H
1 +Q0

)H]
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Abstract

Muth introduced a probability distribution with application in reliability theory.
This paper proposes an extension of this distribution and studies some statistical pro-
perties of the new model, such as the computation of the moments, computer generation
of pseudo-random data and the behaviour of the failure rate function. The estimation
of parameters is carried out by the method of maximum likelihood. The practical
usefulness of the model is illustrated by a real data set, showing that it may provide a
better fit than other previously considered probability distributions.

Key words: Muth distribution, generalized integro-exponential function, Lambert W
function, point estimation, data analysis
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1 Introduction

A random variable Y is said to have a Muth distribution if its probability density function
(pdf) is given by

fY (y; α) = (eαy − α) exp
{

αy − 1
α

(eαy − 1)
}

, y > 0,
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where α ∈ (0, 1] is a shape parameter. The cumulative distribution function (cdf) of Y is
the following

FY (y; α) = 1 − exp
{

αy − 1
α

(eαy − 1)
}

, y > 0. (1)

As a natural extension, Jodrá et al. [4] considered the scaled Muth distribution, which is
defined as βY , with β > 0, and they showed the usefulness of the scaled Muth law for
modelling rainfall data.

Here it is introduced a new probability distribution from the Muth distribution, which
includes it as a particular case. More specifically, it is defined the power Muth (PM)
distribution by means of the transformation X = βY 1/γ , where Y is the Muth law with
parameter α ∈ (0, 1], β > 0 and γ > 0. The introduction of the new parameter γ leads to
a richer class of probability distributions for non-negative random variables. with a wide
range of values for the asymmetry and kurtosis coefficients, increasing generalized failure
rate as well as increasing or bathtub shape failure rate.

Using ordinary results related to the transformation of variables, it is easy to see that
that the pdf and cdf of X are given, respectively, by

f(x; α, β, γ) =
γ

βγ
xγ−1

(
e
α
(

x
β

)γ

− α

)
exp

{
α

(
x

β

)γ

− 1
α

(
e
α
(

x
β

)γ

− 1
)}

, x > 0,

and
F (x; α, β, γ) = 1 − exp

{
α

(
x

β

)γ

− 1
α

(
e
α
(

x
β

)γ

− 1
)}

, x > 0, (2)

where α and γ are shape parameters and β is a scale parameter. For the sake of brevity,
the power Muth distribution will be denoted by PM(α, β, γ).

2 Statistical properties

2.1 Moments

The moments of the PM distribution can be expressed in terms of the generalized integro-
exponential function, which is defined by the following integral representation (see Milgram
[5])

Em
s (z) =

1
Γ(m + 1)

∫ ∞

1
(log u)me−zuu−sdu, z ∈ (−∞,∞), (3)

where s ∈ (−∞,∞) and m > −1, Γ stands for the Gamma function and log for the natural
logarithm. With the above notation, we establish the following.

Proposition 1 Let X be a PM(α, β, γ) distribution. Then,

E[Xk] =
βke1/α

αk/γ
Γ
(

k

γ
+ 1

)
E

k
γ
−1

0

(
1
α

)
, k = 1, 2, . . . . (4)
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Jodrá, Gómez, Jiménez-Gamero and Alba-Fernández

2.2 Quantile function

The PM distribution inherits the variate generation property from the Muth distribution,
that is, its quantile function can also be given in closed form. Specifically, it can be expressed
explicitly in terms of the Lambert W function (see Corless et al. [3] for a review of the
theory and applications of W ). In this regard, it is interesting to note that the Lambert W
function is implemented in computer algebra systems and programming languages such as
R [6]. Therefore, pseudo-random data from the PM model can be computer-generated in a
straightforward manner by virtue of the following result.

Proposition 2 The quantile function of the PM(α, β, γ) distribution, F−1(u; α, β, γ), is
given by

F−1(u; α, β, γ) = β

(
1
α

log
{
−αW−1

(
u − 1
αe1/α

)})1/γ

, 0 < u < 1, (5)

where W−1 denotes the negative branch of the Lambert W function.

2.3 Failure rate function

The failure (or hazard) rate function of the PM(α, β, γ) distribution is given by

h(x; α, β, γ) =
f(x; α, β, γ)

1 − F (x; α, β, γ)
=

γ

βγ

(
e
α
(

x
β

)γ

− α

)
xγ−1, x > 0.

Proposition 3 (a) If γ ≥ 1 then h(x; α, β, γ) is increasing in x for any α ∈ (0, 1] and
β > 0.
(b) If 0 < γ < 1 then there exists an x0 = x0(α, β, γ) > 0 so that h(x; α, β, γ) is (strictly)
decreasing when x < x0 and (strictly) increasing when x > x0.

Therefore, the PM(α, β, γ) distribution has either increasing failure rate when γ ≥ 1 or
bathtub-shaped failure rate when 0 < γ < 1.

3 Parameter estimation

Let X1, . . . , Xn be a random sample of size n from the PM(α, β, γ) distribution with un-
known parameters α, β and γ. Denote by x1, x2, . . . , xn the observed values of the sample.
From the likelihood function, L(α, β, γ) =

∏n
i=1 f(xi; α, β, γ), the log-likelihood function
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can be written as follows

log L(α, β, γ) = n(log γ − γ log β) + (γ − 1)
n∑

i=1

log xi +
n∑

i=1

log
{

e
α
(

xi
β

)γ

− α

}
+

α

βγ

n∑
i=1

xγ
i − 1

α

n∑
i=1

(
e
α
(

xi
β

)γ

− 1
)

.

The maximum likelihood (ML) estimates of α, β, γ are the values α̂, β̂, γ̂ that maximize the
log-likelihood function. The system of partial derivatives of log L(α, β, γ) is the following

∂

∂α
log L =

n∑
i=1

(xi
β )γe

α
(

xi
β

)γ

− 1

e
α
(

xi
β

)γ

− α

− 1
αβγ

n∑
i=1

xγ
i e

α
(

xi
β

)γ

+
1
α2

n∑
i=1

e
α
(

xi
β

)γ

+
1
βγ

n∑
i=1

xγ
i − n

α2
= 0,

∂

∂β
log L = − αγ

βγ+1

n∑
i=1

xγ
i e

α
(

xi
β

)γ

e
α
(

xi
β

)γ

− α

+
γ

βγ+1

n∑
i=1

xγ
i e

α
(

xi
β

)γ

− αγ

βγ+1

n∑
i=1

xγ
i − nγ

β
= 0,

∂

∂γ
log L =

α

βγ

n∑
i=1

xγ
i log

(
xi
β

)
e
α
(

xi
β

)γ

e
α
(

xi
β

)γ

− α

− 1
βγ

n∑
i=1

xγ
i log

(
xi

β

)
e
α
(

xi
β

)γ

+
α

βγ

n∑
i=1

xγ
i log

(
xi

β

)
+

n∑
i=1

log
(

xi

β

)
+

n

γ
= 0.

From these equations, it is clear that the ML estimator cannot be expressed in closed form
and, therefore, the above system must be solved numerically.

We assessed the performance of the ML method via a Monte Carlo simulation study.
We first consider the case when one of the parameters is assumed to be known and the aim
is to estimate the other two. This is motivated by the fact that in practical applications we
found that the subfamily PM(1, β, γ) is rich enough to modelling real data sets. From the
results obtained, it can be concluded that the ML method provides acceptable estimates of
the parameters of the PM family when one of the parameters is assumed to be known.

The parameter estimation problem for the PM family in the general case, that is, when
it is assumed that the three parameters are unknown, presents some problems, whose study
deserves a deeper study.

4 A real data set application

This section considers a real data set previously studied in Cordeiro and Lemonte [2] on the
breaking stress of carbon fibres (in Gba), where the data were fitted by using the Birnbaum-
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Saunders (BS) and β-Birnbaum-Saunders (β-BS) distributions. As in [2], we calculated the
Akaike information criterion AIC (see Akaike [1]) and the Bayesian information criterion
BIC (see Schwarz [7]), which are defined as follows

AIC = 2r − 2 log L, BIC = −2 log L + r log n,

where r is the number of parameters and L denotes the maximized value of the likelihood
function. In addition to the BS and β-BS distributions, we consider the PM(1, β, γ) family.
Table 1 shows the ML estimated parameters and the AIC and BIC values for each distri-
bution. From these results, it can be concluded that the PM distribution provides a better
fit than the BS and β-BS probability models.

Table 1: Breaking stress of carbon fibres: Model, ML estimates, AIC and BIC values.

Model ML estimates AIC BIC

PM(1, β, γ) β̂ = 2.810, γ̂ = 1.394 176.11 180.49
β-BS(α, β, a, b) α̂ = 1.044, β̂ = 57.600, â = 0.193, b̂ = 1876.732 190.71 199.47
BS(α, β) α̂ = 0.437, β̂ = 2.515 204.38 208.75
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Abstract

The problem of a motion of a circular plate (disk) on a horizontal plane with dry
friction uniformly rotating about the vertical is considered. It is shown that the system
has two invariant set (attractor and repeller). The general solution of equations of
motion of a disk is given in the case of small coefficient of friction.

The considered problem genegalizes problems of the dynamics of a disk on a fixed
plane [1] and of a material point on a rotating plane [2].

Key words: friction, disk, rotating plane

The horizontal plane Oxy rotates about the vertical Oz with a constant angular velocity
Ω = Ωez (Ω = const). A homogeneous disk moves in a plane Oxy under an action of dry
friction forces applied to all points of the disk.

Let r = xex+yey be a radius-vector of the disk center, u = ṙ = ẋex+ ẏey be a relative
velocity of this center, ω = ωez be a relative angular velocity of the disk. Point denotes a
derivative by time in the rotating frame Oxyz.

The equations of motion of the disk takes the form

m{(u+ [Ω, r])̇ + [Ω,u+ [Ω, r]]} = F ,
1

2
ma2ω̇ = M (1)

Here m and a are correspondently a mass and a radius of the disk, F is the main vector
of the friction forces and M is the vertical component of the main vector of moments of
friction forces with respect to the disk center. Accordingly [3]

F = −mkpu, M = −makqω

p = g
π

1∫
0

sds
2π∫
0

(u−ws sinα)2

(u2−2uws sinα+w2s2)3/2
dα = p(u,w),

q = g
π

1∫
0

s3ds
2π∫
0

(ws−u sinα)2

(u2−2uws sinα+w2s2)3/2
dα = q(u,w)

(2)
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(u = |u|, w = aω, k > 0 is the coefficient of Coulomb friction, g is the gravity acceleration)
Thus the equations (1) can be written in the form

ẍ− 2Ωẏ − Ω2x = −kpẋ, ÿ + 2Ωẋ− Ω2y = −kpẏ, ẇ = −2kqw (3)

If Ω = 0 then equation (3) describe the dynamics of the disk on a fixed plane and if
a = 0 (i.e. w = 0) the system of the first and second equations (3) describes the dynamics
of a material point on the rotating plane.

Equations of motion of the disk (3) permit the invariant sets

w = 0 (4)

r = 0, u = 0 (r = |r|) (5)

The disk dynamics along the set (4) consides with the point dynamics investigated in [2].
In particular, if the disk is at the rest relatively the rotating plane at the initial time t = 0
and its center is situated inside the circle of the radius R = kg/Ω2 (with the center on the
axis of rotation of the plane), then the disk will be at the relative rest at all time:

r(t) ≡ r0, u(t) ≡ 0, w(t) ≡ 0 for r(0) = r0 < R, u(0) = w(0) = 0.

Note that the set (4) is the attractor of the system, because

(w2)̇ = −4kqw2 < 0 ∀w �= 0

Let w(0) = w0 �= 0. Without loss of generality we assume that w0 > 0 (the case
w0 < 0 can be considered similary). Then w(t) � 0 ∀t � 0 because (4) is the invariant set.
Evidently along the set (5)

w(t) = w0 −
4

3
kgt (t ∈ [0, T ]) and w(t) ≡ 0 ∀t � T =

3w0

4kg

Note that the set (4) is the repeller of the system, because

1. (u2 − Ω2r2)̇ = −2kpu2 < 0 ∀u �= 0,

2. the function u2 − Ω2r2 < 0 can take negative values in the neibourhood of set (5),

3. (u2 − Ω2r2)̇ = 0, if and only if u = 0 and (see (3)) r = 0.

Thus there exists positive value ε > 0 such that for arbitrary positive value δ > 0 and
arbitrary r0, u0 and w0, satisfying the condition

u20 +Ω2r20 < δ, u20 − Ω2r20 < 0, w0 �= 0 (6)
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one can find the time t > 0 such that u2(t) + Ω2r2(t) = ε.
Note that values u0 = 0, 0 < r20 < δ/Ω2 satisfy to conditions (6). It means that for zero

initial value of a relative velocity of the disk centre (u0 = 0) and arbitrarily small nonzero
initial values of a relative angular velocity of the disk (w0 = aω0 �= 0) disk begins to slide for
arbitrarily small nonzero distance between the disk center and the rotation axis of rotation
of the plane (r0 �= 0).

Let us assume that a coefficient of Coulomb friction is very small (0 < k << 1) and
find the motion of the disk for arbitrary initial conditions outside invariant sets (4) and (5),
i.e. for Ω2r20 + u20 > 0, w0 �= 0 (without loss of generality we assume that w0 > 0).

Introduce a complex variable z = x + iy (i2 = −1) and present the system (3) in the
form

z̈ + 2iΩż − Ω2z = −kp(|ż|, w)ż, ẇ = −2kq(|ż|, w)w (7)

and its solution in the form

z(t) = z0(t) + kz1(t) + . . . , w(t) = w0(t) + kw1(t) + . . . (8)

Assume that z(0) = z0(0), ż(0) = ż0(0), w(0) = w0(0):

z0(0) = z0, ż0(0) = ż0, w(0) = w0 > 0 (|Ω||z0|+ |ż0| �= 0) (9)

zj(0) = 0, żj(0) = 0, wj(0) = 0 (j = 1, 2, . . .) (10)

Thus zero-order approximation z0(t), w0(t) of the solution (8) satisfy to the linear
homogeneous system with constant coefficients

z̈0(t) + 2iΩż0(t)− Ω2z0(t) = 0, ẇ0(t) = 0 (11)

and initial conditions (9), and functions zj(t), wj(t) (j = 1, 2, . . .) satisfy to nonhomogeneous
system

z̈j + 2iΩżj − Ω2zj = −pj(t), ẇj = −2qj(t) (j = 1, 2, . . .) (12)

and zero initial conditions (10). Here functions pj(t) and qj(t) are the coefficient at kj−1 in
expanded in series function

p(|ż(j−1)(t)|, w(j−1)(t))ż(j−1)(t), and q(|z(j−1)(t)|, w(j−1)(t))w(j−1)(t)

where z(n)(t) =
∑n

s=0 zs(t)k
s, w(n)(t) =

∑n
s=0ws(t)k

s.
The solution of the Cauchy problem (9), (11) has the form

z0(t) = (z0 + (ż0 + iΩz0)t)e
−iΩt, w0(t) ≡ w0 (13)
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and the solution of the Cauchy problem (10), (12) has the form

zj(t) = −e−iΩt

∫ t

0
dτ

∫ τ

0
pj(σ)e

iΩσdσ, wj = −2
∫ t

0
qj(τ)dτ (j = 1, . . .) (14)

Thus the general solution of equations (7) of motion of the disk on a rotating plane
with dry friction (in the case of a small coefficient of friction) can be presented in the series
(8). The first terms of these series are the explicit function of time (13) and all other terms
are the quadratures (14). Note that the series (8) with coefficient (13),(14) are correct only
for rotating disk (w(t) �= 0).

If there exist time T > 0 such that w(T ) = 0 then these series are correct only for
t ∈ [0, T ]. For t � T the disk moves as a material point. Evidently the series (8) permit to
construct the series

r(t) = r0(t) + kr1(t) + . . . , u(t) = u0(t) + ku1(t) + . . . (15)

Let us investigate the disk dynamics in the first approximation

z(t) = z(1)(t) + o(k), w(t) = w(1)(t) + o(k)

(z(1)(t) = z0(t) + kz1(t), w(1)(t) = w0(t) + kw1(t))

r(t) = r(1)(t) + o(k), u(t) = u(1)(t) + o(k)

(r(1)(t) = r0(t) + kr1(t), u(1)(t) = u0(t) + ku1(t))

Here r0(t) = |z0(t)|, u0(t) = |ż0(t)|, r1(t) = Re(z0(t)z1(t))/r0(t), u1(t) = Re(ż0(t)ż1(t))/u0(t).
Let us assume (for simplicity) that z0 = r0 > 0, ż0 = 0. Then

z0(t) = r0(1 + iΩt)e−iΩt, w0(t) ≡ w0, r0(t) = r0(1 + Ω2t2)
1
2 , u0(t) = r0Ω

2t

Thus p1(t) = r0f(t)e
−iΩt, q1(t) = w0h(t), where

f(t) =
g

π
Ω2t

[∫ 1

0
sds

∫ 2π

0

(r0Ω
2t− w0s sinα)

2

(r20Ω
4t2 − 2r0Ω2tw0s sinα+ w2

0s
2)3/2

dα

]
h(t) =

g

π

[∫ 1

0
s3ds

∫ 2π

0

(w0s− r0Ω
2t sinα)2

(r20Ω
4t2 − 2r0Ω2tw0s sinα+ w2

0s
2)3/2

dα

]
So

z1(t) = −r0l(t)e−iΩt, w1(t) = −2w0

∫ t

0
h(τ)dτ, u1(t) = −r0

∫ t

0
f(τ)dτ

r1(t) = −r0l(t)(1 + Ω2t2)−
1
2 ,

(
l(t) =

∫ t

0
dτ

∫ τ

0
f(σ)dσ

)
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Finaly

r(1)(t) = r0(1 + Ω2t2)
1
2

[
1− k(1 + Ω2t2)−1

∫ t
0 dτ

∫ τ
0 f(σ)dσ

]
u(1)(t) = r0

[
Ω2t− k

∫ t
0 f(τ)dτ

]
, w(1)(t) = w0

[
1− 2k

∫ t
0 h(τ)dτ

] (17)

Note that
h(t) > 0, lim

t→+∞ th(t) =
g

4r0Ω2
= c

i.e. asymptotic of the function h(t) for t→ +∞ is defined by the function c/t. So

lim
r→+∞

∫ t

0
h(τ)dτ = +∞

i.e. there exists T > 0 such that 2k
∫ t
0 h(τ)τ = 1. Thus w(1)(T ) = 0. Taking into account

that
f(0) = 0, lim

t→+∞ f(t) =
g

r0

one can conclude that f(t) is a bounded function. Thus r(1)(T ) > 0 and u(1)(T ) > 0 for
small k and formula (16) are correct for t ∈ [0, T ]. For t � T the relative angular velocity
of the disk equal to zero (in the first approximation) identically and the disk dynamics
coincides with the material point dynamics.

This work is supported by Russian Foundation for Basic Research (projects 16-01-
00338).
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Abstract

The dynamics of an ellipsoid of revolution with a displaced mass centre on a horizon-
tal plane with friction is considered. It is assumed that the mass centre of the ellipsoid
lies on its dynamic symmetry axis. The steady motions of the ellipsoid are investigated
using the general theory of invariant sets of mechanical systems with symmetry, and a
geometrical interpretation of the results is given using generalized Smale diagrams. In
the special case when the equatorial and axial radii of the ellipsoid are equal, it is the
simplest model of a tippy-top, the localized analysis of the dynamics of which [1,2] and
a global qualitative analysis [3,4] have been given earlier.

Key words: dissipative mechanical systems with symmetry, Smale diagrams.

Consider a heavy non-uniform dynamically symmetrical ellipsoid or revolution of mass
m on a horizontal plane. Suppose a and c are the equatorial and axial radii of the ellipsoid
and is the distance between its geometrical centre O and its mass centre S.It is assumed
that the mass centre of the ellipsoid is on its axis of symmetry and the equation of the
surface of the ellipsoid in its principal central axes

f(x) =
x21 + x22

a2
+

(x3 − s)2

c2
− 1 = 0

We will introduce the following variables: v is the velocity of the mass centre of the
ellipsoid, ω is its angular velocity and γ is the unit vector of the rising vertical. The
sliding velocity of the ellipsoid is given by the relation u = v+ [ω, r], where r is the radius
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vector of the point of tangency of the ellipsoid with the plane, defined by the equation
γ = −f(r)/|f(r)|. We will write the components of the radius vector in the system Sx1x2x3

r1 = −a2γ1/ρ, r2 = −a2γ2/ρ, r3 = s− c2γ3/ρ, ρ = ((c2 − a2)γ33 + a2)1/2

A gravitational force P = −mgγ, the normal component of the reaction of the support
plane N = Nγ and the sliding friction force F act on the ellipsoid. The equations of the
motion of the ellipsoid, referred the principal central axes of inertia have the form

mv̇ + [ω,mv] = (N −mg)γ + F (1)

ω̇ + [ω,ω] = [r, Nγ + F ] (2)

γ̇ + [ω,γ] = 0 (3)

(v + [ω, r],γ) = 0 (4)

where = (A,A,C) is the central inertia tensor or the ellipsoid. Equation (1) expresses the
theorem of the change in the momentum of the ellipsoid, (2) expresses the theorem of the
change in the angular momentum about the mass centre, (3) expresses the condition for the
vector γ to be constant in an absolute frame of reference, and (4) expresses the condition
for the ellipsoid to be in contact with the supporting plane. If the friction force is specified
in the form F = F (v,ω,γ, N), system (1)–(4) is closed with respect to the variables v, ω,
γ and N .

We will assume that the sliding friction force satisfies the natural conditions

(F ,u) < 0 u �= 0, F = 0 u = 0, (5)

which the classical model of viscous friction or the generalized model of dry friction [5-7] ,
for example, satisfy.

System (1)–(4) allows of the energy relation Ḣ = (F ,u) ≤ 0,

H =
1

2
mv2 +

1

2
(Jω,ω)−mg(r,γ)−mgc (6)

is the total mechanical energy. Moreover, the change in the quantity K = (ω, r) in the
solution of the system has the form

K̇ = (ω, ṙ + [ω, r]) =
a2

ρ3
(c2 − a2)(ω2γ1 − ω1γ2) [(Jω,γ)γ3 − Cω3] (7)

Note that, in the case of a sphere (a = c) a Jellett integral occurs and the quantity does
not change.

One can show that there is no slippage only on motion

γ1 = γ2 = 0, γ3 = ±1, ω1 = ω2 = 0, ω3 = ω =, N = mg (8)
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γ1 =
√
1− γ23 cosΩt, γ2 =

√
1− γ23 sinΩt,

ω1 = ω0γ1, ω2 = ω0γ2, ω3 = ω0γ3 +Ω, N = mg,
(9)

Hence [8], the set of all steady motions can be represented in the (k2, h),plane, where k
and h are the initial values of the total mechanical energyH and the quantityK respectively,
in the form of h = h(k2), curves, all the points of which, in view of the above, are invariant
with respect to the phase flow of the system considered. Then all the remaining points in
the (k2, h)plane move in the direction of decreasing h.

The curves h±(k2), , corresponding to uniform rotations, are written explicitly as fol-
lows:

h± =
1

2

k2

C(c∓ s)2
∓mgs (10)

while the curves h∗(k2), , corresponding to regular precessions, are specified paramet-
rically in the form

h∗=mg
(
−c−sγ3+ρ− 1

2

(
A(1−γ23)+C (c2γ3−sρ)2

a4

)
s−(c2−a2)γ3/ρ

C(c2γ3−sρ)/a2−Aγ3

)
k2∗ = −mg [Aa4(1−γ3)+C(c2γ3−sρ)2]2

a2ρ2
(s−(c2−a2)γ3/ρ)

C(c2γ3−sρ)/a2−Aγ3

(11)

We recall that, in the case of sphere, a Jellett integral occurs and the value of K does
not change, and hence point in the (k2, h), plane, which are not on the steady motion curves,
move in the direction of decreasing halong the corresponding axis. A complete parametric
analysis of the problem has been carried out in the case [1,4]: the parameter plane of the
sphere is divided into seven regions, each of which has its own generalized Smale diagram.
In the case of an ellipsoid, close to a sphere, i.e. when c/a = 1 + ε, ε << 1,the relation
K̇ << ε,holds, i.e. points in the (k2, h), plane, not on the steady motion curves, move in
the direction of decreasing h inside a narrow strip, parallel to this axis.

In Fig.1 we show numerically constructed trajectories of the points (the dark curves).
The initial position of the axis of symmetry of the ellipsoid is almost vertical (γ3(0) = 0.9),
the mass centre is fixed and is below the geometrical centre of the ellipsoid, while the angular
velocity is directed vertically upwards. Its value in experiments 1-5 vary uniformly from 20
to 100 sec−1.

q
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0
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40
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3

5

4

Fig. 1
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The abscissa axis corresponds to the square of the dimensionless value of the quantity
K (p2 = k2/(Cmgs)), while the ordinate axis corresponds to the dimensionless value of
the total mechanical energy q = h/(mgs). In Fig.1 we also show the straight lines (10),
corresponding to rotations (the straight line passing through the point (0,−1) corresponds
to rotations with the lowest position of the mass centre, while the straight line passing
through the point (0, 1) corresponds to rotations with the highest position of the mass
centre), and their connecting precession curve (11). Hence, in experiments 1-3 the final
motion of the ellipsoid is a precession, while in experiments 4 and 5 the final motions are
uniform rotations around the vertical, for which the mass centre of the ellipsoid is situated
above its geometrical centre.

This work is supported by Russian Foundation for Basic Research (projects 16-01-00338,
14-01-00432).
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Abstract

We consider a system of nonlinear partial differential equations that describes an age-
structured population living in changing environment on N patches. We prove existence
and uniqueness of solution and analyze large time behavior of the system in time-
independent case, for periodically changing and for irregularly varying environment.
Under the assumption that every patch can be reached from every other patch, directly
or through several intermediary patches, and that net reproductive operator has spectral
radius larger than one, we prove that population is persistent on all patches. If the
spectral radius is less or equal one, extinction on all patches is imminent.

Key words: Age-structured population model, temporal variability, spatial hetero-
geneity, density-dependency, dispersion, large time behavior, periodic solutions

MSC 2000: AMS codes: 47N60, 47B65, 62P10

1 Introduction

Various natural processes and human activities are responsible for changes in habitat struc-
ture, quality and its fragmentation. A consequence of habitat reduction or destruction can
be very severe and result in extinction of populations and loss of biodiversity. Understand-
ing how habitat fragmentation and heterogeneity, climate change and seasonality interact
with internal factors of population growth and influence population dynamics may provide
a useful tool for conservation and managing of species ([13]).
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The idea that spatial structure is important and should be considered in studying
population dynamics is not new. It is clear that there are no two identical habitats and that
some are better than others. This can be linked to habitat heterogeneity and to the source-
sink systems. A high quality habitat (source) yields positive growth rate of population, while
low quality habitat (sink) has the opposite effect. For a species that inhabits several patches,
possibility to move from one patch to another can be crucial for survival. Migration from
source to sink has been studied and its stabilizing effect for population or even ecosystem
is well-known. The importance of migration is in the fact that arrival of immigrants to the
sink can save local population from extinction ([2], [8]).

No matter how important, spatial structure is not the only factor that influence popula-
tion dynamics. It should be viewed as one of the pivotal factors and studied in combination
with population structure, temporal variability and density-dependence (see for example
[3]). All mentioned factors have relative importance for population dynamics which differs
for terrestrial and marine species, vertebrate and invertebrate, plants and animals, large
and small populations etc. The challenge is to make a model that includes all these factors
and yet remains simple enough in order to be applicable to real world problems.

However, in spite of the evidence that various internal and external factors interact and
contribute to population dynamics and complexity of ecological systems, a usual practice
is to study only one or few of them, but not all of them simultaneously. We mention
some of them. Gurtin and McCamy introduced age-structured density dependent model in
[11]. Chipot considered age-structured models with time and density-dependency in [6] and
[7]. Allen in [1] studies different dispersion mechanisms for the logistic model without age-
structure and without time-dependency in vital rates. Cui and Chen in [4] and [5] study the
effect of diffusion on a single species or for predator-prey system, but they do not consider
structured population. The system of delay differential equations developed by So, Wu and
Zou in [16] deals with population divided into two age classes (immature and adult) and
assumes that population inhabits two identical patches and that the vital rates are time-
independent. In [21], Weng, Xiao and Zou extended the model of So, Wu and Zou in [16] and
considered dynamics of population on three patches. Terry in [20] investigates population
of two stages and on two patches and discusses persistence of population for different birth
functions and dispersion patterns. Takeuchi in [18] and [19] examined stability and effect
of diffusion of generalized Lotka-Volterra systems. Hastings discussed stabilizing effect of
dispersal in [12].

In contrast to the previous papers, we consider age-structure, time and density-depen-
dence and dispersion between patches and investigate their impact on population dynamics.
In formulation of the model we rely on several assumptions: population is age-structured
and inhabits N patches. In addition to this, environment changes with time, causing the
change in the vital rates, competition level and dispersion coefficients. Competition for
the resources occurs within each age-class which results in increased density-dependent
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mortality. The patches are not identical and they do not have to be physically close,
because many pest species exploit trading and transportation networks to move from one
patch to another.

2 Formulation of the model

Under the made assumptions on mind, the system of balance equations for the model
becomes:

∂nk(a, t)

∂t
+

∂nk(a, t)

∂a
= −μk(a, t)nk(a, t)

(
1 +

nk(a, t)

Lk(a, t)

)
+

N∑
j=1

Dkj(a, t)nj(a, t), 1 ≤ k ≤ N,

(1)

and the boundary and initial conditions are:

nk(0, t) =

∫ ∞

0
mk(a, t)nk(a, t) da, t > 0, (2)

and

nk(a, 0) = fk(a), a > 0, (3)

where nk(a, t) is the number of individuals of age a at time t on patch k, μk(a, t) is the
death rate, Lk(a, t) the regulating function,

D = ‖Dkj(a, t)‖1≤k,j≤N

the matrix of dispersion coefficients, mk(a, t) the birth rate and fk(a) the initial distribution
of population.

The regulating function Lk(a, t) represents limitations imposed on individuals by envi-

ronment (or available resource per capita) and the logistic term
μk(a,t)n

2
k(a,t)

Lk(a,t)
describes in-

crement in mortality due to population density. The regulation function resembles carrying
capacity because for small values of Lk(a, t) mortality grows and for its large values, logis-
tic term tends to zero. Unlike carrying capacity it does not represent maximal supported
population. We will use it as a starting point in study of relation between age-structure
and density-dependence.

Underlying assumption is that population does not have to occupy all patches at initial
time, but in order for population to survive, sufficiently young individuals must occupy at
least one patch. Nonnegative dispersion coefficients Dkj(a, t) for k �= j define proportion
of individuals of age a at time t on patch j that migrates to patch k. Every patch k
can be reached from every other patch j, possibly via several passing patches. Dispersion
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coefficients Dkk(a, t) ≤ 0 define proportion of population of age a at time t that leaves patch
k.

Furthermore, we also assume that the dispersion matrix is essentially positive, i.e. for
any k �= j there exist pairwise distinct indices m0,m1, . . . ,ms such that m0 = k, ms = j
and Dmimi+1(a, t) > 0 for any 0 ≤ i ≤ s − 1. The latter condition has the following
natural explanation. Let us associate a directed graph Γ(D,x) to the dispersion matrix D
as follows: the nodes of the graph are presented by the N patches and the edges represent
the transitions between patches according to the dispersion coefficients Dkj(x) such that
the (k, j)-entry of the incidence matrix of Γ(D,x) is 0 if Dkj(x) = 0, and 1 if Dkj(x) > 0.
Then D satisfy the above condition if and only if the graph Γ(d, x) is connected (i.e. there
is a path between every pair of vertices). An examples of an essentially positive matrix is⎛⎝ ∗ + 0

0 ∗ +
+ 0 ∗

⎞⎠
where ∗ means an entry of an unspecified sign.

3 The main results

In this section we briefly describe our strategy and the principal results. The first main result
is the existence and uniqueness of solution to the problem (1)–(3) in the class of bounded
continuous functions. To this end, we consider the problem with time-independent vital
rates, regulating function and dispersion coefficients. Namely, in order to determine the
number of newborns

ρk(t) := nk(0, t), t ≥ 0, 1 ≤ k ≤ N,

we introduce two auxiliary initial value problems as follows. Let Φ(x, y; ρ) and Ψ(x, y; f)
denote respectively the solutions of the following initial value problems:

dhk(x)

dx
= −μk(x, x+ y)

(
hk(x) +

h2k(x)

Lk(x, x+ y)

)
+

N∑
j=1

Dkj(x, x+ y)hj(x) = 0, h(0) = ρ(y)

dhk(x)

dx
= −μk(x+ y, x)

(
hk(x) +

h2k(x)

Lk(x+ y, x)

)
−

N∑
j=1

Dkj(x+ y, x)hj(x),= 0, h(0) = f(y).

It can be shown that each of the latter problems has a unique nonnegative solution.

Then, the original problem can be reduced to the integral equation

ρ(t) = Kρ(t) + Ff(t), (4)

c©CMMSE ISBN: 978-84-608-6082-2720



V. Kozlov, S. Radosavljevic, V. Tkachev, U. Wennergren

where ρ(t) = (ρ1(t), . . . , ρN (t)) and the operators K and F are defined componentwise by

(Kρ)k(t) =
∫ t

0
mk(a, t)Φk(a, t− a; ρ) da (5)

(Ff)k(t) =
∫ ∞

t
mk(a, t)Ψk(a, a− t; f) da, (6)

In the time-independent case, an important role in description and analysis of solutions
to (4) plays the so-called characteristic equation, i.e. the (unique) solution to

ρ = K̄ρ. (7)

Here the operator K̄ is given by

(K̄ρ)k :=

∫ ∞

0
mk(a)Φk(a; ρ) da, ρ ∈ RN

+ ,

i.e. when the newborns function ρ is constant for all t ≥ 0. Clearly, ρ = 0 is always a
solution of the characteristic equation, but our goal is to find out when a nontrivial solution
ρ ∈ RN

+ \ {0} does exist and is unique.

An important ingredient of our approach is the operator R0 defined by the right hand
side in (2), where nk(a, t) solves (1) but without nonlinear term (formally assuming that

1
Lk(a,t)

≡ 0) and with the boundary condition nk(0, t) = ρk = const. We show that it can

be alternatively defined as the blow-up of K̄:

R0ρ = lim
ε→0

1

ε
K̄ερ.

Due to assumptions on dispersion coefficients Dkj(a, t), this operator can be shown to be
strongly positive and linear. Then an important corollary of the Krein-Rutman theorem is
that its spectral radius σ(R0) is equal to the largest positive eigenvalue.

Thus defined operator R0 is called the net reproductive map and σ(R0) is the net
reproductive rate. Notice that in the one-dimensional case, σ(R0) coincides with the net
reproductive rate R0 which is a well-established concept and it is defined by

R0 =

∫ ∞

0
m(a)e−

∫ a
0 μ(v)dv da.

The net reproductive operator is just multiplication by this number. In [22] we proved that
R0 corresponds to the characteristic equation∫ ∞

0

m(a)e−
∫ a
0 μ(v)dv

1 + n∗(1− e−
∫ a
0 μ(v)dv)

da = 1,
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through which it is related to the average number of newborns n∗. Moreover, population
declines for R0 ≤ 1 and grows for R0 > 1.

We show that our definition is in consistence with the classical definition in one-
dimensional case. Within this framework, we are able to characterize stationary solutions
to the characteristic equation (7). Namely, the following dichotomy holds

Theorem 1. If σ(R0) ≤ 1, then the characteristic equation has only trivial solution ρ∗ = 0.
If σ(R0) > 1, then the characteristic equation has exactly one nontrivial solution ρ∗ whose
all components are positive.

One of ingredients of the proof is the following monotonicity result which has a consid-
erable interest in itself. Here and in what follows we use the standard notation vector order
relation: given two vectors x, y ∈ RN one defines x ≤ y if xi ≤ yi for all 1 ≤ i ≤ n. Further,
x < y if x ≤ y and x �= y, and x- y if xi < yi for all 1 ≤ i ≤ n.

Lemma 2. Let w(x) = (w1, ..., wN ) be locally Lipschitz functions satisfying w(0) ≥ 0 and

w′
k(x) ≥

N∑
j=1

dkj(x)wj(x), 1 ≤ k ≤ N, x ∈ [0, b), (8)

where dkj(x) are continuous in [0, b) and dkj(x) ≥ 0 for all j �= k. Then w(x) ≥ 0 on [0, b).
Furthermore, if (dkj)1≤k,j≤N is essentially positive and w(0) > 0 then w(x). 0 on (0, b).

Another important ingredient of the proof is a suitable generalization of the existence
and the uniqueness results for monotone and concave operators established by Krasnoselskii
and Zabreiko in [14].

Our next result concerns solutions of the integral equation (4). We show that an a
priori nonconstant solutions tends to the (constant) solution of the characteristic equation
(7). In other words,

Theorem 3. Let ρ = ρ(t) be a solution to (4). If σ(R0) ≤ 1 then ρ(t) → 0 as t → ∞. If
σ(R0) > 1, then ρ(t)→ ρ∗ as t→∞, where ρ∗ is defined by Theorem 1. In particular,

if σ(R0) ≤ 1, then N(t)→ 0 as t→∞,

and
if σ(R0) > 1, then N(t)→

∫∞
0 Φ(a; ρ∗) da as t→∞,

where N(t) =
∫∞
0 n(a, t) da is the total population and Φ(a; ρ∗) is a solution to the original

problem with ρ∗ as the initial condition.

In this way, the net reproductive rate σ(R0) effectively determines large time behavior
of population on N patches in constant environment. Here, as in the one-dimensional
case, σ(R0) ≤ 1 implies extinction of population on all patches, while σ(R0) > 1 grants
persistence of population.
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4 Periodically varying environment

Most natural habitats are positively autocorrelated, see for example [17]. Thus, the as-
sumption that the vital rates, regulating function and dispersal coefficient are changing
periodically with respect to time is reasonable. In studying large time behavior of solution
to equation (4) in periodically changing environment, a pivotal role belongs to the charac-
teristic equation ρ(t) = K̃ρ(t), where operator K̃ is given by the right hand side of (2) and
nk(a, t) solves (1) with periodic boundary condition nk(0, t) = ρk(t), t > 0.

Similarly to the previous situation, we introduce the net reproductive operator R̃0 by
the right hand side of (2) assuming that nk(a, t) solves (1) without nonlinear term and with
periodic boundary condition nk(0, t) = ρk(t). In this case, we have that

R̃0ρ = lim
ε→0

1

ε
K̃ερ.

Operator R̃0 is strictly positive, linear and defined on space of periodic continuous func-
tions. Its spectral radius σ(R̃0) is equal to the largest eigenvalue and it is called the net
reproductive rate.

One of the main results about periodic case is that if σ(R̃0) ≤ 1, then the characteristic
equation ρ(t) = K̃ρ(t) has only trivial solution ρ ≡ 0. If σ(R̃0) > 1, then the characteristic
equation has exactly one nontrivial solution ρ∗(t), where all components are positive periodic
functions. Furthermore, we show that the number of newborns in periodic case converges
to a unique periodic solution of the characteristic equation. For the total population, the
result can be formulated in the following way:

if σ(R̃0) ≤ 1, then N(t)→ 0 as t→∞,

and
if σ(R̃0) > 1, then N(t)→

∫∞
0 Φ(a, t− a; ρ∗) da as t→∞,

where Φ(a, t; ρ∗) is a solution to the original initial value problem and ρ∗(t) is a periodic
solution to the characteristic equation. In this situation, as in the time-independent case,
the net reproductive rate σ(R̃0) determines extinction or persistence of population on all
patches.

Upper and lower bounds for population growth can be found even if environment is
changing irregularly. Namely, if the parameters of the original model are estimated from
above and below by periodic functions for large time, then two periodic problems can be
formulated. One of these periodic problems is an upper bound for the original problem, and
the other is a lower bound. The number of newborns in the original problem, ρ(t), is then
estimated by the number of newborns in periodic problems. In other words, the following
holds:

ρ−(t)− ε ≤ ρ(t) ≤ ρ+(t) + ε,
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where ρ±(t) are solutions of the characteristic equations for periodic problems and ε > 0 is
an arbitrary small number.

In order to explain the influence of dispersion on persistence of population, we compare
the system of N patches with dispersion with the system of N isolated patches. To obtain
the net reproductive operator R0 and the net reproductive rate σ(R0), we use system (1)
without nonlinear term. In the worst case scenario for the system with dispersion, all
migrants die before reaching next patch i.e. Dkj(a) = 0 for a > 0, 1 ≤ k, j ≤ N , k �= j. In
this case we estimate nk(a, t) in the following way

∂nk(a, t)

∂t
+

∂nk(a, t)

∂a
≥ −(μk(a) + |Dkk(a)|)nk(a, t)

and obtain
nk(a, t) ≥ ρke

− ∫ a
0 (μk(v)+|Dkk(v)|)dv da.

This implies that

σ(R0)ρk =

∫ ∞

0
mk(a)nk(a, t) da ≥ ρk

∫ ∞

0
mk(a)e

− ∫ a
0 (μk(v)+|Dkk(v)|)dv da

and

σ(R0) ≥ max
1≤k≤N

∫ ∞

0
mk(a)e

− ∫ a
0 (μk(v)+|Dkk(v)|)dv da (9)

On the other hand, the system of isolated patches corresponds to the problem (1)–(3) with
Dkj(a, t) = 0 for a, t > 0 and 1 ≤ k, j ≤ N . The net reproductive rate on each patch is

σk =

∫ ∞

0
mk(a)e

− ∫ a
0 μk(v)dv da.

If σk ≤ 1 for some k, extinction of population on patch k is imminent. However, according to
(9), it follows that σ(R0) > 1 if there exists at least one patch such that σk > 1 and |Dkk(a)|
is small enough. This means that persistence of population on all patches is possible under
assumption that population would persist on at least one patch and that the number of
individuals emigrating from this patch is sufficiently small.

5 Irregularly varying environment

Previously, we have established conditions that ensures persistence of population in time-
independent case and for periodically changing environment. Here we establish asymptotic
behavior of the solution to the main model in the general time-dependent case in two ways:
by using periodic functions to formulate upper and lower bounds and by finding upper and
lower boundaries for the sum of newborns on all patches and for the total population by
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relaxing conditions for dispersion. In the first case, we will find conditions for extinction
or persistence of population under assumption that the vital rates, regulating function and
dispersion coefficients are bounded by periodic functions. In the second case we obtain a
crude estimate of newborns density and total population which will not depend on migration
pattern.

Suppose that the vital rates, regulating function and dispersion coefficients have peri-
odic bounds, or, in other words, that the following estimates hold for the structure coeffi-
cients and large t:

m−(a, t) ≤ m(a, t) ≤ m+(a, t),

μ+(a, t) ≤ μ(a, t) ≤ μ−(a, t), etc
(10)

where m±
k , μ

±
k , L

±
k and D±

kj are some T -periodic functions. Instead of the original problem
(1), we study two associated periodic problems with parameters defined by (10). It is natural
to expect that n(0, t) will be bounded from above and below by ρ±(t) for sufficiently large
t, where n(0, t) is a number of newborns in the original problem and ρ±(a, t) are solutions
to the characteristic equations related to periodic problems

K̃±ρ(t) = ρ(t), t ∈ R,

where operators K̃± are defined componentwise by

(K̃±ρ)k(t) :=
∫ ∞

0
m±

k (a, t)Φ
±
k (a, t− a; ρ) da, t ∈ R, 1 ≤ k ≤ N. (11)

The functions Φ±(x, y; ρ) are unique solutions to the initial value problems⎧⎨⎩
d
dxh

±
k (x) = −μ±

k (x, x+ y)
(
1 +

h±
k (x)

L±
k (x,x+y)

)
h±k (x) +

∑N
j=1D

±
kj(x, x+ y)h±j (x),

h±(0) = ρ(y),
(12)

where the coefficients are T-periodic and satisfy condition (10) and the initial conditions
are given by a vector-function ρ ∈ C(R+,R

N
+ ) such that ρ(t+ T ) = ρ(t), t ∈ R. Then

ρ±(t) = K±ρ±(t) + F±f(t),

where operators K± and F± are defined component-wise by

(K±ρ)k(t) =
∫ t

0
m±

k (a, t)Φ
±
k (a, t− a; ρ) da,

(F±f)k(t) =
∫ ∞

t
m±

k (a, t)Ψ
±
k (a, a− t; f) da.

The corresponding net reproductive operators and net reproductive rates are denoted
by R̃±

0 and σ(R̃±
0 ). Then the next result states that the number of newborns in irregularly

changing environment can be bounded from above and below by the number of newborns
in the associated periodically changing environments.
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Theorem 4. Let ρ(t) be a solution to equation (4). If σ(R̃+
0 ) ≤ 1, then ρ(t)→ 0 as t→∞.

If σ(R̃−
0 ) > 1, then

ρ−(t)− ε ≤ ρ(t) ≤ ρ+(t) + ε for large t, (13)

where ρ±(t) are solutions to (11) and ε is an arbitrary positive number.
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Abstract

In this study we explore the structure of m-adic residue codes over Fq[v]/(v
2 − v).

We show that the generators of m-adic residue codes can be used to generate reversible
DNA codes with a special automorphism and special sets over F42k [v]/(v

2 − v).
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1 Introduction

Quadratic residue codes are an important class of cyclic codes. Some researchers has worked
on further generalizations of these families of codes ([10], [9], [4], [14], [5]). Especially, m-
adic residue codes are a generalization of this codes [6]. First, Pless and Brualdi has defined
polyadic codes [4], later Pless has studied on polyadic codes via idempotent generators and
specific ideals [10]. After these works, Job has defined m-adic residue codes in terms of
generator polynomials over fields [6].

In [2] DNA computing studies is initiated by Leonard Adleman where a solution to and
NP-complete problem is presented by employing DNA molecules.

DNA sequences consist of four bases (nucleotides) that are (A) Adenine, (G) Guanine,
(T) Thymine and (C) Cytosine. DNA strands are formed by the famous Watson Crick
complement (WCC) rule. ”A” pairs with ”T” and ”G” pairs with ”C” according to the rule
WCC. We represent the WCC pairing as Ac = T, T c = A,Gc = C and Cc = G.

The error correction and detection quality observed in DNA strands mainly based on
WCC property has attracted the attention on studying algebraic codes that enjoy these
similar properties. Hence, studies on these directions have been one of the main focuses in
algebraic coding theory. Such algebraic codes are referred to as DNA codes. To mention
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some of these studies but surely not all, DNA codes are studied over F4([1]),F16 ([11]), F42k

([12]), the chain rings F2[u]/(u
2 − 1) ([13]), F2[u]/(u

4 − 1) ([15]) and very recently over
non-chain rings F4[v]/(v

2 − v) ([3]). Due to the complex and still not well understood the
structure of the DNA, researchers have restricted their studies to specific (local) regions of
DNA strands such as protein, binding sites that has important role in the protein production
process. In [8], reversible complement 8-bases (8-mers) are observed intensively in some
specific and important regions of DNA.

In this work, we extend the definition of m-adic residue codes over a non-chain ring
(Fq/(v

2 − v)) in terms of idempotent generators. After exploring the structure of these
codes, we introduce a special automorphism and a generator set to construct reversible
DNA codes by means of the generators of m-adic codes over F42k/(v

2 − v).

2 Preliminaries

Definitions in this section are compiled by help of [7] and [6]. Let q be a prime and Fq be a
field with q elements. A subset C of Fn

q is called a code and a subspace of Fn
q is called a linear

code. The number of non-zero coordinates of a codeword x = (x0, x1, . . . , xn−1) ∈ C is called
Hamming weight of the codeword. Hamming distance between x = (x0, x1, . . . , xn−1) ∈
C and y = (y0, y1, . . . , yn−1) ∈ C is dH(x, y) = wH(x − y) and minimum distance of
C is dH(C − {0}) = min{dH(x − y) : x, y ∈ C, x �= y}. A linear code of length n,
dimension k and minimum distance d over Fq is referred to as an [n, k, d]q code. If further
(an−1, a0, . . . , an−2) ∈ C for all (a0, a1, . . . , an−1) ∈ C, C is called a cyclic code.
Let C1 and C2 be two cyclic codes. Let g1(x) and g2(x) be the generator polynomials C1

and C2 respectively and further e1(x) and e2(x) be idempotent generators of C1 and C2

respectively. Then, a generator polynomial of C1+C2 is gcd(g1(x), g2(x)) and an idempotent
generator of C1+C2 is e1(x)+e2(x)−e1(x)e2(x). Further, a generator polynomial of C1∩C2

is lcm(g1(x), g2(x)) and an idempotent generator of C1 ∩ C2 is e1(x)e2(x). Let C1 ⊆ C2,
then the complementary code of C1 relative to C2 is denoted by C1 having property that
C1 +C1 = C2, and C1 ∩C1 = 0. The complementary code of C1 relatively to V (the whole
space) is the complement of C1. If

∑n−1
i=0 vi = 0 for v = (v0, v1, . . . , vn−1) ∈ V , v is called

even-like and otherwise odd-like. If all codewords of a code are even-like, then this code is
an even-like code; otherwise an odd-like code. Let E be the set of all even-like vectors and
h(x) is the all one coefficient polynomial corresponding to (1, 1, . . . , 1). Then, the dimension
of E is n− 1 and this code a cyclic code with idempotent generator 1− (1/n)h(x).

Definition 1 [6] Let p be a prime and b be a primitive element of Z∗
p . If m ≥ 2, m ∈ Z

and m|(p − 1) then the set of nonzero m-adic residues modulo p is Q0 = {am : a ∈ Zp}.
Further, we let Qi = biQ0..

Example 2 Let p = 19. 2 is a primitive element of Z∗
19. Since 6|19−1, we can take m = 6.
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Then, Q0 = {1, 7, 11}, Q1 = {2, 3, 14}, Q2 = {4, 6, 9}, Q3 = {8, 12, 18}, Q4 = {5, 16, 17},
Q5 = {10, 13, 15}.

Definition 3 [6] Let p be a prime and q be prime power such that gcd(p, q) = 1. Let b be a
primitive element of Z∗

p and γ be a primitive pth root of unity in some field extension of Fq.
Let Q0 be the set of nonzero m-adic residues modulo p and Qi = biQ0. If q is an m-adic
residue modulo p, i.e. q ∈ Q0, then the codes generated by polynomials gi(x) =

xp−1∏
k∈Qi

x−αk

(i = 0, 1, . . . ,m− 1) are called even-like families of m-adic residue codes of class I of length
p over Fq.

The other families of m-adic residue codes defined below are derivations of even-like
family of m-adic residue codes of class I.

Definition 4 [6]

• The codes generated by polinomials ĝi(x) =
∏

k∈Qi
x− αk (i = 0, 1, . . . ,m − 1) are

called odd-like class I m-adic residue codes of length p over Fq and the code generated
by ĝi(x) is the complement of the code generated by gi(x).

• The codes generated by polinomials hi(x) = (x−1)ĝi(x) (i = 0, 1, . . . ,m−1) are called
even-like class II m-adic residue codes of length p over Fq and the code generated by
hi(x) is the complementary code of the code generated by gi(x) relative to E.

• The codes generated by polinomials ĥi(x) =
gi(x)
x−1 (i = 0, 1, . . . ,m−1) are called odd-like

class II m-adic residue codes of length p over Fq and these codes are the complements
of the codes generated by hi(x).

Example 5 Even-like class I 4-adic residue codes of length 17 over F4 are

C0 = 〈g0(x) = 1 + x+ w2x2 + x4 + w2x5 + wx6 + wx7 + w2x8 + x9 + w2x11 + x12 + x13〉,

C1 = 〈g1(x) = 1 +wx+wx2 +w2x3 + x4 +wx6 +wx7 + x9 +w2x10 +wx11 +wx12 + x13〉,
C2 = 〈g2(x) = 1 + x+ wx2 + x4 + wx5 + w2x6 + w2x7 + wx8 + x9 + wx11 + x12 + x13〉,

and

C3 = 〈g3(x) = 1+w2x+w2x2+wx3+x4+w2x6+w2x7+x9+wx10+w2x11+w2x12+x13〉

and minimum distance of these codes is 12.

Theorem 6 [6] Let C be an arbitrary m-adic residue code with generating idempotent e.
Then e is a linear combination of the polynomials l0(x), l1(x),. . . ,lm−1(x) and 1 over Fq

where li(x) =
∑

k∈Qi
xk.
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A polynomial is called palindromic if the order of its coefficients is reversed then it is
still equal to itself. Later we are going to use the palindromic property of the generators
of these families of codes. Here we first give a property of m-adic residue codes related to
palindromic property.

Proposition 7 If q = 2k where k ≥ 2 ∈ Z, then the generator polynomials of the m-adic
residue codes over Fq of length p are palindromic.

In the following definition we give the definition of necessary notions.

Definition 8 Let C be a code of length n over a finite alphabet. If cr = (cn−1, cn−2, . . . , c1, c0) ∈
C for all c = (c0, c1, . . . , cn−1) ∈ C, then C is called a reversible code.

3 m-adic residue codes over Fq[v]/(v
2 − v)

Pless ([10]) has defined idempotent generators of m-adic codes and she has given properties
of these generators. Here, we extend these ideas of idempotent generators to m-adic residue
codes over the ring Fq[v]/(v

2 − v) and we identify idempotent generators for all classes of
m-adic residue codes over this ring.

Proposition 9 Let p be a prime and q be a prime power. Take a positive integer m such
that m|(p − 1) and let a and q be m-adic residue modulo p, i.e a, q ∈ Q0. If ei and ej
are idempotents in F (q)[x]/(xp − 1), then vei + (1 − v)ej are idempotents in (Fq[v]/(v

2 −
v))[x]/(xp − 1).

Proposition 10 Let ei and ej be idempotent generators of an even-like class I m-adic
residue code of length p over Fq such that i, j ∈ {0, 1, . . . ,m−1}. Let Ek = vei+(1−v)ej ∈
Fq[v]/(v

2 − v)[x]/(xp − 1) and h = 1 + x + x2 + . . . + xp−1. Then μa(Ek) is idempotent,
EiEj = 0 (i �= j) and E0 + E1 + . . .+ Em−1 = 1− h.

Since idempotent elements Ek = vei + (1− v)ej satisfy these properties, we can take them
as idempotent generators of m-adic residue codes over Fq[v]/(v

2 − v).

Definition 11 The codes generated by idempotent elements Ek = vei+(1− v)ej are called
class I even-like m-adic residue codes of length p over Fq[v]/(v

2 − v) where ei and ej are
idempotent generators of class I even-like m-adic residue codes over Fq.

Proposition 12 Let Ei be the idempotent generator of a class I even-like m-adic residue
codes of length p over Fq[v]/(v

2− v). Take E′
i = 1−Ei where i, j ∈ {0, 1, . . . ,m− 1}. Then

μa(E
′
i) = E′

j (i �= j), E′
i + E′

j − E′
iE

′
j = 1 (i �= j) and E′

0E
′
1 . . . E

′
m−1 = h.

c©CMMSE ISBN: 978-84-608-6082-2731



FERHAT KURUZ, ELIF SEGAH OZTAS, IRFAN SIAP

Definition 13 The codes generated by idempotent element E′
i = 1 − Ei are called class I

odd-like m-adic residue codes of length p over Fq[v]/(v
2 − v) where i ∈ {0, 1, . . . ,m− 1}.

Proposition 14 Let Ei be the idempotent generator of a class I even-like m-adic residue
codes of length p over Fq[v]/(v

2 − v). Take Fi = 1 − h − Ei where i, j ∈ {0, 1, . . . ,m − 1}.
Then μa(Fi) = Fj (i �= j), Fi + Fj − FiFj = 1− h (i �= j) and F0F1 . . . Fm−1 = 0.

Definition 15 The codes generated by idempotent element Fi = 1− h−Ei are called class
II even-like m-adic residue codes of length p over Fq[v]/(v

2−v) where i ∈ {0, 1, . . . ,m−1}.

Proposition 16 Let Ei and Fi be class I and class II even-like m-adic residue code of
length p respectively. Let F ′

i = 1 − Fi = h + Ei where i, j ∈ {0, 1, . . . ,m − 1}. Then
μa(F

′
i ) = F ′

j (i �= j), F ′
iF

′
j = h (i �= j) and F ′

0 + F ′
1 + . . .+ F ′

m−1 = 1− (m− 1)h.

Definition 17 The codes generated by idempotent element F ′
i = 1 − Fi = h + Ei are

called class II odd-like m-adic residue codes of length p over Fq[v]/(v
2 − v) where i ∈

{0, 1, . . . ,m− 1}.

Example 18 Idempotent generators of class I even-like 4-adic residue codes of length 17
over F4 are e0 = l0 + wl1 + l2 + w2l3, e1 = wl0 + l1 + w2l2 + i3, e2 = l0 + w2l1 + l2 + wl3
and e3 = w2l0 + l1 + wl2 + l3 where l0 = x + x4 + x13 + x16, l1 = x3 + x5 + x12 + x14,
l2 = x2+x8+x9+x15, l3 = x6+x7+x10+x11. If we take E0 = ve0+(1−v)e2, then idempotent
generators of a class I even-like 4-adic residue codes of length 17 over F4[v]/(v

2 − v) are
E0 = ve0 + (1 − v)e2, E1 = μ3(E0) = ve3 + (1 − v)e1, E2 = μ3(E1) = ve2 + (1 − v)e0,
E3 = μ3(E2) = ve1 + (1− v)e3(also E0 = μ3(E3)).
Let gi(x) be the generator polynomial of corresponding to Ei idempotent generator, then
g0(x) = 1 + x+ (v + w)x2 + x4 + (v + w)x5 + (v + w2)x6 + (v + w2)x7 + (v + w)x8 + x9 +
(v + w)x11 + x12 + x13,
g1(x) = 1 + (v + w)x + (v + w)x2 + (v + w2)x3 + x4 + (v + w)x6 + (v + w)x7 + x9 + (v +
w2)x10 + (v + w)x11 + (v + w)x12 + x13,
g2(x) = 1 + x+ (v +w2)x2 + x4 + (v +w2)x5 + (v +w)x6 + (v +w)x7 + (v +w2)x8 + x9 +
(v + w2)x11 + x12 + x13,
g3(x) = 1+ (v+w2)x+ (v+w2)x2 + (v+w)x3 + x4 + (v+w2)x6 + (v+w2)x7 + x9 + (v+
w)x10 + (v + w2)x11 + (v + w2)x12 + x13.
This codes are [17, 4, 8] codes.

Proposition 19 Let p be a prime and q be a power of 2. Take an m ∈ Z+ such that
m|(p− 1) and let a, q ∈ Q0. If ei and ej are idempotent generators of m-adic residue codes
of length p over Fq, then v(

∑
S⊆,i∈S ei)+(1−v)(

∑
P⊆I,j∈P ej)’s are idempotents in the ring

(Fq[v]/(v
2 − v))[x]/(xp − 1).
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Example 20 If we choose E0 = v(e0 + e1) + (1 − v)(e1 + e2) as in the previous example,
then E1 = v(e3 + e0) + (1 − v)(e0 + e1), E2 = v(e2 + e3) + (1 − v)(e3 + e0) and E3 =
v(e1 + e2) + (1− v)(e2 + e3).
Let gi(x) be the generator polynomial of corresponding to Ei idempotent generator, then
g0(x) = 1+w2x+(v+w)x2+(vw+w)x3+vwx4+vwx5+(vw+w)x6+(v+w)x7+w2x8+x9,
g1(x) = 1+(v+w2)x+w2x2+vw2x3+(vw+w)x4+(vw+w)x5+vw2x6+w2x7+(v+w2)x8+x9,
g2(x) = 1+wx+(v+w2)x2+(vw2+w2)x3+vw2x4+vw2x5+(vw2+w2)x6+(v+w2)x7+
wx8 + x9,
and g3(x) = 1 + (v + w)x + wx2 + vwx3 + (vw2 + w2)x4 + (vw2 + w2)x5 + vwx6 + wx7 +
(v + w)x8 + x9.
These codes are all [17, 8, 8] codes.

4 Reversible DNA codes over F42k/(v
2 − v)

In this section we use the m-adic residue codes and a general form of ψ-set with an au-
tomorphism introduced by the authors to solve reversibility problem for DNA codes over
R2k = F42k/(v

2 − v). The ψ-set originally is introduced in [3] over F4/(v
2 − v).

In order to explain the reversibility problem we give an example. Let (a1, a2, a3)
be a codeword corresponding to ATGGCTGATGAG (a 12-string) where a1 →ATGG,
a2 →CTGA, α3 →TGAG and a1, a2, a3 ∈ R4. The reverse of (a1, a2, a3) is (a3, a2, a1),
and (a3, a2, a1) corresponds to TGAGCTGAATGG. However, TGAGCTGAATGG is not
the reverse of ATGGCTGATGAG. Indeed, the reverse of ATGGCTGATGAG is GAG-
TAGTCGGTA. So this concrete example reveals the fact that the reverse in the ring form
of the codewords does not lead to the reverse of the DNA strings.

R is a commutative non-chain ring where v2 = v. By Chinese Remainder Theorem we
can decompose R as follows: R = vF42k ⊕ (1− v)F42k . We define a Gray map:

φ : R→ F 2
42k

a+ vb→ (a+ b, a).
(1)

θ which used to convert the elements of the F42k to DNA strings of length 2k as in the Tables
defined in [11, 12]. Especially, the DNA table for F16 that matches the field elements with
DNA doubles is presented in [11]. More general θ1 is used to convert the elements of the R2k

to DNA strings of length 4k. Let a+vb ∈ R2k. θ1(a+vb) = (θ(a+b), θ(a)). Θ is used to con-
vert the codeword to DNA. Let c = (c0, c1, ..., cn−1) and Θ(c) = (θ1(c0), θ1(c1), ..., θ1(cn−1)).

Example 21 Let β = α3 + α6v ∈ R2 and φ(β) = (α2, α3) then θ1(β) = (θ(α2), θ(α2)) =
GCAG

Example 22 Let c = (α3+α6v, α3+α9v) be a codeword of a code. φ(α3+α6v) = (α2, α3)
and φ(α3+α9v) = (α, α3). Θ(c) = (θ1(α

3+α6v), θ1(α
3+α9v)) = (θ(α2), θ(α3), θ(α), θ(α3)) =

GCAGATAG
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Here, we introduce a new automorphism over R that leads to obtaining the DNA
reverses of elements in R. This is also a generalization of the map introduced θ in [11, 12].

ψ : R→ R

a+ vb→ a4
k
+ (1 + v)b4

k

= (a+ b)4
k
+ vb4

k
.

(2)

Example 23 Let β = α3 + α6v ∈ R2 and θ1(β) = GCAG then ψ(β) = α12 + α9(v − 1) =
α8 + vα9 and θ1(ψ(β)) = θ1(α

8 + vα9) = (θ(α12), θ(α8)) = GACG.

Definition 24 Let g(x) be a polynomial with deg g(x) = t over R. Let

Λg = {Λ0,Λ1, ...,Λt−1}

where

Λi =

{
xig(x) if i is even

xiψ(g(x)) if i is odd.

The set Λg is called the ψ-set.

Theorem 25 Let g(x) be an idempotent generator of an m-adic residue codes over F42k/(v
2−

v) where deg(x) is odd. If C is a linear code generated by a ψ-set, then Θ(C) is a reversible
DNA code.

5 Conclusion

Here we construct m-adic residue codes over the non-chain Fq[v]/(v
2 − v) and we explore

the structure of DNA codes with ψ set of the generators of m-adic residue codes over
F42k [v]/(v

2 − v). We further relate these findings to DNA codes.
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Abstract

The main aim of the paper is to research dynamic properties of a mechanical system
consisting of a ball jumping between a movable baseplate and a fixed upper stop. The
model is constructed with one degree of freedom in the mechanical oscillating part.
The ball movement is generated by the gravity force and harmonic oscillation of the
baseplate in the vertical direction. The impact forces acting between the ball and plate
and the stop are described by the nonlinear Hertz contact law. The ball motion is
then governed by a set of two nonlinear ordinary differential equations. To perform
their solving the Runge-Kutta method of the 4th order with adaptable time step was
applied. As the main result it is shown that the systems exhibits regular, irregular and
chaotic pattern for different choices of parameters using standard methods.

Key words: mechanical model, chaos tests, bifurcation, vibration
MSC 2000: 34H20, 34H10, 37N30

1 Introduction

A simple impact process model, that has big practical importance, has been extensively
studied by physicists in past decades. In this model a small ball bounces vertically on a
massively vibrating baseplate that produce a sequence of impacts arriving in the ball regular
and irregular oscillatory motion.
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This model has been researched in simulation way by [6] for impulsive noise, especially
from metal-to-metal collisions, in influencing the noise levels produced in manufacturing
operations. Later on, in [3] the same situation was investigated in experimental way. In [2]
this model was simulated showing that for sufficiently large excitation velocities and a
coefficient of restitution close to one, this deterministic system exhibits large families of
irregular non-periodic solutions in addition to the expected harmonic and subharmonic
motions.

This paper was motivated by [3–5] where electromechanical systems damped by impact
element was introduced, for a purpose of attenuation of body vibrations. These vibrations
are showing periodic, quasi periodic and chaotic patterns. The main problem is to detect
which of those movements are regular or irregular, standard tools were used for the move-
ment analysis and they gave unsatisfactory results. The carried out research extends the
problem of impact dampers that were subjects of investigations in [3–5].

In this paper, a mechanical system formed by a ball bouncing between two stops is
analyzed.

The investigated system consists of a vibrating baseplate (body 2, Fig. 1), a fixed upper
stop (body 3 , Fig. 1), and of a bouncing ball (body 1, Fig. 1). The ball and the baseplate
can move only in the vertical direction. The Hertz theory has been adopted to describe the
contact stiffness between the ball and the stops.

y

yz

baseplate

upper stop

c

3

2

1

Figure 1: Model of vibrating system

The task was to analyze the influence of the systems parameters, especially the exci-
tation frequency of the base plate, on a character of the ball movement. The investigated
system has one degree of freedom. Its instantaneous position is defined by one generalized
coordinate:
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y - vertical position of the bouncing ball.
The equation of movement, that can be derived directly, has the following form:

mÿ = −mg + Fh + Fs (1)

where Fh and Fs are the impact forces. They are defined as follows:

Fh =

{
−kc(y − c)− bcẏ if yz > 0,
0 if Fh > 0,

(2)

Fs =

{
−kc(yz − y)− bc(ẏz − ẏ) if y < yz,
0 if Fs < 0,

(3)

here ( ˙ ) and (¨) denote the first and second derivative with respect to time, respectively.
The movement of the baseplate is described by

yz(t) = A (1− e−αt) sin(ωt) (4)

as a rheonomic constraint, where A is the ground vibration amplitude, α is the constant
determining how fast the vibration of the baseplate becomes a steady state and ω stands
for the excitation frequency. All system parameters are summarized in Table 1.

It can be assumed, without loss of generality, that the ball is placed in the middle of
the upper stop and the baseplate, taking the rest position. That is:

y(0) = 0.5 c, (5)

ẏ(0) = 0. (6)

2 Main results

Main results were reached by numerical simulations of (1) for system parameters summarized
in Table 1 where the excitation frequency ω was changed form 70 rad s−1 to 140 rad s−1.

The character of movement of the ball is analyzed in detail. The first observation is
shown in bifurcation diagram Fig. 2, where periodic as well as chaotic movements are visible
for suitable choice of ω. In this figure it is also detected that for the excitation frequency
ω ∈ [70, 108] there are no contacts of the ball with the upper stop, and for ω ∈ [109, 140]
collisions of the ball with the upper stop appear.

It is visible form phase portraits (see Figs. 3 and 4) that the movement is periodic (e.g.
T3 for ω = 88 rad s−1) and also chaotic (e.g. for ω = 130 rad s−1) and its character is
changing with increasing excitation frequency.

The output paremeter of the 0-1 test for chaos can acquire only one of the values 0 or
1 which correspond to the regular and chaotic motions, respectively. More details can be
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Table 1: Parameters of the system (1).

value quantity format description

m 20 kg mass of the bouncing ball
c 0.2 m clearance between the baseplate and the upper stop
α 1 s−1 parameter of the baseplate excitation
ω rad s−1 baseplate excitation frequency
A 1 mm ground vibration amplitude
kc 1×107 N m−1 contact stiffness
bc 100 N s m−1 coefficient of contact damping
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-0.05
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y
[m

]

Figure 2: Bifurcation diafram of y in dependence on ω.
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Figure 3: Phase portraits y versus ẏ for ω = 75 rad s−1 (left) and ω = 100 rad s−1 (right).
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Figure 4: Phase portraits y versus ẏ for ω = 130 rad s−1 (left) and ω = 131 rad s−1 (right).
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Figure 5: Output of the 0-1 test for chaos of y in dependence on ω.

found in [1]. The results of the 0-1 test for the range of investigated frequencies are shown
in Fig. 6 where chaotic and non-chaotic movements were detected. Note, that the result of
0-1 test coincides with bifurcation diagram in Fig. 2 and with phase diagrams, for special
choices of the excitation frequencies shown in Figs. 3 and 4).

3 Conclusions

In this paper, a mechanical systems with one degree of freedom has been investigated and
the movement of the bouncing ball was analyzed. This model was inspired by a real problem
of characterization of movements of an impact element of the impact damper that is used
for the vibration attenuation of the electromechanical system.
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The equation of movement was solved numerically using Runge-Kutta method imple-
mented as ode45 solver in Matlab.

It was observed that the movement is showing regular and also chaotic patterns for
suitable choice of parameters, mainly excitation frequency of the baseplate played a key
role here. For this purpose 0-1 test for chaos and bifurcation diagrams were used. The
bouncing ball forced by sinusoidally vibrating baseplate was also getting collisions with the
upper stop and this fact was also compared with the regularity of movement.
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Abstract

Due to its technical importance, the operation of skinning has attracted the ge-
ometric modelling community in recent years. Especially spheres belong among the
most used input shapes as their skins play an important role in various applications,
e.g. computational chemistry, molecular biology, computer animation, and modelling
of tubular surfaces. When branched skins of systems of spheres are constructed then
the envelopes of suitable two-parametric systems of spheres must be considered. In
this paper we solve this problem using the so-called rational envelope surfaces. The
functionality of the designed algorithm is presented on some examples.

Key words: Skinning; rational surfaces; square-root parameterizations; skeletal struc-
ture; computational chemistry and biology

1 Introduction

The problem of skinning appears in various situations. Probably the best known is the
application in computer animation – given a skeletal pose, then skinning algorithms are
responsible for deforming the geometric skin to respond to the motion of the underlying
skeleton. Skinning is a construction of a Gk (Ck) continuous interpolation curve/surface
of an ordered sequence of planar or spatial shapes. This operation can be viewed as a
particular analogy to the well-known interpolation of point data sets, which is one of the
most crucial techniques in Computer Aided Geometric Design, cf. [6] and references therein.
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Due to its technical importance, skinning has attracted the geometric modelling community
in recent years and one can find several papers on this topic, see e.g. [15, 9, 1].

In this paper we will focus on a special case of ball skinning. The problem of ball
skinning appears frequently for instance in the area of computational chemistry or molecular
biology when surface meshes for molecular models are supposed to be generated. One can
find several algorithms to skin a molecular model to produce a piecewise smooth surface.
When dealing with a continuous family of balls, the skin is the envelope of the infinite set
of the circles of intersection of two infinitely close spheres. In a discrete sense, skinning can
be regarded as a part of the problem of computing envelopes of families of circles/spheres
using the cyclographic mapping [12, 14]. Skinning is also closely related to representing
shapes with the help of the associated medial axis/surface transforms [4, 11] and the theory
of canal and pipe surfaces [10, 5].

We recall that from practical reasons (application of NURBS description which is nowa-
days a standard in computer aided geometric design) it is suitable to formulate such algo-
rithms which produce piecewise rational skin surfaces. This is especially hard problem when
branched skins shall be constructed, cf. [1]. In this paper we will present a simple method
how to compute a special elements (parts) of rational branched skins using the recently
introduced rational envelope shapes, i.e., medial axis/surface transforms allowing square
roots in the radius function but guaranteeing the rationality of the associated envelopes,
see [3].

2 Preliminaries

Firstly, we shortly recall some fundamental facts about skinning of balls/spheres and about
rational envelope surfaces.

2.1 Skinning balls in 3D space

Following the approach from [9], we consider a given (and admissible) sequence of spheres
Σ = {S1, S2, . . . , Sn}. Our goal is to describe a G1 spline surface S(Σ) skinning this system.
As in [1], we will admit not only linear sequences of input spheres but also more complicated
situations. Especially, we focus on configurations when branched skins shall be constructed.

When constructing the skin of spheres in the linear (sub)configuration then S(Σ) con-
sists of the following elements: (i) parts of Si obtained as the differences of Si and the
spherical caps determined by the contact circles; (ii) surfaces smoothly joining two consec-
utive spheres Si−1 and Si along prescribed contact circles. For constructing the blending
shapes (ii) we can use e.g. the algorithm formulated in [2]. It is based on using rational
contour curves of canal surfaces for computing their rational parameterizations. It is beyond
the scope of this paper to go into details and we refer e.g. to [1].
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Figure 1: Branching of a skinning surface: on a particular sphere (left), or when a blend
(green) between more than two spheres is needed (right). The gray sphere is connected via
the skin with 3 (left), or 4 (right) neighboring spheres.

Nonetheless, the problem is more complicated when branching of skins is allowed. We
recall that branching in this case means that there exists a sphere which is connected via the
skin with more than two neighboring spheres, see Fig. 1 (the gray sphere). Then two types
of situations can arise. Either, branching occurs on a particular sphere, Fig. 1 (left). In this
case, the skin consists again of the elements of type (i) and (ii) only. Or, a blend between
more than two spheres is needed, i.e., new type (iii) is needed – see the green shapes in
Fig. 1 (right). Hence the rational envelopes of suitable two-parameter systems of spheres
will be investigated in this paper in more detail. This problem was partially mentioned also
in [1] however non-rational envelopes were applied.

2.2 Rational envelope surface in R3,1

When constructing rational branched skins then it is necessary to construct rational en-
velopes of suitable two-parametric systems of spheres. We will model this elements using
RE surfaces.

Consider a spatial domain Ω ⊂ R3 and the family of all inscribed spheres partially
ordered with respect to inclusion of the associated balls. Then the medial surface (MS) of Ω
is the locus of all centers y of maximal inscribed spheres and the medial surface transform
(MST) of Ω is obtained by appending the corresponding sphere radius r to the medial
surface, i.e., it consists of points y = (y, r) ∈ R3,1.

For a C1 segment y(u, v) = (y(u, v), r(u, v)) ⊂ R3,1 of an MST, the corresponding
boundary of the domain Ω is given by the envelope formula

x± = y − r n±, n± =
(ruG− rvF )yu + (rvE − ruF )yv ± (yu × yv)

√
EG− F

2

EG− F 2
, (1)
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where xu denotes the partial derivatives of x w.r.t. the variable u, etc. The components
E,F ,G of the first fundamental form of y(u, v) are computed using the indefinite Minkowski
inner product

〈u,v〉 = u1v1 + u2v2 + u3v3 − u4v4, (2)

whereas the components E,F,G of the first fundamental form of y(u, v) are determined
using the standard Euclidean inner product in R3.

The so-called MOS surfaces (i.e., Medial surfaces Obeying a certain Sum of squares
condition, see [7]) are characterized by the condition

EG− F
2
= σ2(u, v), (3)

where σ(u, v) ∈ R(u, v). This ensures that the envelope x± is rational. Consequently,
x± possesses a normal vector field n± = (x± − y)/r rationally parameterizing the unit
sphere, i.e., x± are rational surfaces with Pythagorean normals (PN surfaces for short), see
[13]. Additionally, any rational MOS surface y in R3,1 can be constructed starting from an
(associated) rational PN surface x in R3 and a rational function r in the form

y(u, v) =

(
x+ r

xu × xv

σ
, r

)
. (4)

We remark that x will play the role of x+ in what follows. However, the main problem is
that the algorithms for interpolations with PN surfaces are relatively complicated (as they
are often based on the dual approach, or on the reparameterizations).

Nonetheless, MOS surfaces are not the only MSTs yielding rational envelopes. Turning
back to (1), we only have to guarantee that rn± is rational. This brings us to a broader
class of (generally non-rational) RE surfaces, i.e., surfaces yielding Rational Envelopes.
Accordingly, we set r(u, v) as the square root of some non-negative function R(u, v). This
leads to

rru =
1

2
Ru ∈ R(u, v), rrv =

1

2
Rv ∈ R(u, v). (5)

Then the rationality of rn± (and thus also of the envelope x±), cf. (1), is guaranteed by
the condition

R(EG− F
2
) = σ2(u, v). (6)

Additionally, any RE surface y in R3,1 can be constructed starting from an (associated)
rational surface x in R3 and a rational function f in the form

y(u, v) = (x+ f (xu × xv), f |xu × xv|) , (7)

In contrast to MOS surfaces it is easy to generate RE surfaces in the form y = (y, r =
√
R).
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q4

n1
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n3n4

x+(u, v)

x+(u, v)

x−(u, v)

y(u, v)

Figure 2: Construction of a rational skinning surface of four given spheres.

3 Skinning balls using rational envelope surfaces

Consider a system of n spheres in R3 (typically n = 3, 4) and our task is to find a rational
skinning surface enveloping these spheres. This shape can be then used for constructing
skins branched at this element. A main idea of our approach is to construct an RE surface
as MST in R3,1 such that the corresponding envelope surface in R3 will give the wanted
skin.

In particular, we start with constructing a suitable polynomial surface x(u, v) ⊂ R3

considered as one branch (e.g. x+(u, v)) of the envelope surface. Next using a suitably
chosen function f(u, v) we obtain a polynomial MST y(u, v) ⊂ R3,1, cf. (7). Of course the
second branch x−(u, v) of the envelope surface associated to y(u, v) will possess the rational
description as well.

Let the spheres Si, i = 1, ..., n, be given as the points pi = (pi, ri) ∈ R3,1 such that for
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each point pi the two points pi−1,pi+1 are considered as the associated neighboring points.
For the sake of correctness we consider p−1 = pn. First, we choose a tangent plane αi at
each point pi by the tangent vectors

ti1 = λi1

(
pi−1 − pi

)
= (ti1, τi1), ti2 = λi2

(
pi+1 − pi

)
= (ti2, τi2), λi1, λi2 ∈ R. (8)

Then αi denotes the plane in R3 given by pi, ti1, ti2. Next using envelope formula (1) we
obtain the associated end points qi on the corresponding envelope

qi = pi − ri
(τi1Gi − τi2Fi) ti1 + (τi2Ei − τi1Fi) ti2 ± (ti1 × ti2)

√
EiGi − F

2
i

EiGi − Fi
2 , (9)

where Ei = |ti1|2, Fi = |ti2|2, Gi = ti1 · ti2 and Ei = |ti1|2 − τ2i1, F i = |ti2|2 − τ2i2, Gi =
ti1 · ti2 − τi1τi2. Naturally, the normal vectors ni of the envelope surface at qi are

ni = λi(qi − pi), λi ∈ R, (10)

see Fig. 2 (top, left). We can construct a polynomial (triangular or quadrilateral) patch
x(u, v) interpolating the points qi and the associated normal vectors ni, see Fig. 2 (top, right).
Next, using formula (7) we lift x(u, v) to R3,1 and as a result we arrive at the MST y(u, v).
Conditions for y(u, v) interpolating the points pi, i.e.,

y(ui, vi) = pi, (11)

yield the following conditions on the function f(u, v):

fi(ui, vi) =
ri
|ni|

. (12)

Moreover, we require that y(u, v) touches the tangent planes αi at the given points pi, i.e.,

yu(ui, vi) = βi1ti1 + βi2ti2,
yv(ui, vi) = γi1ti1 + γi2ti2,

(13)

which (for each of these identities) forms a system of four linear equations for three variables
fu, βi1, βi2 and fv, γi1, γi2, respectively. However the equations in each system are dependent.
This follows from the next dependency conditions:

〈ñ,yu〉 = 0, 〈ñ,yv〉 = 0, (14)

where ñ = (n, |n|) = (xu × xv, |xu × xv|) is an isotropic vector, see [8] for more details. So
we can choose three arbitrary equations in each system, e.g., the first three of them, and
solve

yu(ui, vi) ·mi = 0,
yv(ui, vi) ·mi = 0,

(15)

c©CMMSE ISBN: 978-84-608-6082-2747
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where mi = ti1 × ti2. Hence we arrive at

f i
u(ui, vi) = −(xu(ui, vi) + fi(ui, vi)nu(ui, vi)) ·mi

ni ·mi
,

f i
v(ui, vi) = −(xv(ui, vi) + fi(ui, vi)nv(ui, vi)) ·mi

ni ·mi
.

(16)

After constructing a rational function f(u, v) satisfying conditions (12) and (16), the cor-
responding envelope surface associated to y(u, v) smoothly joins the given n spheres at the
prescribed points and with the considered tangent planes.

The rational parametrization of the second branch x−(u, v) of the envelope surface can
be then easily computed as

x−(u, v) = x+ + 2f
(yu × yv) · (xu × xv)

|xu × xv|2
(yu × yv), (17)

see Fig. 2 (bottom, left).

To sum up, the whole skinning element is composed of two branches of the envelope
surface x±(u, v), remaining parts of spheres and parts of canal surfaces whose rational
descriptions can be obtained by rotating the boundary curves xi(u) of x(u, v) around the
tangents of the boundary curves yi(u) of y(u, v), see Fig. 2 (bottom, right).

In particular, the construction of the skinning surface which smoothly joins 3 spheres
is trivial – we construct a planar MST. For n = 4 we start with choosing tangent vectors ti
at the points pi, see (8). Next we find the points qi and the associated tangent vectors ui1

and ui2 at these points and construct the Ferguson patch x(u, v), u, v ∈ [0, 1], interpolating
C1 Hermite data qi,ui1,ui2. The next step is to construct the lifting function f(u, v) as a
one-dimensional Ferguson patch interpolating values (12) and (16), cf. Example 4.1.

4 Computed examples

In this section we present the designed method on two particular examples.

Example 4.1 Consider 4 spheres given by

p1 = (0, 0, 0, 1), p2 = (8, 1, 1, 1), p3 = (6, 7, 0, 2), p4 = (0, 8, 1, 2), (18)

see Fig. 3 (left). We start with setting tangent planes at pi, i.e.,

α1 : t11 = p2 − p1, t12 = p4 − p1,
α2 : t21 = p2 − p1, t22 = p3 − p2,
α3 : t31 = p3 − p4, t32 = p3 − p2,
α4 : t41 = p3 − p4, t42 = p4 − p1

(19)
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S1

S2

S3
S4

Figure 3: An illustration of the construction of the rational skinning surface between four
given spheres from Example 4.1.

and compute the corresponding points qi and normal vectors ni on the associated envelope,
cf. (9) and (10). Next we can choose the tangent vectors ui1, ui2, e.g. by projecting ti1, ti2
to the plane given by the point qi and normal vector ni, i.e,

ui1 = ti1 −
ti1 · ni

|ni|2
ni, ui2 = ti2 −

ti2 · ni

|ni|2
ni. (20)

Then we construct a Ferguson surface x(u, v) interpolating points qi and tangent vectors
ui1 and ui2 and compute the lifting function f(u, v) as a one dimensional Ferguson surface
interpolating (12) and (16). Finally we compute the corresponding MST y in form (7) and
the second branch of the envelope (17). Of course, the boundary of the skin are rational
canal surfaces obtained by rotating x(u, 0), x(u, 1), x(0, u), x(1, u) around y′(u, 0), y′(u, 1),
y′(0, u), y′(1, u), respectively, see Fig. 3 (right).

Example 4.2 Consider a system of 10 spheres Si, cf. Fig 4 (left). We construct a branched
skinning surface S of the system Σ such that the spheres S1,S5,S6,S10 will be joined by
one suitable skinning element, cf. Section 3. Hence we can start with constructing this
element but in this special case we choose the tangent vectors at pi more intentionally to
enable simple joining with the remaining parts of the constructed skin. Consequently, we
prescribe on the spheres S1, S5, S6 and S10 suitable circles and employ any arbitrary linear
skinning method to the two system of spheres {S1,S2,S3,S4,S5} and {S6,S7,S8,S9,S10},
see Fig 4 (right).
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S1

S2 S3

S4

S5

S6

S7S8

S9

S10

Figure 4: Construction of the rational branched skin of ten given spheres from Example 4.2.

5 Conclusion

This paper was devoted to the construction of branched skins of systems of spheres. Espe-
cially we focused on the parts which correspond to the envelopes of two-parametric systems
of spheres. We presented how the so-called rational envelope surfaces can be used for solving
this problem when skins with rational descriptions are required. The functionality of the
presented method was presented on some examples.
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[1] B. Bastl, J. Kosinka, and M. Lávička, Simple and branched skins of systems of
circles and convex shapes, Graphical Models, 78 (2015), pp. 1 – 9.
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Abstract

We propose a model for cholera with treatment through quarantine. We compute the
disease-free equilibrium (DFE) and the basic reproduction number R0. We also de-
termine in which conditions the DFE is locally asymptotically stable. A numerical
simulation of the cholera outbreak in the Department of Artibonite (Haiti), in 2010, is
suggested and we prove that the number of infected individuals decreases when quaran-
tine is applied. Finally, an optimal control problem, whose goal is to obtain a successful
treatment through quarantine, is proposed.

K eywords: Cholera, SIQRB model, basic reproduction number, disease-free equilib-
rium, local stability, numerical simulation, optimal control.

MSC 2010: 34C60, 49K15, 92D30.

1 Introduction

Cholera is a bacterial disease provoked by the bacterium Vibrio cholerae, which lives in
an aquatic organism. Therefore, the ingestion of contaminated water can cause cholera
outbreaks, as John Snow proved, in 1854 [7]. This is a way of transmission of the disease, but
there are others. For example, susceptible individuals can become infected if they contact
with infected individuals. If individuals are at an increased risk of infection, they can
transmit the disease to other persons that live with them by reflecting food preparation or
using water storage containers [7]. An individual can be infected without or with symptoms.
Some symptoms are watery diarrhoea, vomiting and leg cramps. If an infected individual
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does not have treatment becomes dehydrated, suffering of acidosis and circulatory collapse.
This situation can lead to death, within 12-24h [4, 7]. Some studies and experiments suggest
that a recovered individual can be immune to the disease during a period of 3 to 10 years.
Recently researches suggest that the immunity can be lost after a period of weeks to months
[5, 7]. Between 2007 and 2011, there were cholera outbreaks in some countries of Africa
and Asia, namely in Angola, Haiti and Zimbabwe [7]. In Haiti, the first cases of cholera
happened in Artibonite Department on 14th October 2010 and the disease propagated along
the Artibonite river and reached several departments of Haiti. Only within one month, all
departments had reported cases in rural areas and places without good conditions of public
health [9]. Under some assumptions, we show that our model describes well such reality.

2 Model Formulation

We study a model that is based on [4, 5]. Our model divides the population density N(t)
into four different classes: S(t), I(t), Q(t) and R(t). The classes S(t), I(t), Q(t) and
R(t) represent the number of individuals that are susceptible, infected with symptoms, in
quarantine and recovered at time t, respectively. Furthermore, we will consider a class
B(t) that reflects the bacterial concentration at time t. We assume that there is a positive
recruitment rate Λ into the susceptible class S(t) and there is a positive natural death
rate μ, for all time t. Susceptible individuals can become infected with cholera at rate
βB(t)
κ+B(t) that is dependent of time t. Note that β > 0 is the ingestion rate of the bacteria
through contaminated sources, κ is the half saturation constant of the bacteria population
and B(t)

κ+B(t) is the possibility of an infected individual to have the disease with symptoms
given a contact with contaminated sources. Any recovered individual can lose immunity at
rate ω and therefore become susceptible again. The infected individuals can accept to be
in quarantine during a period of time. During this time they are isolated and subject to a
proper medication, at rate δ. The quarantined individuals can recover at rate ε. The disease-
related death rates associated to the individuals that are infected and in quarantine are α1

and α2, respectively. Each infected individual contributes to the increase of the bacterial
concentration at rate η. On the other side, the bacterial concentration can decrease at
mortality rate d. These assumptions are translated in the following mathematical model:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S′(t) = Λ− βB(t)

κ+B(t)
S(t) + ωR(t)− μS(t)

I ′(t) =
βB(t)

κ+B(t)
S(t)− (δ + α1 + μ)I(t)

Q′(t) = δI(t)− (ε+ α2 + μ)Q(t)

R′(t) = εQ(t)− (ω + μ)R(t)

B′(t) = ηI(t)− dB(t).

(1)
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3 Analysis of the Model

The density population is given by N(t) = S(t) + I(t) +Q(t) +R(t) and, consequently, we
have that

N ′(t) = S′(t) + I ′(t) +Q′(t) +R′(t) = Λ− μN(t)− α1I(t)− α2Q(t) ≤ Λ− μN(t).

Using a standard comparison theorem (see [3]) one can easily show that N(t) ≤ Λ
μ if

N(0) ≤ Λ
μ . Thus, the region Ω given by

Ω =

{
(S(t), I(t), Q(t), R(t), B(t)) ∈ R5

+ : N(t) ≤ Λ

μ

}
is positively invariant. Hence, it is sufficient to consider the dynamics of the flow generated
by (1) in Ω. In this region, the model is epidemiologically and mathematically well posed
in the sense of [2]. In other words, every solution of the model (1) with initial conditions in
Ω remains in Ω for all t > 0.

Proposition 1 (Disease-free equilibrium) The disease-free equilibrium of model (1) is

given by E0 = (S0, I0, Q0, R0, B0) =
(
Λ
μ , 0, 0, 0, 0

)
.

To compute the basic reproduction number R0 we allow the approach of [4, 8].

Proposition 2 (Basic reproduction number) The basic reproduction number of model
(1) is given by

R0 =
βΛη

μκd(δ + α1 + μ)
.

Furthermore, we have the following theorem.

Theorem 1 (Local asymptotic stability of DFE) The disease-free equilibrium E0 of
model (1) is

1. Locally asymptotically stable, if βΛη < μκd(δ + α1 + μ);

2. Unstable, if βΛη > μκd(δ + α1 + μ).

Moreover, if βΛη = μκd(δ + α1 + μ), then a critical case occurs.
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4 Numerical Simulations

We can observe that when ω = δ = ε = 0, we obtain a sub-model of (1) given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
S′(t) = Λ− βB(t)

κ+B(t)
S(t)− μS(t)

I ′(t) =
βB(t)

κ+B(t)
S(t)− (α1 + μ)I(t)

B′(t) = ηI(t)− dB(t).

(2)

For a suitable choice of the parameters, the sub-model (2) can be an approximation of what
happened in the Department of Artibonite (Haiti), since 1st November 2010 until 1st May
2011 [9]. In order to exist treatment for the infected individuals and, consequently, recovery,
we have to suppose that δ, ε > 0 and that ω ≥ 0. Considering the values of Table 1, we

Parameter Description Value Reference

Λ Recruitment rate 0.014 (day−1) [1]

μ Natural death rate 0.014 (day−1) [1]

β Ingestion rate 1.2 (day−1) [1]

κ Half saturation constant 106 (cell/ml) [6]

ω Immunity waning rate 0.4/365 (day−1) [5]

δ Quarantine rate 0.05 (day−1) Assumed

ε Recovery rate 0.2 (day−1) [4]

α1 Death rate (infected) 0.015 (day−1) [4]

α2 Death rate (quarantined) 0.0001 (day−1) [4]

η Shedding rate (infected) 10 (cell/ml day−1 person−1) [1]

d Bacteria death rate 0.33 (day−1) [1]

S(0) Susceptible individuals at t = 0 8000 (person) Assumed

I(0) Infected individuals at t = 0 1700 (person) WHO

Q(0) Quarantined individuals at t = 0 0 (person) Assumed

R(0) Recovered individuals at t = 0 0 (person) Assumed

B(0) Bacterial concentration at t = 0 104 (cell/ml) Assumed

Table 1: Model parameter values.

have the graph of real data and its approximation. In Figure 1 we can observe the function
I(t), t ∈ [0, 182], when there is a quarantine procedure.

5 Optimal Control Problem

In order to minimize the number of infected individuals and the bacterial concentration, as
well as the cost of interventions associated to quarantine, we add to model (1) two control
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Figure 1: Numerical Simulation of real data of Artibonite with and without quarantine.

variables that promote the treatment through quarantine. The controls u1 and u2 reflect,
respectively, the effort that is done for infected individuals to move to quarantine and for
keeping it. Therefore, we obtain a model given by⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

S′(t) = Λ− βB(t)

κ+B(t)
S(t) + ωR(t)− μS(t)

I ′(t) =
βB(t)

κ+B(t)
S(t)− δu1(t)I(t)− (α1 + μ)I(t)

Q′(t) = δu1(t)I(t)− εu2(t)Q(t)− (α2 + μ)Q(t)

R′(t) = εu2(t)Q(t)− (ω + μ)R(t)

B′(t) = ηI(t)− dB(t).

As we intend to minimize the number of infected individuals, the bacterial concentration
and the cost of the measures associated to each control, from 1st November 2010 to 1st May
2011 [9], our goal is minimize the functional given by

J(u1(.), u2(.)) =

∫ T

0

(
I(t) +B(t) + C1u

2
1(t) + C2u

2
2(t)

)
,

where T = 182 days and Ci is the measure of cost associated to the control ui, i = 1, 2.
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Abstract

In previous papers, the author has constructed and studied canonical Euler splitting
method (CES) and generalized canonical Euler splitting methods (GCES). Theoretical
analysis and numerical experiments show that CES and GCES methods are universally
applicable to general nonlinear composite stiff problems in evolution equations of various
type, and can significantly improve the computing speed on the basis of computing
quality assurance, whereas all the traditional operator splitting methods neither have
such universal applicability, nor have the fast computing speed which can be compared
with that of CES and GCES methods.

Key words: Canonical Euler splitting methods, nonlinear composite stiff problems,
evolution equations.

1 Introduction

Splitting algorithm is an essential key technology for the numerical simulation of complex
multi-physics processes and large-scale scientific computing, it has been widespread con-
cerned by experts and scientific computing staffs at home and abroad.

The traditional operator splitting methods, such as sequential splitting, symmetrical
weighted sequential splitting, Strang-Marchuk splitting and iterative splitting methods, have
been widely used for solving evolution equations. However, these methods are designed
based on the theory of linear operator and operator semigroups on Banach space, which
can not be directly applied to general nonlinear differential equations and stiff problems.
Furthermore, even for a traditional operator splitting method applied to a linear stiff system
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in ODEs, in case the related linear operators do not commute, the coefficient of the local
splitting error may become extremely large and cause the splitting method losing theoretical
basis and any practical value.

In recent years, through the use of local linearization hypothesis, Lie-derivative and
other special approaches and techniques to improve the traditional operator splitting meth-
ods, scientists have constructed a series of new operator splitting methods, which can be
effectively used to solve various specific nonlinear evolution equations encountered in the
research of modern science and technology. As examples, splitting methods for solving
nonlinear hyperbolic conservation laws we refer to [32, 36], splitting methods for solving
unsteady convection-diffusion-reaction equations with nonlinear convective terms we refer
to [31, 11, 37], with nonlinear reaction terms refer to [22, 12, 19, 16, 34, 29], with nonlin-
ear diffusion terms refer to [30, 38, 35, 9, 2]. Furthermore, splitting methods for solving
some special nonlinear delay differential equations (DDEs) and integro-differential equations
(IDEs) can be found in [6, 10, 13, 1, 20, 4, 18].

In order to further overcome the drawbacks of traditional operator splitting methods
mentioned above, in papers [23, 28], the author has constructed and studied canonical
Euler splitting method (CES) and generalized canonical Euler splitting methods (GCES).
Theoretical analysis and numerical experiments show that CES and GCES methods are
universally applicable to general nonlinear composite stiff problems in evolution equations
of various type, and can significantly improve the computing speed on the basis of computing
quality assurance, whereas all the traditional operator splitting methods neither have such
universal applicability, nor have the fast computing speed which can be compared with that
of CES and GCES methods.

In this paper we firstly consider the initial value problem in Volterra functional differ-

ential equations (VFDEs) of the form{
y′(t) = f1(t, y(t), y(·)) + f2(t, y(t), y(·)), t ∈ (0, T ],

y(t) = ϕ(t), t ∈ [−τ, 0],
(1.1)

where T > 0, τ ∈ [0,+∞] are constants, ϕ ∈ Cm[−τ, 0] is a given initial function, f1, f2 :

[0, T ] × Rm × Cm[−τ, T ] → Rm are given mappings, which satisfy the conditions⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

‖ f1(t, u, ψ(·)) − f1(t, v, ψ(·)) ‖≤ α1 ‖ u − v ‖ ∀t ∈ [0, T ], u, v ∈ Rm, ψ ∈ Cm[−τ, T ],

‖ f1(t, u, ψ(·)) − f1(t, u, χ(·)) ‖≤ β1 max
−τ≤ξ≤t

‖ ψ(ξ) − χ(ξ) ‖ ∀t ∈ [0, T ], u ∈ Rm, ψ, χ ∈ Cm[−τ, T ],

〈f2(t, u, ψ(·)) − f2(t, v, ψ(·)), u − v〉 ≤ α2 ‖ u − v ‖2 ∀t ∈ [0, T ], u, v ∈ Rm, ψ ∈ Cm[−τ, T ],

‖ f2(t, u, ψ(·)) − f2(t, u, χ(·)) ‖≤ β2 max
−τ≤ξ≤t

‖ ψ(ξ) − χ(ξ) ‖ ∀t ∈ [0, T ], u ∈ Rm, ψ, χ ∈ Cm[−τ, T ].

(1.2a)

(1.2b)

(1.2c)

(1.2d)

Here Rm denotes an m dimensional Euclidian space with the inner product 〈·, ·〉 and the

corresponding norm ‖ · ‖, for any given closed interval I ⊂ R, the symbol Cm(I) denotes
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a Banach space consisting of all continuous mappings x : I → Rm, on which the norm is

defined by ‖ x ‖∞= max
t∈I

‖ x(t) ‖, in (1.2) α2 is a one-sided Lipschitz constant, α1, β1 and

β2 are classical Lipschitz constants, and the parameters α1, β1, α2 := max{α2, 0}, β2 and

T are always assumed to be of moderate size.

Furthermore, we assume that the problem (1.1) has a unique true solution y(t) which

is slowly varying and stable with respect to the initial function ϕ(t). Here the term ”slowly

varying” means that y(t) and all its derivatives used in the study are continuous and satisfy∥∥∥∥diy(t)
dti

∥∥∥∥ ≤ Mi, 0 ≤ t ≤ T. (1.3)

with each constant Mi to be of moderate size.

In this paper, we shall always use the symbol S(α1, β1, α2, β2, T ) (abbr. S) to denote
the VFDE problem class consisting of all the problems of the form (1.1) satisfying (1.2),
(1.3) and all the above mentioned assumption conditions.

For the very important special case where the mapping f does not depend on the past

values of the true solution y(t), the problem (1.1) degenerates to the initial value problem

in ODEs {
y′(t) = f(t, y(t)) := f1(t, y(t)) + f2(t, y(t)), t ∈ (0, T ]

y(0) = ϕ0, ϕ0 ∈ Rm,

(1.4a)

(1.4b)

which satisfies the conditions⎧⎨⎩ ‖ f1(t, u) − f1(t, v) ‖≤ α1 ‖ u − v ‖ ∀t ∈ [0, T ], u, v ∈ Rm,

〈f2(t, u) − f2(t, v), u − v〉 ≤ α2 ‖ u − v ‖2 ∀t ∈ [0, T ], u, v ∈ Rm.

(1.5a)

(1.5b)

with the parameters α1, α2 := max{α2, 0} and T to be of moderate size, and here we also

assume that the problem (1.4) has a unique true solution y(t) which is slowly varying (i.e.,

satisfies the inequality (1.3)) and stable with respect to the initial value ϕ0. Thus we get

a problem class S0(α1, α2, T ) (abbr. S0) consisting of all the problems of the form (1.4)

satisfying (1.5), (1.3) and all the aforementioned assumptions, which can be regarded as a

sub-class of the problem class S.

Note that problem (1.4) can also be regarded as a semi-discrete PDE problem.

For any given problem (1.1) (resp. (1.4)), using the sub-mappings f1 and f2, we can

form two sub-problems, and it is easily seen from the above assumption conditions that the

first sub-problem with the sub-mapping f1 as right hand side function is always non-stiff or
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mild stiff. but the second sub-problem with the sub-mapping f2 as right hand side function

may be non-stiff, mild stiff, stiff or strongly stiff. For the case where the second sub-problem

is also non-stiff or mild stiff, we can use any one explicit canonical Runge-Kutta method for

VFDEs (resp. Runge-Kutta method for ODEs) to solve the original problem (1.1) (resp.

(1.4)) efficiently (cf.[26, 27]), and it is no need to use splitting methods. Thus we always

focus on the case where the second sub-problem is stiff or strongly stiff, and for convenience

we call the original problem (1.1) (resp. (1.4)) to be composite stiff.

In practice, the problems called stiff are diverse, and thus various definitions of stiffness

are seen in the literature. For the concepts of stiffness and for how to assess whether a

ODE or VFDE problem is stiff or not, we refer to [7, 21, 33, 14, 26]. For any stiff problem,

it is required that the true solution of the problem is slowly varying (cf. [7]). However,

we emphasize that for a composite stiff problem, we only require the true solution of the

original problem slowly varying, do not require the true solutions of its sub-problems slowly

varying, in other words, for the above mentioned two sub-problems, their true solutions

are allowed to vary no matter how fast (cf.Examples 5.1 and 5.2 of paper [23]). To avoid

confusion, here we would like to give a practical but not rigorous definition: a sub-problem

of the composite stiff problem (1.1) (resp. (1.4)) is called to be mild stiff, stiff or strongly

stiff if and only if the right hand side function of it satisfies a classical Lipschitz condition

with respect to the second argument, where the minimum Lipschitz constant is a little large,

large, or very large, respectively, and the true solution of the original problem (1.1) (resp.

(1.4)) is slowly varying.

Note that the conditions (1.2) and (1.5) seem to be too severe. In practice, these

conditions can be in general weakened that we only need these conditions to be satisfied in

some neighbourhood of the true solution y(t) of the problem (cf.[15, 7, 27]). Furthermore,

from a practical point of view, there is no need to check the conditions (1.2) and (1.5)

strictly.

2 CES and GCES methods

In paper [23], the author have constructed and studied canonical Euler splitting method

(CES) for solving nonlinear composite stiff problems of the form (1.1)∈ S(α1, β1, α2, β2, T )

and (1.4)∈ S0(α1, α2, T ). Quantitative stability, consistency and convergence theories of
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CES method are established, and it is proved that CES method is quantitatively consistent

and convergent of order 1. Here and in the rest of this paper, the term ”quantitative sta-

bility” means that in the related stability inequalities, all the stability coefficients and the

reciprocal of the maximum permitted step size are of moderate size, and the term ”quanti-

tative consistency and convergence” means that in the related consistency and convergence

inequalities, all the error coefficients and the reciprocal of the maximum permitted step size

are of moderate size.

For convenience of the reader, we present the details in the following.

(1) CES method is very applicable to solve various nonlinear composite stiff VFDE

problems of the form (1.1) belonging to the problem class S (cf.Example 5.2 of [23]). In such

situation, to advance any one time integration step (tn, ψ, y1, y2, · · · , yn) → (tn+1, ψ, y1, y2, · · · , yn+1),

CES method is carried out according to the following steps:

Step 1. decompose the problem (1.1) into two sub-problems, i.e., the non-stiff sub-

problem in ODEs {
ȳ′(t) = f1(t, ȳ(t), yh(·)), t ∈ [tn, tn+1],

ȳ(tn) = yn

2 (2.1a)

and the stiff sub-problem in ODEs{
ŷ′(t) = f2(t, ŷ(t), yh(·)), t ∈ [tn, tn+1],

ŷ(tn) = ȳn+1,
(2.1b)

where the function yh(·) ∈ Cm[−τ, tn+1] can be determined in advance by the formula

yh(t) = Π h(t; ψ, y1, y2, · · · , yn), −τ ≤ t ≤ tn+1. (2.2)

Throughout this paper, we always assume that the time mesh Δh := {ti : i = 0|N} ∈
{Δh} satisfies 0 = t0 < t1 < · · · < tN = T with variable stepsize hi = ti+1 − ti and

h = max
0≤i≤N−1

hi, ψ ∈ Cm[−τ, 0] is an approximation to the initial function ϕ, yi ∈
Rm (i = 0|N) are approximations to y(ti), yh(t) is an approximation to y(t), and Π h :

Cm [−τ, 0 ] × Rmn → Cm [−τ, tn+1 ] denotes a piecewise Lagrangian interpolation operator

which satisfies the canonical condition

max
−τ≤t≤tn+1

‖ Π h(t ; ψ, y1 , · · · , yn) − Π h(t ; χ, z1 , · · · , zn) ‖≤ Cπ max{ max
1≤i≤n

‖ yi − zi ‖, max
−τ≤t≤0

‖ ψ(t) − χ(t) ‖}

∀ψ, χ ∈ Cm[−τ, 0], yi, zi ∈ Rm, i = 1, 2, · · · , n, (2.3)
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with the canonical constant Cπ to be of moderate size.

For the special case of CES method, we always assume that the degree of Lagrangian

integration polynomials does not greater than 1 and thus we have Cπ = 1. For more details

of the above symbols and the canonical condition (2.8), we refer to [25, 26, 27].

Step 2. Using generalized explicit Euler method (GEE)

ȳn+1 = yn + hnf1(tn+1, yn, yh(·)) (2.4a)

to solve the non-stiff sub-problem (2.1a), we thus get ȳn+1.

Step 3. Using generalized implicit Euler method (GIE)

ŷn+1 = ȳn+1 + hnf2(tn+1, ŷn+1, y
h(·)) (2.4b)

to solve the stiff sub-problem (2.1b) to get ŷn+1. Let yn+1 = ŷn+1, and we thus complete

the time integration step.

Here we emphasize that in both (2.4a) and (2.4b) the function yh(t) is determined by

formula (2.2) in which the original back value yn (rather than ȳn+1) is used. Furthermore,

we also emphasize that for solving equation (2.4b) by simplified Newton iterations to find

ŷn+1, the iteration starting value should be chosen as the original bach value yn rather than

ȳn+1 because we have only assumed that the true solution y(t) of the original problem (1.1)

is slowly varying, whereas the true solution ŷ(t) of the subproblem (2.1b) may be varying

very fast.

(2) CES method is very applicable to solve various nonlinear composite stiff ODE or

semi-discrete PDE problems of the form (1.4) belonging to the problem class S0 (cf.Example

5.1 of [23]). In such situation, to advance any one time integration step (tn, yn) →
(tn+1, yn+1), CES method is carried out according to the following steps:

Step 1. decompose the problem (1.4) into two sub-problems, i.e., the non-stiff sub-

problem in ODEs {
ȳ′(t) = f1(t, ȳ(t)), t ∈ [tn, tn+1],

ȳ(tn) = yn

(2.5a)
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and the stiff sub-problem in ODEs{
ŷ′(t) = f2(t, ŷ(t)), t ∈ [tn, tn+1],

ŷ(tn) = ȳn+1.
(2.5b)

Step 2. Using generalized explicit Euler method (GEE)

ȳn+1 = yn + hnf1(tn+1, yn) (2.6a)

to solve the non-stiff sub-problem (2.5a), we thus get ȳn+1.

Step 3. Using generalized implicit Euler method (GIE)

ŷn+1 = ȳn+1 + hnf2(tn+1, ŷn+1) (2.6b)

to solve the stiff sub-problem (2.5b), we get ŷn+1. Let yn+1 = ŷn+1, and we thus complete

the integration step.

Here we also emphasize that for solving equation (2.6b) by simplified Newton iterations

to find ŷn+1, the iteration starting value should be chosen as the original back value yn

rather than ȳn+1.

(3) For a composite stiff problem, if the first sub-problem is mild stiff, but the second

sub-problem is strongly stiff, then CES method can also be used to solve it, but in this

special case, the time step size must be chosen more smaller (cf. Examples 5.3, 5.4 and 5.5

of [23]).

However, CES method has a disadvantage that for solving sub-problems, it limits the

methods too strict. In more detail, for solving non-stiff and stiff subproblems, it only allows

to use GEE and GIE methods, respectively. To overcome this drawback and further develop

CES method, in paper [28] the author has proved that for solving a nonlinear composite

stiff problem belonging to the class S or S0, if the subproblems of this problem is also slowly

varying, then we can advance any one time integration step from tn to tn+1 according to the

aforementioned three steps with GEE and GIE methods replaced by the methods M1 and

M2, respectively, and we thus call such a new splitting method generalized canonical Euler

splitting method with abbreviation GCES, or more precisely, GCES(M1,M2), where M1
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denotes an arbitrarily given Runge-Kutta method, which is classically stable, classically

consistent and classically convergent of order p1 ≥ 1 for solving non-stiff problems, M2

denotes an arbitrarily given Runge-Kutta method, which is B-stable, B-consistent and

optimally B-convergent of order p2 ≥ 1 for solving nonlinear stiff problems. Furthermore,

we have also proved that GCES methods are quantitatively stable, quantitatively consistent

and convergent of order 1 for solving nonlinear composite stiff problems belonging to the

class S or S0 with the aforementioned additional property.

3 Numerical experiments

Example 4.1 Consider the strongly nonlinear three-dimensional parabolic problem⎧⎪⎪⎨⎪⎪⎩
∂u
∂t = ∂

∂x(u6 ∂u
∂x) + ∂

∂y (u6 ∂u
∂y ) + ∂

∂z (u6 ∂u
∂z ) + ϕ, (x, y, z) ∈ Ω, 0 < t ≤ π/2,

u(x, y, z, 0) = 0, (x, y, z) ∈ Ω,

u(x, y, z, t) = 0, (x, y, z) ∈ ∂Ω, 0 ≤ t ≤ π/2,

(4.1)

where Ω = {(x, y, z) : 0 < x < 1, 0 < y < 10, 0 < z < 10}, ∂Ω denotes the Lipschitz
continuous boundary of Ω,

ϕ(x, y, z, t) = 2 sin(πx) sin(
πy

10
) sin(

πz

10
) cos t +

51π2

50
u7 − 6π2u5 sin2 t(4 cos2(πx) sin2(

πy

10
) sin2(

πz

10
)

+
1
25

sin2(πx) cos2(
πy

10
) sin2(

πz

10
) +

1
25

sin2(πx) sin2(
πy

10
) cos2(

πz

10
)).

This problem has a unique true solution

u(x, y, z, t) = 2 sin(πx) sin(
πy

10
) sin(

πz

10
) sin t, x, y, z ∈ Ω, 0 ≤ t ≤ π

2
. (4.2)

Using uniform space mesh

{(xi, yj , zk) | xi = ihx, yj = jhy, zk = khz, i, j, k = 0, 1, · · · , 100, hx = 0.01, hy = hz = 0.1},
we get the following semi-discrete problem by difference method⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

duijk

dt
=

(u6
i+1,j,k + u6

ijk)(ui+1,j,k − uijk) − (u6
ijk + u6

i−1,j,k)(uijk − ui−1,j,k)

2h2
x

+
(u6

i,j+1,k + u6
ijk)(ui,j+1,k − uijk) − (u6

ijk + u6
i,j−1,k)(uijk − ui,j−1,k)

2h2
y

+
(u6

i,j,k+1 + u6
ijk)(ui,j,k+1 − uijk) − (uq1

ijk + uq1
i,j,k−1)(uijk − uijk−1)

2h2
z

+ ϕi,j,k(t),

uijk(0) = 0,

(4.3)
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where 0 < t ≤ π
2 , i, j, k = 1, 2, · · · , 99, ϕi,j,k(t) = ϕ(xi, yj , zk, t), the unknown functions ui,j,k =

ui,j,k(t) are approximations to u(xi, yj , zk, t), and note that u0,j,k(t) = u100,j,k(t) = ui,0,k(t) =
ui,100,k(t) = ui,j,0(t) = ui,j,100(t) = 0.

For each time integration step from tn to tn+1, we decompose the semi-discrete problem (4.3)
into two sub-problems, i.e., the mild-stiff sub-problem

dūijk

dt = (ū6
i,j+1,k+ū6

ijk)(ūi,j+1,k−ūijk)−(ū6
ijk+ū6

i,j−1,k)(ūijk−ūi,j−1,k)

2h2
y

+ (ū6
i,j,k+1+ū6

ijk)(ūi,j,k+1−ūijk)−(ū6
ijk+ū6

i,j,k−1)(ūijk−ūi,j,k−1)

2h2
z

+ ϕi,j,k(t)
(4.4a)

and the strongly stiff sub-problem

dũijk

dt
=

(ũ6
i+1,jk + ũ6

ijk)(ũi+1,jk − ũijk) − (ũ6
ijk + ũ6

i−1,jk)(ũijk − ũi−1,jk)

2h2
x

. (4.4b)

Then we solve this semi-discrete problem by our CES method with variable time stepsize τn deter-
mined by the empirical formula based on linear stability theory

τn =
(min{hy, hz})2

c max{1, u6
max(tn)} , umax(t) = max

i,j,k
ui,j,k(t), (4.5)

where c ≥ 2 is an adjustable parameter, and we let c = 4. We find that the L2-norm of the global

error of the numerical solution with respect to the true solution u(x, y, z, t) of the original PDE

problem (4.1) is E
L2

= 1.368975 × 10−3, and the computation only takes time 11 hours 18 minutes

7.296 seconds.

Note that there are nearly 106 space grids and 106 unknown functions uijk(t), 0 ≤ t ≤ π
2 ,

computed with time stepsize τn gradually decreased from 2.5 × 10−3 to 3.911212 × 10−5.

Note also that in this example we always perform our codes in serial on the same Dell OptiPlex

755 computer and always require Newton iteration error ε < 10−10 to stop the simplified Newton

iterations. If we perform our codes in parallel, then the computation speed can be certainly further

improved significantly.

Therefore, we can conclude that CES method is very applicable for solving strongly nonlinear

composite stiff semi-discrete multi-dimensional parabolic problems, it can significantly improve the

computing speed on the basis of ensuring the computing quality.

Example 4.2 For the numerical simulation of radiation driven spherically symmetric single-
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temperature implosion compression process, in Eulerian coordinates, its mathematical model is

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ρ

∂t
+

∂(ρu)
∂x

+
2ρu

x
= 0,

∂(ρu)
∂t

+
∂(ρu2 + p)

∂x
+

2ρu2

x
= 0,

∂(ρE)
∂t

+
∂((ρE + p)u)

∂x
+

2(ρE + p)u
x

=
∂

∂x
(K

∂T

∂x
) +

2K ∂T
∂x

x
,

∂ρν

∂t
+

∂(ρνu)
∂x

+
2ρνu

x
= 0,

p = (γ − 1)ρe, e = cvT, E = e +
1
2
u2,

(4.6a)

(4.6b)

(4.6c)

(4.6d)

(4.6e)

where the symbols ρ, u, e, E, p, T and ν denote the fluid density, velocity, specific internal energy,
total energy, pressure, temperature and volume fraction of deuterium-tritium (DT) , respectively,
all of them are functions of (x, t) with 0 ≤ x ≤ 5R and t ≥ 0, R = a + b + c denotes the radius of
the target sphere (cf. Figure 4.1), for definiteness and simplicity, let a = 114, b = 0, c = 14, and we
thus have R = 128, K, γ and cv denote thermal conductivity, adiabatic index of gas and isochoric
specific heat, respectively, which are dependent on materials. For DT, we let γ = 5/3, cv = 98.8
and for CH, let γ = 5/3, cv = 86, since K is a complex function of T and ρ, here we do not describe
it in detail.

Figure 4.1 target sphere structure

At the left and right ends of the interval [0, 5R], we use symmetric and compactly supported
boundary conditions, respectively. At the initial time t = 0, we let u(x, 0) = 0, T (x, 0) = 3 × 10−4

for x ∈ [0, 5R], and let ρ(x, 0) = 0.0018, 1.05, 10−5 for x ∈ [0, a], [a,R], [R, 5R] respectively.
Furthermore, we assume that there is a radiation source on the interval [R, 5R], and the temperature
of the radiation source is determined by the formula

Tr =

{
3 × 10−4 + (2 − 3 × 10−4)t, 0 ≤ t ≤ 1,

2, t > 1.
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Problem (4.6) can be decomposed into two subproblems, i.e., the fluid flow subproblem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂ρ

∂t
+

∂(ρu)
∂x

+
2ρu

x
= 0,

∂(ρu)
∂t

+
∂(ρu2 + p)

∂x
+

2ρu2

x
= 0,

∂(ρE)
∂t

+
∂((ρE + p)u)

∂x
+

2(ρE + p)u
x

= 0,

∂ρv

∂t
+

∂(ρvu)
∂x

+
2ρvu

x
= 0,

p = (γ − 1)ρe, E = e +
1
2
u2,

(4.7a)

(4.7b)

(4.7c)

(4.7d)

(4.7e)

and the heat conduction subproblem⎧⎪⎪⎨⎪⎪⎩
∂(ρE)

∂t
=

∂

∂x
(K

∂T

∂x
) +

2K ∂T
∂x

x
,

E = cvT +
1
2
u2.

(4.8a)

(4.8b)

By using uniform space mesh

{xi | xi = (i − 0.5)h, i = 1, 2, · · · , 6400, h =
5R

6400
}

and fifth-order FD-WENO scheme, we can easily get the semi-discrete approximation of the PDE
subproblem (4.7), and find that it is a mild stiff ODE problem. Similarly, by using second order
difference methods on the same uniform space mesh, we can easily get the semi-discrete approxi-
mation of the PDE subproblem (4.8), and find that it is a strongly stiff ODE problem. Therefore,
the whole semi-discrete approximation of the original PDE problem (4.6) is a composite stiff ODE
problem, and we can use CES method to solve it.

However, in order to improve the local accuracy and resolution of the numerical solution of the
fluid equation, a more appropriate choice is to use the well known third-order TVD Runge-Kutta
method (TVDRK3) to solve the first subproblem, thus we would like to use GCES(TVDRK3,ImEuler)
method (rather then CES method) with adaptive time step size to solve this composite stiff ODE
problem, and for comparison purposes, we also use the corresponding traditional sequential operator
splitting method SOS(TVDRK3,ImEuler) with adaptive time step size to solve the same problem
with the same decomposition on the same Dell OptiPlex 755 computer with the same strategy for
stopping simplified Newton iteration.

The numerical simulation results obtained by these two different splitting methods at time
t = 2480.03 are plotted in figures 4.2a and 4.2b, the costed computing time tcpu are listed in table
4.1, from which we see that although the numerical results obtained by these two different splitting
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methods are almost the same, but the computational speed of GCES(TVDRK3,ImEuler) method is
much faster than that of SOS(TVDRK3,ImEuler) method.

Figure 4.2a Numerical simulation
of T, P, ρ, u at time t = 2480.03

Figure 4.2b Temperature T of the
target sphere at time t = 2480.03

Table 4.1 Computing time of different methods

Splitting method computing time tcpu

GCES(TVDRK3,ImEuler) 2 hours 12 minutes 22 seconds

SOS(TVDRK3,ImEuler) 7 hours 42 minutes 12 seconds

Example 4.3 Consider the initial-boundary value problem in nonlinear partial functional
differential equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
= t4

∂

∂x
(u

∂u

∂x
) − u2(x, t) − 2 u2(x,

t

2
)

− (4x2 − 4x + 1) u(x, t − π

2
) +

∫ t

t−π
2

cos θ cos 2θu(x, θ)dθ

− 16(6x2 − 6x + 1)t4 sin2 t + 16x2(1 − x)2(1 + sin2 t), x ∈ (0, 1), t ∈ [0, π],

u(0, t) = u(1, t) = 0, t ∈ [0, π],

u(x, t) = 4x(1 − x) sin t, x ∈ (0, 1), t ∈ [−π
2 , 0].

(4.9)

This problem has a unique true solution u(x, t) = 4x(1 − x) sin t. Using uniform space mesh

{xi : xi = ihx, i = 0, 1, · · · , 1001, hx = 1/1001},
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we get the following semi-discrete problem by difference method⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dui(t)
dt

= t4
u2

i+1(t) − 2 u2
i (t) + u2

i−1(t)
2h2

x

− u2
i (t) − 2 u2

i (
t

2
)

− (4x2
i − 4xi + 1) ui(t − π

2
) +

∫ t

t−π
2

cos θ cos 2θui(θ)dθ

− 16(6x2
i − 6xi + 1)t4 sin2 t + 16x2

i (1 − xi)2(1 + sin2 t), t ∈ [0, π],

ui(t) = 4xi(1 − xi) sin t, t ∈ [−π
2 , 0],

(4.10)

where i = 1, 2, · · · , 1000, u0(t) = u1001(t) = 0.

For each time integration step from tn to tn+1, we firstly decompose the semi-discrete problem
(4.10) into two sub-problems, i.e., the non-stiff sub-problemsmall

dūi(t)
dt

= −ū2
i (t) − 2 ū2

i (
t

2
)

− (4x2
i − 4xi + 1) ūi(t − π

2
) +

∫ t

t−π
2

cos θ cos 2θūi(θ)dθ

− 16(6x2
i − 6xi + 1)t4 sin2 t + 16x2

i (1 − xi)2(1 + sin2 t),

(4.11a)

and the strongly stiff sub-problem

dũi(t)
dt

= t4
ũ2

i+1(t) − 2 ũ2
i (t) + ũ2

i−1(t)
2h2

x

. (4.11b)

Note that for simplicity here we did not write the initial values of the sub-problems. Then we use
our CES method with time stepsize τ = 10−3, 10−4, respectively, to solve the semi-discrete VFDE
problem (4.10) with decomposition (4.11a)-(4.11b). Furthermore, for comparison purpose, we also
use the corresponding traditional sequential operator splitting method SOS(ExEuler,ImEuler) to
solve the same semi-discrete problem with the same decomposition and same stepsize on the same
Dell OptiPlex 755 computer. The maximum global errors Emax of the numerical results on the
whole integration interval [0, π] with respect to the true solution u(x, t) of the original problem
(4.9) and the costed computing time tcpu are listed in Table 4.2, from which we see that for solving
nonlinear partial functional differential equation problems of the form (4.9), our CES method is
of high speed and can reach the expected high accuracy, whereas the traditional operator splitting
method SOS(ExEuler,ImEuler) is failed.

Table 4.2 Maximum global errors Emax of the numerical results and computing
time tcpu of different splitting methods when applied to problem (4.10)

splitting method
τ = 10−3 τ = 10−4

Emax tcpu(sec) Emax tcpu(sec.)
CES 1.699950 × 10−4 6.547 1.710165 × 10−5 52.203

SOS(ExEuler,ImEuler) floating-point overflow floating-point overflow
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Abstract

Locating accurate centres of vortices is one of the accurate measures for computa-
tional methods in fluid flow and the lid-driven cavity flows are widely used as bench-
marks. This paper analyses the accuracy of an adaptive mesh refinement method using
2D steady incompressible lid-driven cavity flows for two refinements. The adaptive
mesh refinement method performs mesh refinement based on the numerical solutions
of Navier-Stokes equations solved by Navier2D, a vertex centred Finite Volume that
uses the median dual mesh to form the Control Volumes (CVs) about each vertex. The
accuracy of the refined meshes is demonstrated by the centres of vortices obtained in the
benchmarks being contained in the twice refined grids. The adaptive mesh refinement
method investigated in this paper is proposed based on the qualitative theory of differ-
ential equations. Theoretically infinite refinements can be performed on an initial mesh.
Practically we can stop the process of refinement based on tolerance conditions. The
method can be applied to find the accurate numerical solutions of any mathematical
models containing continuity equations for incompressible fluid, steady state fluid flows
or mass and heat transfer.

Key words: adaptive mesh refinement, finite volume method, lid-driven cavity flow

1 Introduction

Meshing is the process of breaking up a physical domain into finite smaller sub-domains
(called elements, cells or grids) in order to evaluate the discrete numerical solutions of
differential equations at the nodes. Adaptive mesh refinement is a computational technique
to improve the accuracy of the numerical solutions by starting the calculations on a coarse
initial mesh and then refining this mesh based on refinement criteria.
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There are a large number of publications on adaptive mesh refinements and their appli-
cations. Some refinement methods use a refinement criterion which is based on local trun-
cation errors (e.g. Almgren, Bell, Colella, Howell & Welcome [1]). Other common methods
include the so-called h-refinement (e.g. Lohner [19]), p-refinement (e.g. Bell, Berger, Saltz-
man & Welcome [3]) or r-refinement (e.g. Miller & Miller [20]), with different combinations
of these also possible (e.g. Capon & Jimack [4]). The overall aim of these adaptive algo-
rithms is to allow a balance to be obtained between accuracy and computational efficiency
in solving differential equations.

We proposed adaptive mesh refinement methods for 2D velocity fields (Li [15]) and
for 3D fields (Li [14]) based on a theorem in qualitative theory of differential equations
(Theorem 1.14, page 18, Ye et al. [22]). The theorem indicates that a divergence free vector
field has no limit cycles or one sided limit cycles, that is, the trajectories (or streamlines)
of divergence free vector fields are closed curves in bounded domains (singular points are
streamlines) that have also been shown by benchmarks (e.g. Erturk et al. [6]). The adaptive
mesh refinement methods adaptively refine meshes based on the information of evaluated
numerical velocity fields to obtain refined meshes on which the linear interpolation of the
numerical velocity fields approximates continuous divergence free vector fields. The area on
which the linear interpolation is not equivalent to a divergence free vector field reducibly
closes to zero when the number of refinements increases.

Identification of accurate locations of singular points and asymptotic lines (planes), and
drawing closed streamlines are some of the accuracy measures for computational methods.
Using numerical velocity fields obtained by taking the vectors of the analytical velocity fields
at nodes of the refined meshes, examples show the accuracy of the adaptive mesh refinement
methods include: locating the singular points and asymptotic lines for 2D [12]; the singular
points and asymptotic plane for 3D [13]; and drawing closed streamlines (Li [12], [13]). We
showed that the once refined mesh for 2D velocity fields provides accurate estimates for
the singular points of 2D steady incompressible lid-driven cavity flows using the numerical
velocity fields (Lal & Li [10]). The numerical velocity fields are obtained by solving the
Navier-Stokes equations with the boundary conditions numerically using a second order
colocated finite volume method (GSFV) with a splitting method for time discretization
(Faure, Laminie & Temam [7]). We applied the adaptive mesh refinement method to the
initial meshes and the numerical velocity fields, and take the centres of refined grids in the
vortex regions as the estimates of the singular points. The comparison of the estimates with
the benchmarks shows that the estimates for the singular points are accurate.

Mesh refinement is necessary for producing accurate numerical solutions. Li [16] con-
siders 2D lid-driven cavity flows using finer meshes 99×99 for Re = 1000, 121×121 for
Re = 2500 and 139×139 for Re = 5000. The results show that the different sizes of vortices
(primary, secondary, tertiary and quaternary vortices) require different densities of mesh
nodes in the separated-flow regions for similar relative errors of centre locations. The same
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conclusion is derived in Armaly et al. [2]. An investigation starting from coarser initial
meshes and demonstrating the centres of vortices are contained in the refined grids of once
refined meshes has been done (Li et al. [18]).

This paper reports the accuracy analysis of the same adaptive mesh refinement method
for 2D proposed by Li [15] for more refinements using the benchmarks for 2D lid-driven
cavity flows. We show that the centres of vortices obtained in the benchmarks are contained
in the twice refined grids for Re = 100 and Re = 1000. We conclude that more accurate
centres of vortices can be achieved when more refinements are performed.

2 Review of algorithm of adaptive mesh refinement

This section summarizes the adaptive mesh refinement method proposed by Li [15] based
on Theorem 1.14 of [22].

Assume that Vl = AX + B is a vector field obtained by linearly interpolating the
vectors at the three vertexes of a triangle, where

A =

(
a11 a12
a21 a22

)
is a matrix of constants,

B =

(
b′1
b′2

)
is a vector of constants, andX = (x1, x2)

T . The vectorVl is unique if the area of the triangle
is not zero [11]. The continuity equation for Vl and a steady flow or an incompressible fluid
is

∇ ·Vl = trace(A) = 0. (1)

Let f be a scalar function depending only on spatial variables. We assume that fVl is
divergence free and then calculate the expressions of f . Li [15] derives the expressions of
f for the four different Jacobian forms of the coefficient matrix A as shown in Table 1.
Variables y1 and y2 in Table 1 are the components of (y1, y2)

T = V−1X where V satisfies
AV = VJ and J is one of the Jacobian matrices in Table 1. Vectors Vl and fVl produce
same streamlines if f �= 0,∞ (refer to Section 2.2 of [12]). Therefore, if fVl is divergence
free, Vl produces divergence free streamlines. The functions f are calculated by solving
differential equations [17]. Scalar functions f reduce the number of refined grids in refined
meshes [17]. The conditions (MC)(MC is the abbreviation of mass conservation) are the
functions f in Table 1 not equaling zero or infinity at any point on the triangular domains
when fVl is divergence free on these triangular domains.

We review the algorithm of adaptive mesh refinement for quadrilateral meshes [18].
The algorithm is also applicable to a triangular mesh after a subdivision of a triangle to
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Table 1: Jacobian matrices and corresponding expressions of f (C �= 0)
Case Jacobean f

1

(
r1 0
0 r2

)
(0 �= r1 �= r2 �= 0) C(

y1+
b1
r1

)(
y2+

b2
r2

)

2

(
r1 0
0 0

)
(r1 �= 0) C

y1+
b1
r1

3

(
r1 0
0 r1

)
(r1 �= 0) C(

y1+
b1
r1

)2

4

(
μ λ
−λ μ

)
(μ �= 0, λ �= 0) C(

y1+
μb1−λb2
μ2+λ2

)2
+
(
y2+

λb1+μb2
μ2+λ2

)2

a number of small triangles is defined. The following grid refinement algorithm describes
how to use the conditions (MC) to refine a quadrilateral grid in a given mesh. To avoid an
infinite refinement of the mesh, we choose a pre-specified threshold number of refinements
T based on the accuracy requirements. The algorithm of grid refinement is:

Step 1 Subdivide a quadrilateral grid into two triangles. If Vl satisfies Eq. (1) on both
triangles, no refinement for the grid is required. Otherwise, go to Step 2;

Step 2 Apply the conditions (MC) to both of the triangles. If the conditions (MC) are
satisfied on both triangles, no refinement for the grid is required. Otherwise, we
subdivide the grid into a number of small grids such that the lengths of all sides of
the small grids are truly reduced (e.g. connecting the mid-points of opposite sides of
a quadrilateral by line segments produces four small quadrilaterals and the lengths of
the sides of the four small quadrilaterals are truly reduced).

In this paper, we subdivide a quadrilateral grid by connecting the mid-points of two
opposite sides of a quadrilateral.

The algorithm of adaptive mesh refinement is:

Step 1 Evaluate the numerical velocity field for a given initial mesh;

Step 2 Refine all grids of the initial mesh one by one using the above algorithm of grid
refinement;

Step 3 Take the refined mesh as initial mesh and go to Step 1 until a satisfactory numerical
velocity field is obtained or the threshold number T is reached.

The abbreviations BR, BL and TL refer to bottom right, bottom left and top left
corners of the cavity, respectively. The number following these abbreviations refer to the
vortices that appear in the flow, which are numbered according to size (for example, BR1
refers to bottom right secondary vortex).
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3 Accuracy analysis by comparisons with benchmarks

In this section, we use Navier2D, an open source MATLAB CFD Codes by Darren Engwirda
for evaluating the numerical velocity field on triangular meshes [5]. The results reported in
this paper have the residuals for both x and y being less than 10−6 in the evaluation of the
numerical velocity fields.

One of the possible comparisons is the adaptive mesh refinement which enforces refine-
ment criteria

‖∇u(k)‖ ≤ ε‖uh‖1
everywhere in the mesh, where ‖·‖ is the L2 norm, ‖·‖1 is theH1 norm, ε is the discretization
tolerance, uh is finite-dimensional approximation for u, and k in ‖∇u(k)‖ is the number of
subdomains (Henderson [9], 293–299). Even though there might be some relations between
the refined meshes and the vorticity field as ε decreases, no information is provided on the
pattern of the flow field such as locations of the centres of vortices [18].

We take the case for Re = 100 as an example to show how we switch between triangular
meshes to quadrilateral meshes. Fig. 1 is the initial mesh with size 25×25 uniform grids.
The triangulated initial mesh is obtained by connecting bottom left vertex to top right
vertex by a line segment in each grid of the initial mesh and then is loaded it into Navier2D

for the first evaluation of the numerical velocity field.

Fig. 2 shows the once refined mesh using the evaluated numerical velocity field at the
nodes. Fig. 3 shows the triangulated mesh from the once refined mesh shown in Fig. 2.
The triangulated mesh is loaded into Navier2D for the second evaluation of the numerical
velocity field.

We take the results for Re = 100 [8, 21], and the results for Re = 1000 [6] as the bench-
marks for accuracy analysis. We consider the accuracy of the adaptive mesh refinement
method using the inclusion of the centres of vortices identified in the benchmarks in refined
grids.

3.0.1 Re = 100

Fig. 4 shows the twice refined mesh using the second evaluated numerical velocity field at
the nodes shown in Fig. 3 and the centres of vortices (black dots) given by the benchmarks
[8]. All three centres (primary vortex, BL1 and BR1) are contained in the twice refined
grids of the two refined mesh.

3.0.2 Re = 1000

This section shows the figures for Re = 1000 generated from an initial mesh with 35×35
uniform grids. Fig. 5 shows the twice refined mesh and the centres of vortices (black dots)
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Figure 1: Initial mesh for Re = 100 with size 25×25.
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Figure 2: Once refined mesh for Re = 100.
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1098 Nodes, 1995 Triangles

Figure 3: Triangulated mesh based on the mesh shown in Fig. 2
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Figure 4: Twice refined mesh for Re = 100 with initial mesh size 25×25.
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Figure 5: Twice refined mesh for Re = 1000 with initial mesh size 35×35.

given by the benchmarks [6]. All five centres (primary vortex, BL1, BR1, BL2 and BR2)
are contained in the twice refined grids.

4 Conclusion

We applied the adaptive mesh refinement method twice to the initial meshes based on
the information of numerical solutions of 2D lid-driven cavity flows using Navier2D. We
demonstrate the accuracy of the adaptive mesh refinement method by the inclusion of the
centres of vortices in twice refined grids of twice refined meshes. If we refine the initial
meshes more times, we obtain more accurate estimates for the centres of vortices. We are
able to achieve the required accuracy for the centres of vortices by selecting an appropriate
threshold number T .
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Abstract

We study the nodes of two-, three- and four-electron systems in various ferromagnetic
configurations (sp, p2, sd, pd, p3, sp2 and sp3). In some particular cases (sp, p2, sd, pd
and p3), we rigorously prove that the non-interacting wave function has the same nodes
as the exact (yet unknown) wave function. The number of atomic and molecular systems
for which the exact nodes are known analytically is very limited and we show here that
this peculiar feature can be attributed to interdimensional degeneracies.

Key words: Fermionic nodes, interdimensional degeneracy, quasi-exactly solvable
model

1 Background

Diffusion Monte Carlo (DMC) is a stochastic projector technique [3, 13], and the fixed-node
(FN) error is the only systematic error in DMC resulting from the use of a trial wave function
ΨT with approximate nodes (or zeros). If ΨT has the correct nodes, FN-DMC yields the
exact energy with only a statistical error that can be made arbitrarily small. Because the FN
error is only proportional to the square of the nodal displacement error [2] in a region of the
configurational space where the wave function is small, at first glance, it could be thought
to have marginal impact. However, it is not true in practice [12, 11, 4]. The fundamental
reason is that the positions of the zeroes of the wave function indirectly determine the
location of the maxima (in analogy with the vibrating string). Except in some particular
cases, electronic or more generally fermionic nodes are poorly understood due to their high
dimensionality and complex topology [2, 1, 5]. In this talk, we will study the topology of
the nodes in a class of systems composed of same-spin electrons located on the surface of a
sphere, as system known to be quasi-solvable [7, 8, 10].
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Figure 1: Proof of the exactness of the non-interacting nodes of the 3P o(sp) state.

2 Electrons on a sphere

The model consists of n spin-up electrons restricted to remain a surface of a sphere of
unit radius [6, 9]. The non-interacting orbitals for an electron on a unit sphere are the
normalized spherical harmonics Y�m(Ω), where Ω = (θ, φ) are the polar and azimuthal
angles respectively. We will label spherical harmonics with � = 0, 1, 2, 3, 4, . . . as s, p, d, f , g,
. . . functions. The coordinates of the electrons on the sphere of unit radius are given by their
cartesian coordinates x = cosφ sin θ, y = sinφ sin θ and z = cos θ. Here, I propose to study
the nodes of the non-interacting wave function Ψ0. Because we only consider ferromagnetic
systems, Ψ0 is a Slater determinant of spin orbitals.

We will label each state using the following notations: 2S+1Le,o, where L = S, P,D, F, . . .
and S =

∑n
i=1 si is the total spin angular momentum. The suffixes e (even) and o (odd) are

related to the parity of the states given by (−1)�1+···+�n .

As an example, we study the triplet state 3P o(sp), which has the following non-interacting
wave function:

Ψ0(sp) =

∣∣∣∣1 z1
1 z2

∣∣∣∣ = z · r12, (1)

where z = (0, 0, 1) is the unit vector of the z axis and rij = ri− rj . Due to its ferromagnetic
nature, this state has “Pauli” nodes which corresponds to configurations where two electrons
touch. The Pauli hyperplanes are only a subset of the full nodes.

Equation (1) shows that the non-interacting nodes of the sp configuration corresponds
to small circle perpendicular to the z axis. Now, let us prove that these non-interacting
and exact nodes are identical. We begin by placing the two electrons on a small circle
perpendicular to the z axis, as sketched in Fig. 1. For this particular configuration, the
two electrons have the same value of the polar angle θ = θ1 = θ2 and, without loss of
generality, the azimuthal angles can be chosen such that φ1 = −φ2 = φ. Suppose that for
this configuration the exact wave function has a value Ψ ≡ Ψ({(θ,+φ), (θ,−φ)}) = K. Now,
we reflect the wave function with respect to the symmetry plane σ(xz) that passes through
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the x and z axes and bisects the azimuthal angle φ. Due to the P nature of the state, the
wave function is invariant to such reflexion, i.e. Ψ′ ≡ Ψ({(θ,−φ), (θ,+φ)}) = K. However,
the two electrons have been exchanged and because this is a triplet state, the wave function
must have changed sign (Pauli principle). Because Ψ = −Ψ′, this implies that K = −K
which means that K = 0 and ∀(θ, φ),Ψ(θ, θ, φ,−φ) = 0. We have just discovered the nodes
of the sp configuration by using simple symmetry operations!
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Abstract

The Fast Multipole Method (FMM) is commonly used to speed-up the solution of
a variety of N -body type problems. The FMM needs to divide the geometry of interest
into groups and the size of these groups (D), unknown beforehand, may have a deep
impact on the time to solution. Nonetheless, octree structures may be used during the
setup of the solver to divide the geometry, into groups of size D, and to estimate the
cost of the FMM. In this paper, we use octree structures to efficiently look for the size
D that minimizes the time cost of two parallel frameworks of the FMM: single level
FMM and Fast Fourier Transform FMM (FMM-FFT). We found that the reduction of
the time cost is highly appreciated when the adequate D is considered.

Key words: FMM, FMM-FFT, cube size, computational cost

1 Introduction

Since the early 1990s, the Fast Multipole Method (FMM) has been widely used to speed-up
the solution of a variety of N -body type problems [1, 2]. In fact, it is possible to find FMM
approaches of those problems in different engineering fields such as: electromagnetics [2, 3,
4, 5, 6], acoustics [7, 8], or mechanics [9]. In the aforementioned problems the geometry of
interest is discretized into a number, N , of elements (or basis functions) whose interactions
may be computed by means of a Matrix-Vector Product (MVP). In fact, iterative solutions
of the above problems usually require at least one MVP per iteration. The FMM avoids
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the explicit calculation of each MVP by sparsifying the involved matrix [10]. This efficient
computation of each MVP relies on a fast evaluation of the interactions among clusters of
elements that are far from each other. The elements are clustered taking into consideration
the spatial proximity between them [10]. The use of octree structures [11] yields a very
efficient clustering or grouping [12].

During these years of FMM usage, a number of different versions of the algorithm have
been developed, among others: single level FMM [2], Multi-Level FMM (MLFMM, see [13]
and [3]), Fast Fourier Transform FMM (FMM-FFT, see [14]), and Nested FMM-FFT [15].
From the computational point of view, more specifically from the parallel programming,
each of the related versions of the FMM has its own pros and cons. On the one hand, the
single level FMM has a bigger time complexity than the others although it is the more prone
to parallelize and seems to be very adaptive to different hardware architectures [12, 8]. On
the other hand, the MLFMM is the most efficient in terms of time complexity, although
it shows a poor scalability on distributed memory systems [4]. Meanwhile, the FMM-FFT
and the Nested FMM-FFT, reduce the computational complexity of the single level FMM
without dramatically worsening the parallelization properties of the latter.

To achieve the theoretical computational complexity of the FMM, the number of groups,
Ng, must be chosen carefully. For instance, in the case of the single level FMM it is
recommended to use Ng ∝

√
N [10]. In the case of MLFMM, the edge length of the cube

at the finest level is about one half of a wavelength [3] and, therefore, it contains just a
few elements. Although these general recommendations are fine to achieve the asymptotic
cost of the algorithm, they may not be adequate when the goal is to achieve the smallest
time to solution for a given problem. In fact, we have observed that the group size that
produces the most efficient performance of the FMM depends on several factors, such are:
the version of the algorithm, the size of the problem, and some ground-level details of its
implementation.

Nonetheless, to the best of our knowledge there is not a published research on a rec-
ommended procedure to get the optimal group size. In fact, some of the papers published
in this matter do not even specify the group size used in the numerical experiments, or
they use a fix group size (no matter which variant of the FMM or which architecture has
been used to solve the problem) or they use a variable group size but without specifying
the criteria employed to choose the size. The use of octree structures [11] make possible to
obtain a very accurate and fast estimation of the time and memory required by the FMM
solver for a given problem and cube edge length (group size), D.

In Section 2 of this work we briefly describe our procedure to efficiently estimate de
group size that minimizes the time cost. Section 3 includes some results that show the
convenience of considering a group size adapted to the implementation and to the problem
size. Finally, Section 4 summarizes some conclusions of the presented work.
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2 Selection of the optimal cube size

For the sake of illustration, we apply our technique of optimal cube size selection to an
acoustic scattering problem. The goal is to find the acoustic pressure on the surface of
an obstacle that is impinged by an acoustic wave. We discretize the Burton and Miller
equation [16] to formulate the problem as a linear system of N equations with N unknowns.
We use the Generalized Minimum RESidual (GMRES, see [17]) to iteratively solve the
aforementioned system of equations. Each GMRES iteration requires a MVP that is speed-
up by means of the FMM (or the FMM-FFT). Among the different parts on which the
algorithm may be divided, the MVPs consume the highest proportion of the time to solution.
As a consequence, we focused on the minimization of the MVP (or iteration) time cost. In
order to estimate the single level FMM time cost, we have used the model described in
Section 4 of a previous work of the authors [12]. The estimation of the FMM-FFT time
cost is performed in a similar fashion.

The developed procedure to choose the optimal group size is divided into two different
steps: one initial estimation and one fine estimation based on a guided search.

The first step is based on an estimation of the number of non-empty groups (Ng) and
the number of neighboring groups, so any octree generation is avoided. Since this initial
estimation may be inaccurate, it is only used to demarcate the limits of the guided search
of the second step.

In the second step, and taking into account the limits obtained from the first step,
different cube sizes are tested. Now, the octree related to each cube size is generated
in order to precisely calculate the MVP time (that may be derived from the number of
operations required by each step of the FMM or FMM-FFT). First, a coarse search, where
the cube size is increased by 0.5λ at a time, is carried out. Then, using the best cube size
obtained from the coarse search as a a central point, a fine search, where the cube size is
increased by 0.01λ at a time, is performed over a search domain of 1λ around the central
point.

3 Results

The results shown in this work have been obtained using a workstation with one Intel Core
i7-38201 CPU and 64GB of RAM. Both FMM and FMM-FFT follow a hybrid parallel design
and Intel icc 12.1 and MPICH2 1.5 were used for generating the binaries. In addition, the
FFTW 3.3.1 library was used in the FMM-FFT implementation. It is also worth mentioning
that single-precision arithmetic has been used in all the codes.

Below, several results for both FMM and FMM-FFT implementations are discussed. In
order to show the accuracy of the optimal cube size selection algorithm, both estimated (t̃it)

14 cores at 3.6GHz (Hyper-Threading and Turbo Boost enabled).
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and measured (tit) execution times per iteration are shown. In addition, different group
sizes (D/λ) —resulting in different number of groups Ng— are used to show the importance
of choosing the appropriate cube size depending on the algorithm and the problem to solve.
Four group sizes have been chosen as follows: one small group size (D/λ = 0.5), the
optimal group size for the FMM-FFT implementation (it varies according to the problem),
the optimal group size for the FMM implementation (it also varies according to the problem
and it is usually bigger than the FMM-FFT one), and one big group size (D/λ = 2.5).

Table 1: FMM and FMM-FFT parameters and execution times. �2m sphere analyzed at
4 kHz and discretized using 64272 unknowns.

N = 64272

FMM FMM-FFT

D/λ Ng t̃it tit Ng t̃it tit

0.5 9274 5.75 s 6.51 s 9274 1.92 s 2.04 s

0.62 - - - 6122 1.60 s 1.76 s

0.91 2940 2.74 s 2.60 s - - -

2.5 392 11.57 s 11.54 s 392 11.57 s 11.51 s

Table 1 shows the parameters and execution times of a �2m sphere analyzed at 4 kHz
and discretized using 64272 unknowns. Results for both FMM and FMM-FFT implemen-
tations are shown. In this problem, the times estimated at runtime are accurate for the
different implementations and groups sizes. The cost of the optimal cube size selection is
0.23 s for the FMM and 0.38 s for the FMM-FFT. The FMM-FFT implementation is faster
than the FMM one for all the analyzed group sizes, especially when small groups are used.
It is also worth noting that the execution time of the FMM with optimal cube size selection
(D/λ = 0.91) is comparable to that of the FMM-FFT when using a small but suboptimal
cube size (D/λ = 0.5).

In Table 2, the configuration parameters and execution times of a �2m sphere analyzed
at 8 kHz and discretized using 256020 unknowns are shown. The cost of the optimal cube
size selection is 0.82 s for the FMM and 0.86 s for the FMM-FFT. In this problem, the time
estimated at runtime for the FMM is not much accurate when the cube size is small (D/λ =
0.5). Nevertheless, in this case the measured execution time is greater than the estimated
time and far from the the optimal one, thus minimizing the impact of the inaccuracy. The
FMM-FFT implementation outperforms the FMM, except for the big cube size, where the
FMM is slightly faster than the FMM-FFT. Once again, it is also worth mentioning that
the execution time of the FMM with optimal cube size selection (D/λ = 1.11) is comparable
to that of the FMM-FFT when using a small but suboptimal cube size (D/λ = 0.5).
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Table 2: FMM and FMM-FFT parameters and execution times. �2m sphere analyzed at
8 kHz and discretized using 256020 unknowns.

N = 256020

FMM FMM-FFT

D/λ Ng t̃it tit Ng t̃it tit

0.5 36550 82.78 s 108.43 s 36550 14.65 s 16.60 s

0.82 - - - 14294 9.76 s 9.55 s

1.11 7916 19.84 s 19.25 s - - -

2.5 1624 47.52 s 46.84 s 1624 46.73 s 46.95 s

Table 3: FMM and FMM-FFT parameters and execution times. �2m sphere analyzed at
16 kHz and discretized using 1023404 unknowns.

N = 1023404

FMM FMM-FFT

D/λ Ng t̃it tit Ng t̃it tit

0.5 146600 1304.48 s 1888.81 s 146600 117.40 s 146.10 s

0.91 - - - 47124 59.21 s 61.28 s

1.6 15534 146.68 s 149.39 s - - -

2.5 6434 207.60 s 204.09 s 6434 189.01 s 188.45 s

Finally, Table 3 shows the parameters and execution times of a �2m sphere analyzed
at 16 kHz and discretized using 1023404 unknowns. The cost of the optimal cube size
selection is 2.06 s for the FMM and 3.45 s for the FMM-FFT. In this problem, just as
the previous one, the estimated times are not much accurate when the cube size is small
(D/λ = 0.5). However, the measured execution times are consistently greater than the
estimated times and far from the the optimal ones, thus minimizing the impact of the
inaccuracy. It is remarkable that the execution time of the FMM with the optimal cube
size selection (D/λ = 1.6) is comparable to that of the FMM-FFT when using suboptimal
cube sizes (D/λ = 0.5 and D/λ = 2.5).
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4 Conclusions

In this paper, we have shown that the group size has a deep influence on the time cost that
the single level FMM and the FMM-FFT achieve. In fact, the reduction of the time cost
is up to one order of magnitude when the optimal D is considered. We have used octrees
to perform a very efficient search of the optimal group size. This search is accomplished
only once (during the setup) with a time cost that is negligible compared to the solver
time. We anticipate that the technique employed to find the optimal group size may be
applied to other versions of the algorithm (Nested FMM-FFT or even, MLFMM) and to
other hardware architectures (such as GPUs).
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Abstract

In this paper the study of equilibrium figures of close binary systems is discussed.
The classical theory on this subject is based on Laplace desideratum but, unfortunately,
this hypothesis cannot be proved.

So, in this research a first order theory about this subject is offered without making
use of Laplace desideratum. To do this two methods have been developed: the first
one is based on the asymptotic properties of numerical quadrature and the second one
is based on the Laplace method to determine the inverse of the distance between two
planets.

The paper also contains algorithms to develop the product of the spherical harmonics
by using Mathematica and a set of algorithms for managing the terms of the deformable
body potential.

Key words: Celestial Mechanics. Figures of Celestial Bodies. Spherical Harmonics.
Potential Theory. Close Binary Systems.

MSC 2000: 70F15, 70E20, 74G10, 76U05.

1 Introduction

The first aim of this work is to develop a consistent first order amplitudes theory to assess the
self-gravitational potential of each component of a close binary system when the hydrostatic
equilibrium has been achieved. This case can be modeled as:

−→∇P = ρ
−→∇Ψ


Ψ = −4πGρ+ 2ω2
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where P is the pressure, ρ is the density, Ψ is the total potential, 
 is Laplace operator, G
is the gravitational constant, and −→ω is the system’s angular velocity.

To integrate these equations, in a general case of mass distribution, a state equation
relating pressure with density is also needed.

To assess the full potential Ψ to calculate the self-gravitational potential Ω, the centrifu-
gal potential Vc and the tidal potential Vt is needed. This hydrostatic equilibrium involves
the rigid rotation of the system corresponding to the minimum potential. According with
Kopal [4], this state involves identifying the equipotential, isobaric, isothermal and isopycnic
surfaces.

To study the structure of the primary component, an then of the secondary, a coordinate
system OXY Z is defined, where O is the centre of mass of the primary component, OX
is the axis in the direction of the center of mass of the secondary component, OZ an axis
parallel to the angular velocity �ω of the system and OY is defined in a way that OXY Z
form a direct trihedron. So the Clairaut coordinates for an arbitrary point P of the primary
component are expressed by (a, θ, λ) where a is the radius of the sphere with the same mass
as the equipotential surface containing P and (θ, λ) is the angular part of the spherical
coordinates of P .

The classical theory of this problem can be seen in Finlay [1], Kopal [4].
To achieve the aim of this research two different methods are proposed: the first one,

which we will call analytical method, is similar to that used by Laplace to develop the
inverse of the distance between two planets. The second one, named numerical quadrature
method, is based on the asymptotic properties of the numerical quadrature formulas.

Furthermore, to obtain the series expansions of the inner and outer self-gravitational
potential, we have deduced an algorithm to develop the product of spherical harmonics in
real form as linear combination of themselves. For this we have relied on the theory and
algorithms developed by Forner [2].

The main problem faced on this study is the development of the self-gravitational
potential. To solve it we have followed two paths: The first one is based on the classic
development of the potential as

Ω = U + V, U = G

∫ r1

r0

∫ 2π

0

∫ π

0

dm′

Δ
, V = G

∫ r0

0

∫ 2π

0

∫ π

0

dm′

Δ

where Δ is the distance between the element of mass dm′ situated in P ′ and the point
P , r0 is the radius of the sphere centered on O containing P and r1 is the radius of the
smallest sphere centered at O containing the primary component. The element of mass
is given by dm′ = ρr′2 sin θ′dθ′dλ′dr′. The second path is based on the evaluation of the
self-gravitational potential given by

Ω = G

∫
V

dm′

Δ
= G

∫
Vi

dm′

Δ
+G

∫
Ve

dm′

Δ
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where Vi is the inner part of the main component of the equipotential surface S0 containing
P and Ve is the region of the primary component contained between the equipotencial
surface S0 and the boundary of the Se component.

2 Classical theory about the self-gravitational potential

The classical theory is based on the development of the inverse of the distance:

1

Δ
=

⎧⎪⎪⎨⎪⎪⎩
1
r

∞∑
n=0

(
r′
r

)n
Pn(cos γ) r > r′

1
r′

∞∑
n=0

(
r
r′
)n

Pn(cos γ) r < r′
, (1)

where γ is the angle between
−−→
OP and

−−→
OP ′. From this development we can write as Ω =∞∑

n=0
Unr

n +
∞∑
n=0

Vnr
−n−1, where

Un = G

∫ r1

r0

∫ 2π

0

∫ π

0
ρ r′1−nPn(cos γ) sin θ

′dr′dθ′dλ′.

Vn = G

∫ r0

0

∫ 2π

0

∫ π

0
ρ r′2+nPn(cos γ) sin θ

′dr′dθ′dλ′.

The coordinate r is connected with the Clairaut coordinates (a, θ, λ) by

r = a

(
1 +

∞∑
n=0

n∑
m=−n

fn,m(a)Yn,m(θ, λ)

)
where fn,m(a) are the amplitudes and Yn,m(θ, λ) the spherical harmonics.

The classical theory [1], [4] assumes that

Un =
G

2− n

∫ a1

a0

ρ′
∂

∂a

[∫ 2π

0

∫ π

0
r′2−nPn(cos γ) sin θ

′dθ′dλ′
]
da′, if n �= 2 (2)

U2 = G

∫ a1

a0

ρ′
∂

∂a

[∫ 2π

0

∫ π

0
ln(r′)P2(cos γ) sin θ

′dθ′dλ′
]
da′ (3)

Vn =
G

n+ 3

∫ a

0
ρ′

∂

∂a

[∫ 2π

0

∫ π

0
r′n+3Pn(cos γ) sin θ

′dθ′dλ′
]
da′ (4)

Notice that these functions are defined in the internal and external region at the equipo-
tential surface that contains P and it is necessary to assume that series converge in these
regions [3], [5]. This assumption is known as Laplace desideratum.

From this hypothesis and approaching r′k and ln r′ up to the desiderate order in am-

plitudes we obtain Ω = 4πG
∞∑
n=0

n∑
m=−n

1
2n+1

[
En,m(a)rn + Fn,mr−n−1

]
Yn,m(θ, λ)
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3 A first order consistent theory of self-gravitational poten-
tial

In this section a technique to evaluate the self-gravitational potential is developed without
using the Laplace desideratum. For this purpose we will use two different methods. The
first one is based on the asymptotic properties of numerical quadratures and the second one
on the Laplace development related to the inverse of the distance.

Let Σ be the equipotential surface containing P and r = r0 the sphere containing P the
equation of this sphere in Clairaut coordinates is given up to first order in amplitudes by a′ =
a(1+D−D′) whereD =

∞∑
n=0

n∑
m=−n

fn,m(a)Yn,m(θ, λ) andD′ =
∞∑
n=0

n∑
m=−n

fn,m(a′)Yn,m(θ′, λ′).

It is easy to notice that (2), (3) and (4) are false. However, up to the firsrt order the values
obtained through the classical theory for de self-gravitational potential are correct.

A second independent way to prove this result is to evaluate the self-gravitational
potential by means of the direct evaluation of potential Ω as:

Ω = G

∫ a

0

∫ π

0

∫ 2π

0

dm′

Δ
+G

∫ a1

a

∫ π

0

∫ 2π

0

dm′

Δ

Let us defines 1/Δ = Ψ(r, r′) = 1/
√

r2 + r′2 − 2rr′ cos γ. Developing Ψ(r, r′) = Ψ(a, a′)+
Ψa′(a, a

′)aD+Ψa(a, a
′)a′D′ where Ψa, Ψa′ denotes partial derivative with respect a, a′ and

Ψ(a, a′) is given by (1). Operating we can obtain the same result.
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Abstract

We introduce a key exchange scheme that allows a group of users to collaborate in
order to share a common key. The scheme is formed by efficient protocols for both an
initial key agreement and for rekeying.

Key words: Group Key Exchange, Diffie-Hellman Semigroup Action Problem
MSC 2000: AMS 95A60

1 Introduction

Security of group communications is an important topic of research given the numerous
applications that provide information exchange in a community of users and/or devices, as
is the case of the emerging Internet of Things, with numerous recent publications, e.g see
[5], [10] and their references.

The first solution for Key Exchange was introduced by Diffie and Hellman in their
foundational work [4] and since then many attempts have been proposed to extend this
solution for a pair of users to a dynamic communication group where users are joining and
leaving the group constantly, so that rekeying is a necessity to preserve confidentiality of
communications. This is usually done in a distributed manner, i.e. users collaborate to
build a shared key. Perhaps two of the best known schemes are due to Steiner et al. in
[8] and [9], and to Burmester and Desmedt in [2] and [3]. These two proposals show how
Diffie-Hellman key exchange can naturally be extended.
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However, in [7] and [1], two active attacks are introduced for the two schemes, respec-
tively, that allow the attacker to share a common key with the group without leaving any
trace of his/her presence.

Our aim in this work is to introduce an efficient protocol for a distributed group key
exchange that avoids these attacks while featuring both an efficient initial key agreement
and a rekeying protocol. The scheme is presented in a general setting introduced in [6]
considering group actions and it is based on the so-called Diffie-Hellman Semigroup Action
Problem, DHSAP:

Problem ([6]) Given a finite abelian semigroup G acting on a finite set S and elements
x, y, z ∈ S with y = g · x and z = h · x for some g, h ∈ G, find (gh) · x.

Throughout this paper G and H will denote abelian semigroups. We will say that an
action Φ : G ×H → H defined by Φ(g, s) = g · s is linear in case Φ(g, ss′) = g · ss′ = (g ·
s)(g · s′) = Φ(g, s)Φ(g, s′). Here we denote by yuxtaposition operations in both semigroups.

2 The Group Key Exchange

The general setting for the Group Key Exchange protocol consists in n participants that aim
to share a common key built in a distributed manner. The set of participants or users will
be given by {U1, . . . Un}. The set of users agree on a linear semigroup action Φ : G×H → H
denoted by · and we will require the existence of inverses in H. They also agree on h ∈ H.

Every participant Ui holds two pairs of private-public keys, say (gi, gi ·h) and (xi, xi ·h).
One of these users is chosen to be the group controller that we will denote by Uc1 , for
some c1 in the set {1, . . . , n}. He will be in charge of sending the keying information. The
protocol is given by the following steps.

Protocol 1

First Round:

1. Every user Ui publishes the pair (gi · h, xi · h), i = 1, . . . , n, i �= c1.

2. The group controller Uc1 computes the key K1 = gc1 ·
n∏

j=1,j �=c1

(gj · h).

3. The group controller takes two new elements g′c1 , x
′
c1 ∈ G that become his new private

information.

Second Round:
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4. Every user Ui, i = 1, . . . , n, i �= c1, computes
n∏

j=1,j �=c1,i

(gj · h) and sends this value to

Uc1 .

5. The group controller Uc1 broadcasts the keying message

{Y1,1, . . . , Y1,c1 , . . . , Y1,n, R1, S1}

where Y1,i =

⎛⎝gc1 ·
n∏

j=1,j �=c1,i

(gj · h)

⎞⎠ (xc1 · (xi · h))−1,

for i = 1, . . . , n, i �= c1,

Y1,c1 = K1(g
′
c1 · (gc1 · h))−1(x′c1 · (xc1 · h))−1,

and R1 = gc1 · h and S1 = xc1 · h.

6. Every user Ui computes K1,i = Y1,i(xi · S1)(gi ·R1), i = 1, . . . , n, i �= c1.

An immediate computation yields that at the end of the preceding protocol, all users
hold the same key.

3 The Rekeying Protocol

The following protocol shows the Auxiliary Key Agreement after t − 1 rekeying rounds,
t > 1, whereby Kt denotes the last common key shared by the group. The user in charge of
the t-th rekeying will be user Uct , distinct from the preceding controller, and thus, rekeying
information of this will be needed. Without loss of generality, we may assume that the
precedent controller was user Uc1 and that the last rekeying message is given by

{Yt−1,1, . . . , Yt−1,c1 , . . . , Yt−1,n, Rt−1, St−1}

being Yt−1,c1 = Kt−1(g
′
c1 · (gc1 · h))−1(x′c1 · (xc1 · h))−1.

Protocol 2:

1. User Uct computes two new elements g′ct and x′ct ∈ G that become his new private
information.

2. User Uct computes the new session key g′ct ·Kt−1.
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3. User Uct broadcasts the rekeying message

{Yt,1, . . . , Yt,ct , . . . , Yt,n, Rt, St}

where Yt,i = g′ctYt−1,i, i �= ct,

Yt,ct = Kt(g
′
ct · (g′ct ·Rt−1))

−1(g′ct · (x′ct · St−1))
−1,

and Rt = g′ct ·Rt−1 and St = g′ct · St−1.

4. Every user Ui computes Kt,i = Yt,i(xi · St)(gi ·Rt), i = 1, . . . , n, i �= ct.

An induction argument shows that after running the rekeying protocol t − 1 times,
t ≥ 2, every user holds the same key given by Kt+1 = g′ctKt−1, being K1 the resulting key
from Protocol 1.

Acknowledgements

The Research was supported in part by the Swiss National Science Foundation under grant
No. 149716. First author is partially suppported by Ministerio de Economia y Compet-
itividad grant MTM2014-54439 and Junta de Andalucia (FQM0211). The last author is
supported by Armasuisse.

References

[1] M. Baouch, J.A. Lopez-Ramos, R. Schnyder and B. Torrecillas, An active
attack on a distributed Group Key Exchange system, arXiv:1603.09090.

[2] M. Burmester and I. Desmedt, A secure and efficient conference key distribution
system, in: Proc. Eurocypt‘94, in: Lecture Notes in Comput. Sci., vol. 950, Springer-
Verlag, Berlin, 1995, 275-286.

[3] M. Burmester and I. Desmedt, A secure and scalable Group Key Exchange system,
Inf. Process. Lett. 94 (2005) 137–143.

[4] W.D. Diffie and M.E. Hellman, New directions in cryptography, IEEE Trans.
Inform. Theory 22(6) (1976) 644–654.

[5] P.P.C. Lee, J.C.S. Lui and D.K.Y. Yau, Distributed Collaborative Key Agreement
and Authentication Protocols for Dynamic Peer Groups, IEEE ACM Trans. Network.
14(2) (2006) 263–276.

c©CMMSE ISBN: 978-84-608-6082-2803
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Abstract

Helicopters are widely used in emergency situations where knowing if a geographical
location is adequate for landing is a critical issue, and it is far from being a straight-
forward task. In this work, we present an ongoing project to use LiDAR point clouds
to detect and classify landing sites in real time. Landing sites are detected in parallel
on manycore systems. Load balancing was identified as the main cause of poor per-
formance. We present results for a set of LiDAR point clouds and balancing strategies
for three different multi and manycore systems. The load balancing techniques applied
increase performance up to 3 times from the unbalanced case.

Key words: LiDAR, landing, load balancing, Xeon Phi

1 Introduction

Helicopters are widely used in emergency situations. They are responsible for rescue op-
erations or firefighting efforts, sometimes in difficult terrain areas. Under these situations,
knowing if a place is adequate for landing is not a straightforward task, even for experienced
pilots. In these cases, having in advance a map with possible landing sites, or being able to
create one on real time, is a clear advantage. This map may be created using a camera or,
in 3D, by a LiDAR system, any of which can be installed in a helicopter. In this work, we
present an ongoing project to use LiDAR point clouds to detect and classify landing sites
in real time..
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LiDAR has become an established method for collecting accurate information of the
earth landscape. The record of elevation data and the ability to penetrate through the
canopy, are some of the advantages over traditional adquisition methods like aerial imagery.

The equipment consists of an airborne laser scanner (ALS), an inertial measurement
unit (IMU) and a GPS receiver. These devices are installed in an aircraft that flies over
the ground surface obtaining a georeferenced point cloud. On land it is also a GPS system
synchronized with the GPS receiver on the aircraft. For each point a set of features are
recorded: x and y coordinates, elevation, intensity, pulse id, pulses number and scan angle.

LiDAR data has been proven useful for landing hazard detection for helicopters [1] or
even spaceships [2], using, for example, the incidence angle of the rays and the roughness
of the terrain. It has been used for autonomous landing in real time, using geometrical
approaches [3] or neural networks [4] to detect the quality of the site.

Nevertheless, parallelising LiDAR data processing may be complex [5], but it is needed
to achieve real time performance. Building recognition [6], road detection [7] or object
recognition [8] have been shown to be parallel tasks. Still, one of the issues it faces is load
balancing, specially in hybrid systems [9].

In this paper, we show how the workload may be balanced in a set of systems, including
manycores were parallelisation is essential [10] to achieve efficient parallel solutions to the
landing problem hat are needed in real time situations. The rest of the paper is organised
as follows: in Section 2 the landing detection algorithm is described. In Section 3, a Case
Study is presented, with examples of the landing detection, a comparison execution times
in 3.1 and the effect of load balancing in 3.2. Finally, conclusions are in Section 4.

2 Landing Problem

Pilots need a classification of all the points in the terrain where an helicopter could be
landed. This should be done as quick as possible, so it can be used in real time emergency
operations. A landing site should fulfill some of the following requirements, as indicated by
a professional pilot from INAER (www.inaer.com):

• A planar surface where the helicopter skids may land:

– Must be large enough for the skids.

– Must have a slope not steeper than a given threshold.

– Vegetation and other obstacles in the surface must not exceed a given height.

• An area devoid of obstacles large enough for the helicopter rotors and fuselage.

For each of these requirements different thresholds may be considered in order to classify the
suitability for landing; for example, to detect landing zones of a greater landing difficulty,
acceptable for an emergency, or good landing zones.
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The point cloud is stored in an octree for its efficient processing. An octree is a tree
structure in which each node has exactly eight children. The space is partitioned recursively
until the radius of a octant is below a given threshold, 2 m in this work. The use of this
octree structure speeds up considerably the search of neighbors of a point [11].

The landing detection algorithm works on each LiDAR point individually, as follows:

First, a planar surface is calculated centered in the point. The plane of a set of points
is calculated using Principal Component Analysis (PCA). That is, the plane of a point is
estimated by performing PCA in his neighborhood. The neighborhood of each point is
defined as a square centered in the point, in this case with a side length dependent on the
selected skid size. All the LiDAR points in this neighborhood are searched in the octree.
The covariance matrix is then calculated and the eigenvectors are extracted. The normal
vector of the point is the eigenvector that yields the smallest eigenvalue. This plane, and
the distances of the neighbor points to it, are enough to classify a point as unsuitable, and
the same plane is then used to calculate the distance to the ground of all the points in the
possible landing site. So, according to the requirements for skid landing –such as slope or
vegetation– the point is classified as unsuitable, when any requirement is not fulfilled, or
the algorithm continues to check other variables of the landing site. Thus, if the point is not
unsuitable, the algorithm continues searching if the larger area around it can accommodate
the rotors and fuselage.

Next, a new neighborhood is searched, this time with radius equal to the rotor’s. Ac-
cording to the points in this larger area, the point can be classified as planar –when the
skids may land, but not enough space for the rotors is accounted for–, or a larger area is
searched to further decide the quality of the landing site. Since this neighborhood is far
larger, comprising many more points, it takes a longer time to gather. These distances are
enough to classify a point as planar or a possible landing site.

Finally, the quality of the landing site is determined. To check if the landing site
is acceptable or good, a new neighborhood, this time with a radius equal to the rotor’s
and fuselage, plus a safety distance, must be searched. Checking the distances of all these
neighborhood points to the plane determines if the landing site is finally risky –when landing
is possible but risky–, acceptable or good. In this way, each point is fully classified in a
single iteration. Therefore, there is no need for computing the whole point cloud to find a
good enough solution. A flow diagram of this algorithm is show in Figure 1.

The points in the neighborhoods being studied are classified temporally as belonging
to a planar, risky, acceptable or good landing site, if that is the case. This temporal
classification may be overridden if they become the center of a landing site.

The process of gathering all these neighborhoods means that not all the points are
classified at the same time, since an unsuitable point is already classified without needing
to check the larger areas. Note that, a planar point does not require calculating the last
neighborhood. Moreover, the number of points inside these neighborhoods may vary greatly.
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Figure 1: Landing algorithm flow diagram.

This fact generates a load balancing issue when the algorithm is parallelised, even while all
points are processed independently. Nevertheless, this algorithm, as has been previously
stated, allows for any landing point to be classified in one sweep, which is useful when
working with changing data.

The load balance was identified as the main factor to improve performance. To solve
this issue the algorithm was parallelised with OpenMP [12] using load balancing clauses.
First, to parallelise the algorithm, each thread keeps a copy of all the points classification
as an array, and in the end this classification array is reduced to the best classification
for each point. In this way all the threads can work independently and the main loop
can be parallelised with OpenMP, and balanced with the schedule(dynamic,block size)

clause, where block size is the number of points given to each thread at a time. With this
configuration, the OpenMP runtime splits the number of points in blocks of size block size,
and assigns each block to one thread. As soon as a thread finishes its work on its allotted
block, a new block is assigned to it, until all the blocks are processed.
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Table 1: Percentage of classified points.

Points classified as (in %)

map unsuitable planar risky acceptable or good

Guitiriz 64.75 33.10 >0.01 2.14

Alcoy 53.64 43.81 0.15 2.41

Vaihingen 40.94 50.55 0.68 7.83

Australia 30.83 39.40 2.35 27.43

Florida 30.27 41.62 2.27 25.83

Australia Large 43.58 40.19 1.56 14.67

Florida Large 24.47 59.01 1.82 14.70

3 Case Study

To study the classification algorithm, 5 LiDAR maps with 1,700,000 points –so called Guit-
iriz, Alcoy, Vaihingen, Australia and Florida–, and 2 more with 5,000,000 points –Australia
Large and Florida Large–, were selected. Guitiriz and Alcoy are private datasets, while
the rest are public: Vaihingen dataset was downloaded from the ISPRS Benchmark Dataset
[13], and Australia and Florida datasets were downloaded from OpenTopography [14]. Each
of these maps results in a different ratio of classified landing points, as shown in Table 1,
resulting in different execution times and load balancing issues.

In the particular case study here described, based on a series of thresholds indicated by
INAER pilots, points are classified, and shown in the figures, as follows:

• Unsuitable, shown in red: The site is not adequate for landing.

• Planar, shown in blue (with points in the corresponding neighborhood in dark blue,
this points are called accompanying points): The site is only large enough for the
skids, that is a planar 4x4 m2 square with less than a 10% slope and vegetation or
obstacles lower than 50 cm.

• Risky, shown in white (with accompanying points in light blue): The site is risky for
landing, rotor space is narrow, only 22 m.

• Acceptable, shown in yellow (with accompanying points in light yellow): The site is
acceptable for landing, rotor space is at least 25 m, but the slope is between 8% and
10% and there are some obstacles between 30 cm and 50 cm.
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Figure 2: Detected landing points in Alcoy.

• Good, shown in light green (with accompanying points in dark green): The site is
good for landing, rotor space is at least 25 m, the slope is below 8% and any obstacles
or vegetation are below 30 cm.

An example of the classification for the Alcoy map is shown in Figure 2. In this example,
many points are in a tree filled hill –on the left side of the figure– and are classified as
unsuitable (in red). A few roads show as planar points (blue) and three landing sites
(green), of different sizes, are found in a field and around a house.

Another example, that is part of the Australia Large map, is shown in Figure 3. In this
sparsely populated area, many landing areas, some only acceptable (yellow), are found in
various fields, with a few risky areas (light blue) between buildings –f.i. on the left hand
side–.

3.1 Execution Times

The classification algorithm was executed in three different systems:

• A regular desktop -henceforth called Core-, with a Linux 3.2.0-97-generic Ubuntu,
an Intel Core2 Quad CPU Q9550 @2.83GHz with 4 cores and 8 GB RAM.

• A manycore processor -henceforth called Phi-, with a Linux 2.6.38.8+mpss3.5 and a
Xeon Phi 7120P with 61 cores and 244 threads.
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Figure 3: Some of the detected landing points in Australia.

• A powerful desktop -henceforth called Xeon-, with a Linux 3.13.0-79-generic Ubuntu,
an Intel Xeon CPU E5-1650 @3.20GHz with 6 cores, 12 threads and 8 GB RAM.

The code was compiled with gcc-4.6.3 and O2 on the Core and Xeon and icc-15.0.2 and
O2 on the Phi. The data input and output execution time is directly proportional to the
number of points and does not vary much with the map –only with the system–, so only
the execution time of the main landing points detection loop is shown from here onward.
To test the load balance, the parameter block size may be set for each execution. In
Figure 4, the execution times for the best value of block size for each map is shown for
all the systems. This figure shows that the best results are obtained on the Xeon -except
on the Vaihingen map-, with the Core performing much poorly, as expected. It also shows
the input map clearly influences the execution time.

3.2 Load balance

As stated, load balance was tested varying the block size parameter. With this parameter
the total number of blocks can be determined if the number of threads is also known. To
study the load balance the number of blocks per thread is varied from 2, where all threads
should execute one or two blocks, to number of points/threads where each thread should
classify one point at a time. The case when all threads execute just 1 block is performed
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Figure 4: Execution times for the best block size on all processors.

(a) 1,700,000 points. (b) 5,000,000 points.

Figure 5: Execution times on the Intel Core with 4 threads.

using OpenMP without scheduling clauses, so no scheduling is done and all work is divided
beforehand.

The results for the Core system with 4 threads are shown in Figures 5(a) and 5(b).
These results show that, once the work is split in more than 20 blocks per thread, the
workload balances, although the best results are with a few thousand blocks.When the
work is not balanced, execution times are often about 2 times worse than the well balanced
cases.

In Figures 6(a) and 6(b) the results for the Phi system are shown. In this system the
work balances from about 5 blocks per processor. When the workload is unbalanced, results
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(a) 1,700,000 points. (b) 5,000,000 points.

Figure 6: Execution times for large maps on the Xeon Phi with 244 threads.

(a) 1,700,000 points. (b) 5,000,000 points.

Figure 7: Execution times for large maps on the Xeon with 12 threads.

are 2 to 3 times worse, due to the importance of parallelism in the manycore architecture.

Results for the Xeon system can be seen in Figures 7(a) and 7(b). In this case the
load balances from around 15 blocks per thread, and the gain against the unbalance case is
about 2.5 times.

Taking into account the best load balanced cases, the speedup for the Phi system –
with baseline in one thread per core and all cores used– is shown in Figure 8(a). While
the speedup does not reach 4, it remains good as more threads are added per core. An
exception is the Guitiriz map, which is already quite fast and does not benefit from extra
threads.

In Figure 8(b) the speedup for the Xeon system is shown –with baseline in one thread
and one core–. Again, the speedup does not reach the optimal of 12, but remains good,
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(a) Xeon Phi. (b) Xeon.

Figure 8: Speedups using the best execution times.

taking advantage of the multithreading when there are 2 threads per core.

4 Conclusions

In emergency situations, knowing if a geographical position is adequate for an helicopter to
land is not straightforward. We are developing a landing site detection tool that, working
with LiDAR data, can classify landing points in real time. We are testing its usefulness and
precision in a series of maps with different characteristics. We achieve real time situations
execution times thanks to parallelising the application, which can run in commodity hard-
ware. Load balance was detected as the main obstacle to achieve good performance and
it was characterised. Three different systems were considered with 4, 6 and 61 cores. The
load balancing techniques applied increase performance up to 3 times from the unbalanced
case.
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Abstract

Future exascale systems are predicted to be formed by millions of cores. This is a
great opportunity for HPC applications, however, it is also a hazard for the completion
of their execution. These machines will present higher failure rates, and long-running
applications will need to use fault tolerance techniques to ensure the finalization of
their execution. Despite being one of the most popular parallel programming models,
the MPI standard lacks fault tolerance support and, traditionally, failures are addressed
with stop&restart checkpointing solutions. The proposal of ULFM (User Level Failure
Mitigation) for the inclusion of resilience capabilities in the MPI standard provides new
opportunities in this field, allowing the implementation of resilient MPI applications,
i.e. applications that are able to detect and react to failures without stopping their
execution. This work compares the performance of a traditional stop&restart check-
pointing solution with its equivalent resilience proposal. The evaluation is focussed on
the scalability of both solutions, assessing the proposals using up to 3027 cores. Prelim-
inary results show that the resilience proposal outperforms the traditional stop&restart
solution.

Key words: Resilience, Checkpointing, Fault Tolerance, MPI

1 Introduction

Current petascale systems are formed by hundreds of thousands of cores. Di Martino et
al. [5] have studied during 518 days the Cray supercomputer Blue Waters, reporting that
1.53% of applications running on the machine failed because of system-related issues. This
means that, on average, a failure arises every 15 minutes. Overall, failed applications
noticeably run for about 9% of the total production node hours. The electricity cost of not
using any fault tolerance mechanism in the failed applications was estimated at almost half
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a million dollars during the studied period of time. Future exascale systems will be formed
by several millions of cores, and they will be hit by error/faults much more frequently than
petascale systems due to their scale and complexity [3]. Therefore, long-running applications
in these systems will need to use fault tolerance techniques to ensure the completion of their
execution and to save energy.

The MPI (Message Passing Interface) standard is the most popular parallel program-
ming model in petascale systems. However, MPI lacks fault tolerance support. By default,
the entire MPI application is aborted upon a single process failure. Besides, the state of
MPI will be undefined in the event of a failure and there are no guarantees that the MPI
program can successfully continue its execution. Thus, traditional fault tolerant solutions
for MPI applications rely on stop&restart checkpointing: the computation state is peri-
odically saved to stable storage into checkpoint files, so that, when a failure occurs, the
application can be relaunched and its state recovered. However, when a failure arises it
frequently has a limited impact and affects only a subset of the cores or computation nodes
in which the application is being run. Thus, most of the nodes will still be alive. In this
context, aborting the MPI application to relaunch it again introduces unnecessary recovery
overheads and more efficient solutions need to be explored.

In the last years new methods have emerged to provide fault tolerance to MPI appli-
cations, such as failure avoidance approaches [4, 9] that preemptively migrate processes
from processors that are about to fail. Unfortunately, these solutions are not able to cope
with already happened failures. Recently, the Fault Tolerance Working Group within the
MPI forum proposed the ULFM (User Level Failure Mitigation) interface [2] to integrate
resilience capabilities in the future MPI 4.0 standard. It includes new semantics for process
failure detection, and communicator revocation and reconfiguration. Thus, it enables the
implementation of resilient MPI applications, that is, applications that are able to recover
themselves from failures.

CPPC [8] is an open-source checkpointing tool for MPI applications, which originally
applies a stop&restart checkpointing strategy. In a previous work [7] CPPC has been
extended to transparently obtain resilient MPI applications from generic MPI SPMD (Single
Program Multiple Data) programs by exploiting the new resilience capabilities provided by
ULFM. The CPPC resilience proposal is able to detect failures in one or multiple processes,
and to recover from them, without stopping the execution of the MPI application. In this
work, the CPPC resilience proposal is exhaustively evaluated in a large machine (using up
to 3072 cores) considering different fault scenarios to analyze the scalability of the proposal.
Besides, it is compared with the traditional stop&restart checkpointing strategy in terms
of performance, benefits and possible bottlenecks.
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2 Experimental results

The experimental evaluation is performed at CESGA (Galicia Supercomputing Center,
Spain) in the new FinisTerrae-II supercomputer, comprised of nodes with two Intel Xeon
E5-2680 v3 @ 2.50GHz processors, with 12 cores per processor and 128 GB of RAM, inter-
connected to an InfiniBand FDR 56Gb/s. The performance of both the stop&restart and
the resilience proposal is evaluated in two different fault scenarios: inserting one-process or
full-node failures. One-process failures are simulated by killing one of the MPI processes
executing the application, while in full-node failures all the MPI processes running in a
computation node are killed.

The application testbed used is comprised of three benchmarks with different check-
point file sizes and communication patterns: the ASC Sequoia Benchmark SPhot [1] (a
physics package that implements a Monte Carlo Scalar Photon transport code), the Hi-
meno benchmark [6] (a Poisson equation solver using the Jacobi iteration method) and the
MOCFE-Bone [10] application (which simulates the main procedures in a 3D method of
characteristics (MOC) code for numerical solution of the steady state neutron transport
equation).

Preliminary results account for a superior performance of the resilience proposal. Al-
though the overhead in the absence of failures in the resilience proposal is slightly superior
to the one obtain with the stop&restart solution, the entire resilience recovery process is,
on average, 3.2 times faster than in the stop&restart proposal. The benefits of the resilience
proposal include a faster failure detection and reading of the checkpoint files. Also, the time
to spawn only the failed processes is inferior to the time spent when relaunching the entire
MPI application.
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Abstract

Departing from a general stochastic differential equation with Brownian diffusion,
we establish that the distribution of probability of the stopping time is governed by
a nonlinear parabolic partial differential equation with Dirichlet boundary conditions.
An implicit, convergent and probability-based discretization to approximate the so-
lution of the boundary-value problem is proposed in this work. Using a convenient
vector representation of our scheme, we prove that the method preserves the most rel-
evant properties of a probability distribution function, namely, the non-negativity, the
boundedness from above by 1, and the monotonicity. Key words: stochastic differen-

tial equations, nonlinear partial differential equations, probability distribution of hitting
time, probability-based numerical method

1 Introduction

Throughout, we suppose that b and σ are real functions which are continuously differentiable
in a suitable unbounded interval of R, and that W is a Brownian motion defined on a
probability space (Ω,F , P ). Assume also that x ∈ R, and that t ≥ 0 physically represents
time. The model of interest in this work is described by the stochastic differential equation

Xt = x+

∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dWs, t > 0. (1.1)

It is a well-known fact [1, Section 3.3] that for each x ∈ R there exists a unique stochastic
process X defined up to a stopping time ex = inf{t : |Xt| = +∞}, such that X is continuous
on [0, ex) and satisfies (1.1) almost surely on [0, ex). This process is denoted by Xx, and
the extended real number ex is called the explosion time or the blow-up time of Xx. We
say that Xx explodes in finite time when the explosion time is real.
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Proposition 1.1. Suppose that b and σ are continuously differentiable in some interval
[x0,∞) ⊂ R, and satisfy b(x0) ≥ 0 and σ(x0) = 0. If x ∈ (x0,∞) then Xx

t > x0 for all
t > 0 almost surely.

As a consequence, if Xx explodes in finite time then it must blow up towards +∞. In
the following, we study the distribution of the stopping time at ξ > x0, which is defined as

τxξ = inf{t ≥ 0 : Xx
t ≥ ξ}. (1.2)

Under the hypotheses of Proposition 1.1, the probability distribution of the stopping time
at ξ satisfies P [τxξ ≤ t] = 1 for each x ≥ ξ and each t > 0, so it only remains to determine
the probability distribution for x0 < x < ξ. The following is a useful tool in the solution of
that problem, and also the most important analytical result of this work.

Theorem 1.2. Let b and σ be continuously differentiable in some [x0,∞) ⊂ R, and such
that b(x0) ≥ 0 and σ(x0) = 0. Let ξ > x0, and assume that u : [0,∞) × (x0,∞) → R is a
bounded function that satisfies the boundary-value problem

∂u

∂t
(t, x) = Au(t, x), (t, x) ∈ (0,∞)× (x0,∞),

subject to

{
u(0, x) = 0, x ∈ (x0, ξ),
u(t, ξ) = 1, t ∈ [0,∞),

(1.3)

where the differential operator A is given by

A =
1

2
σ2(x)

∂2

∂x2
+ b(x)

∂

∂x
. (1.4)

Then u(t, x) = P
[
τxξ ≤ t

]
for each x0 < x < ξ and each t > 0.

2 Preliminaries

The phenomenon of crack propagation in materials due to fatigue is an important topic of
investigation in structural mechanics [2]. In general, the process of propagation of a crack
in a solid spans through three regions which depend on the length of the crack, and for
which the dynamics of propagation is substantially different:

I. Threshold. The crack is imperceptible and its length is microscopic. In this stage,
the microscopic structure of the material plays an important role.

II. Paris’ region. The crack is usually visible and increases notably.

III. Fracture. The length of the crack increases abruptly and the fracture occurs all of a
sudden.
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J. E. Maćıas-D́ıaz, J. Villa-Morales

The modeling of crack growth in the first and third stages is a difficult task in view that
the propagation of the crack occurs at a seemingly instantaneous rate. On the other hand,
the propagation in the second stage dominates the lifespan of the phenomenon of fatigue.
Back in 1961, P. C. Paris and coworkers proposed that the crack growth rate in region
II is governed by a power law [3]. Their propagation model is the most widely accepted
nowadays, and it may be described as the initial-value problem

dXt

dt
= cXm

t , t > 0,

subject to X0 = a.
(2.1)

Here, c and m are positive constants that depend on each material, the number a satisfies
0 < a- 1, and Xt represents the maximum length of the crack at time t.

There are many generalization of Paris’ law reported in the literature [4]. Some of
these extensions are deterministic models. However, some random components have been
incorporated in Paris’ law in order to account for unpredictable variability [5]. In particular,
the work [6] investigates the stochastic model

dXt = c|Xt|m + c̃|Xt|ndWt, t > 0, (2.2)

where c̃ is a nonzero constant, c is a real number,W is a Brownian motion, andm,n ∈ [1,∞).
The use of Itô’s stochastic integral to interpret this differential equation results in the
identity

Xt = a+ c

∫ t

0
|Xs|mds+ c̃

∫ t

0
|Xs|ndWs, t > 0, (2.3)

for some a ∈ R. In this case, the explosion time actually corresponds to the time when the
fracture occurs.

Assume that m,n ∈ [1,∞), and note that the continuous differentiability of b(x) = cxm

and σ(x) = c̃xn for x ∈ [0,∞) assures the existence and the uniqueness of a solution of
(2.3). Moreover, Proposition 1.1 guarantees that Xa

t > 0 is satisfied for t > 0 almost surely,
whenever a > 0.

Proposition 2.1. The solution of (2.3) explodes in finite time if c̃ > 0, n > 1 and m >
2n− 1.

In the sequel, we will use ξ > 0 to represent physically the maximal length of a crack.
The next result identifies the distribution of the crack time τxξ .

Proposition 2.2. Let c > 0, and suppose that m,n ∈ (0,∞). If u : [0,∞)× [0,∞)→ R is
a bounded function that satisfies the boundary-value problem

∂u

∂t
(t, x) =

c̃2

2
x2n

∂2u

∂x2
(t, x) + cxm

∂u

∂x
(t, x), (t, x) ∈ (0,∞)× (0, ξ),

subject to

{
u(0, x) = 0, x ∈ (0, ξ),
u(t, ξ) = 1, t ≥ 0,

(2.4)
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then u(t, x) = P [τxξ ≤ t] for each 0 < x < ξ and t > 0.

3 Aims of this work

The present work is devoted to designing a finite-difference discretization of a generalization
of the problem studied in Theorem 1.2. Concretely, let ξ be a positive number and suppose
that b, σ : [0, ξ]→ R are continuously differentiable functions such that b(0) = σ(0) = 0, and
assume that ϕ : (0, ξ)→ [0, 1] is a nondecreasing function. For the remainder of this work,
we will suppose that u is a real function defined for each (t, x) ∈ [0,∞) × [0, ξ] satisfying
the problem

∂u

∂t
(t, x)− 1

2
σ2(x)

∂2u

∂x2
(t, x)− b(x)

∂u

∂x
(t, x) = 0, (t, x) ∈ (0,∞)× (0, ξ),⎧⎨⎩

u(0, x) = ϕ(x), x ∈ (0, ξ),
u(t, 0) = 0, t ≥ 0,
u(t, ξ) = 1, t ≥ 0.

(3.1)

Obviously, in the practice we will consider ϕ(x) = 0 for each x ∈ (0, ξ). Meanwhile, the
functions b and σ will be power laws, so that the conditions b(0) = σ(0) = 0 will be readily
satisfied.
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Abstract

In this paper I study the (crisp) stable model semantics by embedding crisp normal
logic programs into the Belnap’s fourth valued logic structure. The advantage of this
consideration is that we can guarantee the existence of fuzzy stable models on such
multi-valued logic structure. Specifically, I present some novel results relating fuzzy
stable models of crisp logic programs and the conflation, an operator similar to negation
defined on bilattice structures.

Key words: Logic programming, stable models, well-founded semantics, inconsis-
tence, fuzzy logic programming, fuzzy answer set semantics, Belnap’s Logic.

1 Introduction

Logic Programming[9] is a paradigm that combines the formality of logic and the efficiency of
programming. From a logical point of view, it has evolved from a very simplified crisp logic
to a family of complex theories like Abductive logic programming, Answer set programming,
Constrain logic programming and Inductive logic programming among others.

In this paper we focus on the stable model semantics, the seed of the the Answer set
programming, which models the default negation (also called negation as failure). The use
of such a negation, instead of the ordinary one, is motivated by a programming point of
view and by the so call “close world assumption” [19, 9]. The consideration of the default
negation leads to two different semantics in logic programming namely, the stable model
semantics [6, 7]and the well-founded semantics[5] (both defined at the early 90’s). These
two theories where related in [4, 16] by extending the stable model semantics to the fourth
valued Belnap logic [1] and showing that the well-founded semantics coincides with one
fuzzy stable model.
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Despite the relationship between multivalued logic and the (crisp) stable model seman-
tics given above, the theoretical interest of the community stopped for searching relation-
ships between crisp stable model semantics and fuzzy logic programming. Oppositely, the
community focus on the generalisation of the stable model semantics and the well-founded
semantics in the fuzzy framework. In such respect, we remark a family of interesting ex-
tensions of the stable model semantics [2, 8, 10, 12, 13, 14, 17, 18] and of the well founded
semantics [11]. This paper returns to the approach of Melvin Fitting and studies the rela-
tionship between the (crisp) stable model semantics and the set of fuzzy stable models under
the fourth valued Belnap’s logic. The structure of the set of stable models is initially studied
in [3, 4] by means of the fix points of the immediate consequence operator. Nevertheless, in
this paper we focus on the conflation (an operator typical from bilatices[3]) instead of on the
immediate consequence operator. Thus, we show that there is a strong relationship between
the conflation and the fuzzy stable models (in the Belnap’s logic framework) obtained from
crisp normal logic programs.

In this paper we begin by recalling the fuzzy stable model semantics based on arbitrary
residuated lattices. Then, in Section 3 we restrict our study to the Belnap’s fourth valued
logic. Finally, in Section 4 we present some future work.

2 Fuzzy Stable Models

As stated above, the paradigm of Fuzzy Logic programming is based on the mathematical
structure of residuated lattices.

Definition 1 A residuated lattice is a triple L = ((L,≤), ∗,←) such that:

1. (L,≤) is a complete and bounded lattice with largest element 1 and least element 0.

2. (L, ∗, 1) is a commutative monoid unit element 1.

3. ∗ and ← form an adjoint pair, i.e:

z ≤ (x ← y) iff y ∗ z ≤ x for all x, y, z ∈ L.

In residuated lattices, the operator ∗ is seen as a conjunction and the operator ← as an
implication. In the rest of the paper we will consider a residuated lattice enriched with
a negation operator, (L, ∗,←,¬). The negation will model the notion of default negation
often used in logic programming. As usual, a negation operator, over L, is any decreasing
mapping n:L → L satisfying n(0) = 1 and n(1) = 0. It is convenient to point out that ¬ is
semantically different from the ordinary negation used in fuzzy logic.

The syntax of normal and definite residuated logic programs assumes a set Π of propo-
sitional symbols.
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Definition 2 Given a residuated lattice with negation (L, ∗,←,¬), a normal residuated
logic program P is a set of weighted rules of the form

〈p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn; ϑ〉

where ϑ is an element of L and p, p1, . . . , pn are propositional symbols.

A normal residuated logic program P is said to be definite if it does not contain any
negation operator. The semantics is given by the following definition.

Definition 3 A fuzzy L-interpretation is a mapping I: Π → L; that is, an L-fuzzy subset of
propositional symbols. We say that I satisfies a rule 〈p ← B; ϑ〉 if and only if I(B) ∗ ϑ ≤
I(p) or, equivalently, ϑ ≤ I(p ← B). Finally, I is a model of P if it satisfies all rules (and
facts) in P.

It is worth to point out that every definite residuated logic program has a least model
which can be reached by iterating the immediate consequence operator [10]. Such a model
is called the least Herbrand model. Now we describe the adaptation of the approach given
in [6] and [7] to normal residuated logic programs defined above. Let us consider a normal
residuated logic program P together with a fuzzy L-interpretation I. To begin with, we will
construct a new normal program PI by substituting each rule in P such as

〈p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn; ϑ〉

by the rule1

〈p ← p1 ∗ · · · ∗ pm; ¬I(pm+1) ∗ · · · ∗ ¬I(pn) ∗ ϑ〉

Notice that the new program PI is definite, that is, does not contain default negation.

Definition 4 The program PI is called the reduct of P wrt the interpretation I.

Definition 5 Let P be a normal residuated logic program and let I be a fuzzy L-interpretation;
I is said to be a fuzzy stable model of P iff I is the least model of PI .

Theorem 1 Any fuzzy stable model of P is a minimal model of P.

1Note the overloaded use of the negation symbol, as a syntactic function in the formulas and as the
algebraic negation in the truth-values.
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3 The specific case of the Belnap’s fourth valued logic.

In this section we restrict our study to a very specific framework: the Belnap fourth valued
logic. The lattice B that determines the set of truth values is given by Hasse diagram below

Moreover, the operators ∗ and ¬ are given by the following tables:

∗ 0 1 ⊥ �
0 0 0 0 0

1 0 1 ⊥ �
⊥ 0 ⊥ ⊥ 0

� 0 � 0 �

¬ 0

0 1

1 0

⊥ ⊥
� �

Note that in residuated lattices the operator ← is uniquely determined by ∗, so it is not
necessary to be specified. The values 0 and 1 in B are interpreted as usual; i.e. they
mean true and false, respectively. The other two values, ⊥ and �, mean unknown and
inconsistent, respectively. One of the main features of the Belnap’s logic connectives ∗ and
¬ is that they are monotonic with respect to a different order (in B) from the one given
above. Specifically with the order given by the following Hasse diagram

,

which is called knowledge order, the negation turns monotonic. Moreover, the operators ∗
and sup(·)2 are monotonic as well. Then, it is possible to define a least model semantics for

2This operator supremum denotes the one with respect to the original order.
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every normal residuated logic program by means of the immediate consequence operator,
as it is done in general for definite logic programs. Moreover, it can be proved that such a
model is in fact a fuzzy stable model as well. Thus, we have the following result.

Theorem 2 ([3]) Every normal residuated logic program P defined on the Belnap fourth
valued logic, has fuzzy stable models.

What is interesting now is that every (crisp) normal logic program P can be seen as a
logic program in B just by rewriting every rule

p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn
in P by

〈p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn; 1〉
and by adding the rules

〈q ←; 0〉
for any propositional symbol q ∈ Π that does not appear in the head of any rule in P. By the
Theorem 2, P has at least one stable model in B. Moreover, the least stable model under
the knowledge ordering, which always exists, coincides with the Well-founded semantics
[4]. Note that every (crisp) stable model is also a fuzzy stable model in B, so we have the
following result.

Proposition 1 A (crisp) normal logic program P has no (crisp) stable models, if for every
fuzzy stable model M of P in B, there exists a propositional symbol p ∈ Π such that M(p) /∈
{0, 1}.

The rest of the section presents a set of novel results with the aim of providing a
structure in the set of stable models in B. The first result shows that every stable model of
P has another stable model associated by conflation. Let us recall that the conflation in B
is an operator defined by:

− 0

0 0

1 1

⊥ �
� ⊥

Note that the conflation is like a negation but, instead of reversing the natural order,
it reverses only the knowledge order. Given a B-fuzzy interpretation I, we define −I =
{−I(p) | p ∈ Π}. Similarly we can apply the operator − to programs as follows. Let P a
normal residuated logic program. Then −P is defined by changing every rule

〈p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn; ϑ〉
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of P by
〈p ← p1 ∗ · · · ∗ pm ∗ ¬pm+1 ∗ · · · ∗ ¬pn; −ϑ〉

Note that −P only modifies the weights of rules. We have the following result.

Proposition 2 Let P be a definite residuated logic program and let MP be the least model
of P (under the original order). Then, −MP is the least model of −P.

In the case of starting from a crisp normal logic program, the proposition above allows
us to reach the following result:

Theorem 3 Let P be a (crisp) normal residuated logic program and let M be a fuzzy stable
model of P in B. Then, −M is also a fuzzy stable model.

Note that if M is a crisp stable model, i.e. M(p) ∈ {0, 1}, then −M = M , and the
result above does not define any new fuzzy stable model. In the case of an inconsistent crisp
normal logic program, the theorem above implies the following result:

Corollary 1 Let P be a (crisp) normal residuated logic program without (crisp) stable mod-
els. Then P has an even number of fuzzy stable models in B.

4 Conclusion and Future Work

In this paper we have shown that the conflation in the Belnap’s fourth valued logic has
convenient properties with the stable model semantics. Specifically we have shown that
given a fuzzy stable model, we can define another by means of −. I think this result is a
good starting point to relate the inconsistency in stable model semantics with fuzzy stable
models in the Belnap’s Logic. In such line, note that for every fuzzy stable model M there
is at least a propositional symbol p ∈ Π such that M(p) /∈ {0, 1}. Then Theorem 3 can
be applied to define new fuzzy stable models and, probably to relate cycle causing the
inconsistency. On the same line, perhaps it is convenient to use different results about
the existence of fuzzy stable models (as the one given in [15]) to determine the causes of
inconsistence of crisp logic programs.
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Abstract

We present a new semilocal convergence analysis for Newton-like methods in order to approx-
imate a locally unique solution of an equation in a Banach space setting. This way, we expand the
applicability of these methods in cases not covered in earlier studies. The new analysis is based on
our new idea of restricted convergence domains. Using this idea we determine a more precise lo-
cation, where the iterates lie leading to tighter Lipschitz constants. The advantages of our approach
include a more precise convergence analysis under the same computational cost on the Lipschitz
constants involved.

Key words: Newton-type method, Banach space, majorizing sequence, divided difference, semilocal-
local convergence.
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1 Introduction

Let X and Y be Banach spaces. Let U(w,R) and U(w,R) stand, respectively, for the open and closed
ball centered at w ∈ X and of radius R > 0. Let also Ł(X ,Y) denote the space of bounded linear
operators from X into Y .

In this study we are concerned with the problem of approximating a locally unique solution of the
equation

F (x) = 0, (1.1)

where F is a nonlinear operator defined on a convex subset D of X with values in Y . Many Problems
from Computational Sciences and other disciplines can be brought in the form of an equation like (1.1)
using Mathematical Modelling [2, 3, 4]. The solutions of theses equations can be given in closed form
only in special cased. That is why most solution methods for these equations are usually iterative.

A lot of iterative methods for solving equation (1.1) can be written as Newton-like methods in the
form

xn+1 = xn − TnF (xn) for each n = 0, 1, 2, . . . , (1.2)

where Tn ∈ Ł(Y,X ) and x0 ∈ X is an initial point.
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Potra [8, 9] studied the semilocal convergence of iterative algorithm (1.2) when

Tn ∈ {δF (xpn , xqn)
−1, δF (xqn , xpn)

−1} for each n = 0, 1, 2, . . . , (1.3)

where {pn} and {qn} are two nondecreasing sequences of integers satisfying

q0 = −1, p0 = 0, qn ≤ pn ≤ n for each n = 0, 1, 2, . . . . (1.4)

Potra provided under a popular sufficient convergence criterion (to be precised in (2.5)) optimal (in
some sense) error estimates on the distances ‖xn − xn+1‖ and ‖x∗ − xn‖ for each n = 0, 1, 2, . . ..

In the present study, we are motivated by Potra’s work in [8], related studies [1, 5, 6, 7, 10] and
optimization considerations. Using center-Lipschitz condition (see (2.9)) instead of the less precise Lip-
schitz condition (see (2.8)), we obtain more precise estimates on the upper bounds of ‖Tn‖ leading to
more precise majorizing sequences for {xn}. The advantages of our approach are:

(a) More precise error estimates on the distances ‖xn − xn+1‖ and ‖x∗ − xn‖ for each n = 0, 1, 2, . . .;

(b) At least as precise information on the location of the solution.

These advantages are obtained under the same computational cost on the Lipschitz constants involved as
in the earlier studies.

The rest of the paper is organized as follows: The semilocal convergence analysis is presented in
Section 2 and the local analysis in Section 3.

2 Semilocal Convergence

In this Section we present the semilocal convergence analysis of iterative procedure (1.1)-(1.2) for triplets
(F, x−1, x0) belonging to the class C(k, k0, k1, k2, b, c) defined as follows.

Definition 2.1 Let k > 0, k0 > 0, k1 > 0, k2 ≥ 0, b ≥ 0 and c ≥ 0. Suppose that

k∗b+ 2
√
k∗c ≤ 1, (2.5)

where k∗ = max{k, k0, k1, k2}.
We say that a triplet F (F, x0, x−1) belongs to the class C(k, k0, k1, k2, b, c), if:

(C1) F is a nonlinear operator defined on a convex subset D of a Banach space X with values in a
Banach space Y .

(C2) x0 and x−1 are two points belonging to the interior
◦
D of D and satisfying the inequality

‖x0 − x−1‖ ≤ b; (2.6)

(C3) F is Fréchet differentiable on
◦
D and there exist a mapping δF :

◦
D ×

◦
D → Ł(X ,Y) such that

the linear operator P0, where P0 is either δF (x0, x−1) or δF (x−1, x0), is invertible, its inverse
T0 = P−1

0 is bounded and constants k > 0, k0 > 0, k1 > 0, k2 ≥ 0, b ≥ 0 and c ≥ 0 are such
that:

‖T0F (x0)‖ ≤ c; (2.7)
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(C4)
‖T0(δF (x, y)− F ′(x0))‖ ≤ k0‖x− x0‖+ k‖y − x0‖ for each x, y ∈ D (2.8)

and

‖T0(δF (x, y)− F ′(z))‖ ≤ k1‖x− z‖+ k2‖y − z‖ for each x, y, z ∈ D ∩ U(x0,
1

k0 + k
) = D1;

(2.9)

(C5) The set Dc = {x ∈ D;F is continuous at x} contains the closed ball Ū(x0, t
∗ − b) or the ball

U(x0,
1

k0+k ), where

t∗ =
1 + k∗b−

√
(1 + k∗b)2 − 4k∗(b+ c)

2k∗
.

Next, we present the main semilocal convergence result for the Newton-like method (1.2) using the
notation introduced above.

Theorem 2.2 Suppose that (F, x−1, x0) ∈ C(k, k0, k1, k2, b, c) and Tn = δF (xpn , xqn)
−1. Then, se-

quence {xn} (n ≥ −1) generated by the Newton-like method (1.2) is well defined, remains in Ū(x0, t
∗−

b) for each n = 0, 1, 2, . . . and converges to a solution x∗ ∈ Ū(x0, t
∗ − b) of equation F (x) = 0.

Concerning the existence and the uniqueness of the solution for nonlinear equations, we present the
following result:

Corollary 2.3 Suppose that (F, x−1, x0) ∈ C(k, k0, k1, k2, b, c). Then, the equation F (x) = 0 has a
solution x∗ ∈ D and this is the unique solution of the equation in the set V = {x ∈ D : ‖x − x0‖ <
t̄0 + d} if t0 > 0 or in the set W = {x ∈ D : ‖x− x0‖ < t̄0} if d = 0, where t̄0 =

1+k1b
2k1

and

d =

√
(1 + k∗b)2 − 4k∗(b+ c)

2k∗
.

3 Local Convergence

We study the local convergence analysis for the Newton-like method (1.2) for couples (F, x∗) belonging
to the class A(l, l0, l1, l2) if:

(A1) F is a nonlinear operator defined on a convex subset D of a Banach space X with values in a
Banach space Y .

(A2) F is Fréchet differentiable on
◦
D and there exist a mapping δF :

◦
D ×

◦
D → Ł(X ,Y) and constants

l > 0, l0 > 0, l1 > 0 and l2 ≥ 0 such that:

F (x∗) = 0, F ′(x∗)−1 ∈ Ł(Y,X ),

‖F ′(x∗)−1(δF (x, y)− F ′(x∗))‖ ≤ l0‖x− x∗‖+ l‖y − x∗‖ for each x, y ∈ D
and

‖F ′(x∗)−1(δF (x, y)− F ′(z))‖ ≤ l1‖x− z‖+ l2‖y − z‖ for each x, y, z ∈ D ∩ U(x∗,
1

l0 + l
)

(A3) The set Dc = {x ∈ D;F is continuous at x} contains the ball Ū(x∗, R) or the ball U(x∗, 1
l0+l ),

where
R =

2

5(l1 + l2) + l0 + l
.
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Using the preceding notation we can show the main local convergence result for Newton-like method
(1.2).

Theorem 3.1 Suppose that (F, x∗) ∈ A(l, l0, l1, l2) and Tn = δF (xpn , xqn)
−1. Then sequence {xn}

(n ≥ −1) generated by Newton-like method (1.2) for x−1, x0 ∈ U(x∗, R) is well defined, remains in
U(x0, R) for each n = −1, 0, 1, 2, . . . and converges to x∗. Moreover, the following estimates hold

‖xn+1 − x∗‖ ≤

[
l1 + l2

2
‖xn − x∗‖+ l1‖xn − xpn‖+ l2‖xn − xqn‖

]
‖xn − x∗‖

1− (l0‖xpn − x∗‖+ l‖xqn − x∗‖) < R, (3.10)
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Abstract

In this study, our principle aim is to provide some novel eighth and sixteenth-order
families of King’s method for solving nonlinear equations which should be superior than
the existing schemes of same order. The relevant optimal orders of the proposed families
satisfy the classical Kung-Traub conjecture which was made in 1974. The derivation
of the proposed schemes is based on the weight function and rational approximation
approaches. In addition, convergence properties of the proposed families are fully in-
vestigated along with two main theorems and one lemma describing their order of con-
vergence. We consider a concrete variety of numerical examples to check the validity
and effectiveness of the our proposed methods. Further, it is found from the numerical
results that our proposed methods perform better than the existing ones of the same
order when the accuracy is checked in the multi precision digits by choosing the same
numerical examples with same initial guesses.

Key words: Order of convergence, Newton’s method, Kung-Traub conjecture.
MSC 2000: AMS codes (optional)

1 Introduction

Finding the solution techniques to solve the nonlinear equations, have always been a paramount
importance in the field of numerical analysis which provide the accurate and efficient ap-
proximate solution α of a nonlinear equation of the form

f(x) = 0, (1)
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where f : I ⊆ R→ R is a sufficiently differentiable function on the interval I.

One of the main reason of paramount importance of this topic is the applicability in the
applied science and the four major disciples of engineering: chemical, electrical, civil and
mechanical (for the detailed explanation please the Chapra and Canale [11]). For example,
the location of the extremal points of a function describing some system requires finding
the zeros of the derivatives of that function. Many problems which involve critical paths
also require the solution of algebraic equations, such as determining all the ray paths that
are possible in a complex optical system and can be modeled by different mathematical
equations.

Newton’s method [1–26] is one of the most basic and popular iterative methods for
solving nonlinear equations. But, it is a one-point iterative method and one-point methods
have some drawbacks regarding their efficiency and convergence order. Therefore, several
scholars from the worldwide turned towards multi-point iterative methods. The advantage
of multi-point methods is that they do not use higher order derivatives and has great
practical importance because they overcome from the theoretical limitations of one-point
methods (for the details please see [25]).

Few year ago, it was not an easy task to propose higher-order multi-point iterative
methods. But, with the advancement of digital computer, advanced computer arithmetics
and symbolic computation, the construction of higher-order multi-point methods become
more vital and popular because they provide more accurate and efficient approximated
root with in a very small number of iterations and their efficiency index [25] is better
than the classical Newton’s method. Therefore, in the last two decades, a variety of three-
point optimal eighth-order multi-point methods, without memory have been proposed in
[1–5, 12–15, 19, 21–24, 26]. Most of them are the extension of Newton’s method or Newton
like method at the expense of additional functional evaluations or sub steps.

In the past, Kung and Traub [18] given two general classes of optimal n-point iterative
methods. Then later, Neta [9], presented an optimal family of sixteenth-order iterative
methods. Recently, Li et al. [6], Guem and Kim [10, 15], Sharma et al. [7], Ullah et al. [8],
have also proposed optimal sixteenth-order multi-point methods except the Li et al. [6].

In this paper, we proposed some new novel eighth-order family of King’s method which
is based on the weight function approach. Then, we will extend this family from eighth-order
convergence to sixteenth-order with the aid of rational functional approximations approach.
The proposed families of King’s method have optimal order of convergence in the sense of
Kung-Traub conjecture. The efficiency of the methods is tested on a concrete variety of
test functions. From the numerical experiments, it is observed that our proposed methods
perform better than existing methods of same order.
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2 An optimal family of eighth-order King’s method

In this section, we will present an optimal eighth-order family of King’s methods. Therefore,
we consider the following three-step scheme:

yn = xn −
f(xn)

f ′(xn)
,

zn = yn −
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

f(yn)

f ′(xn)
, β ∈ R,

xn+1 = zn −
f(zn)

f ′(xn)
G(u, v),

(2)

where the above weight function G : R2 → R, is a sufficiently differentiable function in the
neighborhood of (0, 0) and

u =
f(zn)

f(yn)
, v =

f(yn)

f(xn)
. (3)

Since, the above scheme (2) uses only four functional evaluations and according to Kung-
Traub conjecture its maximum order can be eight. In the following results, we will discuss
the conditions on the weight function so that we will reach at an optimal eighth-order of
convergence.

Lemma 2.1 Let us assume that α be a simple zero of the involved function f . Further, we
also assume that the function f : I ⊆ R→ R, is a sufficiently differentiable function defined
in an interval containing the required zero α. Then, the quotients defined in (3) will satisfy
the following error equations

u =
f(zn)

f(yn)
= O(e2n), v =

f(yn)

f(xn)
= O(en). (4)

Proof Let us assume that en = xn − α, en,y = yn − α and en,z = zn − α be the errors in
the nth iteration. Now, we can expand the function f(xn) around the point x = α with the
help of the Taylor’s series expansion which will leads us to:

f(xn) = f ′(α)
(
en + c2e

2
n + c3e

3
n + c4e

4
n + c5e

5
n + c6e

6
n + c7e

7
n + c8e

8
n +O(e9n)

)
, (5)

where f ′(α) �= 0 and ck = 1
k!

fk(α)
f ′(α) , k = 2, 3, . . . , 8.

Similarly, we will obtain

f ′(xn) = f ′(α)
(
1 + 2c2en + 3c3e

2
n + 4c4e

3
n + 5c5e

4
n + 6c6e

5
n + 7c7e

6
n + 8c8e

7
n + 9c9e

8
n +O(e9n)

)
.

(6)
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By inserting the equations (5) and (6) in the first sub step of the scheme (2), we have

en,y = c2e
2
n + (2c3 − 2c22)e

3
n +

5∑
j=1

Aje
j+3
n +O(e9n), (7)

where Aj = Aj(c2, c3, . . . c8).
With the help of the above equation (7) and Taylor’s series expansion, we will further obtain

f(yn) = f ′(α)
(
en,y + c2e

2
n,y + c3e

3
n,y + c4e

4
n,y +O(e9n)

)
. (8)

Further, with the help of previous equations (5) and (8), we will further yield

v =
f(yn)

f(xn)
= c2en + (2c3 − 3c22)e

2
n + (8c32 − 10c3c2 + 3c4)e

3
n +

5∑
j=1

Dje
j+3
n +O(e9n), (9)

where Dj = Dj(c2, c3, . . . c8).
Now, by inserting the equations (5)–(8), in the second sub step of (2), we have

en,z =
(
(2β + 1)c32 − c2c3

)
e4n +

4∑
j=1

Bje
j+4
n +O(e9n), (10)

where Bj = Bj(β, c2, c3, . . . c8).
In the similar fashion as we did in the previous equation (5), we can expand the function
f(zn) about a point x = α, which is given by

f(zn) = f ′(α)
(
en,z + c2e

2
n,z +O(e9n)

)
. (11)

From the equations (8) and (11), we have

u =
f(zn)

f(yn)
=
(
(2β + 1)c22 − c3

)
e2n +

6∑
j=1

Hje
j+2
n +O(e9n), (12)

where Hj = Hj(β, c2, c3, . . . c8).
This complete the proof of lemma 2.1. �

Theorem 2.2 Let us assume that an initial guess x = x0 is sufficiently close to α for the
guaranteed convergence. Then, the iterative scheme (2) will reach an optimal eighth-order
convergence only if it satisfies the following conditions on the weight function

G00 = 1, G01 = 2, G10 = 1, G02 = 10− 4β, G11 = 4, G03 = 12(β2 − 6β + 6), (13)

where Gij =
∂i+j

∂ui∂vj
G(u, v)|(u=0, v=0) for i, j = 0, 1, 2, 3.
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Proof Since, it is clear from the above lemma 2.1 that u = O(e2n) and v = O(en). Therefore,
we can expand the weight function G(u, v) in the neighborhood of (0, 0) with the help
Taylor series expansion which leads to us:

G(u, v) = G00 +G10u+G01v +
1

2!

(
G20u

2 + 2G11uv +G02v
2
)

+
1

3!

(
G30u

3 + 3G21u
2v + 3G12uv

2 +G03v
3
)
.

(14)

By using the equations (5)–(12) and (14), in the last sub step of the proposed scheme, we
will get

en+1 = −(G00 − 1)c2
(
(2β + 1)c22 − c3

)
e4n +

4∑
j=1

H̃je
j+4
n +O(e9n). (15)

It is straightforward to say that the above error equation (15), will reach at least fifth-order
of convergence if we choose the following value of G00

G00 = 1. (16)

Now, by inserting the above value of G00 = 1 in H̃1 = 0, we will further obtain

G01 = 2. (17)

Again, by using the above values of G00 and G01 in H̃2 = 0, we will obtain the following
two independent relations

G10 − 1 = 0, G02 + 2(2βG10 +G10 − 6) = 0, (18)

which further yield
G10 = 1, G02 = 10− 4β. (19)

In order to obtain an optimal eighth-order of convergence, we have to use the above values
of G00, G01, G10 and G02 in H̃3 = 0. Then, we obtain

G11 − 4 = 0, G03 + 6
(
−2β2 + 4β + 2βG11 +G11 − 16

)
= 0, (20)

which will further leads to us

G11 = 4, G03 = 12(β2 − 6β + 6). (21)

Finally, we will obtain the following error equation by using the equations (16), (17), (19)
and (21) in (15), which is given by

en+1 = −
c2((2β + 1)c22 − c3)

2

[
c42
(
4β3 − 32β2 + 44β + 2βG12 +G12 + (2β + 1)2G20 − 82

)
+ c23(G20 − 2)− 2c4c2 − c3c

2
2(−4β +G12 + 4βG20 + 2G20 − 30)

]
e8n +O(e9n).

(22)
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The above error equation prove that our proposed scheme (2) reaches at eighth-order conver-
gence by consuming only four functional evaluations per iteration. Further, the scheme (2)
have also reached the optimal order of convergence in the sense of Kung-Traub conjecture.
This completes the proof. �

2.1 Special cases

In this section, we will discuss some of the important cases of the weight function in two
different approaches, both approaches are defined as follows:

(1) Let us consider the following weight function

G(u, v) =
2β + u

(
2β + 2(β2 − 2β − 4)v − 5

)
− (4β + 1)v2 + 2(β2 − 4β + 1)v − 5

2β + 2 (β2 − 6β + 6) v − 5
,

(23)
which will further yield

yn = xn −
f(xn)

f ′(xn)
,

zn = yn −
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

f(yn)

f ′(xn)
,

xn+1 = zn −
f(zn)

f ′(xn)

(
2β + u

(
2β + 2(β2 − 2β − 4)v − 5

)
− (4β + 1)v2 + 2(β2 − 4β + 1)v − 5

2β + 2 (β2 − 6β + 6) v − 5

)
.

(24)

In this way, we obtain a new optimal eighth-order family of King’s method.

(2) In order to obtain another new optimal eighth-order family of King’s method, we con-
sider the following weight function

G(u, v) = 1 + u+ 4uv − (4β + 1)v

2 (β2 − 6β + 6)
+

a2v

a1v + 1
, (25)

where a1 =
2(β2−6β+6)

2β−5 and a2 =
2β−5
a1

.
With the aid of the above weight function, we will further obtain

yn = xn −
f(xn)

f ′(xn)
,

zn = yn −
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

f(yn)

f ′(xn)
,

xn+1 = zn −
f(zn)

f ′(xn)

(
1 + 4uv + u− (4β + 1)v

2 (β2 − 6β + 6)
+

a2v

a1v + 1

)
.

(26)
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(3) In this case, we will use the conditions on Gij (which are defined in (13)) in the weight
function (14). This is the another way of obtaining the new weight functions, which is
given as follows:

G(u, v) = 1 + u+ 2v +
1

2

(
G20u

2 + 8uv + (10− 4β)v2
)

+
1

6

(
3G12uv

2 + 3G21u
2v +G30u

3 + 12
(
β2 − 6β + 6

)
v3
)
,

(27)

where G20, G12, G21 and G30 are free disposable parameters. By using the above
weight function and the values of the disposable parameters in the scheme (2), we will
obtain several new optimal eighth-order families of King’s method.

3 An optimal family of sixteenth-order King’s method

In this section, we will propose a new optimal sixteenth-order family of iterative methods.
The idea is consider one more step in the family (2). So if we use the same notation than
in the previous section, we consider

yn = xn −
f(xn)

f ′(xn)
,

zn = yn −
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

f(yn)

f ′(xn)
,

tn = zn −
f(zn)

f ′(xn)
G(u, v),

(28)

In order to obtain the next approximation xn+1 to the required root, we consider

Q(x) =
(x− xn) + θ1

θ2(x− xn)3 + θ3(x− xn)2 + θ4(x− xn) + θ5
, (29)

a rational function, where θ1, θ2, θ3, θ4 and θ5 are disposable parameters. Further, these
parameters can be determined by imposing tangency conditions, which are given by

Q(xn) = f(xn), Q′(xn) = f ′(xn), Q(yn) = f(yn), Q(zn) = f(zn), Q(tn) = f(tn). (30)

Now, we assume that the above rational function meets the x – axis at x = xn+1 in order
to find the next approximation, which is given by

Q(xn+1) = 0, (31)

which further yields
xn+1 = xn − θ1. (32)
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By imposing the first two tangency conditions, we have

θ1 = θ5f(xn), θ4 =
1− θ5f

′(xn)
f(xn)

. (33)

From the last three tangency conditions, we obtain

f(yn)
[
f ′(xn)

(
f ′(xn)

(
2θ5f

′(xn)− 1
)
+ θ3f(xn)

2
)
− θ2f(xn)

3
]
= f ′(xn)2f(xn)

(
θ5f

′(xn)− 1
)
,

f(zn)

[
(1− θ5f

′(xn))(zn − xn)

f(xn)
+ θ2(zn − xn)

3 + θ3(xn − zn)
2 + θ5

]
= θ5f(xn) + zn − xn,

f(tn)

[
(1− θ5f

′(xn))(tn − xn)

f(xn)
+ θ2(tn − xn)

3 + θ3(tn − xn)
2 + θ5

]
= θ5f(xn) + tn − xn.

(34)
By eliminating θ2 and θ3 from the above equations, we get

θ5 =
anbn

(
u1f(xn)

2f(yn) + u2f
′(xn)f(tn)f(zn)

)
v1f(xn)3 + v2f ′(xn)f(tn)f(zn)

, (35)

where

u1 = f(tn)
(
b2nf

′(xn) + bnf(xn)− cnf(zn)
)
+ an

(
f(xn)− anf

′(xn)
)
f(zn),

u2 = anbncnf
′(xn)

(
f(yn)− f(xn)

)
+ cnf(yn)f(xn)(an − bn),

v1 = f(yn)
[
bnf(tn)

(
b2nf

′(xn) + bnf(xn)− cnf(zn)
)
+
(
a3nf

′(xn) + cnanf(tn)− a2nf(xn)
)
f(zn)

]
,

v2 = a2nb
2
ncnf

′(xn)
2
(
2f(yn)− f(xn)

)
+ anbncn(2an − cn)f

′(xn)f(yn)f(xn) + cn
(
anbn − ancn − b2n

)
f(yn)f(xn)

2,

an = xn − zn, bn = tn − xn, cn = tn − zn.

Now, by using the equations (28), (32), (33) and (35), we obtain

yn = xn −
f(xn)

f ′(xn)
,

zn = yn −
f(xn) + βf(yn)

f(xn) + (β − 2)f(yn)

f(yn)

f ′(xn)
,

tn = zn −
f(zn)

f ′(xn)
G(u, v),

xn+1 =xn − θ5f(xn).

(36)

where θ5 is defined by (35). The following Theorem 3.1 demonstrates that the optimal
sixteenth-order of convergence is achieved.
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Theorem 3.1 Under the assumptions of Theorem 2.2, the iterative scheme defined by (36)
has an optimal sixteenth-order convergence and satisfies the following error equation

en+1 = −
c32((2β + 1)c22 − c3)

2

2

[
c42
(
4β3 − 32β2 + 44β + 2βG12 +G12 + (2β + 1)2G20 − 82

)
+ c23(G20 − 2)− 2c4c2 − c3c

2
2(−4β +G12 + 4βG20 + 2G20 − 30)

]
(c42 − 3c3c

2
2 + 2c4c2

+ c23 − c5)e
16
n +O(e17n ).

(37)

Proof Let us expand the function f(xn) and its first order derivative f ′(xn) around x = α,
by the Taylor’s series expansion, we have

f(xn) = f ′(α)

[
16∑
k=1

cke
k
n +O(e17n )

]
, (38)

and

f ′(xn) = f ′(α)

[
16∑
k=1

kcke
k−1
n +O(e17n )

]
, (39)

respectively.
By using the equations (38) and (39), we get

en,y = yn − α = c2e
2
n − 2(c22 − c3)e

3
n +

13∑
j=1

Pke
k+3
n +O(e17n ), (40)

where Pk = Pk(β, c2, c3, . . . , c16).
With the help Taylor series expansion, we obtain the following expansion of f(yn) about a
point x = α

f(yn) = f ′(α)

[
8∑

k=1

cke
k
n,y +O(e17n )

]
, (41)

By using the equations (38), (39) and (41), in the second-step, we obtain

en,z = zn − α =
(
(2β + 1)c32 − c2c3

)
e4n +

12∑
j=1

Qke
k+4
n +O(e17n ), (42)

where Pk = Pk(β, c2, c3, . . . , c16).
Again, expand the Taylor series expansion of function f(zn) about a point z = α, we obtain

f(zn) = f ′(α)

[
4∑

k=1

cke
k
n,z +O(e17n )

]
, (43)
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By inserting the equations (13), (14), (38)–(43) in the third sub step, we have

etn = tn − α = −c2((2β + 1)c22 − c3)

2

[
c42
(
4β3 − 32β2 + 44β + 2βG12 +G12 + (2β + 1)2G20 − 82

)
+ c23(G20 − 2)− 2c4c2 − c3c

2
2(−4β +G12 + 4βG20 + 2G20 − 30)

]
e8n +

8∑
j=1

Rke
k+8
n +O(e17n ),

(44)
where Rk = Rk(β, c2, c3, . . . , c16).

Again, with the help of Taylor series, we have

f(tn) = f ′(α)
(
etn + c2e

2
tn +O(e17n )

)
. (45)

Using equations (38) – (45), in the last sub step of the proposed scheme (37) and further
simplifying the equations, we get

en+1 = −
c32((2β + 1)c22 − c3)

2

2

[
c42
(
4β3 − 32β2 + 44β + 2βG12 +G12 + (2β + 1)2G20 − 82

)
+ c23(G20 − 2)− 2c4c2 − c3c

2
2(−4β +G12 + 4βG20 + 2G20 − 30)

]
(c42 − 3c3c

2
2 + 2c4c2

+ c23 − c5)e
16
n +O(e17n ).

(46)
This reveals that the proposed scheme (37) reaches an optimal sixteenth-order convergence.
This is the complete proof of the theorem. �

4 Numerical experiments

This section is fully devoted to check the effectiveness and validity of our theoretical results
which we have proposed in the earlier Sections. For this purpose, most of the times some
researchers who want to claim that their methods are superior than other existing methods
available in the literature. They take some well-known or standard or self-made examples
and manipulate the initial approximations to claim that their methods are superior than
other methods. To halt this practice, we consider five numerical examples; first one is
considered from Heydari et al. [1]; second one is chosen from Khatri [2]; third one is taken
from Bi et al. [3]; fourth one is chosen from Guem and Kim [4] and last one is considered
from Thukral [5], with same initial guesses which are mentioned in their papers. The details
of chosen examples or test functions are available in Table 1. Moreover, the considered test
functions with their corresponding zeros and initial guesses are also displayed in the same
table.

First of all, we employ the new contributed eighth-order families namely, (24) (for
β = 0, −1

2 , −1
3) and (26) (for β = −1

3), called by (CM1), (CM2), (CM3) and (CM4), re-
spectively, to check the effectiveness and validity of the theoretical results. We will compare
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our methods with two new families of iterative methods for solving nonlinear equations with
optimal eighth-order convergence designed by Heydari et al. [1], out of which we consider
one of their best method (which is claimed by them not by us) namely, method (14) (for
λ = 30, θ = 6, a = 8), denoted by (HHL). In addition, we also compare them with three-
step optimal iterative methods with eighth-order convergence presented by Khatri [2] and Bi
et al. [3], out which we choose methods namely, method (2.1) (for α = 56, β = −1, μ = 0)
and method (36) (for α = 1), called by (KM) and (BRW ), respectively. Moreover, we will
also compare our methods with a multi-parameter family of three-step eighth-order iterative
methods proposed by Guem and Kim [4], out of which we consider method (YK1), called
by (GK). Finally, we also compared our methods with a new eighth-order iterative method
(17) for solving nonlinear equations developed by Thukral [5], denoted by (TM).

In the context of sixteenth-order methods for solving nonlinear equations, we employ
the same weight functions which we have considered in the eighth-order schemes CMi,
i = 1, 2, 3, 4, to obtain the corresponding sixteenth-order iterative methods given by (36).

We have called the new iterative scheme by ĈM1, ĈM2, ĈM3 and ĈM4, respectively. Now,
we will compare our sixteenth-order methods with a non optimal sixteenth-order method
(4) presented by Li et al. [6], called by (LMMW ). In addition, we will also consider
optimal sixteenth-order methods namely, method (19) (for a = 1) and method (9), from the
methods proposed by Sharma et al. [7] and Ullah et al. [8], denoted by (SGG) and (UFA),
respectively. Moreover, we will also compare them with a family of multipoint methods for
non-linear equations designed by Neta [9], out of which we consider method (12), denoted
by (NM). Finally, we will also compare them with a biparametric family of optimally
convergent sixteenth-order multipoint methods proposed by Geum and Kim [10], out of the

proposed methods we shall choose the expression (1.7), called by G̃K.

Further, we have displayed the errors in the iterations |xn − α|, computational order
of convergence [16], in the Table 2, 3. Further, where the exact root is not available then
we restore the approximated root up to minimum 500 significant digits. All computations
have been done in Mathematica (Version 9) with multiple precision arithmetic to minimize
the round-off errors. Let us remark that, in all tables, a e(±b) denotes a× 10(±b).

5 Conclusions

In this paper, we contributed further to the development of the theory of iteration pro-
cesses and presented some new novel eighth and sixteenth-order families of King’s method
for solving nonlinear equations which is based on the weight function and rational func-
tional approximation approaches. Analysis of convergence demonstrate that the order of
convergence of the proposed families are eight and sixteen. Further, we also prove that
the proposed families are optimal in the sense of the classical Kung-Traub conjecture. The
computational efficiency index is defined as E = p1/θ, where p is the order of convergence
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and θ is the number of functional evaluations per iteration. Thus, the efficiency indices of
the proposed families are E = 4

√
8 ≈ 1.682 and E = 5

√
16 ≈ 1.741 which are better than the

classical Newton’s method E ≈ 1.414. Moreover, the beauty of the proposed families is that
we can easily obtain several new optimal methods of order eight and sixteen by considering
different types of weight functions.

Finally, on accounts of the results obtained, it can be concluded that our proposed
methods are highly efficient and perform better than the existing methods of same order
even though if we consider the same nonlinear problems with same initial guesses as they
consider in their own papers (for the details please see the Table 1).
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Table 1: Test problems

f(x) zeros(α) x0

f1(x) = (x− 2)
(
x10 + x+ 1

)
e−x−1; [1] 2 2.1

f2(x) = x4 + sin
(

π
x2

)− 5; [2]
√
2 1.2

f3(x) = x5 + x4 + 4x2 − 15; [3] 1.347428098968304981506715 . . . 1.6

f4(x) =
log(x2+2x+2)

x2+1
+

(
x2 + 1

)
cos

(
πx
2

)
; [4] −1 −0.81

f5(x) = xex
2 − sin2(x) + 3 cos(x) + 5; [5] −1.207647827130918927009417 . . . −1

Table 2: Comparison of |xn − α| for the functions fi(x), i = 1, 2, . . . , 5 among listed methods

fi |xn − α|\ρ HHL KM BRW GK TM CM1 CM2 CM3 CM4

f1
|x1 − α| 9.9e(−6) 9.3e(−4) 1.8e(−5) 3.1e(−5) 2.9e(−4) 2.2e(−5) 8.0e(−6) 2.0e(−6) 5.1e(−8)
|x2 − α| 3.8e(−36) 5.0e(−19) 3.1e(−34) 5.8e(−34) 2.7e(−23) 2.8e(−34) 1.3e(−37) 3.2e(−43) 1.3e(−55)
|x3 − α| 2.0e(−279) 3.3e(−141) 2.4e(−264) 8.1e(−264) 1.4e(−175) 2.2e(−265) 8.2e(−292) 1.8e(−337) 3.0e(−436)

ρ 8.000 8.003 8.000 8.000 8.000 8.000 8.000 8.000 8.000

f2
|x1 − α| 3.1e(−6) 1.4e(−5) 3.3e(−6) 1.6e(−6) 3.8e(−6) 1.1e(−6) 5.7e(−7) 7.2e(−8) 8.3e(−6)
|x2 − α| 8.5e(−45) 7.3e(−38) 4.4e(−44) 1.9e(−47) 2.3e(−445) 1.1e(−48) 9.5e(−51) 6.5e(−58) 9.8e(−41)
|x3 − α| 2.6e(−353) 4.3e(−296) 1.7e(−347) 5.4e(−375) 4.1e(−350) 1.1e(−384) 5.7e(−401) 2.8e(−458) 3.9e(−320)

ρ 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000

f3
|x1 − α| 3.7e(−6) 8.4e(−4) 1.5e(−5) 1.3e(−5) 1.3e(−4) 3.1e(−6) 6.8e(−6) 8.4e(−7) 1.2e(−6)
|x2 − α| 1.1e(−43) 2.7e(−23) 1.1e(−38) 9.2e(−41) 3.2e(−30) 2.6e(−46) 4.9e(−42) 1.0e(−49) 6.1e(−48)
|x3 − α| 5.8e(−344) 2.9e(−279) 6.6e(−304) 7.4e(−322) 5.2e(−235) 7.0e(−367) 3.6e(−331) 5.4e(−393) 2.5e(−378)

ρ 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000

f4
|x1 − α| 1.5e(−6) 4.6e(−4) 3.3e(−6) 5.2e(−7) 2.4e(−5) 4.0e(−7) 1.0e(−6) 5.8e(−7) 2.4e(−6)
|x2 − α| 3.0e(−47) 2.6e(−26) 6.0e(−45) 3.8e(−52) .1.4e(−36) 1.6e(−53) 2.4e(−49) 1.1e(−52) 9.3e(−48)
|x3 − α| 7.0e(−373) 2.2e(−204) 7.7e(−355) 3.4e(−413) 1.5e(−286) 1.4e(−424) 2.3e(−390) 1.3e(−418) 5.6e(−379)

ρ 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000 8.000

f5
|x1 − α| 3.5e(−4) 4.2e(−1) 2.2e(−4) 2.2e(−6) 2.8e(−3) 4.2e(−6) 1.3e(−5) 3.1e(−5) 5.4e(−4)
|x2 − α| 2.6e(−27) 5.4e(−2) 4.1e(−28) 5.8e(−45) 1.0e(−18) 1.3e(−43) 9.7e(−39) 8.7e(−36) 5.1e(−25)
|x3 − α| 2.6e(−212) 2.6e(−7) 4.8e(−218) 1.2e(−353) 3.6e(−142) 1.1e(−343) 9.6e(−304) 3.5e(−280) 3.1e(−193)

ρ 8.000 5.940 8.000 8.000 8.000 8.000 8.000 8.000 8.000

Table 3: Comparison of |xn − α| for the functions fi(x), i = 1, 2, . . . , 6 among listed methods

fi |xn − α|\ρ LMMW SGG UFA NM G̃K ĈM1 ĈM2 ĈM3 ĈM4

f1
|x1 − α| 2.3e(−12) 2.9e(−10) 9.0e(−9) 7.0e(−8) 5.8e(−8) 1.7e(−10) 2.0e(−11) 2.9e(−12) 7.4e(−14)
|x2 − α| 6.5e(−180) 3.5e(−145) 6.6e(−119) 3.7e(−104) 4.2e(−106) 1.3e(−149) 1.2e(−164) 1.6e(−179) 1.3e(−204)
|x3 − α| 1.4e(−2860)6.5e(−2304)4.5e(−1881)1.8e(−1644)2.5e(−1676)1.0e(−2375)5.8e(−2616)9.0e(−2856)1.1e(−3256)

ρ 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00

f2
|x1 − α| 1.6e(−12) 7.4e(−13) 5.6e(−10) 8.7e(−12) 8.6e(−12) 1.4e(−12) 8.5e(−13) 1.0e(−13) 1.2e(−11)
|x2 − α| 1.0e(−189) 1.5e(−194) 1.7e(−146) 8.0e(−177) 4.9e(−176) 3.3e(−191) 7.6e(−194) 1.0e(−208) 4.7e(−175)
|x3 − α| 4.7e(−3025)1.1e(−3101)7.6e(−2331)2.5e(−2817)5.2e(−2804)2.9e(−3049)1.4e(−3090)1.0e(−3328)2.6e(−2789)

ρ 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00

f3
|x1 − α| 1.7e(−12) 1.3e(−12) 2.9e(−9) 2.1e(−9) 2.5e(−9) 7.1e(−13) 1.3e(−12) 2.8e(−14) 4.1e(−14)
|x2 − α| 7.0e(−190) 1.5e(−192) 5.9e(−135) 1.8e(−137) 2.8e(−136) 4.7e(−198) 2.2e(−192) 1.3e(−219) 1.4e(−216)
|x3 − α| 4.9e(−3028)3.2e(−3071)5.7e(−2146)2.2e(−2186)2.0e(−2167)5.6e(−3161)1.6e(−3068)2.9e(−3505)3.5e(−3456)

ρ 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00

f4
|x1 − α| 6.0e(−14) 3.5e(−12) 2.9e(−9) 2.7e(−11) 2.2e(−7) 1.0e(−13) 4.5e(−13) 1.3e(−13) 5.2e(−13)
|x2 − α| 1.1e(−215) 1.0e(−184) 3.4e(−128) 4.0e(−169) 1.4e(−107) 6.4e(−211) 4.6e(−200) 1.4e(−211) 1.0e(−201)
|x3 − α| 1.1e(−3443)1.9e(−2945)3.9e(−2039)2.0e(−2694)1.2e(−1710)3.2e(−3366)6.6e(−3192)9.1e(−3379)3.3e(−3221)

ρ 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00 16.00

f5
|x1 − α| 5.9e(−9) 2.9e(−10) 5.0e(−5) 1.1e(−7) 1.2e(−2) 1.4e(−12) 6.5e(−11) 1.0e(−10) 1.8e(−9)
|x2 − α| 5.5e(−130) 2.6e(−152) 6.0e(−64) 1.7e(−108) 1.2e(−2) 3.3e(−191) 1.2e(−162) 1.1e(−159) 5.8e(−139)
|x3 − α| 1.7e(−2066)4.1e(−2425)4.8e(−1006)1.4e(−1721) 1.2e(−2) 2.9e(−3049)1.2e(−2590)2.1e(−2543)6.1e(−2211)

ρ 16.00 16.00 16.00 16.00 1.000 16.00 16.00 16.00 16.00
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Abstract

The main aim of the paper is focused on analysis of dynamical properties of the
road traffic time series, that are discrete time real data. For the analysis we use well
established methods as 0-1 test for chaos and Shannon entropy. 0-1 chaos is used to
determine whether the underlying dynamics of the time series is chaotic or not. Shannon
entropy quantify the complexity of the system and can be used to compare complexity
of different parts of the time series. As a main result strong chaotic behaviour of the
real world traffic time series will be shown.

Key words: Dynamical system, traffic time series, 0-1 test for chaos, Shannon en-
tropy, chaos

MSC 2000: 65P20, 37M10

1 Introduction

It is important to study traffic dynamics for better understanding of the underlying system,
its reaction to certain events and possibility of a prediction. These information may be
used for optimal traffic control systems, improving future planning of traffic infrastructure,
handling existing issues in traffic management or in traffic routing problems.

In past there were research aimed at investigating chaotic behaviour in the traffic time
series data. A number of works, e.g. [5, 6, 8], identify the chaos in the experimental data
through the computation of maximal Lyapunov exponent. This method requires initial
reconstruction of original phase-space of the attractor [10]. However, without knowing the
exact mathematical formula defining the system, it is very hard to detect the correct choices
of parameters determining the embedding of the time series.

In this work we analyse highway traffic dynamics of the real world time series. As
indicators of characteristics of the time series we used 0-1 test for chaos and Shannon entropy.
These methods were used because of suitability for basic analysis of the experimental data.
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2 Tests of time series dynamics

First of all an approach for detecting chaotic behaviour in the time series called 0-1 test
for chaos will be introduced. This test gives binary result indicating whether the chaos
is observable or not, and as an advantage there are no preprocessings needed comparing
to the computational methods based on embedding e.g. methods used for determining of
Lyapunov exponents. Secondly Shannon entropy is used to compute complexity of the given
time series and its sub-sequence. Shannon entropy allows us to determine development of
time series based on its complexity. Higher Shannon entropy indicate atypical events during
the given time period. This information helps us to identify incidents on highways, during
time series analysis, that need special attention.

2.1 0-1 test for chaos

While there were well established methodologies for identifying chaos in real world time
series, however those are often based on data preprocessing. On contrary, Gottwald and
Melbourne [2] responded to this by proposing a 0-1 test for chaos, which works directly
with the time series. Output of this test is 0 if the underlying system of the time series is
non-chaotic and 1 if the system is chaotic.

Basis for this test is creating translation variables defined for c ∈ (0, π)

pc(n) =

N∑
j=1

x(j) cos jc (1)

qc(n) =
N∑
j=1

x(j) sin jc, (2)

where x(j) is the j-th element of time series x, j ∈ {1, 2, . . . , N}. The system dynamics
can be visualed in a plot of p versus q. Bounded plot indicates regular dynamics, while
plot similar to Brownian motion indicates chaos. To quantify this problem mean square
displacement have to be computed

Mc(n) = lim
N→∞

1

N

N∑
j=1

|pc(j + n)− pc(j)|2 + |qc(j + n)− qc(j)|2. (3)

The mean square displacement is bounded for the regular dynamics, and has growing
trend for chaotic dynamics. Since experimental data are finite, the n must be much smaller
than N for the limit of convergence. It is enough to put n = N/10, see e.g. [3].

The oscillating part of Mc is affecting results of the 0-1 test for chaos. Therefore it is
necessary to adjust it by removing the main oscillatory part of Mc. For that purpose Dc is
defined as adjusted mean square displacement
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Dc(n) = Mc −

⎡⎣ lim
N→∞

1

N

N∑
j=1

xj

⎤⎦2

1− cosnc

1− cos c
. (4)

Now, the growth rate of Dc is defined by

Kc = lim
n→∞

logDc(n)

log n
. (5)

The correlation method was used to compute this limit, where Dc trend was corre-
lated to the steadily increasing trend. This means, that vectors t = (1, 2, . . . , n) and
d = (Dc(1), Dc(2), . . . , Dc(n)) were created. Finally

Kc = corr(t, d) =
cov(t, d)√
var(t)var(d)

∈ [−1, 1]. (6)

This definition gives us results of 0 if the Mc is bounded and therefore the dynamics
of the system are regular. Conversely the results equals 1 if the Mc is steadily increasing,
implying chaotic dynamics.

It was pointed out, see e.g. [4], that computations have to be carried out for at least
100 randomly selected values of parameter c ∈ (0, π), because if c is corresponding with the
frequency of the time series it can provide false results. The final value of the 0-1 chaos is
given by the median of Kc, since the median is not affected by the outlier values.

2.2 Shannon entropy

Shannon studied information contained in the message and quantified the expected amount
of information in the message through information entropy [9] so called Shannon entropy
[7].

Let A = {a1, . . . , an} be the finite set of the experiment outcomes. Variable pi is
probability of obtaining outcome ai, 0 ≤ pi ≤ 1,

∑n
i=1 pi = 1. Then the information

entropy of A is

H(A) =

n∑
i=1

pi log2
1

pi
= −

n∑
i=1

pi log2 pi, (7)

here the convention 0 log2 0 = 0 is accepted.
If a partition A consists of k subsets, then H(A) is bounded from above. Moreover,

H(A) ≤ log2 k, see e.g. [1]. This means that maximum of H(A) increases as the number of
subsets increases. However, if probability of outcomes created by this division is 0, H(A)
will not increase. To calculate the information entropy from the time series we created

k =
max(x)−min(x)

min(diff(x))
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subsets for the time series x, where diff(x) = |xi − xj | for all i, j ∈ {1, 2, . . . , N}, and i �= j.
The length of the interval of each subset is equal to min(diff(x)). This ensures that the
further division of subset would not increase the information entropy. Although Shannon
entropy does not provide general information about predictability of the system, we can use
it for comparison of behaviour of the same system under different conditions.

3 Results

The highway traffic data provided by Highways England 1 under the OGL license 2, have
been used as experimental data. Our data sets contain average speed information on given
road segment. It begins on 1st August 2013 and spans to 31st December 2014, with 15
minutes time steps. This is 49728 observations in total. Graphical display of the time series
is in Figure 1.
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Figure 1: Traffic speed time series

Different subsets of the time series were tested to check the consistency of results.
Firstly we used the whole time series for the analysis and afterwards we divided it into
the months and ran the tests for each month separately. We received consistent results,
where 0-1 test for chaos always returned values on the interval (0.996, 0.999), confirming
chaotic behaviour of the time series. Shannon entropy shown us that the level of complexity
differs during the year. In Table 1 we can see that in August 2013 the Shannon entropy was
the smallest, meaning the traffic situation was most stable. The complexity of the traffic
increased in March 2014 and continued until July 2014. Another important information is,
that we got similar results of Shannon entropy for the same months in year 2013 and year
2014. This means the traffic dynamics are similar each year.

1https://data.gov.uk/dataset/dft-eng-srn-routes-journey-times
2http://www.nationalarchives.gov.uk/doc/open-government-licence/version/3/
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Test 2013-08 2013-09 2013-12 2014-03 2014-06 2014-09 2014-12

0-1 chaos 0.998 0.997 0.997 0.998 0.998 0.997 0.998
Shannon 9.787 9.849 9.920 10.015 10.032 9.938 9.924

Table 1: Traffic dynamics test results

4 Conclusion

In this article we analysed real world traffic speed time series. We used the 0-1 test for
chaos to show that traffic speed dynamics on highways are chaotic. In addition, the Shannon
entropy index illustrated different behaviour of the dynamics during the year, with increased
chaotic behaviour in the second quarter of the year. In addition to that we found that the
dynamics of highway traffic tends to repeat each year.
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Abstract

The computation of third-order reduced density matrices (3-RDM) are needed for
the calculation of electronic energies from the contracted Schrödinger equation and the
antiHermitian counterpart. In practice, approximations to these matrices are used, to
avoid the large cost associated to its calculation. To our knowledge, there has not
been an exhaustive study of the correlation effects in 3-RDM approximations. In this
work we have used the three-electron harmonium atom —which provides a formidable
playground to study electron correlation— to analyze the Valdemoro, Nakatsuji and
Mazziotti approximations to the 3-RDM, and an in-house approximation for the diag-
onal of the 3-RDM. Our results suggest that Valdemoro’s approximation is the most
suited for moderate correlation effects but it also puts forward the overall poor perfor-
mance of the existing approximations to deal with highly-correlated systems.

Key words: third-order reduced density matrix, harmonium atom, N-representability
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1 Introduction

For a system of fermions subject to one and two-particle forces the exact energy can be
completely expressed in terms of the second-order reduced density matrix (2-RDM). Many
authors have attempted to calculate the ground-state energy from the 2-RDM because it is
a much simpler object than the electronic wavefunction. The use of the variational method
to calculate the energy of a system involves the modification of the 2-RDM subject to the
N -representability conditions. Despite the progress in the quest for the complete set of
N -representability conditions [1], a practical solution to the problem remains to be found.
Notwithstanding, the contracted Schrödinger equation (CSE) [2, 3] and the antiHermitian
counterpart (ACSE) [4] have rekindled the interest in methods without wavefunctions [5].
Both CSE and ACSE energy expressions depend on the third-order reduced density (3-
RDM) that is usually approximated from lower-order densities [6–8].

2 Methodology

The diagonal part of the 3-RDM (and higher-order matrices), commonly known as the
three-particle density (3-PD), can be also used to calculate the so-called n-center electron
sharing indices (nc-ESI) [9], through the following formula: a

δ(A1, A2, ..., An) =
(−2)n−1

(n − 1)!

∫
A1

d1

∫
A2

d2 · · ·
∫

An

dn γ(1,2, ...,n) , (1)

where

γ(1,2, . . . ,n) = 〈(ρ̂1 − ρ̄1)(ρ̂2 − ρ̄2) · · · (ρ̂n − ρ̄n)〉 . (2)

and γ(1,2, . . . ,n) involves the computation of the n-density, ρn(1, . . . ,n),

〈ρ̂1 · · · ρ̂n〉A1...An
=
∫

A1

d1 · · ·
∫

An

dn ρn(1, . . . ,n) (3)

and the lower-order densities in a set of three-dimensional space regions. The δ(A1, . . . , An)
is invariant with respect to the order of the atoms in the string and is proportional to the
n-central moment of the n-variate probability distribution ρn(1, . . . ,n) integrated into the

aIn the following we will indicate the coordinates of the electron using the short-hand notation 1 ≡ (�r1, σ1)
and d1 ≡ d�r1dσ1 for the derivatives. A semicolon (;) will be used to separate l.h.s. coordinates from r.h.s.
coordinates. The absence of the semi-colon indicates that we refer to the diagonal part of the matrix.
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atomic basins A1, . . . , An: b

δ(A1, . . . , An) =
(−2)n−1

(n − 1)!

〈
n∏

i=1

(
N̂Ai − NAi

)〉
(4)

where N̂A is the particle operator applied to region A and NA is the average number of
electrons in A (or population of A):

N̄(A) =
∫

N̂Aρ(1)d1 ≡
∫

A
ρ(1)d1 (5)

In a recent work [10] we have put forward two new approximations to the 3-PD that have
been used to calculate 3c-indices in a series of molecules. Our approximations were compared
against the Valdemoro [6], Nakatsuji [7] and Mazziotti [8] approximations, showing that one
of our proposals was clearly superior to the others for the calculation of 3c-indices. This
expression was named cube root (CR) approximation, it reduces to the exact 3-PD for
non-correlated systems and is the only approximation to attain the sum rule,

ρCR
3 (1,2,3) = γCR(1,2,3) − 2ρ(1)ρ(2)ρ(3) + π̂3

1 ρ2(1,2)ρ(3) (6)

where π̂3
1 is an operator which generates the two possible subsets of indices of sizes 1 and 2

in the set {1,2,3}, ρ2 is the two-particle density (2-PD) and

γCR(1,2,3) = 2
∑
ijk

(ninjnk)
1/3 φ∗

i (1)φj(1)φk(2)φ∗
j (2)φi(3)φ∗

k(3) (7)

where φi(1) is a natural orbital and ni its occupation number. The CR approximation
to the 3-PD bears a close resemblance with Müller’s approximation to the 2-PD [11] and
provides a simple formulae to calculate the 3c-indices only in terms of natural orbitals:

δ̃CR(A1, A2, A3) = 4
∑
ijk

(ninjnk)
1/3 Sij(A1)Sjk(A2)Ski(A3) (8)

where Sij(A1) is the atomic overlap matrix (AOM) of atom A1, which we calculate as

Sij(A1) =
∫

A1

d1φ∗
i (1)φj(1) . (9)

In this work we explore the role of correlation effects into the aforementioned approx-
imations to the 3-RDM (and the approximations of the 3-PD recently suggested). To this

bThis expectation values do not include the self-pairing of electrons (explicitly forbidden by Pauli’s
principle).
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aim, we have chosen a model system, the harmonium atom (HA) [12], where the electrons
are confined on a parabolic potential, 1

2ω2r2,

H =
N∑
i

(
−1

2
∇2

ri
+

1
2
ω2r2

i

)
+

N∑
i<j

1
rij

(10)

where ω is the confinement strength. This models allows an easy tuning of the amount of
correlation by playing with the ω parameter. For large values of ω electrons are in a low-
correlation regime, whereas the small-ω region corresponds to highly correlated systems. For
the present study we have taken the quartet (S = 3/2) and the doublet (S = 1/2) of the
three-electron HA for several values of the ω parameter (ω ∈ [0.1, 1000]). Full configuration
interaction calculations on these states of the 3e-HA from a previous study [13] will be used
to generate the exact 3-RDM and various approximations. The orbital representation of
these matrices, 3D = {3Dijk

lmn},

ρ(1′,2′,3′;1,2,3) =
∑
ijk
lmn

3D
ijk
lmnφ∗

i (1
′)φ∗

j (2
′)φ∗

k(3
′)φl(1)φm(2)φn(3) (11)

will be assessed using a series of tests: (i) fulfilment of the sum rule,

Tr
[
3D
]

= N(N − 1)(N − 2)

(ii) attainment of some well-known N -representability conditions [14] (see Fig. 1), (iii) cal-
culation of 3c-indices in three arbitrary regions of the three-dimensional space and (iv) a
termwise assessment.

Our results [15] suggest that Valdemoro’s approximation is the most suited for corre-
lation effects but it also puts forward the overall poor performance of the existing approxi-
mations to deal with highly-correlated systems.
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Abstract

In this work, we propose a discrete system to model the dynamics of opinions on
controversial subjects. The social network consists of a finite number of agents with
pairwise interactions at discrete times. Meanwhile, the opinion of each agent is updated
following a general nonlinear law which considers parameters identified as the personal
cultural baggages of each of the members. We establish conditions that guarantee the
existence of global attracting points (strong consensus) and intervals (weak consensus).
Moreover, we notice that these conditions are independent of the weight matrix and
the number of agents in the network. One particular scenario modeling extremist and
centrist postures is investigated numerically in order to confirm the validity of the
analytical results.

Key words: Consensus formation, controversial opinion dynamics, stability analysis,
strong and weak consensus

1 Introduction

The specialized literature has already proposed various mathematical models to investigate
the dynamics of opinions in social networks, some of the most popular being the models
proposed by Sznajd-Weron and Sznajd [8], the voter model in complex networks [7], the
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models investigated by Deffuant et al. [1] and the Hegselmann–Krause system [3]. In all of
these models, the opinion of each agent is a consequence of interactions between members
of the social network (for example, such interactions are considered in the weights matrix of
the De Groot model [2], and Hegselmann–Krause system). Moreover, the determination of
conditions that give rise to consensus has been a common topic of many research articles,
including those cited above.

It is important to point out that the notion of consensus in sociology has been compared
in relevance to the concept of energy in physics [6], and the investigation of the existence
of consensus has been carried out on discrete spaces, voter models and bounded confidence
systems alike. However, when personal values and beliefs are directly involved in an opinion,
the postures are often defensive and the opinions steady, and many of the classical models
become inapplicable in such circumstances. In view of those limitations, the purpose of
this work is to investigate the formation of consensus in a new model that describes the
dynamics of opinions on controversial topics.

Opinion dynamics has been frequently modeled using fully discrete dynamical systems
[4]. Indeed, realistic settings actually consider the presence of a finite number of agents as
well as discrete interactions within finite subgroups of the social network at discrete instants
of time, whence the use of systems of coupled difference equations is justified in the practice.
In the present study, we will propose a system of difference equations to model the dynamics
of opinions on controversial subjects. Our model may conveniently incorporate attractors
and repellers in order to describe strong postures of the agents, together with an individual
parameter proposed previously in [9]. The inclusion of that additional parameter gives the
advantage of mimicking the existence of strong personal attitudes and values often motivated
by hard changing cultural paradigms in each of the agents of the network. In that work,
the author justified its use by social and/or environmental reasons, but we will employ
it in the present manuscript to prescribe the cultural factors as well as personal values,
knowledge, predisposition, etc. In summary, the parameter used in [9] will be employed
here to represent strong attitudes acquired during the lifetime of each individual, and we
will denominate it the cultural baggage or, simply, the baggage of the agent.

2 Preliminaries

2.1 Nomenclature

Throughout this manuscript, we will suppose that the temporal interval [0,∞) is partitioned
into a (not necessarily uniform) sequence of points 0 = t0 < t1 . . . < tn < . . . , for n ∈
Z+ ∪ {0}. We will assume that X is a connected subset of R that represents the space of
opinions. Meanwhile, the set K ⊆ R will represent the collection of possible values of the
cultural baggages of the agents, and it will be called the space of baggages. In this work,
we will fix an even number N of agents conforming the population under investigation,
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and let ΩN = {1, 2, . . . , N}. At the nth temporal step, the ith agent will be completely
characterized by an ordered pair xi

n = (xin, κ
i) consisting of an opinion xin ∈ X and a

baggage κi ∈ K, for each i ∈ ΩN .
Following the approach of [2], the social network under consideration will be described

by the N ×N square matrix of absolute weights, cij .
For each pair of indexes i, j ∈ ΩN , the number cij will represent the trust that the ith

agent has on the opinion of the jth agent. The weights do not vary in time, and must satisfy
the condition

∑N
j=1 cij = 1, for each i ∈ ΩN . Moreover, we will assume that the inequalities

0 ≤ cij < 1 and 0 < cii ≤ 1 hold for any pair of different indexes i, j ∈ ΩN .
Throughout, we let ε be a positive number which will be called the coefficient of affinity

or the confidence level [3], and it will be used to restrict the interaction between the agents
of the population. We say that the opinions of the ith and the jth agents at time tn are
affine if |xin − xjn| < ε, for each i, j ∈ ΩN and n ∈ Z+ ∪ {0}. Equivalently, we say simply
that xi

n and xj
n are affine.

Let Ξ : X × K → R used to model a process of internal reflection for the individual
opinion update of the agents of the population according to their values and attitudes. For
analytical reasons, we may assume that X is an open interval of R. Under these conditions,
the function Ξ will be differentiable in the first variable.

2.2 Recursive model

We propose an iterative model in order to simulate the dynamics of the opinions of the
agents. At the initial time, we provide an initial stochastic matrix cij and set initial con-
ditions for each member of the population. Following the approaches in [1], only binary
interactions between members are allowed. Thus, at each iteration at most N/2 pairs of
agents are randomly chosen to exchange opinions. Let n ∈ Z+ ∪ {0} and let i, j ∈ ΩN

be such that i �= j. We consider two possible scenarios, depending on the affinity of the
opinions of xi

n and xj
n:

• Opinions are affine. Under these circumstances, the opinions for the (n + 1)st
temporal step will be defined through{

xin+1 = aiiΞ(x
i
n, κ

i) + aijx
j
n,

xjn+1 = ajix
i
n + ajjΞ(x

j
n, κj),

where
aii =

cii
cii+cij

, aij =
cij

cii+cij
,

aji =
cji

cjj+cji
, ajj =

cjj
cjj+cji

(1)

Clearly, aii and aij represent respectively the relative weight that xi
n gives to her

own opinion, and to the opinion of xj
n. Obviously, aii + aij = 1, 0 < aii ≤ 1 and

0 ≤ aij < 1. Similar remarks can be drawn on ajj and aji.

• Opinions are not affine. In this case, the new opinions are updated considering
individual baggages exclusively. In other words, we let

xin+1 = Ξ(xin, κ
i), xjn+1 = Ξ(xjn, κ

j). (2)
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Consensus formation

The agents interacting through these iterative rules together with the particular parametric
values and initial conditions, will be referred to as a social network. Throughout, we will
suppose that the network is totally connected in the sense that it has no isolated components.
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Abstract

In this paper, we present a simple and fast finite difference algorithm to price vari-
ance swaps under the Black–Scholes model and complex models, like the Merton’s jump-
diffusion model and the two-dimensional Heston’s stochastic volatility model. The asso-
ciated terminal conditions due to the two most popular definitions of realised variance
that exist can be translated to second-order polynomials for which the third and higher
order derivatives are zero. We could therefore implement only a central second-order
discretisation coupled with an exponential time integration (ETI) scheme to price vari-
ance swaps with high accuracy. For both definitions of the realised variance under the
Merton’s model, we represent the integral part of the partial integro-differential equa-
tion (PIDE) as a solution to an ordinary differential equation in order to efficiently
apply the ETI scheme. We also fill in the gap in literature for this model by providing
the analytical solution for variance swap when the realised variance is based on actual
returns.

Key words: variance swaps, finite difference, exponential time integration, Merton’s
jump-diffusion model, Heston’s stochastic volatility model

MSC 2000: 35G61, 91B25, 65M06

1 Introduction

The most popular volatility derivative that exists in financial markets is the variance swap.
Replicated by a portfolio of vanilla options [1, 2], the contract has a zero upfront premium
with payoff

VT = L
(
σ2
R −K

)
,
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A SUPERCONVERGENT PDE APPROACH TO PRICE VARIANCE SWAPS

at maturity T , where L is the notional amount per volatility squared. At initiation of the
contract,

V0 = E

[
exp

(
−
∫ T

0
rdt

)(
σ2
R −K

)]
,

and consequently, for constant interest rate r, K is the strike that satisfies

K = E
[
σ2
R

]
, (1)

where σ2
R is the realised variance that is defined in the contract. The realised variance is

proportional to the sum of the squared returns over the N sampling dates and usually takes
one of the most popular definitions given as

σ2
Rs =

AF

N

N∑
i=1

⎛⎜⎜⎜⎝Sti − Sti−1

Sti−1︸ ︷︷ ︸
Actual return

⎞⎟⎟⎟⎠
2

1002, σ2
Rx =

AF

N

N∑
i=1

⎛⎜⎜⎜⎝ln

[
Sti

Sti−1

]
︸ ︷︷ ︸
Log return

⎞⎟⎟⎟⎠
2

1002,

where AF is the annualisation factor, N is the number of observations made at regular
interval of Δt = 1/AF during the lifetime T of the variance swap and Sti is the asset price
at time ti = iΔt for i = 0, · · · , N.

The growing body of literature is repleted with closed form solutions for variance swaps.
On one side for σ2

Rx, Broadie and Jain [3] solved stochastic differential equations (SDEs)
to reap solutions for variance swaps under various popular models like the Black–Scholes,
the Merton’s jump-diffusion and the Heston’s stochastic volatility models. Moreover, in
[4], another approach to use Fourier transform was proposed to price variance swaps under
the Heston’s model. However, the solutions under the Heston’s model are complicated to
implement and this induced the authors in [5] to propose a much simpler analytical solution.
On the other side, Little and Pant [6] derived analytical solutions when using σ2

Rs under the
Black–Scholes model followed by the authors in [7] who applied Fourier transform to a set
of PDE problems to derive the solution for variance swaps under the Heston’s model. The
derivations of the solution proposed for σ2

Rs was also improved in [8] by replacing the lengthy
Fourier transform approach with a simple tower property to evaluate the expectation in (1).
However, closed-form solutions for variance swap under the Merton’s jump-diffusion model
with realised variance σ2

Rs have not yet been proposed and indeed, this forms part of the
work presented in this paper. From the above literature review, we can deduce that there
exists no single analytical method that can price variance swaps with the two definitions of
realised variance under all pricing models.

Though Monte Carlo simulations provide a universal approach [7, 9] this method, al-
though simple, is plagued by its low convergence rate and its high computational cost.
More recently, Fourier methods have been proposed in [10] and [11]. The authors in [10]
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considered only one-dimensional models and the extension of the proposed technique to
two-dimensional models is not an easy and a straightforward task. The authors in [11]
derived an approximation to the characteristic function of the realised variance under a
generalised pure diffusion two-dimensional model. However, it would be more difficult to
extend his method to price variance swaps with σ2

Rs under jump-diffusion models. Conse-
quently, we aim at using a PDE approach which provides a universal technique due to the
existence of pricing PDEs for all models. Little and Pant [6] have set the ground work PDE
approach for pricing variance swaps with σ2

Rs but they used a Crank–Nicolson scheme with
a central finite difference scheme in space to solve log-transformed PDEs which resulted in
large errors. Although their scheme is second-order convergent, it requires a high number
of nodes to reach accuracy even up to two decimal places. In [12], the authors have built
on the approach of Little and Pant [6] and propose a high-order compact scheme to solve
the system of PDEs. Although this technique improved the convergence rate, yet it will
still need many computational nodes to reach its highest level of accuracy, especially under
the Heston’s model where conditions on the mesh size have to be observed. In [13], the au-
thors devised a new PDE approach that can deal with non-linearity in the payoffs functions
but the technique consists of increasing the dimension of the problem in space. Since the
payoffs of variance swaps are linear functions in the realised variance, we consider the PDE
approach architected by Little and Pant [6].

In this work, we demonstrate how to further improve the PDE approach of Little
and Pant [6] by developing an efficient finite difference algorithm to price variance swaps
based on the actual or logarithmic definition of the realised variance under the Black–
Scholes, Merton’s and Heston’s models such that very high accuracy is reached using few
computational grid nodes only. We also derived a closed-form solution for variance swap
based on σ2

Rs under the Merton’s model and also show that our result from the PDE
approach converges to that solution very quickly.

The paper has the following structure. In Section 2, we describe the different models
used and give the respective PDEs satisfied by a contingent claim on the asset price. In
Section 3, we derive the analytical solution for variance swaps with σ2

Rs under the Merton’s
model to fill the gap in litterature. Then, in Section 4, we briefly outline the PDE approach
used to price variance swaps and in Section 5, we give the approximations to our partial
derivatives together with a description of the ETI scheme. Section 6 presents our numerical
results and we conclude in Section 7.

2 Models

In this section, we give the pricing PDEs under the different models we use to price variance
swaps. We also state the PDEs when the transformation x = lnS is applied since they will
be useful for pricing variance swaps with realised variance σ2

Rx.
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2.1 The Black–Scholes model

The model assumes the following asset price dynamics

dSt

St
= rdt+ σdWt,

[14] where r is the interest rate, σ is the volatility and Wt is the Wiener process responsible
for the stochastic behaviour of the asset price St. Then, standard pricing arguments and
Ito’s lemma on a claim P (t; S) which depends on the asset price S and time t leads to the
following pricing PDE

∂P

∂t
+ Ls = 0, (2)

where

Ls =
1

2
σ2S2∂

2P

∂S2
+ rS

∂P

∂S
− rP.

Further, we consider the transformation x = lnS so that the claim P (t; x) satisfies PDE
(2) with Ls replaced by

Lx =
1

2
σ2∂

2P

∂x2
+

(
r − 1

2
σ2

)
∂P

∂x
− rP.

2.2 The Merton’s jump-diffusion model

This model enriches the Black–Scholes model by allowing the possibility of jumps which
occur according to a Poisson process such that both the jump and the Poisson process are
uncorrelated to the Wiener process. Therefore, we have

dSt

St
= (r − λJζ)dt+ σdWt + (Y − 1)dNt, (3)

[15] where the Poisson process Nt has a rate λJ . Here, Y − 1 is an impulse function making
S jump to SY and Y is taken from the log-normal distribution with probability density
function

f̃(ỹ) =
1√

2πσJ ỹ
exp

(−(ln ỹ − μJ)
2

2σ2
J

)
, ỹ > 0,

such that the expectation of Y − 1 given by ζ = exp
(
μJ + σ2

J/2
)
− 1.

Ito’s formula for jump-diffusion processes [16] and hedging arguments lead us to the
PIDE

∂P

∂t
+

1

2
σ2S2∂

2P

∂S2
+ (r − λJζ)S

∂P

∂S
− (r + λJ)P︸ ︷︷ ︸

Ls

+λJIs = 0,
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where

Is =
∫ ∞

0
P (t; Sỹ)f̃(ỹ)dỹ. (4)

Applying transformation x = lnS and accordingly, y = ln ỹ, we have

∂P

∂t
+

1

2
σ2∂

2P

∂x2
+

(
r − 1

2
σ2 − λJζ

)
∂P

∂x
− (r + λJ)P︸ ︷︷ ︸

Lx

+λJIx = 0,

where

Ix =

∫
�
P (t; z)f(z − x)dz, (5)

z = x+ y and f(y) = exp(y)f̃(exp(y)).

2.3 The Heston’s stochastic volatility model

This model accounts for the stochastic behaviour of volatility on the market and assumes
the following coupled stochastic differential equations (SDEs)

dSt

St
= rdt+

√
vtdWt, dvt = κ(θ − vt)dt+ σv

√
vtdW

v
t ,

[17] where vt is the variance of the asset, κ is the mean reversion rate to the long run mean
θ, and σv denotes the volatility of the variance. With ρ being the correlation coefficient
between the two Wiener processes Wt and W v

t , our claim P (t; S, v) satisfies PDE (2) with
the operator

Ls =
1

2
S2v

∂2P

∂S2
+ rS

∂P

∂S
− rP +

1

2
σ2
vv

∂2P

∂v2
+ κ(θ − v)

∂P

∂v
+ ρσvSv

∂2P

∂S∂v
,

and the transformation x = lnS gives the operator

Lx =
1

2
v
∂2P

∂x2
+

(
r − 1

2
v

)
∂P

∂x
− rP +

1

2
σ2
vv

∂2P

∂v2
+ κ(θ − v)

∂P

∂v
+ ρσvv

∂2P

∂x∂v
,

where we can now see that the coefficients are independent of x but remain dependent on
v.

3 Analytical solutions under the Merton’s model

In this section, we propose analytical solutions for pricing variance swaps when considering
discretely and continuously monitored actual returns for the realised variance under the
Merton’s jump-diffusion model.
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To start with, suppose that the asset price jumps from S to SYk for NT times in the
time interval [0, T ]. Then the continuously monitored realised variance is given as

σ2
RC = 1002

AF

N

[∫ T

0
σ2dt+

NT∑
k=1

(
SYk − S

S

)2
]
,

so that the fair value of the strike KC is expressed as

KC = E
[
σ2
RC

]
= 1002

AF

N

(
σ2T + E

[
NT∑
k=1

(Yk − 1)2

])
.

Since Y follows a lognormal distribution with mean μJ and variance σ2
J , and NT is a Poisson

process with mean λJT , the expectation on the right hand side of the above equation can
be obtained from

E

[
NT∑
k=1

(Yk − 1)2

]
= E[NT ]E

[
Y 2
k − 2Yk + 1

]
,

and further, as AF/N = 1/T , we have

KC = 1002
(
σ2 + λJ

[
exp

(
2μJ + 2σ2

J

)
− 2 exp

(
μJ +

1

2
σ2
J

)
+ 1

])
. (6)

We proceed by considering the corresponding discretely sampled variance swap where the
fair value of the strike KD can be obtained from

KD = E
[
σ2
Rs

]
= E

[
1002

AF

N

N∑
i=1

(
Sti − Sti−1

Sti−1

)2
]
,

and since each element in the above summation is independent of one another, we can
express KD as

KD = 1002
AF

N
NE

[(
St̃ − St̃−Δt

St̃−Δt

)2
]
= 1002AF

[
E

(
St̃

St̃−Δt

)2

− 2E

(
St̃

St̃−Δt

)
+ 1

]
. (7)

In order to obtain the expectations in (7), we solve the SDE (3) from time t̃−Δt to t̃
so that

St̃

St̃−Δt

= exp

((
r − 1

2
σ2 − λJζ

)
Δt+ σ

(
Wt̃ −Wt̃−Δt

)
+

NΔt∑
k=1

lnYk

)
. (8)

c©CMMSE ISBN: 978-84-608-6082-2875



Dilloo Mehzabeen Jumanah and Tangman Désiré Yannick

The careful eye will notice that the solution in (8) has the Markov property, where St̃/St̃−Δt

depends only on the Δt step. Hence, we are able to calculate the moments of St̃/St̃−Δt with
the first one being

E

[
St̃

St̃−Δt

]
=
∑
i≥0

P(NΔt = i)×E
[
exp

((
r − 1

2
σ2 − λJζ

)
Δt+ σ

(
Wt̃ −Wt̃−Δt

)
+

i∑
k=1

lnYk

)]
.

(9)
Now, since the exponent in (9) follows a normal distribution with mean and variance given
as

μi =

(
r − 1

2
σ2 − λJζ

)
Δt+ iμJ , σ2

i = σ2Δt+ iσ2
J ,

respectively, and NΔt being a Poisson process with mean λJΔt, we have

E

[
St̃

St̃−Δt

]
=
∑
i≥0

exp (−λJΔt) (λJΔt)i

i!
exp

(
μi +

1

2
σ2
i

)
. (10)

Similarly, for the second moment of St̃/St̃−Δt, we have

E

[(
St̃

St̃−Δt

)2
]
=
∑
i≥0

exp (−λJΔt) (λJΔt)i

i!
exp

(
2μi + 2σ2

i

)
. (11)

We notice that the infinite series in (10) and (11) are highly convergent and evaluating
only a few terms in the summation before replacing them in (7), we can obtain highly
accurate values for the fair value of the strike KD.

In Appendix A, we show that our solution for the discretely sampled variance swaps
tends to that for the continuously sampled one in (6) as AF →∞.

4 The partial differential equation framework

Having obtained the PDEs under the different models, we move on to describe the PDE
approach in [6] to price a variance swap. For illustration, we take into consideration σ2

Rs

under the Black–Scholes model noting that similar procedures are to be observed for σ2
Rx

and other pricing models.
The pricing problem resides in finding the fair value of the strike K given as

K = E
[
σ2
Rs

]
=

AF

N

N∑
i=1

E

[(
Sti − Sti−1

Sti−1

)2
]
1002.

Therefore, one can see that for a fixed time step Δt and t̃ = ti = iΔt, we need to find N
expectations of the form

E

[(
St̃ − St̃−Δt

St̃−Δt

)2
]
. (12)
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Since at t1, the expectation to be found involves only one unknown SΔt, and at ti for i = 2
to N , the latter consists of two unknowns St̃−Δt and St̃, the pricing problem is divided into
two cases.

4.1 For case t̃ = iΔt, where i = 2 to N

First, we consider the case when i = 2 to N , where we have the two unknowns St̃−Δt and
St̃. We follow the steps in [6] where the authors introduce a new variable It which jumps
at t = t̃−Δt with the following definition

It =

∫ t

0
δ
(
t̃−Δt− τ

)
Sτ dτ =

{
0, 0 ≤ t < t̃−Δt,
St̃−Δt, t ≥ t̃−Δt.

Now, our contingent claim P also depends on I and consequently satisfies the following
PDE

∂P

∂t
+ Ls + δ(t− t̃−Δt)

∂P

∂I
= 0,

for t ∈ [0, t̃]. Then, to reduce the dependence on I in the above PDE, we exploit the
dirac delta function, δ(t − t̃ − Δt), which is zero away from t̃ − Δt. Consequently, for
t ∈ [0, t̃]\(t̃−Δt) our pricing PDE is reduced to

∂P

∂t
+ Ls = 0. (13)

Therefore, solving PDE (13) subject to the terminal condition1

P (t̃; S, I) =

(
S

I
− 1

)2

, (14)

and jump condition

P (t̃−Δt−; S−, I−) = P (t̃−Δt+; S+, I+),

which, by definition of It, simplifies to

P (t̃−Δt−; S−, 0) = P (t̃−Δt+; S+, S+), (15)

we can obtain P (0; S0) so that the expectation in (12) can be calculated using Feynman–Kac
theorem from

E

[(
St̃ − St̃−Δt

St̃−Δt

)2
]
= exp

(
rt̃
)
P (0; S0).

1It = St̃−Δt for t > t̃−Δt
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Here, we remark that a change of variable P̄ (0; S0) = exp
(
rt̃
)
P (0; S0) implies that the

reaction term in Ls vanishes, that is, the term rP disappears.
The approach of Little and Pant [6] is not straightforward to implement due to the

jump condition (15) that has to be satisfied for each grid node in the computational domain

ΩΔS =
{
Sj ∈ 1+ : Sj = Smin + (j − 1)ΔS

}
,

for j = 1, · · · , n+ 1 and ΔS = (Smax − Smin)/n.
From the above discussion, we deduce that we need to go through the following two

stages to evaluate (12):

1. Solve for P (t̃ − Δt; Sj , Sj) for each j by solving PDE (13) subject to terminal con-
dition (14) with I = Sj when t ∈ (t̃ − Δt, t̃]. Here, we optimize the approach
to find P (t̃ − Δt; Sj , Sj) by extending the domain with ΔS such that for each j,
Sj ∈ [Sminext, Smaxext]. Therefore, our terminal condition indexed by I = Sj from
ΩΔS can be represented as a matrix of size (n1 + 1) × (n + 1), where n1 + 1 is the
number of nodes in the extended domain. Hence, the PDE (13) is solved once instead
of n + 1 times through the use of loops as in [6]. The piece of Matlab� code in Ap-
pendix B illustrates how we obtain the values for P (t̃ −Δt; Sj , Sj) for each j when
pricing variance swaps based on σ2

Rs.

2. Then use P (t̃−Δt; Sj , Sj) to implement the jump condition in (15) to obtain P (t̃−
Δt; Sj , 0) which represents the terminal condition for the problem defined on the
time domain [0, t̃ −Δt]. Therefore, we can solve for P (0; S0) using PDE (13) when
t ∈ [0, t̃−Δt] with terminal condition P (t̃−Δt; Sj , 0).

4.2 For case t̃ = Δt when i = 1

In this case St̃−Δt = S0 is known and we only need to solve the PDE (13) subject to the
terminal condition

P (Δt; S) =

(
S − S0

S0

)2

, (16)

in order to calculate the desired expectation as

E

[(
SΔt − S0

S0

)2
]
= exp (rΔt)P (0; S0) = P̄ (0; S0).

We point out that for the boundary conditions of our PDE problems, we follow the authors
in both [6] and [13] to set ∂P/∂S = 0 as well as ∂2P/∂S2 = 0 at both boundaries.

The key steps in our algorithm can be summarised as follows and we provide the
Matlab� code used to price variance swaps under the Black–Scholes model in Appendix
B.
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if i = 1 then
Solve PDE for t ∈ [0, Δt] with terminal condition (16) and store P̄1(0; S0).

else
Solve PDE for t ∈ [(i − 1)Δt, iΔt] with terminal condition (14) indexed by I = Sj ,
represented in matrix form to obtain P ((i− 1)Δt; Sj , Sj) for all j.
(step is same for all i > 1 since PDE is solved on a Δt step with the same terminal
condition.)
for i = 2 to N do

Solve PDE on for t ∈ [0, (i − 1)Δt] with terminal condition P ((i − 1)Δt; S, S) and
store P̄i(0; S0).

end for
end if
Calculate the fair value of a variance swap as 1002AF

N

∑N
i=1 P̄i(0; S0).

5 Finite difference approximations

In this section, we give the central second-order spatial approximations and show how the
errors to these approximations are eliminated. We also illustrate how to efficiently discretise
the integral parts in (4) and (5) in the S- and x-directions respectively. Finally, we propose
the use of the exact in time scheme which has no temporal discretisation error to price
variance swaps.

5.1 Spatial discretisations

We consider the computational grid ΩΔS and use the following central second-order approx-
imations

∂P

∂S

∣∣∣∣
S=Sj

≈ −Pj−1+Pj+1

2ΔS − ΔS2

6
∂3P
∂S3 (Sj) +O(higher order terms),

∂2P

∂S2

∣∣∣∣
S=Sj

≈ Pj−1−2Pj+Pj+1

ΔS2 − ΔS2

12
∂4P
∂S4 (Sj) +O(higher order terms).

As such for j = 1, · · · , n+ 1, we have the following two tridiagonal matrices

Ds
1 =

1

2ΔS
tridiag [−1 0 1] , Ds

2 =
1

ΔS2
tridiag [1 − 2 1] , (17)

which respectively approximates the first and second order derivatives of P .
To demonstrate how we can obtain very high accuracy from these simple discretisations,

we analyse the terminal conditions (14) of our pricing problem. They can be represented
as shown in Table 1 where x = lnS and accordingly u = ln I.
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Realised variance S-direction x-direction

σ2
Rs Ps(t̃; S) =

(
S
I − 1

)2
Ps(t̃; x) = (exp(x− u)− 1)2

σ2
Rx Px(t̃; S) =

[
ln
(
S
I

)]2
Px(t̃; x) = (x− u)2

Table 1: Terminal conditions in the S- and x- directions for the different realised variances.

It can be easily seen that

∂nPs(S)

dSn
=

∂nPx(x)

dxn
= 0 for n ≥ 3,

but
∂nPs(x)

dxn
�= 0 and

∂nPx(S)

dSn
�= 0 for n ≥ 3.

Hence, pricing variance swaps with σ2
Rs in the S-direction and with σ2

Rx in the x-direction,
would give exact values for D1 and D2 in (17) as the truncation errors in the central ap-
proximations are expressions in the third and higher order derivatives, which all completely
vanish. This simple observation helps us to attain the highest level of accuracy when pricing
variance swaps under the various pricing models considered in this work.

5.2 Discretisation of the integral part

We now consider the integral part in (5) which is the solution at t = σ2
J/2 to the following

PDE problem [18]

∂U

∂t
=

∂2U

∂x2
+

2μJ

σ2
J

∂U

∂x
, −∞ ≤ x ≤ ∞, 0 ≤ t ≤ σ2

J

2
, (18)

with P (t; z) as the initial condition.
Using the central differences in (17) to approximate the partial derivatives in (18), we

are left with an ordinary differential equation which can easily be solved to give

Ix = exp

(
σ2
J

2

[
Dx

2 +
2μJ

σ2
J

Dx
1

])
P (t; x), (19)

at t = σ2
J/2 given that z ≡ x on the grid structure.

So far in literature, the transformation x = lnS has been usually applied to solve the
integral in (4). However, to reach high accuracy in space when using σ2

Rs, we need to dis-
cretise the integral in the S-direction itself. Therefore, to obtain an efficient approximation
for Is in (4), we apply the reverse transformation S = exp(x) to (18) so that

Is = exp

(
σ2
J

2

[
Is2D

s
2 +

(
1 +

2μJ

σ2
J

)
IsD

s
1

])
P (t; S), (20)

where Is represents a diagonal matrix containing the grid nodes in S.
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5.3 Exponential time integration (ETI) scheme

Applying a time reversed transformation, τ = T − t, we solve the resulting semi-discretised
system

dP

dτ
= LP,

where L denotes the approximation to the operators in either Ls, Lx, Ls + Is or Lx + Ix,
to yield

P (τ +Δτ) = exp (LΔτ)P (τ), (21)

for a time step Δτ . The matrix exponential in (19), (20) and (21) can be calculated using
the in-built function expm in Matlab�. In case large matrices are involved, Carathéodory
Fejér approximations can be used to evaluate the matrix exponential more efficiently. We
refer the readers to [19, 20] for more details of the implementation but as we shall see
next, only a few computational nodes in space are necessary to reach a high accuracy level.
Therefore, only the exponentiation of matrices with moderate sizes is required.

6 Numerical experiments

In this section, we present and analyse the results of our numerical experiments. Our
proposed approach consists of pricing variance swaps based on σ2

Rs in the S-direction and
those based on σ2

Rx in the x-direction using central second-order spatial discretisations with
the ETI scheme (ETI-2). We refer our readers to [6, 7] for exact solutions when pricing with
σ2
Rs under the Black–Scholes and Heston’s models respectively while numerical solutions for

σ2
Rx are compared to analytical solutions from [3] under the Black–Scholes and Merton’s

models, and from [5] under the Heston’s model. We also validate our closed-form solution
under the Merton’s model for σ2

Rs in (7). First, we price variance swaps under the Black–
Scholes model with parameters from [6] given as AF = 52, T = 1, r = 0.05 and σ = 0.25.

Little & Pant approach [6] Our approach
n error time (s) error time (s)

10 436.1037 0.1457 1.5740e-5 0.0538
20 99.0002 0.2113 1.9694e-7 0.0653
40 24.1584 0.4806 5.9903e-9 0.0891
80 6.0031 1.0649 6.7928e-10 0.1533

ref. 627.0607860638488

Table 2: Error and CPU time in seconds when pricing variance swaps under the Black–Scholes model for
σ2
Rs using Little and Pant [6] approach and our approach.

c©CMMSE ISBN: 978-84-608-6082-2881



Dilloo Mehzabeen Jumanah and Tangman Désiré Yannick

In the first place, we record in Table 2 and compare the results of our approach with
those of Little and Pant’s where variance swaps based on σ2

Rs has been priced. The smaller
errors and the lower CPU timings in seconds clearly demonstrate the superiority of our
approach over the one proposed by Little and Pant [6]. This confirms the efficiency behind
using the ETI scheme instead of the Crank–Nicolson time stepping scheme and employing
appropriate spatial variables (S or x = lnS) for which the higher order derivatives of the
payoff vanish.

101 102

10−10

10−5

100

n

er
ro

r

σRs
2  in x−dir.

σRx
2  in S−dir.

σRs
2  in S−dir

σRx
2  in x−dir

Figure 1: log(error) against n when pricing variance swaps under the Black–Scholes model
for both σ2

Rx and σ2
Rs in the x-direction and S-direction.

Furthermore, from Figure 1, we can observe that when pricing variance swaps for both
σ2
Rs in the S-direction and for σ2

Rx in the x-direction, superconvergence is seen as expected
from the discussion in Section 5.1. Small errors of magnitude e − 10 are obtained with
about n = 100 computational nodes for σ2

Rs. In the case of σ2
Rx, approximations closer to

machine precision are obtained with only n = 10 computational nodes. This is due to the
fact that the log transformation leads to a flattening of the eigenvalues of the matrix L in
(21) such that faster convergence is observed. This illustrates the rapidity and accuracy of
our approach. Indeed, for σ2

Rx in the S-direction and for σ2
Rs in the x-direction, the slopes

indicate that only a second-order convergence is attained and the errors are much larger
than those of our approach.
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σ2
Rs σ2

Rx

n error time (s) error time (s)

10 1.2815e-8 0.0181 1.9133e-6 0.0159
20 2.6546e-10 0.0228 1.1170e-11 0.0197
40 8.6942e-11 0.0308 4.2633e-13 0.0249

ref. 166.9786595800638 176.4945892650060

Table 3: Error and CPU time in seconds when pricing variance swaps under the Merton’s model for σ2
Rs

in the S-domain and σ2
Rx in the x-domain.

We move on to price under the Merton’s jump-diffusion model. For parameters taken
from [3]—AF = 12, T = 1, σ = 0.1139, r = 0.0319, λJ = 0.11, μJ = −0.14 and σJ = 0.15—
we record the errors in Table 3 for both σ2

Rs in the S-direction and σ2
Rx in the x-direction.

We can observe here that errors for σ2
Rx goes up to e − 13 and also for σ2

Rs, a minimum
error of 8.6942e − 11 is reached. This confirms the reliability of the proposed closed-form
formula in (7) and the efficiency of our approach to discretise the integral in the S-direction
as stated in Section 5.2. Moreover, Figure 2 shows that our solution for the discretely
sampled variance swap in (7) converges to that for the continuously sampled one in (6) as
we increase AF , the number of observations in one year.

4 6 8 10 12
165

165.2

165.4

165.6

165.8

166

166.2

166.4

166.6

166.8

167

Log(AF)

K

Discrete solution
Continuous solution

Figure 2: Convergence of the discretely sampled variance swap to the continuously sampled
one as AF increases for σ2

Rs under the Merton’s model.

Under the Heston’s model, we price using the parameters from [7] given as AF = 52,
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v0 = 0.04, σv = 0.618, T = 1, r = 0.1, κ = 11.35, ρ = −0.64 and θ = 0.022. For fixed
l = 40, the number of intervals in the v-domain, Table 4 shows that super convergence is
achieved in both cases. But the error stagnates at e− 8 for σ2

Rs while a much smaller error
of e− 11 is obtained for σ2

Rx.

σ2
Rs σ2

Rx

n error time (s) n error time (s)

10 1.7609e-8 2.2166 10 4.3778e-8 2.3429
20 1.7783e-8 4.3816 20 3.3538e-11 5.4183
40 1.7780e-8 9.4997 40 3.6749e-11 13.5757

n = 10, l=160 6.5856-10 7.3967 n = 20, l=10 2.2936e-11 1.6751

ref. 237.1097368799061 ref. 238.2097413082660

Table 4: Error and CPU time in seconds when pricing variance swaps under the Heston’s model for σ2
Rs

in the S-domain and for σ2
Rx in the x-domain. We take l = 40 for v ∈ [0, 0.2].

Under the Heston’s model, the solutions have another independent variable v. A close
look at the analytical solution [5, 7] which consists of exponential functions in v for σ2

Rs and
of quadratic functions in v for σ2

Rx reveals that

dnQs

dvn
�= 0, and

dnQx

dvn
= 0 for n ≥ 3,

where Qs(v) and Qx(v) represent the analytical solutions for σ
2
Rs and σ2

Rx respectively. This
means that one would require more nodes along the v-direction for the computation with
σ2
Rs than with σ2

Rx. This is verified in Table 4 where we use only l = 10 intervals in the
v-direction for σ2

Rx to reach the round-off plateau accuracy while we need l = 160 to achieve
an accuracy up to e− 10 for σ2

Rs.

7 Conclusion

In this paper, we have used a simple central second-order finite difference scheme in space to
price variance swaps based on actual and logarithmic returns under the Black–Scholes, the
Merton’s jump-diffusion and the Heston’s stochastic volatility models in a single framework.
By solving a set of PDEs with the spatial variable carefully chosen to match the given def-
inition of the realised variance in the variance swap contract, we show that the truncation
errors derived from the Taylor’s series of the spatial approximations vanish. Hence, com-
bining the exponential time integration which is exact in time gives the round-off plateau
accuracy using a few computational grid nodes.
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For the Merton’s model, we propose a new efficient way of treating the integral term for
the realised variance under the untransformed asset price S- spatial direction and fill the
gap in the literature by giving the analytical solutions for discrete and continuous variance
swaps when actual returns are considered for the realised variance. Therefore, we obtain
convergent algorithms which are highly accurate within only a few seconds of computations.

A future work would be to implement the proposed approach to price variance swaps
under more complex models like regime switching models under which analytical solutions
are difficult to derive.
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A Limit as AF → ∞ of the discretely sampled variance to
the continuously sampled one under the Merton’s model.

We need to prove that

lim
Δt→0

KD = KC ,

since AF = 1/Δt. The above relationship holds since, firstly, it can be clearly seen that

lim
Δt→0

⎛⎜⎜⎜⎝ 1
Δt exp

[(
−λJ + 2

(
r − 1

2
σ2 − λJζ

)
+ 2σ2

)
Δt

]
︸ ︷︷ ︸

i=0 in (11)

−2 1
Δt exp

((
−λJ + r − 1

2
σ2 − λJζ +

1

2
σ2

)
Δt

)
︸ ︷︷ ︸

i=0 in (10)

+ 1
Δt

⎞⎟⎟⎟⎠
= λJ + σ2,

after applying Taylor series expansion to the exponential functions. Secondly, we have

lim
Δt→0

⎛⎜⎜⎜⎝ 1
Δt λJΔt exp

(
−λJΔt+ 2

(
r − 1

2
σ2 − λJζ + σ2

)
Δt+ 2μJ + 2σ2

J

)
︸ ︷︷ ︸

i=1 in (11)

−2 1
Δt λJΔt exp

(
−λJΔt+

(
r − 1

2
σ2 − λJζ +

1

2
σ2

)
Δt+ μJ +

1

2
σ2
J

)
︸ ︷︷ ︸

i=1 in (10)

⎞⎟⎟⎟⎠
= λJ exp

(
2μJ + 2σ2

J

)
− 2λJ exp

(
μJ + 1

2σ
2
J

)
,

due to the cancellation of the Δt’s from AF and the summations and finally,

lim
Δt→0

(
1
Δt

∑
i≥2

exp(−λJΔt)(λJΔt)i

i! exp
(
2μi + 2σ2

i

)
−2 1

Δt

∑
i≥2

exp(−λJΔt)(λJΔt)i

i! exp
(
μi +

1
2σ

2
i

))
= 0,

since Δt is raised to the power of i− 1 > 0 for each i.
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B Matlab� code for pricing variance swaps under the Black–
Scholes model with σ2

Rs.

AF = 52; Texp = 1; S0 = 1100; r = 0.05; sigma = 0.25;

N = AF*Texp; deltaT = 1/AF; T = [2*deltaT:deltaT:Texp];

%construction of original domain

smin = 500 ;smax = 3500; ds = [smax-smin]/n0; vecs = [smin:ds:smax]’;

%construction of extended domain

m1 = ceil(400/ds); m2 = ceil(600/ds);

vecsext = [[smin-(m1*ds):ds:smin-ds]’;vecs;[smax+ds:ds:smax+(m2*ds)]’];

n =length(vecsext)-1;

%construction of matrices on extended domain

e = ones(n+1,1); I = speye(n+1,n+1);

Ds = spdiags([-1*e 0*e e],-1:1,n+1,n+1)/(2*ds);

Dss = spdiags([e -2*e e],-1:1,n+1,n+1)/(ds^2);

Ds(1,:)=0; Ds(end,:)=0; Dss(1,:)=0; Dss(end,:)=0;

L = 0.5*sigma^2*spdiags(vecsext.^2,0,n+1,n+1)*Dss + r*spdiags(vecsext,0,n+1,n+1)*Ds ;

% Solution at T = deltaT on extended domain

v = ((vecsext/S0)-1).^2; v = expm(L*deltaT)*v;

expectation(1) = interp1(vecsext,v,S0,’cubic’);

%Solution for T>deltaT

%Solution Stage 1

[vecss,vecii]=meshgrid(vecsext,vecs);

v = (vecss./vecii-1).^2; v = v’; v = expm(L*deltaT)*v; v = v’;

H = v(find(vecss==vecii));

% Solution Stage 2

ii=[find(vecsext==vecs(1)) find(vecsext==vecs(end))];

%boundary conditions

L(ii(1),ii(1):ii(1)+1) = [0 0]; L(ii(2),ii(2)-1:ii(2)) = [0 0];

L11 = L(ii(1):ii(end),ii(1):ii(end));

for k = 1:length(T)

v = H; v = expm(L11*(T(k)-deltaT))*v;

expectation(k+1) = interp1(vecs,v,S0,’cubic’);

end

fairvalue = 100^2* (AF/N) * sum(expectation);
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Abstract

In this paper we prove new equalities involving the sequences (a(n))n≥0 and (b(n))n≥0

where

a(n) :=
n+1∑
k=0

(
n + k

n

)2

, b(n) :=
n+1∑
k=0

n + 1 − k

n + 1

(
n + k

n

)2

n ∈ N ∪ {0},

and the well-known Catalan numbers (Cn)n≥0, given by Cn = 1
n+1

(
2n
n

)
, for n ≥ 0.

In Theorems 2.1 and 2.2 we show that.

2(2n + 1)a(n) − na(n − 1) = (4 + 21n + 36n2 + 21n3)C2
n, n ≥ 1;

2(2n + 1)b(n) − nb(n − 1) = (7n2 + 8n + 2)C2
n, n ≥ 1.

As a consequence, a new proof of the nice equality ((n + 1)Cn)2 = 3a(n − 1) − 2b(n),
for n ≥ 1, which illustrates the intensive connection between these sequences (a(n))n≥1,
(b(n))n≥1 and Catalan numbers, is shown.

Key words: Catalan numbers; Combinatorial identities; Binomial coefficients
MSC 2000: 05A19; 05A10; 11B65

1 Introduction

The famous Catalan numbers (Cn)n≥0 counts the number of ways to triangulate a regular
polygon with n+2 sides; or, the number of ways that 2n people seat around a circular table
are simultaneously shaking hands with another person at the table in such a way that none
of the arms cross each other, and also in tree enumeration problem, see these examples and
others in [6].
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There are several ways to define Catalan numbers, one of them is recursively by C0 = 1

and Cn =
n−1∑
i=0

CiCn−1−i for n ≥ 1; first terms in this sequence are 1, 1, 2, 5, 14, 42, 132, . . .

The Catalan sequence is probably the most frequently encountered sequence and been
treated deeply in many books, monographs and papers (see for example [1]-[2], [4]-[6]).

In this paper, we treat in detail the sequences (a(n))n≥0 and (b(n))n≥0 defined in the
abstract. In Theorems 2.1 and 2.2 we show that.

2(2n + 1)a(n) − na(n − 1) = (4 + 21n + 36n2 + 21n3)C2
n, n ≥ 1;

2(2n + 1)b(n) − nb(n − 1) = (7n2 + 8n + 2)C2
n, n ≥ 1.

Lemma 2.3 shows that sequences (a(n))n≥1 and (b(n))n≥1 are deeply connected. Re-
currence relations (2.1) and (2.2) (and polynomials in these relations) play delicate roles
which allow to give an alternative proof of the beautiful equality

((n + 1)Cn)2 = 3a(n − 1) − 2b(n), n ≥ 1,

which was shown in [3, Theorem 3.3 (ii)]. Finally we want to point out that the WZ-theory
(see details in [7]) gives computer proofs of these equalities. However analytic proofs give an
extra information about the nature of these sequences which remains hidden in computer
proofs.

2 Sums of squares of combinatorial numbers

We consider the sequence of integer numbers defined by

a(n) :=
n∑

k=0

(
n + k

n

)2

, n ∈ N ∪ {0}.

Note that a(0) = 1, a(1) = 5, a(2) = 46, a(3) = 517, a(4) = 6376... . This sequence appears
indexed in the On-Line Encyclopedia of Integer Sequences by N.J.A. Sloane ([5]) with the
reference A112029. V. Kotesovec in 2012 proved the following recurrence relation

p1(n)a(n) = p2(n)a(n − 1) + p3(n)a(n − 2), n ≥ 2, (2.1)

where polynomials (pi)i∈{1,2,3} are defined by

p1(n) := 2(2n + 1)(21n − 13)n2

p2(n) := 1365n4 − 1517n3 + 240n2 + 216n − 64,
p3(n) := −4(n − 1)(2n − 1)2(21n + 8).
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Theorem 2.1. For n ≥ 1, the following identity holds

2(2n + 1)a(n) − na(n − 1) = (4 + 21n + 36n2 + 21n3)C2
n, n ≥ 1.

Now we consider this second sequence of integer numbers defined by

b(n) :=
n∑

k=0

k

n

(
2n − k − 1

n − 1

)2

=
n∑

k=0

n − k

n

(
n − 1 + k

n − 1

)2

, n ∈ N.

Note that b(1) = 1, b(2) = 3, b(3) = 19, b(4) = 163, b(5) = 1625... . This sequence also
appears indexed in the On-Line Encyclopedia of Integer Sequences by N.J.A. Sloane ([5])
with the reference A183069 and V. Kotesovec proved the following recurrence relation

q1(n)b(n) = q2(n)b(n − 1) + q3(n)b(n − 2), n ≥ 3, (2.2)

where polynomials (qi)i∈{1,2,3} are defined by

q1(n) := 2n2(2n − 1)(7n2 − 20n + 14)
q2(n) := 455n5 − 2427n4 + 4850n3 − 4406n2 + 1728n − 216,
q3(n) := −4(n − 2)(2n − 3)2(7n2 − 6n + 1).

Theorem 2.2. For n ≥ 1, the following identity holds

2(2n + 1)b(n) − nb(n − 1) = (7n2 + 8n + 2)C2
n, n ≥ 0.

Lemma 2.3. For n ≥ 1, the following two identities hold∣∣∣∣ q1(n) q3(n)
p1(n − 1) p3(n − 1)

∣∣∣∣ = −8Q(n)(2n − 1)(2n − 3)2(n − 2);∣∣∣∣ q1(n) q2(n)
p1(n − 1) p2(n − 1)

∣∣∣∣ = 16Q(n)(2n − 1)(2n − 3)3,

where Q(n) := 147n4 − 546n3 + 666n2 − 293n + 34.

3 A second proof

The main aim of this section is to show an alternative of the following nice equality(
2n

n

)2

=
n∑

k=0

3n − 2k

n

(
2n − 1 − k

n − 1

)2

, (3.1)
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in Theorem 3.1. As it is commented in the Introduction, the original proof is presented in
[3, Theorem 3.3 (ii)] and it is a straightforward consequence of a more general equality in
combinatorial numbers ([3, Theorem 3.3 (i)]). The proof which we present here allows to
recognize the natural connection among the sequences (a(n))n≥1, (b(n))n≥1 and the Catalan
numbers (Cn)n≥1. Note that, once may rewrite the equality (3.1) in the following way:

((n + 1)Cn)2 = 3a(n − 1) − 2b(n), n ≥ 1.

Theorem 3.1. For n ≥ 1, the following equality holds(
2n

n

)2

=
n∑

k=0

3n − 2k

n

(
2n − 1 − k

n − 1

)2

.
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Abstract

Nowadays, the application of Evolutionary Multi-objective Optimization (EMO) al-
gorithms in real-time systems receives considerable interest. In this context, the energy
efficiency of computational systems is of paramount relevance. Recently, the use of
embedded systems based on heterogeneous (CPU+GPU) platforms is consistently in-
creasing. For example, NVIDIA Jetson cards are low-power computers designed for
development of embedded applications. They incorporate Tegra processors which fea-
ture a CUDA-capable GPU. This way, Jetson cards can be considered as a prototype
of low-power computer of High Performance Computing. In this work, our interest is
focused on the NSGA-II algorithm, a well-known representative of EMO algorithms.
Our purpose on the low-power computers is twofold: to determinate the size range of
NSGA-II problems which can be solved and to evaluate the energy efficiency of different
NSGA-II versions. The analysis of the results shows the use of the Jetson platform as a
low consumption platform which allows to accelerate the execution of instances of the
state-of-the-art EMO algorithm – NSGA-II.

Key words: evolutionary multiobjective algorithms, energy efficiency, low-power plat-
form, Jetson, NSGA-II
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1 Introduction

Nowadays, energy costs represent a relevant share of the total costs of High Performance
Computing (HPC) systems and they have become in a main issue. HPC platforms include
several kinds of processing units, such as CPUs and GPUs, whose energy consumption
depends on the kind of processing which is being performed. Lately, embedded hardwares
have appeared thanks to the fast technological evolution. In this kind of systems, i.e.
NVIDIA Jetson platforms, which combine low consumption and hybrid systems (CPU and
GPU), the study of the energy consumption is relevant [13, 17]. Jetson is a low-cost and
embedded platform widely used in real-time systems1.

There are several real-time systems in which optimization problems are solved by Evo-
lutionary Multi-objective Optimization (EMO) algorithms [2, 11]. EMO algorithms aim
at finding an approximation of the Pareto set in a reasonable time. When this kind of
algorithms work with relatively small populations, the use of NVIDIA Jetson platforms can
be useful for two main reasons: (1) to accelerate the computation of EMO because of the
exploitation of the multicore and the GPU which compose the NVIDIA Jetson; and (2) to
decrease the energy-consumption because of the low consumption of these platforms.

Bearing in mind the limited computational resources on the Jetson platform and the
characteristics of EMO problems, it is relevant to identify the scale of the problem that can
be computed on this kind of platforms. Therefore, the idea behind this is as follows: 1) to
determine the problem sizes that can be solved; and 2) to evaluate the energy efficiency of
the multicore and/or the GPU versions of the EMO algorithms on the Jetson, according to
the combination platform-resources and problem-size. We have focused on a state-of-the-art
EMO algorithm – NSGA-II [4].

2 Background of the NSGA-II Algorithm

Many real-world problems are multi-objective, where several conflicting objective functions
have to be optimized. The main aim of Multi-Objective Optimization (MOO) is to provide
the set of solutions that determine the Pareto front used by the Decision Maker (DM).
The majority of MOO problems are NP-hard and algorithms to approximate the Pareto
front are widely-used. Evolutionary Multi-objective Optimization (EMO) approaches are
commonly employed for this task [3, 16]. The set of obtained solutions is presented to the
DM, who finally chooses one among them, according to his/her preferences.

Usually, a multi-objective algorithm can be organized in several stages [9]: evaluation
of an objective function, Pareto dominance ranking (non-dominated sorting) and genetic
operations. Examples of EMO approaches based on Pareto dominance ranking are: PESA-
II [1], NSGA-II [4], R-NSGA-II [5], Synchronous R-NSGA-II [6], MOGA [7], PAES [8],

1http://www.nvidia.com/object/jetson-tk1-embedded-dev-kit.html
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NSGA [15], SPEA2 [18], etc. The most computationally expensive part of those stages
is the dominance ranking. The fast non-dominated sorting (FNDS) procedure, which is
proposed and implemented in NSGA-II, has a complexity order of O(MN2), where M is
the number of objective functions and N is the number of individuals [4]. As shown in [14],
non-dominated sorting procedure consumes most of the computational burden of the EMO
algorithm. However, only few attempts have been done in order to implement the Pareto
dominance in parallel [12]. Consequently, to speed-up the non-dominated sorting procedure
by using parallel computing is currently an appealing research line and can reduce the
wall-clock time of EMO algorithms.

In this research, we focus on the energy efficiency evaluation of the most time consuming
procedure – non-dominated sorting –, which is used in the state-of-the-art multi-objective
genetic algorithms.

3 Energy Efficiency Evaluation

The performance per watt (ratio computational power over electrical power) plays a key
role for evaluating the efficiency of the systems in terms of performance and power/energy
[10]. Its increments mean that the system achieves better performance with less electrical
power and also less energy consumed by the system. Therefore, it can be used as indicator
of the energy efficiency of the system in terms of energy and performance.

The hardware setup we use is based on a NVIDIA Jetson TK1 development board2,
embedding a Tegra K1 SoC (Systems on a Chip) processor with 2GB of DDR3L RAM, and
an energy meter (Watts up 3).

On the one hand, the Tegra K1 includes an NVIDIA GPU with 192 CUDA Kepler cores
and an ARM quad-core Cortex-A15 variant of low power architecture at 2.32 GHz. On the
other hand, Watts up is an advanced plug load energy meter. With its simple operation,
one can accurate monitor different plug load to determine their power consumption.

Jetson platform has been selected for three main reasons: (1) its SoC contains both
a multicore-CPU as well as a GPU; (2) the independent control of the CPU and GPU
frequencies is possible; (3) low power systems are gaining popularity and they are promising
tools to build blocks of evolutionary algorithms for HPC platforms.

The memory requirements of the EMO problems depends on three parameters: the
size of the population, the number of variables and the number of objective functions.
These parameters have to be defined bearing in mind that Jetson board has only 2GB of
physical memory, that is shared by the ARM CPU and the CUDA GPU. Therefore, we
have considered instances of the NSGA-II problem which fit on the Jetson platform.

2http://www.nvidia.com/object/jetson-tk1-embedded-dev-kit.htm
3https://www.wattsupmeters.com/secure/index.php
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In this work, the performance of the unified memory structure of the TK1 and also the
power-performance ratio, as well as energy use, when executing an EMO algorithm on a
Jetson platform has been evaluated.
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Abstract

The aim of this paper is to represent time series in a fuzzy way by means of a
piecewise linear segment method. This technique allows representing the time series in
a simple and efficient way. Furthermore, such representation collects the uncertainty
generated in the process of generation of the segments. In order to obtain this represen-
tation, two stages are needed. First of all, we obtain a representation of the time series
based on segments and commonly named as piecewise linear segment. After that, this
is converted to the fuzzy domain in order to be used in a great range of applications.
Several examples are shown in order to know how an input time series can be properly
represented.

Key words: time series, fuzzy representation, database queries.

1 Introduction

Time series (TS) are used in a great number of applications, for instance, image processing
[1], economics [2, 3], social sciences [4, 5] or sports [6]. Raw data are taken from sensors
and data capture systems, then, they are stored and lastly they can be queried. Nowadays,
there exists an important effort in research, development and innovation in all this process.
Time series usually represents information as “raw data”, that is, a set of values taken
continuously from a device or system in constants intervals of time. In a formal way, they
can be represented like shown in Equation 1.

Y = {y1, y2, . . . , yn} (1)
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where yi is a value of the TS at the instant i and 1 ≤ i ≤ n.

This way of representation of the data presents several problems. Maybe, the most
important one is the necessity of great amounts of memory in order to be stored. This
problem is even more pronounced if instead of considering an unique sensor we use different
capture devices. Managing such great amount of information is a complex problem that
must be addressed. For this reason, it is interesting to develop new types of representations
in order to reduce memory consumption allowing to perform operations over data in a
more efficient way. A technique used is named piecewise linear segment and it consists of
representing the time series by means of a set of segments. Each segments corresponds to
a piece of the time series.

A review of related research is presented in [7, 8] and a more recent one can be found
in [9]. First proposal to segment series using a set of mathematical functions was done by
Shatkay [10, 11]. Lastly Keogh et al. [7] designed the algorithm named SWAB (Sliding
Window and Bottom-up). This algorithm uses a Bottom-Up method combined with a
sliding window. Fuchs et al. [12] created a technique known as SwiftSeg by means of
a polynomial approximation of TS taking as basis orthogonal polynomials in an sliding
window. Furthermore, Huang et al. [9] used interpolation as tool and Garcia-Treviño et al.
[13] presented a framework of representation of TS that uses dependence among the data
of the own series together with algorithms of statistical classification. This technique of
representation is very efficient and fast with respect to execution time although it presents
a problem of an increasing error due to the raw data transformation to the set of segments
obtained. Furthermore, it presents the error derived from the noise in the data capture.
Fuzzy logic allows managing these problems because of its characteristics related to the
data capture and after that the transformation into segments.

Kacprzyk et al. [14] introduced a method to create linguistic summaries from Time
Series. This interesting paper details a proposal consisting of next stages:

1. Trend generation: it computes the segments with a concrete technique based on the
algorithm of Sklansky et al. [15].

2. Representation of the characteristics of the TS: they present a methodology based on
fuzzy logic and used later in our paper.

3. Generation of linguistic summaries: they use protoforms and calculus of linguistically
quantified propositions. It is the most relevant part of their proposal although it is
beyond the scope of this paper.

Our paper focuses in stage two, where the segments are represented by using fuzzy
logic. Kacprzyk et al. consider three main aspects of their paper:
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• Dynamics of change: for them it is the speed of change and to characterize it they use
the slope of a line representing the trend. They define fuzzy membership functions to
obtain a fuzzy granularity. For instance, they classify the trend like quickly decreas-
ing, decreasing, slowly decreasing, constant, slowly increasing, increasing and quickly
increasing.

• Duration: described like the length of the trend. They use a linguistic variable in
order to represent it.

• Variability: it refers to how spread out (vertically, in the sense of values taken on) a
group of data. So, they try to know if the trend has been well characterized with the
segment or there is too much noise or uncertainty.

The proposal presented in this paper is different. We model the segments in a fuzzy
way and then we can define operations between them. The use of fuzzy numbers as output
value from an input value is proposed. This numbers are obtained in an automatic way
from the segments taking into account an error measure that considers the original values
of the time series in the domain the segment overlaps. The aspects consider by Kacprzyk
can be then directly obtained from the own fuzzy segments. Anyway, duration is not
considered although it could be computed identifying the initial and final times available
in our proposal. Referring to the dynamics it is computed using the angle that defines the
segment. On the other hand, the concept of fuzzy segment was introduced by Hoover in [16].
These segments were originally designed to detect the convergence lines in the shapes of an
image. More concretely, they tried to automatically locate the optical nerve in an ocular
fundus image. The generation of a fuzzy segment is based on the assumption that line-like
shapes only contribute to a perception of a convergence only in their near neighbourhood.
With this model, they develop a voting method to determine the convergence image. Their
results in twenty images obtain a success rate of a 65%.

The rest of this paper is organised as follows: Section 2 details main part of our proposal.
After that, in Section 3, we present a detailed example and the final results of several tests.
Finally, Section 3.1 contains a discussion about the method and the results obtained and in
Section 4 conclusions and future works are described.

2 Fuzzy piecewise linear segment

Before detailing our proposal it is interesting to know that the first step of it consists of the
conversion of the TS into a set of ordered segments. There are several methods to transform
the data but we have selected one designed by our own research group that is based on a
sliding window with a low computational cost. This algorithm obtains as output a set of
segments that it’s going to be the input of the proposal introduced in this paper. The set
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of segments is represented in Equation 2.

S = {sf1,l1 , sf2,l2 , . . . , sfm,lm} (2)

where each segment sfk,lk = (mfk,lk ∗ x) + cfk,lk is defined in a time interval
delimited by first instant fk and the last instant lk.

A segment sfk,lk is formally represented by using a 2-tuple: sfk,lk = {mfk,lk , cfk,lk}.
As our goal is to obtain a representation based on a set of fuzzy segments, this means

that taking as input a ti ∈ R1 it is obtained a fuzzy triangular number as output named
fni where ti: fs(ti) = fni, t ∈ R1 and fni is a fuzzy number.

Our representation proposal is named “Fuzzy Piecewise Linear Segment” (FPLS). A
FPLS is formally represented by means of Equation 3.

FPLS(T ) = {fplsf0,l0 , fplsf1,l1 , . . . fplsf|fpls|,l|fpls|} (3)

where each fplsfk,lk = {mfk,lk , cfk,lk , pfk,lk} and pfk,lk is the average of ratio
error defined in Equation 5.

A fuzzy segment fplsfk,lk is modelled using a 3-tuple {mfk,lk , cfk,lk , pfk,lk} containing
the slope mfk,lk , the intercept cfk,lk and the average of ratio error pfk,lk of a segment.
Using this three values the output fuzzy set fni can be computed taken as input value a
ti. Equation 4 shows how fplsfk,lk can generate the triangular fuzzy number fni as output
with a support obtained from the values fna

i , fn
b
i and fnc

i .

fplsfk,lk =

⎧⎨⎩
if ti < fk : without output
if fk ≤ ti ≤ lk : {fna

i , fn
b
i , fn

c
i} = compute(fplsfk,lk , ti)

if lk < ti : without output
(4)

where compute(fplsfk,lk , ti) is a function calculating fnDOWN
i , fns

i and fnUP
i ;

and finally it obtains a triangular fuzzy set as output: fni = {fna
i , fn

b
i , fn

c
i}.

For values of ti less than fk there is no output because the segment is not defined for
these values of the domain. It’s the same for values greater than lk. But, for values between
fk and lk it is computed by using two parallel segments with respect to sfk,lk named like
UPfk,lk and DOWNfk,lk (Figure 1). An error measure is used too and it is called “average
of the error ratio” (Equation 5). This equation computes the average of the error ratio for
every segment.

pf,l =

∑l
i=f

|sf,l(ti)−yi|
yi

l − f + 1
(5)

where f and l are the instants for the beginning and end of the segment and
sf,l(ti) is the value of the segment sf,l ∈ S in the instant ti.

c©CMMSE ISBN: 978-84-608-6082-2901



A. Moreno-Garcia et al.

Figure 1: Computation of fni.

pfk,lk is needed to compute the segments UPfk,lk and DOWNfk,lk are up and down in
the y-axis with respect to sfk,lk , that is:

• UPfk,lk = (mfk,lk ∗ x) + cfk,lk + pfk,lk .

• DOWNfk,lk = (mfk,lk ∗ x) + cfk,lk − pfk,lk .

Values fna
i , fn

b
i and fnc

i defining fni are computed as the output value UPfk,lk (fn
UP
i =

UPfk,lk(ti)), fnfk,lk (fns
i = sfk,lk(ti)) and DOWNfk,lk (fnDOWN

i = DOWNfk,lk(ti)) for the
value ti and in increasing order.

As the support of fni is computed depending on the average of the error ratio from the
obtained segment, the average for the uncertainty is appropriate. That is, the greater the
error is the greater the support of the fuzzy number is.

This way of representation allows comparing the fuzzy number with crisp values, other
fuzzy numbers or whatever other representation taking advantage of the powerful operations
of the fuzzy logic and a proper managing of uncertainty.

3 Experimental results

In this section, an example is introduced where we show how the proposed approach models
a TS, detailing some properties of the obtained results. In addition, some ideas related to

c©CMMSE ISBN: 978-84-608-6082-2902



Time series representation using fuzzy logic

Figure 2: Set S obtained as result.

potentials fields of application are presented.

First of all, it is needed a set S obtained using a method able to generate the segments
from the TS. Figure 2 shows graphically the TS taken as input and the segments positioning.
It can be observed how the five segments are well adjusted with respect to data.

S and the original TS have been used as input in order to obtain the set of fuzzy
segments FPLS. Table 1 details the obtained set T . First column represent the identifier
of the segment with the initial and final instants (fk and lk), while the three last rows
correspond to the slope, intercept and the average of ratio error for each segment.

In order to check how the resulting set of fuzzy segments represents the output of the
TS, the output fuzzy numbers have been generated for a set of values from TS equally
distanced (Table 2). First and second cols show ti and yi from every part selected from the
input TS. Third column shows the fuzzy number obtained fsi while the fourth col shows the
membership value for vi to the fuzzy number fsi that demonstrates how is modelled each
fsi to its value represented by TS yi. Finally, last column shows position k of fplsfk,lk ∈ T
using to obtain the output fuzzy number fsi.

As it can be observed, every input value is related to a output fuzzy number. The ob-
tained FPLS can be used in different applications. For example, to establish comparisons
between different TSs. Now, it is going to be described a first approach to the comparison
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Table 1: Set T for the example.

fplsgk,fk mfk,gk cfk,gk pfk,gk
fpls0.0, 0.0033 458.9375 −0.3616 0.2574
fpls0.0033, 0.0101 −339.4396 2.3022 0.2144
fpls0.0101, 0.0185 248.9599 −3.6608 0.2433
fpls0.0185, 0.0212 6.9336 0.8103 0.0517
fpls0.0212, 0.0290 −228.6086 5.79461 0.1421

Table 2: Resulting fuzzy numbers.

ti yi fsi μfplsfk,gk
(vi) k

0.0000 −0.5424 [−0.619,−0.3616,−0.1042] 0.2975
10.0013 0.2897 [−0.0043, 0.2531, 0.5105] 0.8577

0.0027 0.8796 [0.6104, 0.8678, 1.1252] 0.954

0.004 0.9803 [0.724, 0.9384, 1.1527] 0.8047

2
0.0054 0.4847 [0.2694, 0.4837, 0.6981] 0.9956
0.0067 −0.0879 [−0.1853, 0.0291, 0.2435] 0.4541
0.008 −0.5996 [−0.6399,−0.4255,−0.2111] 0.1878
0.0094 −0.8971 [−1.0945,−0.8801,−0.6657] 0.9209

0.0107 −1.0406 [−1.2366,−0.9933,−0.75] 0.8055

3

0.0121 −0.6873 [−0.9032,−0.6599,−0.4166] 0.8872
0.0134 −0.3716 [−0.5697,−0.3264,−0.0832] 0.8143
0.0147 0.0908 [−0.2363, 0.007, 0.2503] 0.6556
0.0161 0.5588 [0.0972, 0.3404, 0.5837] 0.1024
0.0174 0.8367 [0.4306, 0.6739, 0.9172] 0.3309

0.0188 0.8866 [0.8886, 0.9404, 0.9921] 0.0
4

0.0201 0.9952 [0.8979, 0.9496, 1.0014] 0.1196

0.0214 0.8154 [0.7535, 0.8957, 1.0378] 0.4355

5

0.0228 0.6605 [0.4473, 0.5895, 0.7316] 0.5001
0.0241 0.2898 [0.1412, 0.2833, 0.4254] 0.9545
0.0254 −0.017 [−0.165,−0.0229, 0.1193] 0.9585
0.0268 −0.331 [−0.4712,−0.3291,−0.1869] 0.9864
0.0281 −0.6484 [−0.7774,−0.6353,−0.4931] 0.9081
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Figure 3: Comparison between to fuzzy segments.

between segments. The main idea of the comparison would be similar to the algorithms
proposed in [17, 18]. Figure 3 shows the comparison process of fplsfa,la and fplsfb,lb . It
must be compared the output fuzzy numbers for the values belonging to the time interval
overlapped by both segments ([tfirst, tlast]) equally distanced (in the figure they are rep-
resented by means of vertical dotted line. There are several methods to compare fuzzy
number that can be used in order to do this.

Finally, we must remark that the proposed representation of the segments can be used
to represent the TS in a similar way as the one proposed by Kacprzyk.

3.1 Discussion

We can affirm that the most similar paper to ours is the one of Kacprzyk et al. [14] where
they propose to obtain fuzzy sets in order to represent the complete segment with the aim of
having a global vision of it. Lastly, it is used to produce a description of the TS. Kacprzyk
et al. present interesting concepts such as dynamics of change and duration (obtaining a
measure by means of fuzzy sets), and the variability of the segment using only statistical
measures. Our goal is to represent each segment to obtain information from every instant
of time. That’s why the concept of fuzzy segment returning a fuzzy number for every input
value is used.
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Using fuzzy numbers give the possibility of capturing the uncertainty of the representa-
tion using segments, due to the error and to offer a range of techniques to compare directly
the resulting fuzzy segments with the TS, with linear segments or another fuzzy segments.

Then, we believe this is a powerful representation that can be used in a wide range of
applications which need to obtain high level information from the TS. A concrete example
can be queries of descriptions of TSs.

4 Conclusions and future works

This paper presents a new way of representation for TS based on fuzzy logic. It represent
the time series as a “fuzzy piecewise linear segment” based on the definition of the fuzzy
segment. Each fuzzy segment allows obtaining a fuzzy number as output for every time
instant of input. Furthermore, some initial ideas of the comparison between fuzzy segments
are introduced. We consider this representation very adequate to be used in different ap-
plications that works with TSs as linguistic descriptions or advanced queries over TSs. A
brief approach of new lines of research has been presented too.
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Abstract

Geophysical methods can be used indirectly to map some geological features in
detail, such as faults, shear zones, karst, alteration zones and other structures. Two
widespread geophysical methods in civil engineering are: the Cross-hole method and the
seismic refraction method. These geophysical investigation methods can be modelled
by numerical methods.

This article shows the use of the Generalized Finite Difference Method to model the
aforementioned geophysical methods and analyze the results obtained.

Key words: meshless methods, generalized finite difference method, geophysics

1 Introduction

During recent years, meshless methods have appeared as a type of numerical methods which
are capable of overcome the difficulties arisen in conventional computational mesh based
methods. The Generalized Finite Difference Method (GFDM) is based on the concept of
using a N-node star and weighting functions, to obtain finite difference formulae for irregular
meshes.

GFDM has proven to be a successful method to model seismic wave propagation using
regular or irregular meshes [1]. A closely related application is the modelling of geophys-
ical investigation methods that have been used to image the subsurface of the Earth and
determine site geology and stratigraphy.

In this paper, the GFDM has been applied to model two widespread geophysical tests,
namely the Cross hole method and the Seismic refraction method.
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2 Fundamentals of the GFDM

This section describes the fundamentals of the GFDM, obtaining the explicit generalized
difference schemes for seismic wave propagation.

The equation of motion for a perfectly elastic, homogeneous, isotropic medium in the
domain Ω ⊂ R2 is the following one:

(λ+G)Uk,ik +GUi,kk = ρÜi (1)

where Ui are the components of the displacement, ρ is the density, λ and G are the Lamés
elastic coefficients.

In addition, two types of boundary conditions are considered: Dirichlet boundary con-
ditions and free surface.

On the free surface the following conditions are imposed:

σijnj =
(
λuk,kδij +G (ui,j + uj,i)

)
nj = gi(t) (2)

Where gi(t) is the i-component of the stress applied on the boundary. If gi(t) is equal
to zero there are no forces applied on the boundary.

An irregular cloud of points is generated in the domain Ω∪Γ, where Γ is the boundary
of the domain, with the intention of obtaining linear expressions for the approximation
of partial derivatives at all the points of the domain. Every node in the domain has an
associated star assigned to it. The star is defined as the set of nodes surrounding the
central node that will contribute to the field variable approximation at the central node.

This scheme uses the central-difference form for the time derivative.

∂2ui(x0, y0, nΔt)

∂t2
=

n+1u0i − 2 nu0i +
n−1u0i

(Δt)2
(3)

Following references [3], [4], [5], [7], and [2], the following expression shows the explicit
finite difference formulae for the second spatial derivatives with second and fourth order
approximation (p=2, 4) for the spatial derivatives:

∂2Ui(x0, y0, nΔt)

∂xj∂xk
=
[
u0i,jk

]
t=nΔt

= −m0,p
jk

nu0i +
N∑
l=1

ml,p
jk

nuli +Θ [(hi)
p] (4)

where capital letters are used for exact values and small letters are used for approximated
values. The superscript n represents the time step (t = nΔt), the superscripts 0 and l refer
to the central node and the rest of nodes of the star, respectively. N is the number of nodes
in the star. The value N adopted for the second order approximation is N = 8, and N = 30
for the fourth order approximation, whereas the rest of nodes of the star are selected by
using the distance criteria:
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hli = xli − x0i (5)

In eq. 4, the coefficients m0,p
jk multiply the approximate value of the function U at the

central node nu0i of the star, whereas the coefficients ml,p
jk multiply the approximate value of

the function U at the rest of nodes of the star nuli, to obtain the generalized finite difference
explicit expressions for the space derivatives, corresponding to a time t = nΔt. In all these
expression the cross-terms are equal.

After replacing in eq. 1 the explicit finite difference expressions obtained for the spatial
derivatives and the time derivatives, the following explicit difference scheme is obtained:

n+1u0i = 2 nu0i − n−1u0i+

+
(Δt)2

ρ

[
(λ+G)

(
−m0,p

ij
nu0j +

N∑
l=1

ml,p
ij

nulj

)
+

+ G

(
−m0,p

jj
nu0i +

N∑
l=1

ml,p
jj

nuli

)]
+Θ

[
(Δt)2, (hi)

p
]

(6)

The idea of using an eight node star and weighting functions, to obtain finite difference
formulae for irregular meshes, was first put forward in [6] using moving least squares (MLS)
interpolation, and an advanced version of the GFDM was given in [3]. Benito et al. [4]
reported that the solution of the generalized finite difference method depends on the number
of nodes in the cloud, the relative coordinates of the nodes with respect to the star node
and on the weight function employed.

The imposition of Dirichlet-type boundary conditions is evident. Nevertheless, in case
of free surface it is necessary to express the applied stress as a function of the displacements:

(λuk,kδij +G (ui,j + uj,i))nj = gi(t) (7)

The free surface condition is satisfied by adding a series of nodes (Neumann nodes)
in the same amount as the boundary nodes, and imposing the displacements of the added
nodes so that the zero stress condition is fulfilled on the boundary nodes.

The following expression shows the explicit finite difference formulae for the first spatial
derivatives:

∂ui(x0, y0, nΔt)

∂xj
=
[
u0i,j

]
t=nΔt

= −m0
j

nu0i +
N∑
l=1

ml
j

nuli (8)

After substituting the first order derivatives that appear in the free surface condition
by the finite difference expression above, the following system of 2n equations is obtained
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{
λ

(
−ms

k
nusk +

N∑
l=1

ml
k

nulk

)
+

G

[(
−ms

j
nusi +

N∑
l=1

ml
j

nuli

)
+

(
−ms

i
nusj +

N∑
l=1

ml
j

nulj

)]}
· nj = gi(t) (9)

where the number of star nodes is N = nse+nsi, and the 2n unknowns are the displacements
in the n added nodes. These unknowns appear in the summation. By solving this system,
the function values usei are obtained on the n added Neumann nodes at the time t = nΔt.

3 Geophysical investigation modelling

Geotechnical geophysical tools are routinely used to image the subsurface of the Earth and
determine site geology, stratigraphy, and rock quality. Commonly employed geophysical
methods include seismic refraction, seismic reflection, MASW, cross-hole seismic tomog-
raphy, electrical resistivity, GPR (Ground Penetrating Radar), electromagnetics, gravity,
etc.

The Cross hole test allows to measure the velocity of seismic waves between boreholes.
The typical approach involves lowering a three component triaxial geophone receiver down
one hole while lowering a source down an adjacent hole, firing the source at some prescribed
depth interval. The source is capable of generating shear and compressional waves. The
source and geophone are always at the same elevation inside the boreholes. The energy from
each shot is measured at a single depth in each receiver hole. The travel times measured
are then converted to velocities by dividing them into the distance between the holes. By
repeating the test at increasing depths, a seismic velocity vertical profile can be obtained.

In the Seismic Refraction method a seismic source (a hammer hitting on a plate, an
explosive, etc.) is used to generate compressional waves, which are measured by a series of
evenly spaced geophones located on the ground surface. Two types of waves are generated:
the P-wave (a compressional, longitudinal wave) and the S-wave (a shear, transverse wave).
P-waves propagate at the highest velocity of any seismic waves and are therefore used to
pick the first arrival of seismic waves that propagated through ground materials.

Some head waves enter a high velocity medium near the critical angle and travel in the
high velocity medium nearly parallel to the interface between layers. Since seismic waves
move faster in the high velocity medium than the upper, the wave refracted along that
interface will overtake the direct wave at some distance from the source. This point at
which the refracted wave overtakes the direct wave arrival is known as the critical distance,
and is used to estimate the depth to the refracting surface (figure 1). The refracted wave is
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first detected at all subsequent geophones, at least until it is in turn overtaken by a deeper,
faster refraction.

Figure 1: Seismic Refraction: Distance vs. Wave arrival time

Following, the Generalized Finite Difference Scheme has been applied to model two case
studies of the aforementioned seismic tests.

3.1 Cross-hole test

A geotechnical investigation has been carried out to prepare a Construction Project in
Saudi Arabia. Three boreholes with core recovery and an additional cross-hole test were
performed in order to obtain a seismic velocity vs. depth profile.

Based on the geotechnical investigation aforementioned, the subsoil comprises an upper
layer of medium dense sand up to 6 meters depth, overlying a very dense silty sand layer.

The dynamic Young’s Modulus (E), the dynamic Shear Modulus (G) and the Lambda
parameter (λ) are shown in figure 2. The lambda parameter is derived from the dynamic
Young’s Modulus or the dynamic Shear modulus by the expression given in eq. 10.

λ =
Eν

(1− ν)(1− 2ν)
=

2νG

1− 2ν
(10)

The dynamic parameters shown in figure 2 have been assigned to the subsoil as a
function of soil depth. In addition, the scheme shown in figure 3 has been used to model
the cross-hole test.

In figure 4 it may be seen the moment in which the front shear wave reaches the
geophone located at 9 meters depth.
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Figure 2: Dynamic Soil Properties (Borehole CH03)

Figure 3: Scheme used to model the cross-hole test
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Figure 4: Front Shear waves (left) and P-wave (right) reaching the 9m-depth geophone

The displacement over time curve for the geophone located at 9 meters depth is shown
in figure 5. From this curve, the shear wave velocity can be derived by dividing the distance
between the source and the geophone by the time of wave arrival.

By applying a horizontal pulse at the source location, the P-waves propagation may be
analyzed (figure 4).

The compression waves velocity (P-waves velocity) is derived by dividing the distance
between the source and the geophone by the time of P-wave arrival.

Figure 6 shows the comparison between the actual seismic velocities obtained in the
cross-hole test and those obtained in the model. As it may be observed from the chart, the
model-calculated seismic velocities match satisfactorily to those obtained in the cross-hole
test, with a 5% maximum deviation. It is therefore concluded that the model is capable to
accurately reproduce a cross-hole test, and even obtain dynamic parameters (e.g. Dynamic
Young’s Modulus and Dynamic Shear Modulus) from cross-hole data.

3.2 Seismic Refraction Method

The seismic refraction method is usually performed in quarries or open-pit mines in order
to make an estimate of the rock volume that may be extracted from the site. An example
of the seismic refraction method carried out in a quarry in Valparaiso (Chile) has been
modeled using the GFDM. As a result of the geophysical study, the longitudinal profile
shown in figure 7 was obtained. Basically, the subsoil was composed of three layers with a
seismic velocity that increases with depth.

In the GFDM model, it can be distinguished the refracted head waves that generate
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Figure 5: Vertical (up) and horizontal (down) displacement vs. time for geophone located
at 9 m depth

between layers 1 and 2 (figure 8), towards the upper layer. The same figure clearly shows
the refracted head waves between layers 1 and 2, and between layers 2 and 3, a step further.

The refracted head waves travel towards the upper layer (figure 9) when the waves reach
the interface between both layers at a critical angle ic, which is defined by expression 11.

sin ic =
v1
v2

(11)

where v1 and v2 are the wave propagation velocity in the upper an lower layers respectively.
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Figure 6: Comparison between actual and model-obtained seismic velocities

Figure 7: Longitudinal profile with seismic velocities
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Figure 8: Refracted head waves between layers 1 and 2 (left) and layers 2 and 3 (right)

Figure 9: Critical angle to generate refracted waves

With the aim of checking the refracted head wave angle, a simpler model with two
layers has been analyzed. This model is shown in figure 10.

The critical angle corresponding to the refracted waves is obtained from the following
seismic velocities ratio:

sin ic =
v1
v2

=
300 m/s

500 m/s
= 0.6 (12)

Therefore, the critical angle is ic = 37◦.
This angle perfectly matches with the refracted waves angle measured in the screenshots

taken from the GFDM model, shown in figure 11. It is consequently considered that this
GDFM model accurately reproduces the seismic refraction test.
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Figure 10: Model used to analyze the refracted waves angle

Figure 11: Seismic refraction screenshots

4 Conclusions

This paper describes the fundamentals of the GFDM, obtaining the explicit generalized
difference schemes for seismic wave propagation.

It has been shown the use of the Generalized Finite Difference Method to model two of
the most widespread geophysical methods used in Civil Engineering: the Cross-hole method
and the Seismic Refraction method.

It is has been concluded that a GFDM model is capable to accurately reproduce a
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cross-hole test, and even obtaining dynamic parameters (e.g. Dynamic Youngs Modulus
and Dynamic Shear Modulus) from cross-hole data.

In addition, this article shows the use of the Generalized Finite Difference Method to
accurately model the seismic refraction method, focusing on the seismic velocities and the
angle of refracted waves.
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Abstract

We investigate the shape of the windows through which stars may escape from a
galaxy modelled by a bi–symmetrical potential made up of a two–dimensional harmonic
oscillator with quartic perturbing terms. It is well known that the escape from the
potential well is governed by the unstable periodic orbits in the openings of the potential.
The unstable and stable manifolds to these periodic orbits reveal the way test particles
escape from the potential well. Our main objective is to compute accurately these
manifolds to analyze the shapes and sizes of the windows of escape, founding that they
consist of a “main window” and of a hierarchy of secondary spiral windows. This study
is performed through the study of intersections of stable and unstable manifolds in the
x− ẋ Poincaré phase plane.

Key words: Galactic potentials, Periodic orbits, Escapes, Hamiltonian systems

1 Introduction

The phenomenon of escapes from a dynamical system, especially the escape of stars from
stellar systems has been an active field of research during the last decades. In [2], Con-
topoulos explored escapes from dynamical systems representing the central part of perturbed
galaxies, with Hamiltonian

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2)− μx2y2 . (1)

This system have quadruple symmetry and four openings to infinity. Every opening is
bridged by an unstable periodic orbit called a Lyapunov orbit, which governs the escape to
infinity from the potential well. The asymptotic curves of the Lyapunov periodic orbits make
infinite rotations around some “limiting curves”. The proportion of escaping orbits and the

c©CMMSE ISBN: 978-84-608-6082-2920



ESCAPES IN QUARTIC GALACTIC POTENTIALS

direction of escape depend on the topology of the asymptotic surfaces of the Lyapunov
periodic orbits. This is investigated in [3] by Contopoulos and Kauffman. The “basins” of
escape toward different directions, and of the fast and the slow escapes for various values
of the perturbation parameter (μ) are determined. In 1996, Siopis et al. [9] performed
a numerical study of the escape properties of three two–dimensional, time–independent
potentials possessing different symmetries. It was found, for all three cases, that (i) there
is a rather abrupt transition in the behaviour of the late–time probability of escape, when
the value of a coupling parameter, μ, exceeds a critical value, μ2. For μ > μ2, it was found
that (ii) the escape probability manifests an initial convergence towards a nearly time–
independent value, p0(μ), which exhibits a simple scaling that may be universal. However,
(iii) at later times the escape probability slowly decays to zero as a power–law function
of time. Finally, it was found that (iv) in a statistical sense, orbits that escape from the
system at late times tend to have short time Lyapunov exponents which are lower than
for orbits that escape at early times. Navarro and Henrard [8] examined the shape of the
windows through which test particles may escape in the simplified Hamiltonian system (1).
Here, the authors analyzed the shapes and sizes of the windows of escape of stars from a
simplified galactic model, founding that they consist of a “main window” and of a hierarchy
of secondary windows. A very large part of the main window is actually made of “just
passing through” stars and may not be very interesting for galactic studies. Hence the
importance of the secondary windows, their intricate spiral structures and the fractality of
the basin boundaries.

Later, in 2004, Contopoulos et al. [4] studied in detail the form of the asymptotic
manifolds of a central unstable periodic orbit. The form of the escape regions and the
infinite spirals of the asymptotic manifolds around the escape regions were given, as well
as the computation of the escape rate for different values of the energy and the percentage
of orbits that escape after a finite number of iterations. The problem of the escape in
galactic potentials has been recently revisited by Zotos ([10], [11]), who has investigated the
structure of the phase space of the dynamical system described by (1).

The aim of this work is to better understand the properties of the escape of orbits in
a simple local galactic Hamiltonian describing the motion near the centre of a elliptical
galaxy. In the present work, we study the properties of the escape in the galactic system
described by the potential

W (x, y) =
1

2
(ω2

1x
2 + ω2

2y
2)− μ

[
β(x4 + y4) + 2αx2y2

]
, (2)

where ω1, ω2 are the unperturbed frequencies of oscillation along the x and y axis respec-
tively, μ > 0 is the perturbation strength, and α and β are parameters. We shall study the
case ω1, ω2 = ω = 1, that is, the 1 : 1 resonance case. The Hamiltonian to the potential (2)
is [1]

H =
1

2
(ẋ2 + ẏ2) +

1

2
(x2 + y2)− μ

[
β(x4 + y4) + 2αx2y2

]
. (3)
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We will compute the asymptotic manifolds to the Lyapunov periodic orbits in the
openings of the potential in order to show that the mechanism described in [8] is valid
also in this case. As in the simplified model described there, we show that the intricate
spiral structures of the secondary windows governs the rate of escape: there are “first order”,
infinitely winding spirals, but also “second order” spirals composed themselves of an infinity
of layers, “third order” spirals formed by an infinity of second order spirals, and so on.

Hence, in order to investigate the size, shape and properties of the regions of phase
space leading to escape, it is necessary to understand the geometry of the stable manifolds
to the “guardian” periodic orbits. We will do so by investigating the intersections of the
stable and unstable manifolds with a surface of section. This has been the strategy of
Contopoulos and coworkers ([2], [3]) and Navarro and Henrard ([8]).

Here, we revisit this method to show the relation between the infinite spiraling and
the escape. Furthermore, we show that, again, there are first order spirals, but there are
also second order spirals which are formed of an infinite number of spirals, embedded in
each other like Russian dolls, and then third order spirals, formed by an infinite number of
second order spirals, and so on.

In our analysis, we will take as surface of section the plane y = 0, and use a sixth order
expansion of the stable and unstable manifolds in order to obtain precise initial conditions
far enough from the unstable “guardian orbit” to start a safe computation of these manifolds.

2 Symmetries of the Problem

There are three different cases of the x − ẋ phase portrait in the Hamiltonian (1): (a)
α > β > α/3 (α > 0, β > 0). (b) β > α (α > 0, β > 0). (c) α > 3β (α > 0, β > 0),
or α < 0, β > 0. In all these three situations, there is, for a fixed value of the energy, a
critical value of the energy (hc) such that, for larger values of h, the potential well opens up
to infinity and test particles may escape. When α > β > α/3 (α > 0, β > 0), this critical
value is given by

hc =
1

8μ(α+ β)
.

In our analysis, we will consider the following values of the parameters of the system:
μ = 2.64, α = 1.2 and β = 0.8. The critical value of the energy associated to these values of
the parameters is hc = 0.0236742. For each larger value of h, there is an unstable periodic
orbit across the opening, bouncing back and forth between the two “walls” of the pass (see
Figure 1).

It has been long recognized ([2], [8]) that these unstable periodic orbits are, in some
sense, the guardians of the pass: orbits going through the pass are sheperded by the stable
and unstable manifolds of the periodic orbit. This can be explained in the following way: a
continuous variation of initial conditions may lead from an orbit which “bounces back” in
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Figure 1: Curves of zero velocity for μ = 2.64, β = 0.8, α = 1.2 and different values of the
energy larger than the critical value: h1 = 0.024, h2 = 0.025 and h3 = 0.026 (left panel).
As the energy of the system grows, the windows of the potential well become wider. In
the right panel, we show an orbit belonging to the stable manifold to the periodic orbit
“guarding” the upper-right opening in the potential well for μ = 2.64, β = 0.8, α = 1.2
and h = 0.024. The guardian orbit is the almost straight line barring the opening. The
orbit belonging to the stable manifold is computed backward in time starting from initial
conditions computed from a sixth order approximation.

the pass and returns inside the well to an orbit which passes through, a very non–continuous
behavior. The only way this can happen is that somewhere between these two orbits there
is a third one which stays in the pass for an infinite amount of time. Indeed, the general
solution X(x(0), t) is a continuous function of the initial condition x(0) for any finite time
t.

Due to the symmetries of the potential, the well opens up, for values of the energy
larger than the critical value hc, at four places along the diagonals of the configuration
space (x = ±y) (left panel of Figure 1). The phase space of Hamiltonian (1) is symmetric
with respect to each of the two coordinates (x, y) (and their velocities) and with respect to
time (and velocities) reversal, i.e. if (x(t), y(t), ẋ(t), ẏ(t)) is an orbit, then the following are
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also orbits
(a) x(t), y(t), ẋ(t) , ẏ(t) ,
(b) −x(t), y(t), −ẋ(t) , ẏ(t) ,
(c) x(t), −y(t), ẋ(t), −ẏ(t) ,
(d) −x(t), −y(t), −ẋ(t), −ẏ(t) ,
(e) x(−t), y(−t), −ẋ(−t), −ẏ(−t) ,
(f) −x(−t), y(−t), ẋ(−t), −ẏ(−t) ,
(g) x(−t), −y(−t), −ẋ(−t), ẏ(−t) ,
(h) −x(−t), −y(−t), ẋ(−t), ẏ(−t) .

(4)

Hence it is enough to compute the sections of the stable manifold to one periodic orbit
(let us take as (a) the stable manifold to the periodic orbit in the upper–right corner) in
order to know by symmetry the sections of the stable and unstable manifolds of the four
guardian periodic orbits. This is shown in Figure 2.

3 Computation of the Stable and Unstable Manifolds

Due to the instability of the periodic orbit, we have determined one of them for a value
of the energy slighty larger than the critical value following a geometrical approach, and
then we have continued the family of periodic orbits taking the energy as parameter. The
periodic orbit analyzed corresponds to x0 = y0 = 0.2165477494383151634, ẋ0 = −ẏ0 =
−0.0364410361567080940, and T/2 = 5.6343161357767205244, with energy h = 0.0249.

As mentioned in the introduction, the stable manifolds to the “guardian” unstable
periodic orbits form the boundaries of the escape windows we wish to analyze. For the
computation of the initial part of these stable manifolds (and of the unstable manifolds as
well), we shall follow the scheme proposed by Deprit and Henrard [6]. The stable manifold
to a periodic orbit (x∗(t), y∗(t)) of period T is represented by series

x(t, ε) = x∗(t) + εu(t) , u(t) =
∑
j≥1

εj−1e−jatxj(t) ,

y(t, ε) = y∗(t) + εv(t) , v(t) =
∑
j≥1

εj−1e−jatyj(t),
(5)

where the coefficients xj(t) and yj(t) are periodic with period T and a is the (positive)
characteristic exponent of the periodic orbit. The unstable manifold is represented by
similar series with the exponent −a replaced by +a. When ε is equal to zero, we recover
the periodic orbit. Substituting the series (5) in the differential equations derived from the
Hamiltonian (3), we obtain

ü = W ∗
xxu+W ∗

xyv +
∑
i≥1

εi−1
∑
j≥0

cji

(
∂iW

∂xj∂yi−j

)∗
ujvi ,
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Figure 2: The first intersections of the two surfaces of section (y = 0, ẏ > 0) and (y = 0,
ẏ < 0) with the symmetrics (enumerated in equation 4) of the (internal part of the) stable
manifold. The areas in medium grey correspond to orbits leaving the potential well. Areas
in light grey correspond to orbits coming from “outside” and which, as a consequence, do not
have any antecedents on the surfaces of section. Of course areas with dark grey correspond
to orbits “just passing through” the potential well.
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v̈ = W ∗
yxu+W ∗

yyv +
∑
i≥1

εi−1
∑
j≥0

cji

(
∂i+j+1W

∂xj∂yi−j

)∗
ujvi , (6)

where we have used the notation f∗ for the function f evaluated along the periodic solution
[f∗(t) = f(x∗(t), y∗(t))]. Expanding u(t) and v(t) in powers of ε, the equation (6) lead to a
recursive set of linear equations for the coefficients xk(t) and yk(t).

4 The Boundaries of the Escape Windows

We have integrated numerically and backward (using Lie series of order 20 [7]) some 1 000 000
orbits belonging to the stable manifold to the first quadrant guardian, until they cross the
hyperplane y = 0 (with ẏ > 0). The initial conditions were computed by keeping the value
of ε exp(at) fixed at 0.0001 and choosing 1 000 000 equidistant values of the initial time t.

In Figure 3 (left panel), we show the first section of the stable manifold to the first
quadrant guardian periodic orbit for h = 0.0249. By symmetry we can also plot the trace
of the unstable manifold to the third quadrant guardian (right panel). We observe that
the two “rings” intersect. Orbits starting inside both rings are coming from the lower–left
infinity and are going to the upper–right infinity. They just pass through the center of the
galaxy. On the other hand, orbits starting from one of the two crescents shown in the right
panel of Figure 3 originate inside the galaxy (and of course escape in the future by the
upper–right window), and we can consider their previous intersections with the surface of
section.

The second intersection, shown in Figure 4 (left panel), is composed of two tongues
which spiral around the stable manifold to the third quadrant guardian orbit. The spirals
are infinite, but of course we have computed (and shown in Figure 4) only a part of them.
We show also in Figure 4 the ring created by the unstable manifold to the first quadrant
orbit (Figure 2). Orbits starting inside this ring, and inside one of the two tongues, come
from infinity by the upper–right window and leave the galaxy by the same window after
two crossings of the axis y = 0. Orbits inside the tongues but outside the light blue area of
Figure 4 (right panel) have a previous intersection with the surface of section.

Following these latter orbits backward, we compute the third section (see figure 5).
It is composed of two “simple” tongues. The tongues are “Russian dolls”, composed of
“subtongues” embedded inside each other. Only a few of these subtongues have been
computed, but there are an infinity of those subtongues. All these tongues are infinitely
winding around the stable manifold to the first quadrant guardian (already shown in Figure
3). Orbits starting inside this later manifold (in the area shown in dark blue grey) are those
which escape directly by the first quadrant window.

The fate of the orbits starting inside the complex tongues alternates according to the
parity of the number of subtongues in which they are embedded. Those starting from the
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Figure 3: First section (y = 0, ẏ > 0) of the stable manifold to the first quadrant guardian
periodic orbit (on the left panel). On the right panel we have also reproduced (in light blue)
the section of the unstable manifold to the third quadrant periodic orbit. The area inside
both sections corresponds to orbits coming from infinity from lower left, passing through
the potential well once, and dissppearing to infinity to the upper right. The two remaining
crescents (in white) will have antecedents on the surface of section (Figure 4).
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Figure 4: Second section (y = 0, ẏ < 0) of the stable manifold to the upper–right guardian
periodic orbit (left panel). The section is composed of two tongues, images of the two
crescents of the right panel of Figure 3, winding around the stable manifold to the third
quadrant periodic orbit (shown in dark blue). Also shown (in light blue) is the section of
the unstable manifold to the upper–right guardian periodic orbit.
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Figure 5: Third section (bt y = 0, ẏ > 0) of the stable manifold to the first quadrant
periodic orbit. The section is composed of two complex tongues, “russian dolls” composed
of an infinity of “subtongues” embedded inide each other. All these tongues wind around
the stable manifold to the first quadrant (in light blue in left panel). In the right panel, we
also represent in dark blue the unstable manifold to the third quadrant periodic orbit.

area shown in grey in Figure 5 are mapped on the pieces of the tongues of section 2 which
are not inside the light blue grey area (right panel of Figure 4) and thus escape by the
upper–right window after two crossing of the surface of section.

We also reproduce on Figure 5 the trace of the unstable manifold to the third quadrant
periodic orbit (shown in light blue grey in the right panel of Figure 3). Orbits inside it and
inside the tongues come from infinity by the lower–left window; the others have antecedents
on the surface of section and we could compute them backward to a fourth intersection with
the surface of section. The result of this intersection is shown in Figure 6. As we see, the
scheme is the same as before.

5 Conclusions

In this paper, we study the properties of the escape of orbits in a simple Hamiltonian model
describing the motion near the centre of an elliptical galaxy. For certain values of the
energy, the potential well opens up to infinity and test particles may escape. Every opening
is bridged by an unstable periodic orbit called a Lyapunov orbit, which governs the escape
to infinity from the potential well. The sets of escaping orbits are limited by the stable
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Figure 6: Fourth intersection (by y = 0, ẏ < 0) of the stable manifold to the first quadrant
periodic orbit. As in Figure 5, the section is composed by complex tongues composed of
an infinity of subtongues embedded inside each other. All these tongues wind around the
stable manifold to the third quadrant periodic orbit.

and unstable manifolds to these periodic orbits. In [8], Navarro and Henrard computed the
intersections of these manifolds with a surface of section in order to clarify the shapes and
sizes of the windows of escape of stars. We found that in the system given by Hamiltonian
(1), these windows consist of a “main window” and of a hierarchy of secondary windows.
A very large part of the main window is actually made of “just passing through” stars and
may not be very interesting for galactic studies. Hence the importance of the secondary
windows, their intricate spiral structures and the fractality of the basin boundaries.

Here, we have analyzed the same problem in a more complex Hamiltonian, given by
(3). We have also investigated the intersections of the stable and unstable manifolds to
the guardian periodic orbits with a surface of section, just to find the same mechanism
governing the escape from the potential well. As in Hamiltonian (1), we have shown that
the intricate spiral structures of the secondary windows governs the rate of escape: there are
“first-order”, infinitely winding spirals, but also “second order” spirals composed themselves
of an infinity of layers, “third order” spirals formed by an infinity of second order spirals,
and so on.

However, we have found some differences in the number of “main” tongues in the third
intersection of the stable manifold to the upper–right guardian periodic orbit with the
surface of section y = 0, ẏ > 0. This is a consequence of the geometric shape of the tongues
in the second section (y = 0, ẏ < 0) of the stable manifold to the upper–right guardian
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periodic orbit (see Figure 4, left panel), and the way this curve intersects with the unstable
manifold to the upper–right guardian periodic orbit. In the case of Hamiltonian (1), the
intersections originate four tongues, two simple and two complex. Here, there are only two
complex tongues, composed of “subtongues” embedded inside each other. In spite of the
fact that these geometric differences between both problems exist, we have found the same
mechanism to explain the escape of stars from the potential well.

References

[1] N. D. Caranicolas, Ch. L. Vozikis, Order and chaos in galactic maps, Astron.
Astrophys. 349 (1999) 70.

[2] G. Contopoulos, Asymptotic curves and escapes in Hamiltonian systems, Astron.
Astrophys. 231 (1) (1990) 41–45.

[3] G. Contopoulos, D. Kaufmann, Types of escapes in a simple Hamiltonian system,
Astron. Astrophys. 253 (2) (1992) 379–388.

[4] G. Contopoulos, K. Efstathiou, Escapes and Recurrence in a Simple Hamiltonian
System, Celest. Mech. Dyn. Astron. 88 (2) (2004) 163–183.

[5] A. Deprit, J. Henrard, A manifold of periodic orbits, Adv. in Astron. and Astro-
phys. 6 (1968) 1–124.

[6] A. Deprit, J. Henrard, Construction of orbits asymptotic to a periodic orbit, Astron.
J. 74 (1969) 308–316.

[7] A. Deprit, J. F. Price, J.F., Numerical integration by recurrent power series, As-
tron. Astrophys. 1 (1969) 427.

[8] J. F. Navarro, J. Henrard, Spiral windows for escaping stars, Astron. Astrophys.
369 (2001), 1112–1121.

[9] C. Siopsis, H. E. Kandrup, G. Contopoulos and R. Dvorak, Universal proper-
ties of escape in dynamical systems, Celest. Mech. Dyn. Astron. 65(1-2) (1996) 57–68.

[10] E. E. Zotos, Trapped and escaping orbits in an axially symmetric galactic–type po-
tential, PASA 29 (2012) 161–173.

[11] E. E. Zotos, Escape dynamics in a Hamiltonian system with four exit channels, Non-
linear Studies 22 (3) (2015) 1–20.

c©CMMSE ISBN: 978-84-608-6082-2931



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Accelerating Microrheology models on HPC architectures

Gloria Ortega1, Antonio M. Puertas2 and Ester M. Garzón1

1 Group of Supercomputation-Algorithms, Dpt. of Informatics, ceiA3, Univ. of Almeŕıa,
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Abstract

Complex fluids are characterized with both solid and fluid proprieties by their elas-
ticity and viscosity, or rheological properties. The flow of complex fluids is a focus of
interest in a very wide range of applications in biophysics and soft matter, such as prob-
lems involving live cells, processing of plastic, glass, paints, foods, oil recovery and so on.
The development of these applications needs the estimation of the rheological properties
of soft materials. Recently, microrheology has been developed as an accurate technique
to obtain rheological properties in soft matter from the microscopic motion of colloidal
tracers used as probes, either freely diffusing in the host medium (passive), or subjected
to external forces (active). A drawback for these techniques is their hight computa-
tional cost. Therefore, the use of high performance computing is mandatory to develop
the microrheology models. In this work, the parallelisms involved in the microrheology
computation and the heterogeneous platforms which optimize the performance of these
models are analysed.

Key words: microrheology, heterogeneous computation, high performance applica-
tions

1 Introduction

Rheology is the study of the flow properties of matter, particularly of soft matter, which
shows complex behaviour, identified by non-linear curves in the stress vs. velocity of strain;
typical examples are paints, corn starch, polymer melts and so on. It is therefore an in-
terdisciplinary subject, spread between different communities including chemical engineers,
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physicists, material scientists and chemists [1]. Rheological models try to provide (macro-
scopic) constitutive equations for a particular material based on first principles at the mi-
croscopic level. Microrheology, on the other hand, was proposed almost twenty years ago as
an alternative technique to obtain rheological properties in expensive, or difficult to obtain
samples. In microrheology, one uses the microscopic motion of colloidal tracers used as
probes, either freely diffusing in the host medium, or subjected to external forces [6], but
the theoretical analysis is rather involved.

A relevant drawback of the Microrheology models is their high computational costs [1].
From the computational point of view, these models are defined as a hierarchy of tasks
with high computational cost which can be executed in parallel. Therefore, the use High
Performance Computing (HPC) can help scientists and engineers to develop and apply
Microrheology models. It is due to the HPC can strongly reduce the execution time of
them.

Nowadays, HPC architectures are characterized by the heterogeneity of their resources.
The modern supercomputers consist of clusters of multi-core nodes which include acceler-
ator devices such as GPUs 1. Current stand-alone computers present tremendous power,
thanks to technological and architectural advances and they could be considered as desktop
supercomputers if their heterogeneous resources could be appropriately exploited [4]. These
architectures, based on multi-core processors, belong to the classical category of shared-
memory computers in HPC. There are standard paradigms and programming tools that
allow programmers to fully take advantage of their power easily. Usually, they also include
GPUs as accelerator resources to take advantage of the several kinds of parallelism in appli-
cations. GPUs offer massive parallelism and provide outstanding performance-to-cost ratio
for scientific computing.

Therefore, modern architectures provide the resources which are required by the Mi-
crorheology models. In this work, a particular active Microrheology model is analysed and
taken as a prototype in this field. Colloidal systems are considered as hard spheres systems
whose rheological are computed by the study of the dynamic of a tracer particle. Several
parallelism levels are identified and related to the computational resources which allow their
parallel execution. The bottom level parallelism which can be managed on the GPUs plat-
forms is our main focus of interest. So, a GPU version of the procedure to compute the
tracer trajectory is evaluated.

2 Description of the problem

The study of the rheological properties of soft matter at the microscopic scale using colloidal
tracers, is termed microrheology. Here, we tackle the problem of microrheology in colloidal

1http://www.top500.org/lists/2015/11/
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systems of hard spheres by means of particle simulations, and study the applicability of
GPU programming in the acceleration of the obtention of the tracer trajectory.

In the simulation of Brownian systems, a friction force with the solvent and a random
force must be considered in addition to the direct interaction forces. The friction force is
proportional to the particle-particle velocity, and the random force is linked to the friction
coefficient via the fluctuation dissipation theorem [2]. The final equation for particle j reads,

m
d2�rj
dt2

=
∑
i

�Fij − γ0
d�rj
dt

+ �ηj(t)
(
+�Fext

)
(1)

The last term is a constant external force that is applied only to the tracer particle
(all particles undergo Brownian motion, but only the tracer is pulled). The simulations are
run in a cubic box, with N particles and periodic boundary conditions. All bath particles
have the same mass, m = 1, and radius, a = 1, and the thermal energy is kBT = 1. The
tracer has mass mt = 1 and radius at > a. The density of the bath is given by the fraction
of the volume occupied by the particles, φ = 4/3πa3n, where n is the number density;
in our system the volume fraction is fixed to φ = 0.50. The solvent friction coefficient of
particle i is set to γ0 = 5ai

√
mkBT/d. Time is measured in units of the bath Newtonian

microscopic time a
√
m/kBT . The equations of motion are integrated with a time step of

0.0005a
√

m/kBT using an extension of the velocity Verlet algorithm to include random
forces [5], integrating the friction forces analytically.

Particle-particle interactions are given by an inverse power potential, with a large ex-
ponent; V (rij) = kBT (r/dij)

−36, where dij is the center to center distance (dij = (ai + aj),
where ai is the diameter of particle i. Due to the short range of this interaction potential,
its cut-off radius is set to ai + aj + a, what allows the use of typical procedures to speed up
the calculation, such as cell or Verlet lists. Despite this, the calculation of the forces is the
most time-consuming part of the code.

In our simulations of microrheology, the system with the (large) tracer particle is equili-
brated, and at time t = 0 the tracer is pulled with a constant force through the system. The
main output of the simulation is the trajectory of the tracer, that yields the effective friction
coefficient from its average velocity, using the relation �Fext = γeff〈�v〉, valid for the stationary
regime. The tracer is allowed to travel through the simulation box more than once (obeying
the periodic boundary conditions), as we could not identify any different behaviour between
the first and consecutive passages. Fig. 1 shows several individual trajectories, and the inset
presents a snapshot of the system.

Because the tracer is much larger than the bath particles, finite size effects are possible.
The periodic boundary conditions in fact simulate the dynamics of a cubic array of tracer
particles immersed in a Brownian bath. Theoretical analysis within the (continuous model)
Navier-Stokes equation predicts a linear dependence of the inverse friction coefficient with
the inverse system size, L, for vanishing forces [3]:
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Figure 1: Five trajectories of the tracer (thin lines) and average trajectory (thick line). δz(t)
axis represents the tracer advance in the �Fext direction at the instant t. Inset: Snapshot of
the system with the tracer marked in red, and all particles in front of it removed to allow
observing the tracer. The arrow indicates the external force applied only to the tracer.
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1

γeff
− 1

γ∞
∝ 1

L
(2)

where γ∞ is the effective friction coefficient for an infinitely large system, which is the
quantity we are seeking. The procedure to obtain γ∞ from simulations is thus to run
simulations with different system sizes and extrapolate 1/γeff linearly for 1/L → 0. This
extrapolation is tricky as small errors in the determination of γeff for finite L imply large
errors in γ∞ given the long distance between the data and the 1/L = 0 axis. It is therefore
desirable to run simulations with L as large as possible, in a reasonable time, to reduce this
error. Notice that N = 3φL3/(4πa3).

3 Computational analysis and parallel implementation

The goal of the model described in Section 2 is the computation of the macroscopic propriety
of the colloidal system, γeff. So, to obtain γeff the following nested iterative procedures in
bottom-up order have to be computed:

• A tracer trajectory in the �Fext direction, referred as TTi(N) for a specific number of
particles and its corresponding system size, L.

• The average of TT (N) according to random decisions (i) to advance in the �Fext di-
rection, for a specific value of N .

• The average of TT (N) for several values of N to extrapolate γeff according to Equation
2.

Therefore, there are three parallelism levels in the model. In this work, our focus is to
accelerate the computation of every tracer trajectory, at bottom level. Then, a time stepping
procedure is applied to compute the location of the tracer particle after a differential time
interval. At every time step, two main tasks are completed: (1) identifying of the neighbors
of N particles; and (2) evaluating of the locations and velocities of the N particles according
to the particle-particle interactions among the neighbor particles defined by Equation 1. The
complexities of both tasks are O(N2) and O(N), respectively. So, the first task consumes
most of the time. However, it is only computed when a relevant movement of particles is
detected in the previous time step.

As above mentioned, to achieve accurate values of γeff, it is mandatory the study of
simulations for large L values, that is, large particles number in the system (N). For large
values of N , it is worth to accelerate both tasks on the GPU platforms.

Therefore, Microrheology problems with several sizes have been executed and evaluated
on a platform with a GPU. Obtained results in terms of performance have shown the
advantages of the GPU computing to accelerate this kind of problems when N is large
enough.
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Abstract

Our goal is to gain a detailed understanding of melting processes occurring under
high pressure. As a first model system we have chosen Argon as a (under ambient
condition) very weakly bound system. I will give an overview about our approach while
presenting results for the melting of bulk Ar as well as finite clusters of Ar atoms for
pressures of up to 100 GPa.

At the heart of all studies is an accurate, while computationally efficient descrip-
tion of the interaction potential for systems of N atoms [1]. For rare gases a standard
many-body expansion of the interactions works well, with the two-body data fitted to
an extended Lennard-Jones form to guarantee for computational efficiency [2] . Sum-
ming over all two- and three body contributions (derived from highly accurate ab initio
data) yields converged results. The dynamics is then performed on the accurate poten-
tial surfaces via classical Monte Carlo (MC) simulations. The parallel-tempering MC
version allows for a simultaneous propagation at several temperatures and for infor-
mation exchange between the runs at different temperatures by configuration swaps.
This is a very efficient way to get the needed thermodynamics quantities, here the inner
energy/enthalpy and heat capacities [3, 4].

For the pressure studies our MC melting approach was extended to an isobaric,
isothermal ensemble. For an isobaric sampling, in addition to randomised atom moves
one has to allow for volume moves, allowing the volume to adapt for the given pressures
and temperatures. These volume moves are straightforward for the bulk which is mod-
elled as an extended, infinite system via periodic boundary conditions: We can simply
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vary the volume of the chosen simulation cell. For finite number clusters, however, the
volume definition itself is not straightforward, and several possible volume definitions
were tested against each other for clusters of several hundreds of atoms. These cluster
sizes were shown previously to already allow for an extrapolation to the bulk limit in
the ambient pressure regime [3, 4].

Results for the melting of solid Ar under high pressures of 1-100 GPa are found to
be very accurate and probably exceeding experimental accuracy [5]. In contrast, for Ar
clusters the need to include the environment as the medium to convey the pressure is
demonstrated. Different volume definitions for the ’bare’, environment-free clusters are
working well for ambient and slightly elevated pressures up to the MPa regime, but start
to fail spectacularly for pressures in the high pressure region. Possible ways forward are
discussed.

Key words: Melting, Parallel-tempering Monte Carlo, High Pressure, Rare Gases
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Abstract

The so called Eshelby inhomogeneity or inclusion problem constitutes a crucial tool
in the theory of composites and micromechanics [1]. Eshelby showed that the strain and
stress interior to an isolated elliptical (2D) or ellipsoidal (3D) inhomogeneity embedded in
an infinite homogeneous medium Ω subjected to uniform strain or traction in the far field,
will also be uniform. This property, also called the Eshelby uniformity property, has been
studied by many since then because it can model numerous phenomena in materials science,
such as phase transformations in solids or the thermal expansion problem, as well as being
useful as a simple modelling tool for inhomogeneous media [6]

In the case of non-uniform far field conditions, Eshelby showed that if the loading is
a polynomial of order n, the interior field is characterized by a polynomial of the same
order. This is often called Eshelby’s polynomial conservation theorem. Mura ([4]) gives
further details of this theory and develops a method of solution based on multipole expan-
sions in order to evaluate the induced strain field in an ellipsoidal inhomogeneity using the
eigenstrain concept.

In many applications however, heterogeneities are not isolated, since boundary effects or
other inhomogeneities influence interior fields. Furthermore inhomogeneities are frequently
non-ellipsoidal, particularly for more modern advanced materials applications. Therefore,
new improved, predictive methods are required in order to characterize interior fields in
composites incorporating inhomogeneities of arbitrary shape for general imposed fields.

Here, a new method is developed in order to approximate the interior fields inside
isolated inhomogeneities of arbitrary shape with prescribed polynomial far field conditions.
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It is introduced in the context of the two dimensional potential problem (with applications
in electrical conductivity and permittivity, magnetic permeability, and elsewhere) but is
extendable to three dimensions, and to incorporate interaction and boundary effects. The
latter will be discussed in future work. The method begins with the integral equation form
of the problem and relies upon series approximations of solutions and the ability to evaluate
specific integrals that arise in this context.

To fix ideas the discussion shall focus on the steady state heat conduction problem and
the equation governing temperature φ in an unbounded homogeneous medium Ω ⊂ R2, in
which is embedded a single, isolated inhomogeneity V (for now of general shape and with
surface ∂V ) satisfying

∂

∂xj

(
Kij(x)

∂φ

∂xi

)
= 0 in Ω (1)

where the assumption is that no heat sources are present. Repeated indices implies sum-
mation and since the problem is two dimensional, x = (x1, x2). The inhomogeneous con-
ductivity tensor has components

Kij(x) = K1
ijχ(x) + K0

ij(1 − χ(x))

where χ the characteristic function associated with the inhomogeneity V and K0
ij and K1

ij

are the respective uniform conductivity tensors of the host and the inhomogeneity.
The equation can be written in integral form by introducing the associated free-space

Green’s function of the host phase G, defined via the governing equation

∂

∂xj

(
K0

ij(x)
∂G

∂xi

)
+ δ(x − y) = 0, (2)

where δ(x) is the Dirac Delta function, in addition to the far-field condition lim
x→∞G(x) = 0.

It is then straightforward to show that for every y ∈ V

ei(y) = e∞i (y) + (K1
kj − K0

kj)
∂2

∂yi∂yj

∫
V

ek(x)G(|x − y|) dx (3)

where the ith component of the temperature gradient has been defined as ei = ∂φ
∂xi

and e∞i =
∂φ∞
∂xi

, with φ∞(y) the solution to the equivalent problem satisfying (1) with no inhomogeneity
present. For isotropic materials (3) becomes

ei(y) = e∞i (y) + (κ1 − κ0)
1

2πκ0

∂2

∂yi∂yj

∫
V

ej(x) ln |x − y| dx (4)

where κ1 and κ0 are the thermal conductivities of the inhomogeneity and host regions
respectively.
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In this work a technique is introduced that can be employed for the prediction of
interior fields ei(y) for general shaped inhomogeneities V . This method is based on the
integral equation method introduced in [5] and extended in [3]. More specifically, assuming
that the imposed temperature field has the form of a polynomial of order M + N , i.e.

φ∞(x) = β10x1 + β01x2 +
M∑

m=1

N∑
n=1

1
m!n!

βmnxm
1 xn

2 , βmn ∈ R, (5)

the form of the interior field is to be determined. For this purpose the following polynomial
expressions within V are posed, of order M + N ,

φ(x) = α10x1 + α01x2 +
M∑

m=1

N∑
n=1

1
m!n!

αmnxm
1 xn

2 , (6)

noting that generally M + N �= M + N .
A number of restrictions on the form of the constants αmn, βmn already exist since φ

and φ∞ are harmonic functions. A linear system for the determination of αmn given βmn

arises by substituting (6) and (5) into (4). That this is possible is due to being able to
determine forms for the following integral expressions that arise in the governing equation,
being denoted by

κ0J
δξ(y) =

1
2π

∫
V

xδ
1x

ξ
2 ln |x − y|dx. (7)

The so called generalized Hill tensor is defined by

P δξ
ij (y) =

∂2Jδξ(y)
∂yi∂yj

, (8)

generalized in the sense that the δ = ξ = 0 case refers to the classical Hill tensor [6]. A
polynominal approximation to (7) is posed in the form

κ0Jδξ(y) = Dδξ
00 + Dδξ

10y1 + Dδξ
01y2 +

P∑
p+q=2

Dδξ
pq

p!q!
yp
1y

q
2

= aδξ
0 (ρ) +

P∑
m=1

(
aδξ

m(ρ) cos(mθ) + bδξ
m(ρ) sin(mθ)

)
,

(9)

where the latter form is determined by writing x = ρ(cos θ, sin θ), i.e. in cylindrical polar
coordinate form, and aδξ

m , bδξ
m are specified in terms of Dδξ

ij and ρ.
Now exploit orthogonality, setting ρ = 1 without loss of generality and applying the

following integral operator to (7) and (9) and equating these,

L(A,m) : L1([0, 2π]) �−→ (−∞,+∞)

f �−→
∫ 2π

0
f · (A cos mθ + (1 − A) sin mθ) dθ.
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with A = 0, 1 as required. This permits the determination of Dδξ
ij for a given V .

Finally therefore, employ the polynomial form (7) together with (6) and (5) in (4)
which, upon equating coefficients of each order in the polynomials specifies a linear system
for the unknowns αij . Therefore the temperature φ in V (not necessarily elliptic) can be
determined for a prescribed φ∞.

In this work the construction above will be implemented, determining the temperature φ
for a given φ∞ induced on inhomogeneities with several non-elliptical shapes. In particular,
this also allows us to confirm Eshelby’s polynominal conservation theorem.
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Abstract

We describe a Global Optimization (GO) strategy in which we search for the min-
imum energy geometry of several cluster species simultaneously. A relative index of
thermodynamic stability is used to compare energies of different species. We show the
results for 38 SnmOn cluster species (m + n ≤ 18). Except for Sn8O10, the nine most
stable species have m = n or m = n± 1. The global minima structures are open struc-
tures with alternating Sn and O atoms. Coordination numbers range between 2 and 7
for Sn atoms and are 3 for most oxygen atoms.

Key words: template, instructions
MSC 2000: AMS codes (optional)

1 Introduction

Molecular geometry is a central concept in chemistry. It is hard to make sense of molecular
properties or chemical reactivity without knowing where atoms are in a molecule! Cluster
geometries present particular challenges. In experiments, clusters often exist in a broad
range of size and composition and are found in extremely low concentrations. Only a few
experimental techniques give structure sensitive information about clusters. Notable among
them are photoelectron spectroscopy (PES)[1] and infrared photodissociation spectroscopy
(IR-PD)[2, 3]. In recent years, those two techniques have been combined with Density
Functional Theory (DFT) to give rich structural information on many cluster species. For
instance, there have been PES studies of B−

n [4], CoB−
16[5], Au−

26[6], Au2(AlO)2[7], Ta2B−
6 [8],
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and metal-centered M@B−
n wheels[9]; and IR-PD studies of Co+

n (n =3–8)[10], SinC+ (n =3–
8)[11], AuSi+n (n =6–11)[12], Ru+

n (n =7–9)[13], and Rh+
8 [14]. DFT results depend, as al-

ways, on the exchange-correlation model that is used, on basis sets and/or pseudopotentials,
and a number of other approximations (e.g., neglect of spin-orbit coupling) and numerical
parameters. In addition, they depend critically on the quality of the global optimization
(GO).

In the next section we describe a general GO strategy which we combine with DFT
to search for the global minima (GM) of clusters. We typically use standard methods of
DFT, such as the PBE functional[15] and SDD pseudopotentials[16] with their correspond-
ing Gaussian basis sets[17] to study several cluster species. Our emphasis is on trends in
structures and energies of neutral clusters as a function of size and composition. We also try
to discover, by computation, clusters with unusual stability — so-called “magic clusters”.

In the last section we discuss recent results on 38 tin oxide cluster species.

2 Parallel Global Optimization

Computational studies normally look at groups of clusters, e.g., M13[18], Snn (n = 6–20)[20],
Agn (n = 4–20)[21], (MgO)n (n = 3–16)[22]. Typically, GO is performed independently
for each species. But clusters within a group are often similar: the GM of Agn (n >
6) are all polytetrahedra, none of the (MgO)n GM has any Mg-Mg or O-O bond, Cn

(n ≥60) are all cages, etc. So it may be advantageous to optimize all species in a group of
clusters concurrently. This is what we do, using an evolutionary strategy similar to a genetic
algorithm[23] and operations like “add an atom”, “delete an atom”, and “transmute atom of
element X to element Y”, to make child clusters “C” with a different chemical composition
than their parents. A good solution for one species can then be used to find good solutions
for other species. We also have mating and mutation operations that change the geometry
but not the chemical composition, of course. Details can be found elsewhere[24].

Another key feature is the way we implement a memetic algorithm[25]. Every child
cluster C obtained by a mating or mutation operation undergoes local optimization using
an auxiliary model potential F (X), not DFT. This avoids wasting time on geometries with
unphysical bond lengths, and avoids the costly DFT minimizations of basin-hopping[19]. In
our method, DFT calculations are done only for configurations that are near local minima
— how near those are to DFT minima depends on the quality of the model potential F (X)
— and at the very end, for local optimization of a select few geometries.

Taboo-like penalty terms is another key element of our approach. When cluster “C” is
created, we compare it to all previous configurations “Xj” of that species visited so far. If C
is too similar to some Xj , we reject it. This avoids repeating costly DFT calculations for the
same, or similar, solutions. At the start of a GO run, a modest degree of similarity is enough
to reject C. This emphasizes exploration. A progressively tighter similarity criterion is used
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to gradually shift emphasis from exploration to exploitation. Near the end, the search is
confined near the best solutions, often creating children that differ from their parents by a
single bond being made or broken.

3 SnmOn clusters

In bulk, tin oxide exists as stannous oxide (SnO) with 4-coordinate square pyramidal Sn
atoms, and stannic oxide (SnO2) with coordination numbers 6 and 3 for Sn and O, respec-
tively. Small clusters SnmOn could in principle exist in a variety of stochiometric ratios
m/n. We wish to find what are the favored species in small SnmOn clusters and uncover
structural and energetic trends.

We did two runs of parallel GO, one with 2 ≤ m ≤ 6 and 2 ≤ n ≤ 6 (25 species) and
6000 iterations in total, the other with m = 7, 8 and 4 ≤ n ≤ 10 (14 species) and 10000
iterations in total. This was followed by local optimizations for the L best isomers of each
species, with L =8 to 12 in all but the smallest species. All calculations were performed with
Gaussian09[17], the PBE functional[15], and the SDD pseudopotential[16] and associated
basis sets[17]. Sn2O4 failed to reach convergence and will be ignored in the following.

The 38 GM, and the 27 isomers found within 1 eV of GM, are open structures with
few Sn-Sn or O-O bonds. Figure 1 shows the GM structures of the 9 most stable cluster
species. Most oxygen atoms (in grey) have a coordination of 3, but 2 and 4 are also fairly
common. The coordination numbers of Sn atoms range from 2 (e.g., Sn7O7) to 7 (see
Sn8O9). Distorted cubes of alternating Sn and O show up in Sn4O4 and other clusters
(e.g., Sn7O7). The GM of Sn4O3 (not shown) is a distorted cube with a missing O atom.
Distorted Sn2O2 squares are a common motif. A few clusters (e.g., Sn7O6) have a distorted
cage-like structure.

We quantify the degree of short-range mixing with a variable M6,

s = (1/Ns)
s∑

i>j

(dij/(Ri + Rj))
−6 (1)

d = (1/Nd)
d∑

i>j

(dij/(Ri + Rj))
−6 (2)

Ns = m(m − 1)/2 + n(n − 1)/2 (3)
Nd = mn (4)
M6 = d/(d + s) (5)

Ri is the atomic radius of the element, Nd is the number of MgO pairs, and the superscript
d (“different”) on the summation sign indicates a sum over MgO pairs only. Likewise Ns

and the superscript s (“same”) are for MgMg and OO pairs. We define M12 like M6 but
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with −12 as the power. The M6 of the GM are high, they range from 0.62 to 0.85. On
average, the M6 or low-lying isomers are comparable to those of the GM.

We calculated energies E(m, n) < 0, including the zero-point energy, relative to disso-
ciated atoms:

mSn + nO → SnmOn E(m, n) (6)

In order to make comparisons, we fitted a simple function to the E(m, n)

E(m, n) ≈ F (m, n) = mESn + nEO (7)

where ESn and EO, the parameters of the fit, are the negative of mean cohesive energies.
We get ESn = −3.266 eV and EO = −4.100 eV. Next we define the actual-minus-fit energy
difference D, and a dimensionless relative index of thermodynamic stability R[24].

D(m, n) = E(m, n) − F (m, n) (8)

R(m, n) =
D(m, n)
|F (m, n)| (9)

R(m, n) is close to zero on average, negative for cluster species that are stable relative to
others, and positive for unstable ones. Table 1 shows D(m, n), R(m, n), M6, M12 and the
atomization energy (AE) for the 9 cluster species with smallest R. Their average M12 is
0.921 compared to 0.858 for the set of 38 GM. Clearly, highly mixed clusters are energetically
favored. It is also clear that cluster species with m = n are energetically favored (Sn6O6

ranks 15th in stability out of 38).
We divided the 38 species into four quartiles by rank of their R(m, n), 1 to 9, 10 to 19,

20 to 29, and 30 to 38. Table 2 shows mean values for each quartile.
SnmOn clusters get more stable as they get bigger, closer to a 1:1 stochiometric ratio,

and better mixed. Those effects are large. For instance, the difference in D(m, n) between
Sn8O5 and Sn7O6 is 1.70 − (−1.79) = 3.49 eV (0.27 eV/atom). To further quantify this,
we define N = m + n, the composition difference cd = |m − n|, and the composition ratio
cr = Max(m/n, n/m). The result of linear regressions of R(m, n) with respect to those
variables and M6 are summarized in Table 3. The clearest trends are increasing stability
(smaller R) as cr decreases and approaches 1 (SnmOm species), and increasing mixing index
as cr decreases (see Figure 2). We rationalize this as a finite-size effect. In small SnmOn

clusters the only geometries with large M6 that satisfy basic constraints have m ≈ n. In
particular, (SnO2)n can not be well mixed when n is small. Since ionic bonding increases
with mixing, m ≈ n clusters are more stable. In the bulk limit, there is a well-mixed
geometry with n/m = 2 — the rutile structure of SnO2. It would be interesting to find out
the smallest n at which (SnO2)n becomes stable.

http://pirweb.edv.uniovi.es/webcmmse/index.php
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Table 1: Stability indices D and R, mixing indices M6 and M12, and atomization energy
(AE, in eV) for the nine most stable cluster species.

m.n D(m, n) R(m, n) M6 M12 AE
(eV) (eV)

1 7.7 −3.58 −0.0695 0.827 0.952 55.14
2 8.9 −3.94 −0.0626 0.826 0.939 66.97
3 8.7 −2.89 −0.0525 0.772 0.902 57.70
4 7.8 −2.89 −0.0519 0.830 0.939 58.55
5 8.10 −3.43 −0.0511 0.818 0.912 70.55
6 5.5 −1.75 −0.0477 0.821 0.943 38.58
7 4.4 −1.37 −0.0464 0.784 0.907 30.83
8 8.8 −2.34 −0.0397 0.791 0.918 61.26
9 7.6 −1.79 −0.0378 0.759 0.881 49.25

Table 2: Stability index (R), mixing index (M6), size (m+n), and |m−n| for the 38 global
minima divided in quartiles using R.

quartile Mean(R) Mean(M6) Mean(m + n) Mean(|m − n|)
1 −0.051 0.803 14.0 0.67
2 −0.010 0.783 12.1 1.50
3 +0.056 0.740 8.7 1.90
4 +0.152 0.677 7.0 2.56

Table 3: Linear regressions of the stability index R vs N , cd, M6 and cr, and of M6 vs cr.

intercept slope correlation
coefficient

R vs N 0.192 −0.015 −0.70
R vs cd −0.026 0.038 +0.57
R vs M6 0.624 −0.781 +0.67
R vs cr −0.151 0.123 +0.82
M6 vs cr 0.895 -0.095 −0.74

c©CMMSE ISBN: 978-84-608-6082-2948



Tin Oxide Clusters

4 Figures

Fig. 1. Global minima structures of the nine most stable SnmOn cluster species, m.n =
7.7, 8.9, 8.7, 7.8, 8.10, 5.5, 4.4, 8.8, and 7.6 (Sn=white, O=grey).
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Fig. 2. Correlations between stability index R, mixing index M6 and composition ratio cr.
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C. Pérez1, F. Beńıtez-Trujillo1 and J. B. Garćıa-Gutiérrez1
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Abstract

This paper proposes a new approach to stabilize switched linear systems. In this
method, the projections are employed to establish the stabilization of a switched systems
class. Hence, we suppose that the subsystems given by a switched linear system can be
projected to the same subspace. Under these conditions, we prove that this switched
linear system is stabilizable if and only if a low-order switched linear system is also
stabilizable. In order to complete this study, we present a counter example that proves
that it is not always possible to use the projections. Moreover, the main result in
the paper is applied to solve the stabilization of a third-order switched systems class.
Finally, a numerical example is included in order to illustrate the new method obtained
to stabilize a third-order switched systems class.

Key words: Projections, Stabilization, Switched systems, Conic switching law

1 Introduction

In recent years, the study of switched systems has received more and more attention; see,
e.g., [6], [7], [11], among many others. This is because switched systems have strong ap-
plications in Control Theory. One of the main issues in the study of switched systems is
stability.

The problems of stability of switched systems include two aspects: one is how to make
switched systems stable or stabilized under arbitrary switching law, where each switching
subsystem is required to be stable (see [6], [8], [12]). One of the main results is obtained in
[5], where it is shown that the switched linear system is exponentially stable under arbitrary
switching laws if the Lie algebra generated by the subsystems is solvable. In particular, this
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implies that the matrices can be written in a triangular form, then the system is stable
under arbitrary switching. However, for the nonlinear case, as demonstrated in [1], the
triangular structure alone is not sufficient for stability.

The second aspect of the stability is how to design a switching law under which switched
systems are stable or stabilized, where each switched subsystem is unstable or unstabilizable.
We can find some conditions that guarantee the existence of a stabilizing switching law ([4],
[13], [14]). For second-order switched systems, methods for stabilizing switched systems have
been presented ([2], [3], [15]). In [2] and [15] there are necessary and sufficient conditions
that solve the problem of stabilization of switched systems consisting of unstable second-
order linear subsystems. Furthermore, the papers [3] and [9] employ these ideas to study
the nonlinear case and solve the linear case for two subsystems with different equilibrium
types.

In this paper, we present a new result about the stabilization of a switched systems class.
This new result establishes that the stabilization of these switched systems is equivalent
to the stabilization of a low-order switched system. Hence, in this case, the problem of
stabilization is reduced to study switched systems in a lower dimension.

As an application of this result, the results in [2] and [15] are used to study the sta-
bilization of higher order switched systems by projecting the trajectory of the system to
some 2-dimensional subspaces. We find these subspaces and establish conditions for their
existence.

The remainder of this paper is organized as follows. In Section 2 the problem is formu-
lated and a preliminary result is enunciated. Section 3 deals with the main result aforemen-
tioned. In Section 4 we present a counter example of the extension of the main result to
another switched linear systems class. In Section 5 the application of the result in Section
3 to the stabilization of a third-order switched systems class is provided. Finally, in Section
6 we provide the conclusions.

2 Preliminaries

In this paper, given a family of real n× n matrices {Ap : p ∈ P}, where the index set P is
an arbitrary compact set, switched linear systems of the following form are studied

ẋ(t) = Aσ(t)x(t), (1)

where x ∈ Rn and σ : [0,∞) −→ P is a piecewise constant function called switching law
indicating the active subsystem at each instant of time.

Given a linear subspace W of Rn, we will say that W is an invariant subspace of the
family of matrices {Ap : p ∈ P} if ApW ⊂ W for all p ∈ P. The following proposition will
be used later.
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Proposition 1 If W is a linear subspace of Rn of dimension m ≤ n and {v1, v2, . . . , vm}
is a basis of W , there exist n−m vectors, em+1, em+2, . . . , en such that

{v1, . . . , vm, em+1, . . . , en}

is a basis in Rn.

Hence, ifW is an invariant subspace of the previous family of matrices, applying the previous
proposition and defining the matrix

P = [v1, . . . , vm, em+1, . . . , en],

it is obtained that

P−1ApP =

[
Bp Cp

0 Dp

]
,

where Bp is a m × m matrix, Cp is a m × (n − m) matrix, 0 is the (n − m) × m matrix
identically zero, and Dp is a (n −m) × (n −m) matrix. Then, we have obtained two new
families of square matrices, {Bp : p ∈ P} and {Dp : p ∈ P}.

For notational simplicity, we introduce the linear function pn−m : Rn −→ Rn−m that
assigns to each x ∈ Rn the last n −m coordinates of x in the basis given by {v1, . . . , en},
i.e., pn−m(x1, x2, . . . , xn) = (xm+1, . . . , xn) where (x1, x2, . . . , xn) are the coordinates of x
in this basis.

Before proceeding to the next section, we introduce some definitions about stability of
a system. Consider the system given by

ẋ = f(x, t), x(t0) = x0, (2)

where x ∈ Rn and t ≥ 0. If we assume that f is piecewise continuous with respect to t, i.e.,
there are only finitely many discontinuity points in any compact set and f(0, t) = 0 for any
t ≥ 0, we can define the following (see more details in [10]).

Definition 1 The equilibrium point x = 0 is a locally exponentially stable equilibrium point
of (2) if there exist k, α > 0 such that

‖x(t)‖ < ke−α(t−t0)‖x(t0)‖

for all x0 in a neighborhood of the origin and t ≥ t0 ≥ 0.

Global exponential stability is defined by requiring the previous inequality to hold for all
x0 ∈ Rn. We always consider systems for which the origin is an equilibrium point and, with
some abuse, we say that a system is exponentially stable, meaning that the origin is an
exponentially stable equilibrium point of the system.
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3 Main result

Under the previous notation, we present the main result in this work.

Theorem 1 Let {Ap : p ∈ P} be a family of n× n matrices where P is compact. Suppose
that there exists W an invariant subspace of this family of matrices. Thus, under the
previous notation, if Bp is a stable matrix, for all p ∈ P, and ẏ(t) = Bσ(t)y is exponentially
stable under a switching law σ, we have that:

The switched system ẋ = Aσx is exponentially stable under the switching law σ if and
only if the switched system ż = Dσz is also exponentially stable under the same switching
law σ.

Proof. We can assume that, by a linear change of coordinates, the matrices Ap are
given by

Ap =

[
Bp Cp

0 Dp

]
.

Firstly, we will suppose that the switched system ẋ = Aσx is globally exponentially stable.
Consider the switched system ż(t) = Dσ(t)z(t) under the switching law σ. In order to
prove that this system is globally exponentially stable, we pick z0 ∈ Rn−m and consider the
solution of ẋ(t) = Aσ(t)x(t) with x(0) = (0, z0) where 0 is the null vector in Rm.

As this system is globally exponentially stable, there exist k, α > 0 such that

‖x(t)‖ < ke−αt‖x(0)‖.

If we denote x(t) = (y(t), z(t)) where z(t) = pn−m(x(t)), it is obtained that

ẋ(t) =

[
ẏ(t)
ż(t)

]
=

[
Bp Cp

0 Dp

] [
y(t)
z(t)

]
(3)

Therefore, ż(t) = Dσ(t)z(t) and z(0) = z0, and this implies that z = pn−m ◦x is the solution
of the switched system given by the family {D1, D2, . . . , DN} under the switching law σ
and if Pn−m is the matrix given by the linear function pn−m, we have that

‖z(t)‖ = ‖Mx(t)‖ ≤ ‖Pn−m‖ · ‖x(t)‖ < ‖Pn−m‖ · ke−αt‖x0‖.

As ‖x0‖ = ‖z0‖, it holds that

‖z(t)‖ < ‖Pn−m‖ · ke−αt‖z0‖.

Therefore the switched system ż = Dσz is globally exponentially stable.
Now, we will suppose that the switched system ż = Dσz is globally exponentially stable

under some switching law σ. Therefore, there are c, μ > 0 such that the solution of ż = Dσz
for every z0 ∈ Rn−m verifies

‖z(t)‖ < ce−μt‖z0‖. (4)
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In order to prove that ẋ = Aσx is globally exponentially stable, we choose the initial
condition x0 ∈ Rn. If x is the solution of this switched system and we write x as x(t) =
(y(t), z(t)) where z = pn−m ◦x, then it is satisfied (3) and, thus, z = pn−m ◦x is the solution
of ż = Dσz for the initial condition z(0) = z0 con z0 = pn−m(x0) and y is the solution of
the following switched linear control system

ẏ(t) = Bσ(t)y(t) + Cσ(t)z(t)

y(0) = y0

Given the initial state y(0) = y0 and an interval [0, T ] where the switching law σ is defined,
if 0 < t1 < . . . < tN−1 < tM = T is the switching time sequence of σ in [0, T ], hk = tk− tk−1

for k = 1, 2, . . . , N and

σ(tk−1) = ik ∈ {1, 2, . . . , N}, for k = 1, 2, . . . , N ,

then the solution of this control system is given by

y(T ) =

1∏
m=N

eBimhmy0 +
N−1∑
k=1

(
k+1∏
m=N

eBimhm

)∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds+

+

∫ T

tN−1

eBiN
(T−s)CiN z(s)ds

As ẏ(t) = Bσ(t)y(t) is exponentially stable under the switching law σ, there are l, λ > 0

such that the solution of ẏ = Bσy verifies:

‖y(t)‖ < le−λ(t−t0)‖y(t0)‖.

Note that, under this notation, with y(0) = y0, this solution is given by

y(T ) =
1∏

m=N

eBimhmy0.

Thus, we have that
∥∥∥∏1

m=N eBimhmy0

∥∥∥ < le−λT ‖y0‖.
Moreover, if we choose as initial condition y(tk) =

∫ tk
tk−1

eBik
(tk−s)Cikz(s)ds, we also

have that:∥∥∥∥∥
(

k+1∏
m=N

eBimhm

)∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds

∥∥∥∥∥ ≤ leλ(T−tk)

∥∥∥∥∥
∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds

∥∥∥∥∥
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Then, ∥∥∥∥∥
N−1∑
k=1

(
k+1∏
m=N

eBimhm

)∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds

∥∥∥∥∥
≤

N−1∑
k=1

le−λ(T−tk)

∥∥∥∥∥
∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds

∥∥∥∥∥
≤

N−1∑
k=1

le−λ(T−tk)

∫ tk

tk−1

‖eBik
(tk−s)‖ · ‖Cik‖ · ‖z(s)‖ds

By (4), we have that ‖z(s)‖ < c · e−μs‖z0‖ and, by hypothesis, for each p ∈ P, Bp is a
stable matrix, then, there are lp, λp > 0 such that

‖eBp(t−t0)‖ < lpe
−λp(t−t0) for any t0 ≥ 0.

Therefore, by defining l = max{lp : p ∈ P}, λ = min{μ, λ, λp : p ∈ P} and C = max{‖Cp‖ :
p ∈ P}, it holds that:

‖eBik
(tk−s)‖ ≤ le−λ(tk−s) for each k = 1, 2, . . . , N − 1.

Then, by applying this to the previous inequality, it holds that∥∥∥∥∥
N−1∑
k=1

(
k+1∏
m=N

eBimhm

)∫ tk

tk−1

eBik
(tk−s)Cikz(s)ds

∥∥∥∥∥
≤

N−1∑
k=1

le−λ(T−tk)

∫ tk

tk−1

l · e−λ(tk−s) · C · c · e−μs · ‖z0‖ds

≤
N−1∑
k=1

l · l · C · c · e−λ(T−tk)

∫ tk

tk−1

e−λ(tk−s) · eλs · ‖z0‖ds

=

N−1∑
k=1

l · l · C · c · e−λ(T−tk)

∫ tk

tk−1

e−λtk · ‖z0‖ds

=

N−1∑
k=1

l · l · C · ce−λ(T−tk)hke
−λtk‖z0‖ = l · l · C · c · tN−1 · e−λT ‖z0‖,

so μ ≥ λ and λ ≥ λ.
By applying again that ‖eBiN

(T−s)‖ ≤ le−λiN
(T−s), ‖CiN ‖ < C, and ‖z(s)‖ < ce−μs‖z0‖,∥∥∥∥∥

∫ T

tN−1

eBiN
(T−s)CiN z(s)ds

∥∥∥∥∥ ≤
∫ T

tN−1

‖eBiN
(T−s)‖ · ‖CiN ‖ · ‖z(s)‖ds
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≤
∫ T

tN−1

l · e−λiN
(T−s) · C · c · e−μs · ‖z0‖ds ≤ l · C · c

∫ T

TN−1

e−λ(T−s)e−λs · ‖z0‖ds

= l · C · c · e−λT ‖z0‖(T − tN−1)

Therefore, we have obtained that:

‖y(T )‖ ≤ le−λT ‖y0‖+ l · l · C · c · tN−1 · e−λT ‖z0‖+ l · C · c · e−λT (T − tN−1)‖z0‖.

If we define l̃ = max{l · l · C · c, l · C · c}, we have that:

‖y(T )‖ ≤ le−λT ‖y0‖+ l̃T e−λT ‖z0‖.

Now, it is easy to prove that an exponential function k′e−γT can be found where γ, k′ > 0
such that

‖y(T )‖ < k′e−γT (‖y0‖+ ‖pn−m(x0)‖)
Consequently, if we consider the norm ‖ · ‖1, this can be written as

‖y(T )‖1 < k′e−γT (‖y0‖1 + ‖pn−m(x0)‖1) = k′e−γT ‖x0‖1.

Or, likewise,
‖y(T )‖∞ < keγT ‖x0‖∞, (5)

so on a finite dimensional vector space all norms are equivalent.
Furthermore, from (4) we know that

‖z(T )‖∞ < ce−μT ‖z0‖∞ ≤ ce−μT ‖x0‖∞. (6)

To conclude, if we define k = max{c, k′} and γ = min{μ, γ}, then from (5) and (6) it can
be deduced that:

‖x(T )‖∞ < ke−γT ‖x0‖∞
In summary, by definition, the switched system ẋ = Aσx under this switching law σ is
exponentially stable. �

4 A counter example

In Theorem 1, we suppose that the matrix Bp, for each p ∈ P, is stable and the switched
system consisting of these matrices is globally exponentially stable under a switching law
σ. It seems natural to ask what happens when not all the matrices Bp are stable. Hence,
the question is: if there exists a switching law σ such that the switched systems consisting
of Bp and Dp are stable, then, the original switched system is also stable under the same
switching law?. The answer is no. In order to prove it, we present the following counter
example:
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Example 1 Consider the switched system (1) consisting of the following matrices:

A1 =

⎡⎢⎢⎣
1
10 −1 −2 3
2 1

10 4 1
0 0 1

10 −1
0 0 2 1

10

⎤⎥⎥⎦ and A2 =

⎡⎢⎢⎣
1
10 −2 1 5
1 1

10 4 5
0 0 1

10 −2
0 0 1 1

10

⎤⎥⎥⎦
Now, if we define W as the linear subspace generated by e1 = (1, 0, 0, 0) and e2 = (0, 1, 0, 0),
it is clear that W is an invariant subspace of both matrices. Hence, by following the previous
notation, we can define the following matrices:

B1 = D1 =

[
1
10 −1
2 1

10

]
and B2 = D2 =

[
1
10 −2
1 1

10

]
As Bi = Di, for i = 1, 2, we only have to consider the switched system consisting of B1 and
B2. It is important to note that the matrices Bi, for i = 1, 2, are not stable.

Now, if we consider the switching law defined as follows

σ(t) =

{
1 if x1(t)x2(t) > 0
2 if x1(t)x2(t) ≤ 0

,

then, it can be proved that the switched system consisting of B1 and B2 under this switching
law is globally exponentially stable. In particular, given x0 = (1, 1, 1, 1), if we consider the
initial condition (1, 1) for the switched system given by B1 and B2, we have that the solution
of this switched system converges to the origin (see Figure 1 (a)).

However, for the initial condition x0 it is easy to check that the solution of the switched
system consisting of A1 and A2 does not converge to the origin under the switching law σ.
In Figure 1 (b) we can see the first and second coordinates of this solution and how they go
outwards from the origin.

5 Application to the stabilization of third-order switched
systems

In this section, Theorem 1 is applied to establish a sufficient condition for the stabilization
of a third-order switched systems class. Consider the switched system (1) given by two non-
stable 3×3 matrices, A1 and A2, and suppose that there exists an one-dimensional invariant
subspace W of A1 and A2. As the dimension of W is one, this condition is equivalent to
the existence of an eigenvector v common to these matrices. Moreover, the eigenvalues
associated to this eigenvector are real since W is one-dimensional.

Using the notation in the “Preliminaries” Section, these matrices can be written in the
following form

Ai =

[
Bi Ci

0 Di

]
,
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Figure 1: (a) Stable trajectory for the switched system given by B1 and B2 (or D1 and D2)
in Example 1. (b) The first and second coordinates of the switched system given by A1 and
A2 in Example 1.

where Bi = (λi) with λi the eigenvalue associated to the eigenvector v, 0
1
is the vector

identically zero for R2 and Di is a 2× 2 matrix for i = 1, 2.

In order to apply Theorem 1, we must suppose that Bi is stable, i.e., λi is real and
negative, for i = 1, 2.

Now, the method for stabilizing second-order switched systems [2] can be applied to
the switched system consisting of D1 and D2. Hence, if this system is stabilizable, i.e., if it
is possible to find a switching law such that the system is stable, then, by Theorem 1, the
switched system (1) is stable under the same switching law.

Theorem 2 Consider the switched system (1) given by two 3× 3 non-stable matrices, A1

and A2, and suppose that these matrices have a common eigenvector v whose associated
eigenvalues, λ1 and λ2, are real and negative.

The switched system (1) is globally exponentially stable under a switching law σ if and
only if the switched system given by the matrices D1 and D2 is globally exponentially stable
under the same switching law.

The proof is omitted because it is deduced from the previous results.

Nowe, in order to illustrate the above development, the following example will be stud-
ied.
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Example 2 Consider the switched system (1) consisting of the following matrices

A =

⎡⎣ 2 −13 8
5 0 2
5 1 1

⎤⎦ and B =

⎡⎣ −2 −48 24
1 7 −4
1 7 −5

⎤⎦ .

These matrices have a common eigenvector, v = (−1, 1, 2), associated to the negative real
eigenvalues −1 and −2, respectively. Hence, a matrix P can be defined as follows

P =

⎡⎣ −1 0 1
1 1 0
2 1 0

⎤⎦ .

Then, we can obtain a equivalent switched system consisting of the following matrices

A1 = P−1AP =

⎡⎣ −1 0 0
0 2 5
0 −5 2

⎤⎦ and A2 =

⎡⎣ −2 −1 0
0 4 1
0 −25 −2

⎤⎦
Hence, in order to apply the previous theorem, we study the stabilization of the second-order
switched systems given by

D1 =

[
2 5
−5 2

]
and D2 =

[
4 1
−25 −2

]
.

By following the results in [15] or [2], it is obtained that the second-order switched system is
globally exponentially stable. Consequently, from Theorem 2 it is deduced that the switched
system given by A and B is stabilizable (see Figure 2).

6 Conclusions

A new result based on projections for stabilizing switched linear systems has been presented
in this paper. With this result, the stabilization of a switched systems class is assured by
studying a low-order switched system.

Moreover, we have solved the problem of the stabilization of a third-order switched sys-
tems class by using projections and the results of stabilizing second-order switched systems
in [15]. Hence, this also provides a partial solution to the open problem posed in [15]; i.e.,
studying the stabilization of higher order switched systems by projecting the trajectory of
the switched system.

Furthermore, a counter example is presented in order to prove that the main result
cannot be extended to the case where the family of matrices {Bp : p ∈ P} are non-stable.
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Figure 2: Solution of the switched system in Example 2.
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Borja Pérez1, Esteban Stafford1, Jose Luis Bosque1 and Ramón Beivide1

1 Computer and Electronics Engineering Department, Universidad de Cantabria

emails: perezpavonb@unican.es, stafforde@unican.es, bosquejl@unican.es,
beividej@unican.es

Abstract

The use of heterogeneous systems is on the rise as they improve both performance
and energy efficiency. However, the programming of these machines requires consid-
erable effort to get the best results in massively data-parallel applications. Maat is
a library that enables OpenCL programmers to efficiently execute single data-parallel
kernels using all the available devices on a heterogeneous system. It provides the pro-
grammer with an abstract view of the system to manage both multi-platform and het-
erogeneous environments, regardless of the underlying architecture. In addition, the
library offers a set of load balancing methods, which perform the data partitioning and
distribution among the devices. These allow utilizing more of the system’s performance
and consequently reduce execution time. This paper studies whether the use of all
the devices in the heterogeneous system to execute a single kernel improves the energy
efficiency, as it does the performance.

Key words: Heterogeneous systems, load balancing, energy efficiency, OpenCL.

1 Introduction

Nowadays, heterogeneous systems are commonly built by combining the computing power
of general purpose CPUs with hardware accelerators (usually, GPUs) [1]. This architecture
provides very high performance thanks to the large number of cores available in the GPU
coupled with a very low energy consumption, which maximizes energy efficiency [2]. How-
ever, this computing power can only be exploited through highly parallel workloads. Hence
the need of general purpose processors.
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Harnessing the computing power of these systems is a considerable challenge by itself.
The most common programming model, being used by CUDA [3] and OpenCL [4], is the
host-device model. It dictates that the host processor starts the execution of an application,
and offloads highly parallel parts to the GPU. In general, the host waits for the completion
of these code sections. Consequently, this model does not exploit the computing power of
the host, as it remains idle while the GPU is in operation. Interestingly, the CPUs are still
consuming a noticeable amount of power during these periods, significantly reducing the
energy efficiency of the system as a whole.

Maat is an OpenCL library that hides from the developers all the different comput-
ing elements of a heterogeneous system, which guarantees code portability and improves
productivity [5]. With Maat, massively data-parallel applications can then be programmed
using the host-device model, while it conveniently distributes the workload among all the
available computing elements. The distribution is performed by a load balancing algorithm
that can be configured by the programmer, much like OpenMP. Maat offers a set of load
balancing algorithms that can be used for applications of different nature. Choosing and
adequately configuring the algorithm is fairly simple and can considerably improve the per-
formance of the system. This is because all devices perform useful work all the time, and
no device remains idle waiting for the completion of another.

However, using all devices simultaneously to solve a single problem increases the energy
consumption considerably. To better understand the implications of different load-balancing
strategies, this work provides a study of the energy efficiency of the whole heterogeneous
system, composed by several CPUs and GPUs. In order to widen the study, the GPUs are
operated at different frequencies, thus varying their apparent performance. To measure the
energy efficiency, this study measures the execution time of several benchmarks, as well as
the energy consumed by the system. The execution of each benchmark is repeated with
different load balancing algorithms and GPU frequencies. These results are compared with
the baseline scenario that consists of a heterogeneous system in which only one GPU is
used.

The experimental results show some interesting conclusions. The first is that for all
the benchmarks and all the frequencies analysed, there is a load balancing algorithm that
improves the baseline results, both in execution time and energy consumption. Second, the
higher frequency on the GPU, greatly reduces the total energy consumption for all bench-
marks analysed. The higher power consumption throughout the execution is compensated
by reduction in execution time, thereby reducing the total energy and thus improving energy
efficiency.

The rest of the paper is organised as follows. A description of the different load balancing
methods implemented in Maat is presented in Section 2. Followed by Section 3 that describes
the experimental evaluation and analyses the most relevant results. Finally, Section 4 shows
the most interesting conclusions of this study and proposes future work.
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2 Load Balancing Algorithms

Extracting the best performance out of heterogeneous systems is conditioned by an adequate
use of all their resources. The following considerations are vital to making such an optimal
workload distribution:

• Devices may have significant performance and architectural differences, unknown at
design time.

• Accurately modelling the performance of the different devices is particularly difficult
if the workload is irregular.

• Data communication with the devices is performed over slow interconnects.

The first two issues encourage the use of dynamic algorithms, which distribute the
workload to the devices during runtime. Dynamic algorithms do not require prior infor-
mation about the performance of the devices. However, the last consideration can impose
a significant overhead. For regular workloads, the first two issues are less relevant so a
static algorithm is worth considering. This can give better results than the dynamic due to
a minimisation of the communication overhead. Trying to balance the above extremes, a
third algorithm, named h-guided, has been implemented.

All three algorithms focus on the balancing of data parallel workloads, in which every
device performs the same computation on a disjoint partition of the data. Thus, data are
themselves the subjects of the distribution.

2.1 Static Balancing

This algorithm is based on dividing the load in as many portions as devices are available
in the system. Then, it assigns a single portion to each of them. In order to obtain good
performance, the load has to be divided in such a way as to make every device finish their
computation simultaneously. Otherwise some devices will be idle while the computation is
being completed. This is achieved by assigning each device a portion of work proportional
to its computational power.

Let there be a heterogeneous system H = {D,P}, where D = {d1, · · · dn} is the set of
devices and P = {P1, · · ·Pn} are the corresponding computational powers. Pi is defined as
the amount of work that each device can complete in a time unit, including the necessary
communication overhead. For a given application, these depend on the architecture of the
devices, and are parameters that must be given to the model.

In order to perform the data partition, consider a given work-load, that needs to pro-
cess W work-items grouped in G work-groups. In OpenCL, each group can be executed
concurrently as they do not require communication among them. Whereas threads within
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a group can synchronize among themselves. Consequently a work-group should not be split
across devices, and it should be considered as the atomic distribution unit. All groups have
the same size Ls =

W
G , called local work size.

The response time of the heterogeneous system will be that of the last device to finish
its work, TH = maxNi=1Tdi . Therefore, the goal of the static method is to obtain a mapping
of work-groups to devices, so that the workload is best balanced. This means, to find a
tuple {α1, · · ·αn}, where αi is the number of work-groups assigned to the device di, such
that all the devices finish their work at the same time, and then the system response time
is minimized:

TH = Td1 = · · · = Tdn ⇒
Ls · α1

P1
= · · · = Ls · αn

Pn

Following the optimal algorithm proposed by O. Beaumont in [6] this can be done with
complexity O(n2) in two steps:

• First, αi is calculated so that αi
Pi

is almost constant ∀ i ∈ [1, · · ·n], and α1+α2+ · · ·+
αn ≤ G:

αi =

⌊
Pi∑n
i=1 Pi

·G
⌋

• Second, if
∑n

i=1 αi < G, then the remaining work-groups are assigned to the most
powerful device. This amount of work is practically negligible, and does not disturb
the load distribution.

This algorithm guarantees that the number of synchronization points is minimized, and
performs well when facing regular loads, provided computational power of the devices are
accurately known. However, it is not adaptable, so performance is not so good for irregular
loads.

2.2 Dynamic Balancing

This algorithm divides the load in small, equally-sized packages, many more than the
amount of available devices. The runtime orchestration is carried out by a master thread
that follows the next algorithm:

1. The master splits the number of work-groups G, in a set of p packages, all of them

with the same size Package size =
⌊
G
p

⌋
. If G is not divisible by p, an extra package

will have the remainder of the division.

2. The master launches one package on each device.
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3. The master waits for the completion of any package.

4. When device di completes the execution of a package:

(a) The master stores results returned by the device.

(b) If there are outstanding packages the next package is assigned to device di.

(c) Else, if di is a GPU and there is a busy CPU di steals the package from the CPU.

(d) If none of this conditions is met, the master proceeds to step 5.

(e) The master returns to step 3.

5. The master ends as all the packages have been processed and their results are stored
in the host.

This shows that the dynamic approach can adapt to different hardware and workload
scenarios where the static can not. Attending to performance, the communication overhead
must be taken into account. In the static, there is one package per device, but in the
dynamic there are many more. Even if the data volume transferred to and from the devices
is the same, the dynamic has a greater time dedicated to synchronization than the static.

2.3 H-guided Balancing

The h-guided algorithm strives to reduce the amount of synchronization points inherent
to the dynamic scheme. It can be thought of as a refinement of the latter, as it revolves
about the same basic algorithm, only there is a difference in the size of the packages.
These are not equal, but of diminishing size. On a first approach they can be computed
as Package size =

⌊
Gr
n

⌋
. Where Gr is the number of pending work-groups and n is the

number of available devices. This way, the packages are moderately big at the beginning of
the execution and small at the end. This results in a reduction in synchronization points,
while maintaining adaptability mostly at the end of the execution, when a finer-grained load
distribution is needed. The size diminishes down to a minimum size that the algorithm must
be provided with.

This solution has been used already in homogeneous systems, but when applied to
heterogeneous machines it needs a further refinement. If there is a great difference in the
computational power of the devices, a big package may be assigned to a slow device, delaying
the completion of the whole program. To avoid this, the h-guided algorithm takes into
account the computational power of the device, in a similar fashion to the static approach.
Then, considering Pi as the computational power of device di, the size of the packages is
calculated as:

Package size =

⌊
Pi∑n
i=1 Pi

· Gr

n

⌋
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3 Performance and Energy Evaluation

3.1 Experimental Set-up

The experiments presented in this section have been performed on a system with two GPUs,
two CPUs and 16 GBs of DDR3 memory. The CPUs are Intel Xeon E5-2620, with six cores
that can run two threads at 2.0 GHz. The CPUs are connected via QPI, which results in
OpenCL detecting them as a single device. Therefore, throughout the remainder of this
document, any reference to the CPU includes both Xeon E5-2620 processors. The GPUs
are two NVIDIA K20m with 13 SIMD lanes and 5 GBytes of VRAM each. The GPUs are
connected to the system using independent PCI 2.0 slots.

Four applications have been chosen for the experiments. Two of them are part of the
AMD APP SDK[7]. Both, NBody and MatMul, are well-known and regular applications
in which different, equal-sized work units have the same running times. The other two
applications, which are in-house implementations of known algorithms, are examples of
irregular workloads in which different, equal-sized work units may have different running
times. First, RAP is an implementation of the Resource Allocation Problem, based on the
one proposed by Acosta et al. [8]. It must be noted that there is a certain pattern in the
irregularity of RAP, as each successive package represents a bigger amount of work than
the previous. Finally, a raytracing algorithm (RAY) was implemeted as an example of a
truly irregular workload. This computes a realistic rendering of a scene by following light
rays with independent threads. Thus, each of them represents an unpredictable amount of
work, as the number of ray bounces depends on the objects of the scene.

The performance has been measured as the speedup with respect to the baseline execu-
tion time, using OpenCL and a single GPU. Note that the maximum speedup of the system
is not the number of devices, due to different computational power of each of them. The
CPUs have significantly less performance than the GPUs for the considered loads, and the
performance difference is application-dependent.

To measure the energy consumption, a monitor was developed that samples the power
consumption of each device. This periodically measures the GPU power sensors through
the NVIDIA Management Library (NVML) [9]. It also reads the Running Average Power
Limit (RAPL) registers of the CPUs [10]. The monitor is able to restrict the measurements
of the energy consumed to a given Region Of Interest (ROI). Finally, the energy efficiency
is represented in terms of Energy-Delay-Product (EDP) [11].

All the experiments have been performed with two different GPU frequencies, 324 and
758 MHz, that correspond with the minimum and maximum frequency supported by the
GPU. At the highest frequency, the GPU has much more computing power than the CPU,
so reducing the frequency makes the system less heterogeneous. That is, the computing
capacity of both devices becomes more similar. Depending on the application, this can
have a strong impact in performance.
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Figure 1: Speedup for each algorithm relative to a single GPU.

3.2 Experimental Results

Figure 1 presents the speedup of each load balancing algorithm and benchmark referred to
the performance of a single GPU. These results are presented for the two different frequen-
cies, 324 MHz and 758 MHz. It is important to highlight that for any of the analysed cases,
there is always a load balancing algorithm that improves the performance of the baseline
scenario.

The speedup of the regular applications is limited by both the sensitivity to the number
of packages and the performance differences between devices, that is larger with 758 MHz
frequency. Observe that the behaviour of NBody is very similar in both frequencies, and
that the best algorithm is the static, although closely followed by the h-guided. However for
MatMul, this behaviour depends strongly on the frequency. The poor performance shown
for maximum frequency can be attributed to the enormous performance difference between
GPUs and CPUs. In this case, even the smallest work package is too big for the CPU, and
therefore it is better not to use the CPUs altogether. In the dynamic and h-guided methods
the GPUs end up carrying out all the work, because they are able to steal packages initially
scheduled to CPUs. On the other hand, when the low frequency of the GPUs is used and the
computing power of the devices is comparable, the CPU can perform a significant portion
of the work and contribute to the performance of ofthe system. In this case, the three
algorithms present similar speedups.

The analysis of the irregular applications RAP and RAY is very similar for both fre-
quencies, from which the h-guided method obtains the best results. This is because the
size of the packages assigned is proportional to the computing power of the device and
inversely proportional to the number of devices. As a consequence, more devices imply a
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Figure 2: Energy consumption for each algorithm and benchmark.

greater amount of smaller packets, enabling a finer load balancing. Thus, the CPUs can
contribute processing small packages, while the majority of the computation is carried out
by the GPUs. The only difference between both figures is that the speedup of the dynamic
is closer to the h-guided with the minimum frequency. This is because deceasing the GPU
frequency reduces the differences in computational capabilities between both devices, and
then reduces the heterogeneity of the system. This causes a reduction in the size difference
of the packages in h-guided, thus reducing the impact in performance and the dynamic can
reach a similar performance.

Attending to energy considerations, Figure 2 shows the energy consumption of the
system for each benchmark, load balancing algorithm and GPU frequency (less is better).
The bars on the graph are divided to separately show the energy corresponding to the twelve
CPU cores and the two GPUs. The bar labeled as “base” corresponds to the results with
one GPU.

The first conclusion to highlight is that, despite using two GPUs, the total energy
consumption of the heterogeneous system is less than that of the “base”. Therefore, there
is at least one load balancing algorithm that improves the “base” energy consumption. This
comes as a consequence of two improvements: the reduction in the execution time of the
benchmarks, and that all the devices are contributing useful work, improving the energy
efficiency of the system. This behaviour is exacerbated with the maximum GPU frequency,
because it reduces considerably the execution time. However, the energy consumption
is relatively less with the minimum frequency, as the contribution of the CPU is more
significant, thus resulting in an execution time shorter than that of the “base” (see Figure
1).
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Figure 3: Energy Delay Product (EDP) for each algorithm and benchmark.

Energy saving is more noticeable in regular applications. In NBody the static algorithm
reduces the base consumption in 30.5% and 24.7% for each frequency, while the h-guided
reduces 19.6% and 21,1%. This is caused by the regularity of the applications, as the static
algorithm can achieve an almost perfectly balanced distribution with minimal interaction
between the devices. The h-guided saves up to 21.1% of the “base” energy in the MatMul
benchmark for 758 MHz. But for 324 MHz the best result is given by the static with an
improvement of 27%, yet closely followed by dynamic with 23.8% and the h-guided with
23%. Again, this is favoured by regularity of the application, but also by the small amount
of packages necessary to get a good balance.

Regarding irregular benchmarks, RAP, despite having greater speedup than NBody
yields a smaller energy reduction, around 13% for 758 MHz. This stems from the fact
that the irregularity of the application requires to work with a large number of packages to
obtain a good load balancing. This, in turn, causes an increase of the energy consumption
with a greater interaction between CPU that does not perform useful work. However this
small reduction increases dramatically for 324 MHz, reaching 46% with h-guided and 44%
with the dynamic method. This behaviour can be explined again by the similarity of the
computational capabilities of both devices, that also provides an important increment of
the speedup (See Figure 1). For the ray-tracing benchmark, the situation is very similar
but the greater reductions are obtained for 758 MHz, with 17.1% and 10%, respectively.

Finally, Figure 3 shows the results of the energy efficiency in terms of the Energy-Delay
Product. This metric combines the performance and energy metrics in one value. Therefore
this graphs shows a combination of the two previous ones, and most of the observations
made above are confirmed by the results plotted in this graph.
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In general, it can be said that there is always a load-balancing algorithm that obtains
substantial EDP improvements compared to the “base” scenario. For regular applications
the static algorithm is slightly better than the h-guided, except for the MatMul benchmark,
whose behaviour has been explained above. And for irregular applications the h-guided
algorithm reaches the best results for all the studied cases.

4 Conclusions

This paper presents an evaluation of the energy consumption of a set of load balancing
algorithms for massively data-parallel applications in heterogeneous systems. By harnessing
the computing power of the whole heterogeneous machine, these algorithms not only shorten
the execution time of the applications, but also reduce their energy consumption, thus
obtaining an improvement of the energy efficiency of the whole system.

The experimental results presented in this paper show that for both, regular and ir-
regular applications, there is always a load balancing algorithm that reduces the execution
time. This is a logical consequence of the full system having greater computing power than a
single GPU. An interesting aspect shown in the paper is that a large performance difference
between the devices increases the heterogeneity of the system, and therefore the h-guided
has the best all-round performance.

Furthermore, the energy consumption of the machine with these algorithms is also
reduced. These savings are more notable in regular applications, because the interaction
between CPU and GPU to obtain a balanced workload is lower. Finally, energy efficiency
results, expressed in terms of EDP, show that for all applications there is at least one load
balancing algorithm that achieves substantial improvements.

The best overall results are obtained with the h-guided algorithm, yet the dynamic also
gives very good results in irregular applications. Furthermore, dynamic does not require
prior knowledge of the power of the computing devices, thus making it a good first approach
to an unknown system. The static algorithm is appropriate for homogeneous environments
and regular applications.

Future work will afford the study of more GPU frequencies as well as benchmarks in
order to confirm the conclusions obtained in this paper. Additionally, new load balancing
methods that take into account energy efficiency together with performance will be included
in Maat library.
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Abstract

In this paper, we prove the generalized Hyers-Ulam stability the following additive
ρ-functional inequalities:

μf(x+y)−f(x)−f(y)(t) ≥ μρ(2f( x+y
2 )−f(x)−f(y))(t)

and

μ2f( x+y
2 )−f(x)−f(y)(t) ≥ μρ(f(x+y)−f(x)−f(y))(t)

where in random normed spaces by using fixed point method.

Key words: Cauchy-Jensen Additive Functional Inequality, Fixed Point, ρ-Functional
Inequality, Random Norm Spaces, Stability

MSC 2000: 46T99, 47H10, 47H09, 54H25.

1 Introduction

In 1940, S.M. Ulam [1] proposed the following stability problem of functional equations:

Given a group G1, a metric group G2 with the metric d(·, ·) and a positive number ε,
does there exist δ > 0 such that, if a mapping f : G1 → G2 satisfies d(f(xy), f(x)f(y)) ≤ δ
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forall x, y ∈ G1, then a homomorphism h : G1 → G2 exists with df(x), h(x) ≤ ε for all
x ∈ G1?

Letter on, Hyers [2] provided a partial solution to Ulam’s problem for the case of
approximately additive mappings in which G1 and G2 are Banach spaces. The result of
Hyers was extended by Aoki [3], by considering the unbounded Cauchy difference for additive
mappings and by Rassias [4] for linear mappings by considering the unbounded Cauchy
difference. The paper work of Rassias [4] has had a lot of influence in the development
of what we call the generalized Hyers-Ulam stability or generalized Hyers-Ulam-Rassias
stability of functional equations.

The most famous functional equation is the Cauchy functional equation:

f(x+ y) = f(x) + f(y),

whose solution are called additive mapping. The functional equation

f(
x+ y

2
) =

1

2
f(x) +

1

2
f(y),

is called the Jensen equation. The stability problems of several functional equations have
been extensively investigated by a number of authors and there are many interesting results
concerning this problem.

In 2001, Gilányi [5] showed that if f satisfies the functional inequality

‖2f(x) + 2f(y)− f(x− y)‖ ≤ ‖f(x+ y)‖

then f satisfies the Jordan-von Neumann functional equation

2f(x) + 2f(y) = f(x+ y) + f(x− y).

Afterwards there are several papers proved the Hyers-Ulam stability of the Cauchy additive
functional inequality and Cauchy-Jensen additive functional inequality in different spaces
[7–10]

The notion of random normed space goes back to Sherstnev [11] as well as the works
published in [12–14] who were dulled fromMenger [15], Schweizer and Sklar [12] works. After
the pioneering works by several mathematicians including authors [16–21] who focused at
probabilistic functional analysis, Alsina [17] considered the stability of a functional equation
in probabilistic normed spaces and, in 2008, Mihet and Radu [22] considered the stability
of a Cauchy additive functional equation in random normed space via fixed point method.

Fixed point alternative method is the one play an important to proved stability prob-
lems. By using fixed point alternative methods, the stability problems of several functional
equations have been extensively investigated by a number of authors (see [23–25] and ref-
erence there in).
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Let Δ+ denote the space of all distribution functions, that is, the space of all mappings
F : R ∪ {−∞,+∞} → [0, 1] such that F is left-continuous, non-decreasing on R, F (0) = 0
and F (+∞) = 1. Let D+ is a subset of Δ+ consisting of all functions F ∈ Δ+ for which
l−F (+∞) = 1 where l−f(x) denotes the left limit of the function f at the point x, that is,
l−f(x) = limt→x− f(t). The space Δ+ is partially ordered by the usual point- wise ordering
of functions, that is, F ≤ G if and only if F (t) ≤ G(t) for all t ∈ R. The maximal element
for Δ+ in this order is the distribution function ε0 given by

ε0(t) =

{
0, if t ≤ 0;

1 if t > 0.

In this paper, we prove the generalized Hyers-Ulam stability the following additive
ρ-functional inequalities:

μf(x+y)−f(x)−f(y)(t) ≥ μρ(2f(x+y
2

)−f(x)−f(y))(t) (1.1)

μ2f(x+y
2

)−f(x)−f(y)(t) ≥ μρ(f(x+y)−f(x)−f(y))(t) (1.2)

in random norm spaces via fixed point approach.

2 Preliminaries

Now we give some the following notations about triangular norm (shortly, t-norm) and
random normed space (RN-space) will be used in the sequel.

Definition 2.1 ([26]) A mapping T : [0, 1]× [0, 1]→ [0, 1] is a continuous triangular norm
(briefly, a t-norm) if T satisfies the following conditions:

(T1) T is associative and commutative;

(T2) T is continuous;

(T3) T (a, 1) = a for all a ∈ [0, 1];

(T4) T (a, b) ≤ T (c, d) whenever a ≤ c and b ≤ d for all a, b, c, d ∈ [0, 1].

Basic examples are Lukasievicz t-norm TL, that is, TL(a, b) = max{a + b − 1, 0} for
all a, b ∈ [0, 1] and the t-norms TP , TM , TD defined as follows: TP (a, b) := ab, TM (a, b) :=
min{a, b}

TD(a, b) :=

{
min{a, b}, if max{a, b} = 1;

0 otherwise.
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Definition 2.2 A random normed space (briefly, RN-space) is a triple (X,μ, T ), where X
is a linear space, T is a continuous t-norm, and μ is a mapping from X into D+ such that,
the following conditions hold:

(R1) μx(t) = ε0(t) for all t > 0 if and only if x = 0;

(R2) μαx(t) = μx(
t
|α|) for all x ∈ X and α �= 0;

(R3) μx+y(t+ s) ≥ T (μx(t), μy(s)) for all x, y ∈ X and t, s ≥ 0.

Definition 2.3 Let (X,μ, T ) be an RN-space.

(1) A sequence {xn} in X is said to be convergent to x in X if, for every ε > 0 and λ > 0,
there exists a positive integer N such that μxn−x(ε) > 1− λ where n ≥ N .

(2) A sequence {xn} in X is said to be Cauchy sequence if, for every ε > 0 and λ > 0,
there exists a positive integer N such that μxn−xm(ε) > 1− λ where n ≥ m ≥ N .

(3) An RN-space (X,μ, T ) is said to be complete if every Cauchy sequence in X is con-
vergent to a point in X.

Theorem 2.4 [26] If (X,μ, T ) is an RN-space and {xn} is a sequence such that xn → x,
then limn→∞ μxn(t) = μx(t) almost everywhere.

Theorem 2.5 [27] Let (X,μ, T ) is an RN-space such that every Cauchy sequence in X has
convergent subsequence. Then (X,μ, T ) is complete.

In 1958, Luxemburg [28], introduced the concept of generalized metric space as following
definition:

Definition 2.6 Let X be a set. A function d : X × X → [0,∞] is called a generalized
metric on X if d satisfies

(i) d(x, y) = 0 if and only if x = y;

(ii) d(x, y) = d(y, x) for all x, y ∈ X;

(iii) d(x, z) ≤ d(x, y) + d(y, z) for all x, y, z ∈ X.

The following fixed point theorem which was proved by Diaz and Margolis [29] and
Jung[30] will play an important role.
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Theorem 2.7 (The alternative of fixed point [29, 30]) Let (X, d) be a complete generalized
metric space and let A : X → X be a strictly contractive mapping with Lipschitz constant
L ∈ (0, 1) such that

d(x0, A(x0)) < +∞
for some x0 ∈ X. Then we have the following:

(a) A has a unique fixed point in the set Y := {y ∈ X : d(x0, y) <∞};

(b) for all x ∈ Y , the sequence {An(x)} converges to the fixed point x∗;

(c) d(x0, A(x0)) ≤ δ implies d(x∗, x0) ≤ δ
1−L .

3 The Hyer-Ulam stability of additive ρ-functional inequali-
ties.

In this section, using fixed point method, we prove the Hyer-Ulam stability of additive ρ-
functional inequalities (1.1) and (1.2) in random normed spaces. Let ρ be a real number
with |ρ| < 1. We need the following lemma to prove the main results.

Lemma 3.1 Let X be a linear space and (Y, μ, T ) be an RN-space. If a mapping f : X → Y
satisfies the functional inequalities:

μf(x+y)−f(x)−f(y)(t) ≥ μρ(2f(x+y
2

)−f(x)−f(y))(t), (3.1)

for all x, y ∈ X and all t > 0, where ρ be a real number with |ρ| < 1. Then f is Cauchy
additive.

Proof 1 Assume that f : X → Y satisfies (3.1). Letting x = y = 0 in (3.1), we get
μf(0)(t) = μ0(t) = 1. So, we have f(0) = 0. Letting x = y in (3.1), we get

μf(2x)−2f(x)(t) ≥ μ0(t) = 1,

So, we have f(2x)− 2f(x) = 0, for all x, y ∈ X and t > 0. Replacing x = x
2 , thus we have

f(
x

2
) =

1

2
f(x), (3.2)

for all x ∈ X. It follows from (3.1) and (3.2), we get

μf(x+y)−f(x)−f(y)(t) ≥ μρ(2f(x+y
2

)−f(x)−f(y))(t)

= μρ(f(x+y)−f(x)−f(y)(t)

= μf(x+y)−f(x)−f(y(
t

|ρ|)
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for all t > 0. By condition of D+ and (R1), we have

μf(x+y)−f(x)−f(y)(t) = 1

for all t > 0. So, we get f(x + y) − f(x) − f(y) = 0 and f(x + y) = f(x) + f(y) for all
x, y ∈ X.

Now, we prove the Hyers-Ulam stability of the additive ρ-functional inequality (3.1) in
random normed spaces.

Theorem 3.2 Let ψ : X × X → D+ (ψ(x, y) is denoted by ψx,y) such that there exists
α < 1

ψx,y(αt) ≥ ψx
2
, y
2
(t) (3.3)

for all x, y ∈ X and t > 0. Let f : X → Y be a mapping satisfying

μf(x+y)−f(x)−f(y)(t) ≥ min
{
μρ(2f(x+y

2
)−f(x)−f(y))(t), ψx,y(t)

}
(3.4)

for all x, y ∈ X and t > 0. Then, A(x) := limn→∞ 1
2n f(2

nx) exists for all x ∈ X and
A : X → Y is an additive mapping such that

μf(x)−A(x)(t) ≥ ψx,x((2− 2α)t) (3.5)

for all x ∈ X and t > 0.

Proof 2 Letting y = x in (3.4), we get

μ f(2x)
2

−f(x)
(
t

2
) ≥ ψx,x(t) (3.6)

for all x ∈ X and t > 0. Consider the set S := {g : X → Y } and introduce the generalized
metric on S:

d(g, h) = inf
{
k ∈ R+ : μg(x)−h(x)(kt) ≥ ψx,x(t)

}
for all x ∈ X and t > 0, where, as usual, inf ∅ = +∞. It is easy to show that (S, d) is
complete.

Now, we consider the linear mapping J : S → S such that

Jg(x) =
1

2
g(2x)

for all x ∈ X. Now, we show that J is a strictly contractive self-mapping of S with the
Lipschitzconstant L = α

2 . Indeed, let g, h ∈ S be the mappings such that d(g, h) = ε. Then
we have

μg(x)−h(x)(εt) ≥ ψx,x(t)
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or all x ∈ X and t > 0. Hence, we have

μJg(x)−Jh(x)(
α

2
εt) = μ 1

2
g(2x)− 1

2
h(2x)(

α

2
εt)

= μg(2x)−h(2x)(αεt)

≥ ψ2x,2x(αt) ≥ ψx,x(t)

for all x ∈ X and t > 0. That is d(g, h) = ε ⇒ d(Jg, Jh) < α
2 d(g, h), for all g, h ∈ S. It

follows from (3.6) that

μ f(2x)
2

−f(x)
(
t

2
) ≥ ψx,x(t)

for all x ∈ X and t > 0. So, d(f, Jf) ≤ 1
2 .

There exists a mapping A : X → Y satisfying the following:

(1) A is a fixed point of J , that is,

A(2x) = 2A(x) (3.7)

for all x ∈ X. The mapping A is a unique fixed point of J in the set

Q = {g ∈ S : d(f, g) <∞}.

This implies that A is a unique mapping satisfying (3.7) such that there exists u ∈
(0,∞) satisfying

μf(x)−A(x)(ut) ≥ ψx,x(t)

for all x ∈ X and t > 0;

(2) d(Jnf,A)→ 0 as n→∞. This implies the equality

lim
n→∞

1

2n
f(2nx) = A(x)

for all x ∈ X;

(3) d(f,A) ≤ 1
1−αd(f, Jf), which implies the inequality

d(g,A) ≤ 1

2− 2α
,

and so it follows that

μf(x)−A(x)(
t

2− 2α
) ≥ ψx,x(t) (3.8)
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which implies that the inequality (3.5) holds. By (3.4), we have

μA(x+y)−A(x)−A(y)

= lim
n→∞μ 1

2n
f(2n(x+y))− 1

2n
f(2nx)− 1

2n
f(2ny)(t)

≥ lim
n→∞min

{
μρ(2f(2n−1(x+y))−f(2nx)−f(2ny))(t), ψ2nx,2ny(

t

2n
)
}

≥ lim
n→∞min

{
μρ(2f(2n−1(x+y))−f(2nx)−f(2ny))(t), ψx,y(

t

(2α)n
)
}

for all x, y ∈ X, t > 0 and n ≥ 1. Since 0 < α < 1, we have limn→∞ ψx,y(
t

(2αn)
) = 1.

Hence
μA(x+y)−A(x)−A(y)(t) ≥ μρ(2A(x+y

2
)−A(x)−A(y))

for all x, y ∈ X and t > 0. Therefore A : X → Y is additive. This completes the proof.

Corollary 3.3 Let φ : X × X → D+ (φ(x, y) is denoted by φx,y) such that there exists
α < 1

φx,y(αt) ≥ φx
2
, y
2
(t) (3.9)

for all x, y ∈ X and t > 0. Let f : X → Y be a mapping satisfying

μf(x+y)−f(x)−f(y)(t) ≥ min
{
μρ(2f(x+y

2
)−f(x)−f(y))(t),

t

t+ φx,y(t)

}
(3.10)

for all x, y ∈ X and t > 0. Then, A(x) := limn→∞ 1
2n f(2

nx) exists for all x ∈ X and
A : X → Y is an additive mapping such that

μf(x)−A(x)(t) ≥
(2− 2α)t

(2− 2α)t+ φx,x(αt)
(3.11)

for all x ∈ X and t > 0.

Proof 3 The prove follows from Theorem 3.2 by replacing t
t+φx,y(t)

instead ψx,y(t) for all

x, y ∈ X and t > 0.

Corollary 3.4 Let θ ≥ 0 and let p be a real number with p > 1. Let X be a normed vector
space with the norm ‖ · ‖. Let f : X → Y be an odd mapping satisfying

μf(x+y)−f(x)−f(y)(t) ≥ min
{
μρ(2f(x+y

2
)−f(x)−f(y))(t),

t

t+ θ(‖x‖p + ‖y‖p)
}

(3.12)

for all x, y ∈ X and t > 0. Then, A(x) := limn→∞ 1
2n f(2

nx) exists for all x ∈ X and
A : X → Y is an additive mapping such that

μf(x)−A(x)(t) ≥
(2− 2p)t

(2− 2p)t+ 2θ‖x‖p (3.13)

for all x ∈ X and t > 0.
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Proof 4 The prove follows from Corollary 3.2 by tacking φx,y(t) := θ(‖x‖p + ‖y‖p) for all
x, y ∈ X and t > 0.

Theorem 3.5 Let ψ : X × X → D+ (ψ(x, y) is denoted by ψx,y) such that there exists
α < 1

ψx,y(αt) ≥ ψ2x,2y(t) (3.14)

for all x, y ∈ X and t > 0. Let f : X → Y be a mapping satisfying (3.4). Then, A(x) :=
limn→∞ 2nf( x

2n ) exists for all x ∈ X and A : X → Y is an additive mapping such that

μf(x)−A(x)(t) ≥ ψx,x((
2− 2α

α
)t) (3.15)

for all x ∈ X and t > 0.

Proof 5 We could prove the same statement with the same manner in spite of replacing
the condition ψx,y(αt) ≥ ψ2x,2y(t) into ψx,y(αt) ≥ ψx

2
, y
2
(t) by defining J such that Jg(x) =

1
2g(2x) instead of Jg(x) = 2g(x). It could be also applied to Theorem 3.2.

Lemma 3.6 Let X be a linear space and (Y, μ, T ) be an RN-space. If a mapping f : X → Y
satisfies f(0) = 0 and

μ2f(x+y
2

)−f(x)−f(y)(t) ≥ μρ(f(x+y)−f(x)−f(y))(t), (3.16)

for all x, y ∈ X and all t > 0. Then f is Cauchy additive.

Proof 6 The prove follows from Lemma 3.1. Assume that f : X → Y satisfies (3.16).
Letting y = 0 in (3.16), we get μ2f(x

2
)−f(x)(t) ≥ μ0(t) = 1. So, we have

f(
x

2
) =

1

2
f(x),

for all x ∈ X.
It follows from (3.1) and (3.16), so we have that f(x+y) = f(x)+f(y) for all x, y ∈ X.

Theorem 3.7 Let ψ : X × X → D+ (ψ(x, y) is denoted by ψx,y) such that there exists
α < 1

ψx,y(αt) ≥ ψ2x,2y(2t) (3.17)

for all x, y ∈ X and t > 0. Let f : X → Y be a mapping satisfying

μ2f(x+y
2

)−f(x)−f(y)(t) ≥ min
{
μρ(f(x+y)−f(x)−f(y))(t), ψx,y(t)

}
(3.18)

for all x, y ∈ X and t > 0. Then, A(x) := limn→∞ 2nf( x
2n ) exists for all x ∈ X and

A : X → Y is an additive mapping such that

μf(x)−A(x)(t) ≥ ψx,x((1− α)t) (3.19)

for all x ∈ X and t > 0.
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Proof 7 Since f is odd mapping and f(0) = 0. Letting y = 0 in 3.18, we have

μ2f(x
2
)−f(x)(t) ≥ μψx,0(t)

for all x ∈ X.
Consider the set S := {g : X → Y } and introduce the generalized metric on S:

d(g, h) = inf
{
k ∈ R+ : μg(x)−h(x)(kt) ≥ ψx,0(t)

}
for all x ∈ X and t > 0, where, as usual, inf ∅ = +∞. It is easy to show that (S, d) is
complete.

Now, we consider the linear mapping J : S → S such that

Jg(x) = 2g(
x

2
)

for all x ∈ X.
Let A(x) : X → Y be defined as in the proof of Theorem 3.2. Then A is Cauchy

additive,as desired.
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Abstract

The new video coding standard HEVC introduces a new concept named “tiles”.
Tiles are rectangular regions of a video frame which can be encoded in an independent
way. In order to reduce the time needed to encode a video sequence with HEVC, we have
used a parallel approach based on tiles, and have evaluated the benefits and drawbacks
of this approach. In our tests we obtain speed ups of up to 9.3x using 10 processes with
a low R/D loss.

Key words: tiles, HEVC, video coding, Parallel algorithms, multicore, performance

1 Introduction

The Joint Collaborative Team on Video Coding (JCT-VC) has developed a new video
coding standard, named High Efficiency Video Coding (HEVC) [1]. JCT-VC is formed by
members of the ISO/IEC Moving Picture Experts Group (MPEG) and ITU-T Video Coding
Experts Group (VCEG). The new standard achieves nearly a 50% of bit rate saving, when
compared to the previous video coding standard H.264/AVC (Advanced Video Coding) [2].
The increase in the efficiency is bound to an increase in the computational complexity. To
address the increase in complexity we make use of parallelization techniques, and thus, take
advantage of the available parallel computing architectures.

HEVC includes some new features which allow high-level parallel computing (at a pic-
ture or subpicture level), like Wavefront Parallel Processing (WPP) and tiles, and some new
features which allow low-level parallel computing (inside the encoding process), like Local
Parallel Method [3] which allows parallel motion estimation.
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Tiles are rectangular regions of a video frame which can be independently encoded. In
this work we analyze the parallel behavior when tiles are used and how tile partition layout
affects both the speed-up and the Rate/Distortion (R/D) performance.

Some works like [4] are focused on parallelizing the decoding side of HEVC, since they
are looking for fast decoding of pre-encoded multimedia content, like digital cinema and
video on demand. However, we think that more effort should be provided to the encoder
side, where the highest computatioonal complexity is found. Parallelizing the video encoding
part can be useful for applications like video recording and live event streaming.

There are works that examine and propose low-level parallel techniques for encoding
video sequences with HEVC, like the parallelization of the motion estimation module [5]
and the parallelization of the intra prediction module [6]. Our work is based in high-level
parallel techniques, by using tiles to take advantage of shared memory architectures.

In [7] authors compare slices and tiles encoding performance in HEVC. They show
their results in terms of percentage of bit rate increase/decrease. In our study we evaluate
tiles performance but we will focus on both complexity reduction related with the encoding
process and R/D performance. Even more, we evaluate the impact of the tile partitioning.

The rest of the paper is organized as follows. In Section 2 we will present the main
aspects of tiles in HEVC. In Section 3 the results of our tests will be presented and analyzed.
At last, several conclusions will be drawn in Section 4.

2 Tiles partitioning

The division of a video frame into tiles is a new technique, included in HEVC, which did
not exist in previous video coding standards. Tiles are rectangular regions of a video frame
which can be independently encoded (and subsequently decoded), with the use of some
common data for the whole frame. This independence allows the parallelization of the
encoding and decoding processes at a subpicture level. Tiles contain an integer number of
Coding Tree Units (CTUs). Each rectangular region results from the division of a frame
into several columns and rows. The width of each column (in CTU units) and also the
height of each row can be set individually. In the example shown in Figure 1, a full-HD
(1920x1080) frame is divided into 10 tiles using a partitioning scheme of 5 columns with a
width of 6 CTUs and 2 rows with a height of 8 and 9 CTUs, respectively.

The independence of tiles allows the parallelization of the encoding process but it has
a main drawback: coding efficiency, regarding R/D performance, is reduced. This happens
because tiles cannot use information from CTUs belonging to other nearby tiles to make any
kind of prediction, and thus, the existing redundancy between nearby CTUs which belong
to different tiles cannot be exploited.

In this work we have implemented a tile-level parallelization of the HEVC video encoder
for shared memory platforms. The encoding of each tile is assigned to a different core. We
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Figure 1: Division of a full-HD frame (1920x1080 pixels) into 10 tiles (5 columns with a
width of 6 CTUs; 2 rows with a height of 8 and 9 CTUs each)

have evaluated the performance of the parallel version of the video encoder for 2, 4, 6, 8, 9,
and 10 processes and compared the obtained results with those provided by the sequential
version, both regarding R/D performance and computing performance. As stated before,
we map the tiles per frame onto the same number of processes. For a certain number of
tiles per frame, we can find different frame partitions. For example, if we want to divide
the frame into 9 tiles we can choose three main different distributions: 9x1 (9 columns
by 1 row), 1x9 (1 column by 9 rows), and 3x3 (3 columns by 3 rows). Each one of these
distributions can be further designed in different ways if we change the width and height
of each one of the columns and rows. In order to get the maximum parallel computing
efficiency we will use the layouts that provide the most balanced load distribution, i.e.,
producing tiles with equal or similar number of CTUs. A balanced load distribution does
not always guarantee a balanced work distribution because the resources needed to encode
a single CTU may vary, but a completely unbalanced load distribution will likely bring a
low parallel computing efficiency. As a measure of the load distribution balance we have
calculated the maximum theoretical parallel efficiency, considering the same computational
complexity for each CTU. A value of 100% denotes that all the processes will encode the
same number of CTUs (and this number is exactly the average value). In Table 1, we have
enumerated the different tile partitions that we will use in our tests for different number of
cores and two video formats.

The optimum theoretical parallel efficiency would be provided by the “balance %”
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Table 1: Layouts and percentage of load balance

(a) 2560x1600 (40x25 CTUs)

#Proc Layout AvgCTU MaxCTU Bal %

1P 1x1 1000 1000 100%

2P 1x2 500 520 96%

2x1 500 500 100%

4P 1x4 250 280 89%

2x2 250 260 96%

4x1 250 250 100%

6P 1x6 166.7 200 83%

2x3 166.7 180 93%

3x2 166.7 182 92%

6x1 166.7 175 95%

8P 1x8 125 160 78%

2x4 125 140 89%

4x2 125 130 96%

8x1 125 125 100%

9P 1x9 111.1 120 93%

3x3 111.1 126 88%

9x1 111.1 125 89%

10P 1x10 100 120 83%

2x5 100 100 100%

5x2 100 104 96%

10x1 100 100 100%

(b) 1920x1080 (30x17 CTUs)

#Proc Layout AvgCTU MaxCTU Bal %

1P 1x1 510 510 100%

2P 1x2 255 270 94%

2x1 255 255 100%

4P 1x4 127.5 150 85%

2x2 127.5 135 94%

4x1 127.5 136 94%

6P 1x6 85 90 94%

2x3 85 90 94%

3x2 85 90 94%

6x1 85 85 100%

8P 1x8 63.8 90 71%

2x4 63.8 75 85%

4x2 63.8 72 89%

8x1 63.8 68 94%

9P 1x9 56.7 60 94%

3x3 56.7 60 94%

9x1 56.7 68 83%

10P 1x10 51 60 85%

2x5 51 60 85%

5x2 51 54 94%

10x1 51 51 100%

column in Table 1. If we divide, for example, a frame with 2560x1600 pixels into 10 tiles,
and choose the 10x1 layout, then we will have 10 tiles of 100 CTUs each, which means
100% of load balance (all tiles have the same number of CTUs). If we, instead, select
the 1x10 layout, then we will have 5 tiles with 80 CTUs each, and 5 tiles with 120 CTUs
each. The most probable scenario is that the 5 processes managing the “small” tiles remain
idle waiting for the processes in charge of the “big” tiles. In this case, a maximum load
balance index of 83% would be achieved. So, for a specific number of processes, the selected
layout may affect the parallel efficiency. Note also that a single layout can provide different
load balance percentages depending on the resolution of the video sequence. For example,
the 4x1 layout obtains 100% and 94% of load balance for 2560x1600 and 1920x1080 video
resolutions, respectively.

In the next section we will present the results of encoding the selected video sequences
by using all the layouts presented in Table 1.
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3 Numerical experiments

The proposed parallel algorithm has been tested on a shared memory platform consisting of
two Intel XEON X5660 hexacores at up to 2.8 GHz and 12MB cache per processor, and 48
GB of RAM. The operating system used is CentOS Linux 5.6 for x86 64 bit. The parallel
environment has been managed using OpenMP [8]. The compiler used is g++ compiler
v.4.1.2. The reference encoder software used is HM 16.3 [9].

The testing video sequences used in our experiments are Traffic (2560x1600), People
on Street (2560x1600), Tennis (1920x1080), and Park Scene (1920x1080), and we present
results using Low-delay B (LB) and All Intra (AI) coding modes, encoding 150 frames for
Traffic and People sequences and 240 frames for ParkScene and Tennis sequences at different
Quantization Parameters (QPs) (22, 27, 32, 37).

In Figure 2, we present the encoding time evolution for Traffic and People sequences
in both AI and LB modes as a function of the number of processes with the proposed tile
partitioning. As can be seen, the encoding time can be reduced up to 9.3 times when we
use 10 processes. As can be seen in Figure 3, the tile-level parallelization algorithm obtains
a good parallel performance and and also nice scalability results. Looking at Figure 3,
for 10 processes, there are differences in the parallel performance when we use different
tile partitioning layouts. Specifically, in AI coding mode we can find differences of up
to 1.58x from a tile partitioning scheme of 1x10 respect to the tile partitioning scheme
of 10x1. In general, tile partitioning layouts based on columns of CTUs or square tiles
obtain better parallel performance. As it would be expected, this effect will depend on the
video resolution. Following with the previous example, for a video resolution of 2560x1600,
and a CTU size of 64x64, the number of CTUs in a frame are 40x25. If we divide the
frame with the 1x10 layout we have 5 processes with 40x2 CTUs and 5 processes with
40x3 CTUs. On the other side, if we divide the frame with the 10x1 layout we have 10
processes with 4x25 CTUs. In the first case (1x10), 5 processes have to perform a 50%
more work than the other 5 proccesses. Usually the more balanced the computational load
is, the better parallel performance is achieved, except for some sequences where this is not
accomplished. In those exceptions, even when each process has the same number of CTUs,
the computational complexity inherent to each CTU differs, producing that some processes
finish before the others.

In Figure 4 we show the average parallel efficiency for all QP values of the different tested
images encoded in both LB and AI modes. As can be seen good efficiencies are obtained
for both LB and AI encoding modes, being the efficiency 87% on average. However, if we
focus on square tile partitioning layouts, the average parallel efficiency rises till 91%.

Regarding R/D behavior, in Figure 5 we present the % of BD-rate evolution for 4K
video sequences as a function of the number of processes and the tile partitioning scheme.
As can be seen, the % of BD-rate increases as the number of processes does. This is an
expected behavior because tiles are independent structures and therefore, the arithmetic
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(a) Traffic AI mode.
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(b) People AI mode.
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(c) Traffic LB mode.
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(d) People LB mode.

Figure 2: Encoding time evolution for all video sequences with different number of processes
and tile partitioning for QP=37

encoder works in an independent way on each tile and no information of previously encoded
tiles is available. Furthermore, square tile partitioning performs slightly better in both LB
and AI modes, because more information of neighbouring CTUs is available for inter and
intra prediction.

Looking at the results, we can asses that parallelization of HEVC in tiles is worth the
effort, because it drastically reduces the encoding time (up to 9.3x for 10 processes) with a
low R/D increment, specially if square partitioning schemes are used (0.75% BD-rate for AI
mode and 1.2% for LB mode on average). The maximum increment due to tile partitioning
scheme is 5% BD-rate increment for Tennis sequence in LB mode using 10 processes. So,
the main aspect that will affect the parallel performance is the computational load and this
is why we should divide tiles in such a manner that all processes have the same number
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(a) Traffic AI mode.
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(b) People AI mode.
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(c) Traffic LB mode.
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(d) People LB mode.

Figure 3: Speed-Up evolution for all video sequences with different number of processes and
tile partitioning for QP=37

of CTUs. In the case of the video sequences analyzed in this work, tiles using square
partitioning or tiles with more columns of CTUs than rows, have a better computational
load distribution.

4 Conclusions

In this paper we present an study of the tile-level parallelization approach of HEVC encoder
when different tile partitioning layouts are used. Results show that both square tile and
column tile partitioning layouts obtain the best speed-ups (up to 9.3x for 10 processes) in
the tested video sequences. Although in some experiments column-based tile partitioning
obtain better parallel efficiency, on average, square tile partitioning layouts present a better
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(a) LB mode.
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(b) AI mode.

Figure 4: Average parallel efficiency for all tested video sequences with different number of
processes and tile partitioning for all QPs

behavior in both speed-up and R/D. Besides, the increment in BD-rate percentage is low
in all cases, specially when square tile partitioning is applied, because more information of
neighboring CTUs is available for the inter and intra prediction processes.

Finally, we should take into account the video sequence resolution in order to perform
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(b) People AI mode.
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(c) Traffic LB mode.
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(d) People LB mode.

Figure 5: Average % BD-Rate evolution for all video sequences with different number of
processes and tile partitioning for all QPs

the tile partitioning in such a way that the number of CTUs on each tile will be nearly the
same and thus the computational load will be more balanced, obtaining better speed-ups.
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Abstract

In the presented paper we consider generalised tumour-immune system interaction model
with distributed delays. Existence, uniqueness and non-negativity of solutions of considered
system are proved. Next, the existence of the steady states is discussed. For the particular choice
of Erlang probability densities functions stability of steady states is analytically investigated.
Moreover, the model is fitted to the experimental data. For the fitted values of the parameters
the influence of model parameters on the value of the critical average delay that destabilises the
steady state is studied numerically. Next, the influence of the two most important parameters
on the model dynamics is discussed.

Key words: tumour-immune system interactions, distributed delay, Hopf bifurcation

1 Introduction

In [11] the model of tumour–immune system interactions that takes into account two most important
variables: the size of specific anti-tumour immunity (X) and the size of tumour or to be precise
amount of tumour antigens (Y) is considered. The dynamics is governed by two ordinary differential
equations with discrete delay:

dX(s)
ds
= w − uX(s) + aF F(Y(s − τ))X(s) − bX(s)Y(s),

dY(s)
ds
= Y(s)(r − cX(s)). (1)

In the model it is assumed that in the absence of tumour antigens there is a constant production (with
a rate w) of precursor cells that are able to respond to the tumour antigens while the natural immune
cell death is modelled by a linear term uX. Thus, in the absence of tumour cells a constant level
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of immunity (called background immunity or native immunity) w/u is kept within the body. The
presence of tumour antigens initiate an increase of immunity’s size, which growth rate is assumed
to be proportional to the current size of the immunity X and to the coefficient of proportionality
(aF F), which most often, [2, 10, 9, 6], is assumed to be only a bounded function of tumour antigens
i.e. F = F(Y) = Yα/(kα + Yα), often with α = 1. The immune reaction on the detection of antigen
requires transmitting signals that initiates production of appropriate immune agents, production of
certain cells and proteins, etc. thus this process takes some time (denoted by τ). To reflect that
phenomena and following [5] a discrete time lag was incorporated into the system in the stimulus
function.

Tumour cells may produce factors that decrease the activity of immune system e.g. by a chem-
ical process of antigen-antibody interaction [6]. This process is modelled by a bi-linear term XY
with a constant coefficient b. Moreover, it is assumed that change of tumour size depends on two
processes: cells growth, which is exponential with a constant rate r [13, 1, 12], and destructive
influence of immune system on tumour cells modelled, similarly as in [4], by a bi-linear term with
a constant rate c. Due to the biological interpretation of constants, it is assumed that all parameters
are non-negative, and in particular parameters a, c, u, r, w and k are strictly positive. Moreover, in[6]
it is assumed that for parameter α, describing the switching characteristics of the stimulus functions,
α ≥ 1 holds.

Of course, in reality the duration of a process is never constant and it usually fluctuates around
some value. Thus, it is believed that delay is distributed around some average values instead of being
concentrated in points. Therefore, here we study system (1), in which instead of discrete delays we
consider delay distributed around some mean values with distributions given by general probability
densities K(s) : [0,∞)→ �+0 . Hence, the considered system, in the non-dimensional form reads

dx(t)
dt
= d
(
θ − x(t) + ρx(t)

∫ ∞
0

K(s) f (y(t − s)) ds − ψx(t)y(t)
)
,

dy(t)
dt
= y(t)(1 − x(t)), (2)

where 0 ≤ τav =
∫ ∞

0 sK(s)ds < ∞ and
∫ ∞

0 K(s)ds = 1 and f fulfils

(A1) f is a non-negative C2 class function defined on �≥ = [0,+∞),

(A2) f (0) = 0, lim
y→+∞ f (y) = 1, f (1) = 1/2; f is increasing on �≥;

(A3) f has at most one inflection point.

In fact, so high smoothness assumed in (A1) is required only for the bifurcation results. For the
global existence and uniqueness results this can be weaken assuming only a Lipschitz continuity of
the function f . Nevertheless, in our opinion from the point of view of applications Assumption (A1)
is not very restrictive. Assumptions (A2)–(A3) ensure that the function f has the Michaelis-Menten
or “s” shape as a generalisation of the functions considered in [2, 10, 6, 11]. Assumption (A3) is
essential for the results regarding the existence of positive steady states. If we relax this condition,
the system considered in this paper can have arbitrary number of steady states. On the other hand, if
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f has no inflection point, there can exist at most two positive steady states, while for f having one
inflection point, there can exist up to three positive steady states.

Due to technical reasons, we choose the following Banach space

K =
⎧⎪⎪⎨⎪⎪⎩ϕ ∈ C : lim

ξ→−∞ϕ(ξ) eξ = 0, sup
ξ∈(−∞,0]

|ϕ(ξ) eξ | < ∞
⎫⎪⎪⎬⎪⎪⎭ , ‖ϕ‖ = sup

ξ∈(−∞,0]
|ϕ(ξ) eξ | for ϕ ∈ K ,

where C denotes the space of continuous functions defined on (−∞, 0]. LetK≥ denotes the subspace
of non-negative functions belonging to K . Thus, we consider initial conditions from K≥.

2 Model analysis

The right-hand side of system (2) fulfils local Lipschitz condition. Thus, the there exists a unique
solution to system (2) defined on t ∈ [0, tϕ) for some tϕ > 0 (see [7, Chapter 2, Theorem 1.2]).
The non-negativity of solutions is a consequence of the form of the right hand side of system (2).
Moreover, using rather standard estimations we are able to show that the solution of (2) can be
prolonged for t ≥ 0. Hence the following holds

Theorem 2.1 (global existence and uniqueness) Let f fulfil conditions (A1)–(A2). Then for any
initial data (ϕ1, ϕ2) ∈ K≥ there exists a unique solution of (2) in K≥ defined on t ∈ [0,+∞).

System (2) has one semi-trivial steady state and from zero up to three positive steady states as
summarised in Table 1. Notice that all positive steady stats have form (1, ζ), where ζ is a positive
constant.

Theorem 2.2 Let f fulfils conditions (A1)–(A2), then the semi-trivial steady state A = (θ, 0) of
system (2) is a locally stable node for θ > 1 and a saddle for θ < 1 independently of the form of the
delay probability density K.

Proof : Linearising system (2) around the steady state A and due to the assumption (A2) we obtain

dx(t)
dt
= −dx(t) − dψθy(t) + dρθ f ′(0)

∫ ∞
0

K(s)y(t − s) ds,
dy(t)

dt
= (1 − θ)y(t).

The characteristic function reads W(λ) = (λ+d) (λ − (1 − θ)). Since it does not depend on the delay,
the stability of the steady state A does not depend on delay.

To study the local behaviour of solutions around the steady state (1, ζ) we linearise system (2)
obtaining

dx(t)
dt
= −dxθ + dγ f

∫ ∞
0

K(s)y(t − s) ds − dψy(t),
dy(t)

dt
= −ζx(t).
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Table 1: Existence and stability of the steady states of scaled version of system (1) with discrete
delay and f fulfilling conditions (A1)–(A3) depending on θ, ψ, ρ values. In the column ips we
indicate the number of possible inflection points of the function f . The Hopf bifurcation occurs
whenever a steady state loses its stability due to increase of discrete time delay.
ψ θ Possible steady states ips Stability

Semi-trivial steady states

ψ ≥ 0
0 < θ < 1 A = (θ, 0)

0,1
unstable for all τ ≥ 0

θ > 1 A = (θ, 0) locally stable for all τ ≥ 0
Non-trivial positive steady states

ψ = 0
max{0, 1 − ρ} < θ < 1 R = (1, yR), yR > 0

0,1
globally stable for τ = 0
locally stable for τ < τcr

yR

θ > 1 or 0 < θ < 1 − ρ none

ψ > 0

0 < θ < 1
none 0,1

B = (1, yB), C = (1, yC)
0,1

B locally stable for τ < τcr
yB

0 < yB < yC C unstable for all τ ≥ 0

θ > 1

C = (1, yC), yC > 0 0,1 C unstable for all τ ≥ 0
B = (1, yB), C = (1, yC),

1
B unstable for all τ ≥ 0

D = (1, yD) C locally stable τ < τcr
yC

0 < yB < yC < yD D unstable for all τ ≥ 0

Then the characteristic function has the following form

W(λ) = λ2 + dθλ − dψζ + dζγ f

∫ ∞
0

K(s) e−λs ds, γ f (ζ) = ρ f ′(ζ), (3)

where for γ f the dependence on ζ is omitted for simplicity of notation.
For the positive steady states stability analysis we consider Erlang probability densities

K(s) =
am(s)m−1

(m − 1)!
e−a(s),

where a ∈ �+, mi ∈ �+, s ∈ �+0 . Thus,
∫ ∞

0 K(s) e−λs ds = am/(a + λ)m and the characteristic
function reads

W(λ) = λ2 + dθλ − dψζ + dζγ f
am

(a + λ)m .

Hence, in the following we consider

D(λ) = (a + λ)m(λ2 + dθλ − dψζ) + dζγ f am. (4)

Theorem 2.3 Let f fulfils conditions (A1)–(A3). Consider system (2) with probability density given
by (2), then
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(i) for m = 1 the steady state (1, ζ) is stable if γ f > ψ and a > acr, and it is unstable if γ f < ψ or
a < acr. For γ f > ψ, the Hopf bifurcation occurs at

acr =
ζγ f − θ2d +

√
(θ2d − γ f ζ)2 + 4θ2ψζd

2θ
. (5)

(ii) for m = 2 the steady state (1, ζ) is stable if a > acr and γ f > ψ, where acr is a unique solution
of 2θ(dψζ − a(a + dθ))2 = a(2a + dθ)2γ f , with a ≥ 2ψζ/θ. For a < acr or γ f < ψ, the steady
state (1, ζ) is unstable, while for γ f > ψ, the Hopf bifurcation occurs at a = acr.

The proof of Theorem 2.3 is based on the study of the existence of roots of a polynomial (which
form changes depending on the considered case) using the Descartes’ rule of signs, mathematical
analysis and Theorem 1 from [3].

Clearly, for given parameters the threshold value acr can be calculated from the Routh-Hurwitz
stability criterion. However, already for m = 2, the formula for the threshold value acr is implicit.
For m > 2, the characteristic polynomial is of degree at least five and the Routh-Hurwitz condition
consist of at least two inequalities that can not be, in general, reduced to a simpler form. Thus, we
decided not to write these inequalities for m > 2.

On the other hand we know that for γ f −ψ < 0 the steady state (1, ζ) of the model without delay
is unstable [6, 11]. Thus, it remains unstable also for system (2) with Erlang probability density (2).
Moreover, using the continuity argument we are able to show the following

Theorem 2.4 Let f fulfils conditions (A1)–(A3). If γ f > ψ, then for Erlang distribution probability
density there exist 0 < ā1 ≤ ā2 such that the steady state (1, ζ) is unstable for a ∈ (0, ā1) and it is
stable for a > ā2.

3 Numerical simulations

In our numerical study we limit ourselves to a specific form of the function f , namely f (y) =
y/(1+ y) and Erlang distributions. In [11] model parameters were estimated by the fitting procedure
of model (1) trajectories to two sets of the experimental data (B-cell lymphoma in the spleen tumour
of normal and chimeric mice) from [14]. Fitting procedure was performed in Matlab using particle
swarm optimization algorithm and standard mean square error

MSE =
1
n

n∑
i=1

Err2
i , Erri = (xdata

i − xsym
i )/xdata

i ,

where n is the number of experimental measurements, xdata
i are the measured values and xsym

i are
the values of the x solution of the considered system for respective time points.
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The initial conditions reflected the modelled experiments that is injection of 5 × 105 cells at
time 0 and the initial immune system equal to the background immunity for t ∈ [−τ, 0]. In [11] first
parameters were fitted to the chimeric mice experiment including the initial condition, with MSE
at the level of 3.57%. Then part of parameters determining the initial condition (that is w, u) and
parameter r (tumour growth rate) were fixed and the rest of the parameters were fitted to the control
experiment with MSE at the level of 0.14%, for scaled values of model parameters, see Table 2.
Assuming the same as in [11] ranges of the parameters we follow the procedure described above
however this time using linear chain trick [8] with appropriate initial conditions.

Table 2: Values of the fitted (scaled) parameters for system (2), f = y/(1 + y).
m θ d ρ ψ a τav\τ MSE

1
control 0.5744

0.0412
7.4029 1.5277 0.6722 1.4876 0.21%

chimeric 0.6872 13.6316 5.8918 38.6986 0.0258 3.57%

2
control 0.5778

0.0415
7.4567 1.4974 1.2870 1.5540 0.13%

chimeric 0.6873 13.7073 5.9061 66.5506 0.0301 3.58%

5
control 0.5783

0.0419
7.3589 1.4596 3.3367 1.4985 0.12%

chimeric 0.6881 14.2413 6.1840 110.2895 0.0453 3.61%

∞ control 0.5802
0.0418

7.4046 1.4576 — 1.4964 0,14%
chimeric 0.6841 14.4583 6.3802 — 0.0273 3.57%
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Figure 1: (Left) Result of the fitting procedure for Erland distribution with m = 1 for system (2).
(Right) Comparison of the relative errors (|Erri|) for the control experiment for different Erlang
distributions as described in the legend, m = ∞ represents data for the model with discrete delay.

Fitting results for the particular Erlang distributions, showing similar fitting accuracy, are pre-
sented in Table 2. For better understanding, in Fig. 1 we present comparison of the relative errors
for each measurement point (|Erri|) for the control and chimera experiments for different Erlang dis-
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tributions. In addition, in Table 3 we give the coordinates of non-negative steady states, determine
theirs stability and critical average delay for which steady states B loose the stability.

Next, for the fitted sets of parameters we investigate the dependence of critical average delay
for the positive steady states (which my loses stability) on the model parameters θ and ρ, see Figs. 2
and 3, showing that plotted curves are located very close to each other. The biological/medical
justification of the parameter choice is described in the next section.

Table 3: Steady states and theirs stability for system (2) for the parameters as given in Tab. 2.

m
(xA, 0) (1, yB) (1, yc)

acr τcr
av\τcr

yBunstable unst./st. unstable

1
control (0.5744, 0) (1, 0.0799) (1, 3.4874) 0.8650 1.1560

chimeric (0.6872, 0) (1, 0.0436) (1, 1.2170) 0.7798 1.2823

2
control (0.5778, 0) (1, 0.0779) (1, 3.6199) 1.7121 1.1682

chimeric (0.6873, 0) (1, 0.0432) (1, 1.2247) 1.5695 1.2743

5
control (0.5783, 0) (1, 0.0786) (1, 3.6743) 4.2743 1.1698

chimeric (0.6881, 0) (1, 0.0417) (1, 1.2108) 3.9516 1.2653

∞ control (0.5802,0) (1, 0.0775) (1, 3.7145) — 1.1776
chimeric (0.6841,0) (1, 0.0422) (1, 1.1745) — 1.2227

4 Results and Discussion

For each considered Erlang distribution we were able to fit the solutions of the system to the exper-
imental data with the MSEs at the same comparable level. For fitted sets of parameters, in all cases,
system (2) has three steady states one semi-trivial (unstable) and two positive from which one is
unstable (for both chimera and control experiments) and the second one (dormant steady state), is
stable for chimera experiment and unstable for control experiment.

We investigated the influence of the parameters θ and ρ on the stability of the steady state. The
parameter θ was chosen because it is proportional to the constant influx of effector cells w and the
killing effectiveness of effector cells c. The ratio c that can be up-regulated e.g. by the infusions
of the cells grown ex vivo or as the result of the infusion of properly chosen cytokines together
with active in vivo immunisation against the particular tumour cell types. The parameters θ is also
inversely proportional to the natural lymphocyte death rate (u) and the tumour growth rate (r) but
they are rather out of reach of immunotherapy. Thus, we investigated the dependence of the critical
average delay τcr

av (for steady state B) on θ parameter showing that the control experiment the largest
stability region we obtain for Erlang distribution with m = 1 (smaller for m = 2 and m = 5) and the
smallest for discrete delay. For the chimera experiment situation is is similar, see Fig. 2.

On the other hand, the parameter ρ reflects the stimulation strength and it is proportional to
the multiplication of the immunity after the stimulation by antigen and reverse proportional to the
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Figure 2: Dependence of the critical average delay τcr
av (for steady state B) on the parameter θ for

different values on m in the case of Erlang distributions (as reported in Table 2) and discrete delay
for control (top panels) and chimer (bottom panels) sets of parameters. Case m = ∞ denotes the
results for system (1) with discrete delay. Purple vertical lines indicate the values of θ parameter
estimated due to the fitting procedure for discrete case. Blue horizontal dashed lines indicate the
values of τ parameter estimated due to the fitting procedure for all considered cases. The stability
regions of the steady state B lie below the curves for different values of m.

natural immune cell death rate, that is ρ = aF/u. This parameter has also essential influence on the
control of the tumour growth since, together with other parameters, it determines the number of ex-
isting steady states and theirs stability. If the tumour antigens are not presented to the lymphocytes,
one can increase aF and possibly speed up the immune response time triggered by the antigens
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Figure 3: Dependence of the critical average delay τcr
av (for steady state B) on the parameter ρ for

different values on m in the case of Erlang distributions (as reported in Table 2) and discrete delay
for control (top panels) and chimer (bottom panels) sets of parameters. Case m = ∞ denotes the
results for system (1) with discrete delay. Purple vertical dashed line indicates the value of the ρ
parameter estimated due to the fitting procedure for system (1) with discrete delay. The stability
regions of the steady state B lie below the curves for different values of m.

presence by the method of an artificial loading of the antigen-presenting cells with specific tumour
antigens. Changing ρ for control experiment we observe that the largest stability region is obtained
for discrete delay and smallest for Erlang distribution with m = 1. For the chimeric experiment
situation strongly differs – largest stability region is obtained for Erlang distribution with m = 1 and
smallest for the system with discrete delay.
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Clearly, for all considered cases we see that an increase of both θ and ρ increases the value of
the average critical delay for which the Hopf bifurcation is observed, thus it enlarges the stability
region for the positive dormant steady state B. However, comparing the plots in Fig. 2 and values
given in Tables 2 and 3 we conclude that changing the parameter θ in the biologically reachable
range and keeping other parameters fixed we are unable to stabilize the dormant steady state for
the control experiment. On the other hand, performed simulations partially presented in Fig. 3)
show that stabilisation of the dormant steady state for the control is impossible when the parameter
ρ (keeping other parameters fixed) is changed. It is so due to the fact that for ρ = 200 (maximal
biologically justified value of that parameter) the critical value of average delay are: 1.3941 1.3912,
1.3839, 1.3897 for Erlang distributions with m = 1, m = 2, m = 5 and for the discrete delay
case, respectively. All these values are smaller than the fitted average delays. Moreover, numerical
simulations suggest that this critical value does not exceeds 1.4 even for very large ρ.

Clearly, due to the Linear Chain Trick, the sequence of linear reactions with the same coeffi-
cients described by sufficiently large system of ODEs can be modelled by the system with Erlang
distribution in which the effect of reaction sequence is expressed by a proper integral. However,
assuming more complex sequences of reactions (e.g. containing parallel feedback, coherent feed-
forward loops or combination of both) and proceeding in a similar manner as a result one would not
obtain such easily treated probability densities.

On the other hand, the solutions of system with discussed probability densities fit well to all
experimental measurements except one point for the chimera experiment. This could be due to
model limitation, measurement mistake or it might suggest to consider other delay distribution, e.g.
piecewise linear. However, that would require the usage of different mathematical tools due to the
form of the characteristic function. We will address that these issues in the future work.
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Abstract

Klein-Gordon equations on an unbounded domain are considered in one dimensional
and two dimensional cases. Numerical computation is reduced to a finite domain by
using the Hagstrom-Warburton high-order absorbing boundary conditions. The space
discretization is reached by means of finite differences on a uniform grid, with fourth
order inside the computational domain. Time integration is made by means of exponen-
tial splitting schemes that are efficient and easy to implement. Numerical experiments
displaying the accuracy of the numerical solution for the two dimensional case are pro-
vided.

Key words: Splitting methods, Absorbing boundary conditions, Auxiliary variables,
Artificial boundary, Finite differences.

1 Introduction

We consider dispersive waves propagating in (−∞,∞)× [a, b], a two dimensional strip. The
south and north boundaries of the strip are denoted by ΓS and ΓN . Inside the strip, we
consider the Klein-Gordon equation,

∂2
t u− c2∇2u+ s2u = f. (1)

Here c = c(x, y) is the given wave speed, s = s(x, y) the medium dispersion coefficient and
f(x, y, t) is a given source.
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Our results hold when, outside a compact region Ω0, the speed c and the dispersion
coefficient are constant and the source f vanishes. However, for the sake of simplicity, we
only consider examples which satisfy this assumption in the whole strip (−∞,∞)× [a, b].

On the south and north boundaries we consider Neumann boundary conditions,

∂yu = 0, onΓS andΓN . (2)

Finally, we consider the initial conditions,

u(x, y, 0) = u0(x, y), ∂tu(x, y, 0) = v0(x, y), (3)

which satisfy the boundary conditions on ΓS and ΓN , and vanish outside Ω0.
The numerical approximations of these problems need to reduce the computation to a

finite domain. Therefore, we truncate the infinite domain by introducing the west artificial
boundary ΓW , located at x = xW , a ≤ y ≤ b, and the east artificial boundary ΓE at x = xE ,
a ≤ y ≤ b. We denote by Ω the computational domain bounded by ΓN ∪ ΓW ∪ ΓS ∪ ΓE ,
such that Ω0 ⊂ Ω.

The function u satisfies the Klein-Gordon equation (1) inside Ω, the Neumann boundary
condition (2) on ΓS and ΓN , and the initial conditions (3) in Ω. It is necessary to define
suitable artificial boundary conditions on the artificial boundaries ΓW and ΓE . For this, we
have focused on the so called Absorbing Boundary Conditions (ABCs), which are designed
to produce small reflections inside the computational domain and to have local character.
We have considered the Hagstrom-Warburton high-order ABCs wich use auxiliary variables
to avoid high derivatives in their formulation. Arbitrary order of absorption P can be
achieved by introducing P auxiliary variables φj , j = 1, . . . , P , satisfying the recursive
relations

(∂t + c∂x)u = ∂tφ1,

∂2
t φ1 = c2(

1

2
∂2
yφ0 +

1

4
∂2
yφ1 +

1

4
∂2
yφ2)− s2(

1

2
φ0 +

1

4
φ1 +

1

4
φ2),

∂2
t φj = c2(

1

4
∂2
yφj−1 +

1

2
∂2
yφj +

1

4
∂2
yφj+1)− s2(

1

4
φj−1 +

1

2
φj +

1

4
φj+1), j = 2, . . . , P,

u = φ0, φP+1 = 0.

2 Spatial discretization

For the sake of simplicity, we consider the same size step in both directions x and y, that is,

for a value of N , h =
xE − xW

N
and M =

b− a

h
. Let xj = xW + (j − 1)h, j = 1, . . . , N + 1,

and yl = a + (l − 1)h, l = 1, . . . ,M + 1, be the nodes of the spatial discretization. This
produces a uniform grid in the computational domain with M +1 rows and N +1 columns.
We denote ujl(t) = u(xj , yl, t). In this way, there is a matrix of unknowns. On the other
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hand, we consider φrl = φr(yl), r = 1, . . . , P , and l = 1, . . . ,M + 1, on west and east
boundaries.

Second order spatial derivatives in the direction x, ∂2
x ujl, from j = 3 to N − 1, are

approximated by fourth order central finite differences and, for j = 2 and N , by fourth
order one-sided finite differences. First order spatial derivatives ∂x u1l and ∂x uN+1,l are
approximated by fourth order one-sided finite differences.

We assume that the unknowns associated with nodes on south and north boundaries
have been removed using Neumann boundary conditions. Spatial derivative in the direction
y, ∂2

y ujl, from l = 3 to M − 1, are approximated by fourth order central finite differences.
For l = 2 and M , fourth order one-sided finite differences and Neumann boundary condition
are used to obtain the approximation to ∂2

y uj2 and ∂2
y ujM .

3 Time discretization: exponential splitting method

For the time discretization, we propose a fourth order exponential splitting method which
improves the computational efficiency of the time integration.

The main idea of splitting methods for the time integration of ordinary differential
equations involves to separate the system into several parts, being each of them easily
integrable, and then combining the solutions of the intermediate problems to achieve a
good approximation of the original problem.

Let it be uj the column j, φφφW
j and φφφE

j the column vectors corresponding to the auxiliary

variable j on west and east boundary respectively. We consider u = [uT
1 , . . . ,u

T
N+1]

T ,

u′ = [
d

dt
uT
2 , . . . ,

d

dt
uT
N ]T , φφφW = [(φφφW

1 )T , . . . , (φφφW
P )T ]T , φφφE = [(φφφE

1 )
T , . . . , (φφφE

P )
T ]T , (φφφW )′ =

[
d

dt
(φφφW

1 )T , . . . ,
d

dt
(φφφW

P )T ]T and finally (φφφE)′ = [
d

dt
(φφφE

1 )
T , . . . ,

d

dt
(φφφE

P )
T ]T .

The semidiscrete problem rewritten as a first order ordinary differential is

d

dt

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =M

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =

[
M11 M12

M21 0

]
⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ . (4)

We propose one splitting with two steps in such way the matrix of each intermediate problem
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has a simpler exponential. The step 1 is

d

dt

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =M

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =

[
M11 M12

0 0

]
⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ ,

and the step 2

d

dt

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =M

⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ =

[
0 0

M21 0

]
⎡⎢⎢⎢⎢⎢⎢⎣

u
φφφW

φφφE

u′

(φφφW )′

(φφφE)′

⎤⎥⎥⎥⎥⎥⎥⎦ .

Once we have chosen the steps and we have solved exactly each step, there is still

missing combining these solutions to obtain an approximation of the solution of (4). If ψ
[1]
k

and ψ
[2]
k are the flows, with time size k, for step 1 and 2 respectively, first, we consider the

second order Strang splitting

S [2]k = ψ
[1]
k/2 ◦ ψ

[2]
k ◦ ψ

[1]
k/2.

Then, we obtain the fourth order integrator S [4] by composition of S [2].

S [4]k = S [2]αk ◦ S
[2]
βk ◦ S

[2]
αk, with α =

1

2− 21/3
, β = 1− 2α. (5)

We remark that it is possible to save some computational cost in (5) by join together the

last step in the composition of S [2]αk and the first one in S [2]βk and similarly, the last one in

the composition of S [2]βk and the first one in S [2]αk. That is,

S [4]k = ψ
[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2 ◦ ψ

[1]
βk/2 ◦ ψ

[2]
βk ◦ ψ

[1]
βk/2 ◦ ψ

[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2,

= ψ
[1]
αk/2 ◦ ψ

[2]
αk ◦ ψ

[1]
(α+β)k/2 ◦ ψ

[2]
βk ◦ ψ

[1]
(α+β)k/2 ◦ ψ

[2]
αk ◦ ψ

[1]
αk/2.

4 Numerical experiments

We consider the problem with initial conditions

u0(x, y) =

⎧⎨⎩
(x+ 0.2)3(0.2− x)3(y + 0.2)3(0.2− y)3

(0.2)12
, −0.2 < x, y < 0.2,

0, otherwise,
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and v0(x, y) = 0, with compact support contained in the computational domain [−1/4, 1/4]×
[−1/4, 1/4]. The polynomial in u0 is chosen so that u0 ∈ C1([−1/4, 1/4]× [−1/4, 1/4]).

We set c = 1, s2 = 1 and final time T = 4. We study the efficiency of the splitting
scheme by comparing with the fourth-order four-stage Runge-Kutta method.

100 101 102

10−4

10−3

10−2

CPU time

Em
ax

splitting
rk4

Figure 1: Emax versus CPU time for the exponential splitting integrator and the fourth-
order four-stage Runge-Kutta method.

Figure 1 displays the maximum error versus CPU time for the exponential splitting
integrator and the fourth-order four-stage Runge-Kutta method. It can be seen that, for
the same level of accuracy, the splitting method is less costly than the Runge-Kutta method.
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2 Departamento de Matemática Aplicada I, Universidad de Sevilla, Spain

3 Department of Architecture and Computer Technology, University of Seville

emails: andpriiba@alum.us.es, mjchavez@us.es, vizuete@us.es, jmmacias@us.es,
dcagigas@us.es

Abstract

The functional service life of heritage buildings, defined as the time period during
which the building fulfils the requirements for which it was designed, is a complex system
that has still not been fully resolved and continues to be the object of research regarding
its social, economic and cultural importance. This paper presents an application for
analysing time series that reflect the state of building performance over time. To this
end, historical time records are used that provided data that could be interpreted by
experts in the field. The latter can then evaluate the input variables (vulnerability and
risk) using the expert system for predicting the service life of buildings, Fuzzy Building
Service Life (FBSL), this methodology put together the fuzzy logic tools and Delphi
method. This model provides output data on the state of functionality or performance
of each buildings at each moment in time whenever information records are available.
The Delphi Method is used to eliminate expert subjectivity, establishing an FDM-type
assessment methodology that effectively quantifies the service life of buildings over time.
The application is able to provide significant data when generating future preventive
maintenance programmes in architectural-cultural heritage buildings. It can also be
used to optimise the resources invested in the conservation of heritage buildings. In
order to validate this system, the FDM methodology is applied to some specific building
examples.

Key words: Functional service life, Fuzzy Delphi Method (FDM), Expert system,
Preventive conservation, Architectural heritage, Time series analysis
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1 Introduction

The current economic situation has meant that resources intended for building maintenance
programmes are fairly limited. As a result, there has been an increase in the number of
studies focusing on how to prioritize the need for maintenance work during the service life
of buildings. The aim of such studies is to estimate the moment when preventive mainte-
nance actions or programmes need to be performed in buildings, since this type of work can
considerably minimise the economic costs of conservation over time. According to the ISO
15686: 2011 international standard [18], service life can be defined as the period of time
during which the building and its constituent parts fulfil the requirements for which they
were designed, considered as a complex system composed of several sets of interconnected
variables and whose links create additional information as a result of interactions. Haa-
genrud (2004) [2] described the number of agents causing deterioration (vulnerability and
risk) that have direct and indirect consequences in terms of building maintenance and repair
costs. On the other hand, the definition of the end of service life is a subjective concept
that depends on criteria that may change over time.

In 2012, Maćıas-Bernal, Calama and Chávez presented the FBSL (Fuzzy Building Ser-
vice Life) expert system [6] based on the theory of fuzzy sets [14] and intended for the
diagnosis of building service life, the aim being to make predictions based on the concepts
of the inherent vulnerability of buildings and external risks, where building performance
in functionality terms is the output variable. This model, which will be explained briefly
at the end of this section, is able to prioritize preventive conservation actions in groups of
buildings with homogeneous architectural features. The FBSL system has recently been
declared as compliant with the ISO 31000 : 2009 international standard [19] and the Eu-
ropean standard EN 31010 : 2011 [20], both regulatory risk management standards and
identified by the Institute of Cultural Heritage of Spain (IPCE) as useful tools for design-
ing preventive conservation plans and risk management in heritage buildings [11]. The
FBSL system has also been tested and correlated with another international model used to
measure the physical degradation of materials [16] [17].

The traditional Delphi method developed by Dalkey and Helmer [1] (1963) has been
widely used to obtain a steady stream of responses based on the results obtained through
questionnaires.

It is one prospective method that seeks to obtain the consensus of a panel of experts
based on the analysis and reflection of a well-defined problem [3]. It has three main features:
anonymous reply, iteration and feedback controlled according to the statistical analysis of
a group response.

It requires a long period for implementation since repeat surveys must be conducted in
order to eliminate expert subjectivity and obtain uniform conclusions. On the other hand,
and depending on the properties studied, it is common for the judgement of experts not to
be adequately reflected in quantitative terms.
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This is the case of the variables that affect the service life of a building; whenever there
is certain ambiguity in their interpretation, it is more desirable for the panel of experts
to reflect their preferences using linguistic terms such as ”good”, ”very good”, ”average”,
”bad” or ”very bad”. These linguistic labels will subsequently be processed by fuzzy logic.

This combination between the theory of fuzzy sets and the Delphi method was proposed
by Murray, Pipino and Gigch in 1985 [8] and was called the Fuzzy Delphi Method (FDM) [4].

The most important contribution of this study is the application of the FDM method-
ology for the analysis of historical-time records of buildings by a panel of experts using the
FBSL model.

The Fuzzy Buildings Service Life (FBSL) expert system to be identified can be repre-
sented as a multi-input non-linear model: ŷ = f(v(x)), where v(x) is a vector obtained from
input data. In this case, the vector for each building x is the input data of the process:

v(x) = [v1(x), v2(x), . . . , vn(x)]

where {vi, i = 1, . . . , n} are input variables. For the estimation of the service life to
building x, the model can be represented by:

ŷ(x) = f(v(x))

The FBSL system has been developed following the steps established by Xfuzzy 3.0. [9]
in which it is implemented: linguistic variables (input variables and output variables), rule
bases and the hierarchical structure that makes up the system. To define the input param-
eters - specifically factors of vulnerability, static-structural, atmospheric and anthropic risk
-, the following documents were reviewed: National Cathedral Plan; Law on Construction
Planning: Rehabimed Method; Heritage Conservation Network; Spanish Technical Build-
ing Code; UNE 41805 : 2009 IN; ISO 15686 [6]. As a result, a total of 17 input factors
(vulnerabilities and risk factors) were validated and ranked. With the collaboration of 15
professional experts in maintenance and building preservation, these factors were validated.
A Delphi methodology using Opina software the property of the University of Seville was
used to obtain all the experts’ answers. The input variables are fuzzified in membership
functions μA(v), in which a fuzzy set can take any value in the range of [0,1].

μA(v) : U → [0, 1]

Gaussian-type membership functions are generally used, as they are considered the
most appropriate, reaching a non-zero values at all points. This occurs in all the member-
ship functions of the FBSL fuzzy inference model, except in the membership function of
input variable v1 - Geological location, whose applied membership function is trapezoidal

c©CMMSE ISBN: 978-84-608-6082-21018



Time Series on Functional Service Life of Buildings using Fuzzy Delphi Method

(established for four types of terrain). The fuzzy inference system uses the fuzzy operator
”and” as a connector, which is defined as an intersection. Thus, given two sets A and B,
defined on their respective universes of discourse U , the intersection of both sets is a fuzzy
set A ∧B, whose membership function is defined in equation (1):

μA∧B(vi, vj) = T (μA(vi), μB(vj)) (1)

where T (x, y) = min(x, y) is a T-norm [13]. The fuzzy BSL system uses the minimum
as connective [7].

It is well known that the core of a fuzzy system is the knowledge base comprised of
two components: the data base and the rule base. The data base contains the definitions
of the linguistic labels, i.e. the membership functions for the fuzzy sets. The rule base
is a collection of fuzzy control rules, comprising linguistic labels, representing the expert
knowledge of the controlled system. The fuzzy logic inference model, known as a generalized
modus ponens, is established in the FBSL model, Equation (2), together with its hierarchical
structure. In the composition of fuzzy propositions, the min-max or Mamdani inference
mechanism is used [7]. This type of method works with the minimum operator as the
implication function and the maximum as the aggregation operator [12]:

R(j) : IF v1 is Aj
1 AND v2 is Aj

2 . . . vn is Aj
n THEN y is B1 (2)

where vi(x) are the input (output) linguistic variables, Aj
i (B) are the linguistic labels

used in the input (output) variables, n is the inputs numbers and j rules numbers. The
defuzzification method (the mechanism that allows the significant value discreetly repre-
senting a fuzzy set to be obtained) used by the FBSL system is the one from the Centre
of the area of fuzzy set B, also known as the Centre of Gravity or Centroid [5]; it uses the
centre of the area of fuzzy set B as a proxy value, ŷ. Its discrete version, which can be
interpreted as a Riemann sum.

ŷ =

∑
i
vi · μB(vi)∑
i
μB(vi)

The positive properties of this method are, most notably, its continuous nature (a small
change in the inputs does not imply an abrupt change in the outputs) and its non-ambiguous
nature (it obtains a single value as a result of the process).
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2 Delphi Fuzzy Methodology for the historical-time analysis
of buildings

It is well known that modelled time series have been designed to develop an effective method-
ology that conforms to reality and is easy to interpret. These models are considered to be
very useful applications in many scientific fields (industrial engineering, business, economic
activities, etc.).

The collection of historical time series records is essential when optimising maintenance
actions in buildings. The historical-time series of a building is formed by sets of data
stored at different moments in time; each of these moments may be formed by one or more
data records. Indeed, sometimes there are ”windows” in the time series in which a single
record does not give a clear and accurate idea of the state of conservation of the building;
in these situations, all the accumulated data would constitute a single moment. Prieto,
Maćıas-Bernal and Chávez (2015a) [10] took a first step in this direction by analysing the
functionality of buildings through historical records. As a result, milestones were identified
that significantly reduced the conservation status of the buildings studied.

Each of the professionals (ik) belonging to the panel of experts entrusted with inter-
preting the different historical-time moments (yh) of each building (xl) in the round (jq) will
value the input variables of the FBSL: five variables of vulnerability (v1-Geological location,
v2-Roof design, v3-Environmental conditions, v4-Constructive system, v5-Preservation); 12
risk (r6-Load state modification, r7-Dead and live loads, r8-Ventilation, r9-Facilities, r10-
Fire, r11-Inner environment, r12-Rainfall, r13-Temperature, r14-Population growth, r15-
Heritage value, r16-Furniture value, r17-Occupancy), obtaining a Functionality Index gen-
erated by the fuzzy expert system. See Equation 3, where jq is each round in the Delphi
methodology.

Each variable involved in the historical-time application of the FBSLi,j(v(x, y)) is
described below:

ŷ(xl, yh) = FBSLik,jq(v1(xl, yh)), . . . , v5(xl, yh), r6(xl, yh) . . . , r17(xl, yh)) (3)

• Set of buildings {xl, l = 1, . . . , n1}
The sample of case studies selected must be a set of buildings with uniform con-
struction characteristics to which the 17 vulnerability and risk variables of the FBSL
functionality model can be adapted. The validity of the expert system was compared
dividing the buildings into two groups [6] [11] [15].

• Moment {yh, h = 1, . . . , n2}
The moments are made up of one or more data records. The data records may have
very different characteristics and include historical pictures, paintings, engravings,
construction reports, budgets, records of events, records in text format. Historical
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data may contain many unique characteristics. For this reason, since the information
is primarily qualitative, it is conditioned by great subjectivity when interpreted by
expert professionals. Note that the methodology requires a minimum number of time
points to be efficient.

• Panel of experts {yk, k = 1, . . . , n3}
For the experts to be able to carry out the DFMmethodology, they must not know each
other and there must never be a possibility for them to interact. They undertake to
take responsibility for making judgements and opinions, which are the cornerstone of
the method. Their profiles must cover different areas of knowledge related to the field
of construction, including architecture, heritage conservation and building surveys.

The number of experts also depends on the budget available for each study. It is
generally considered that the number of experts should not be less than 7 and not
more than around 30.

• Round {jq, q = 1, . . . , n4}
The experts are responsible for interpreting the data over the historical time series
by iterating questions and answers in each rondas (jq) on which the FDM method is
based. A process coordinator group receives the responses generated in each stage.
As the rounds are completed, the degree of reliability of the answers provided by
the experts increases, thus generating a base of increasingly objective and reliable
knowledge. As many iterations as necessary are performed among the experts to
obtain sufficiently objective conclusions.

After the action in the first round, the coordinating group calculates the appropri-
ate statistical centralisation and dispersion parameters to observe those information
records for which a fuzzier value from the experts is obtained, resulting in the drafting
of the questionnaire for the next round.

3 Results and discussion

To illustrate the use of our methodology, we considered the following 20 heritage buildings
located in the province of Seville (Spain).

The buildings were religious buildings with heritage features built between the 15th-
16th centuries. They had other uniform political, cultural and social features. However, the
chronology and stylistic characteristics of the Mudéjar buildings in the province of Seville
made every building unique. Each of these buildings is located in the urban area of the
corresponding locality and none are in a state of ruin or neglect [6].

A total of around 400 data records exist for the period from 1400 to the present. These
include prints, paintings, photographs, records of information from newspaper archives,
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manuscripts from parish archives dating from different periods describing interventions,
restoration work or even possible consolidation work in the buildings, as well works certifi-
cates in the case of more recent buildings.

A group of 10 professional experts with profiles relating to the fields of Chemical Sci-
ences, Architecture, Construction, Environment, Restoration and History were entrusted
with assessing the 17 input variables of the FBSL by interpreting each of the records stored
at each moment of time. Figure 1 shows the results obtained by one expert in the first
round.

Figure 1: Historical evolution of the functionality of the uniform set of heritage buildings
located in the province of Seville between 1400-2016.

As a specific case, the San Pablo Parish Church in Aznalcázar was chosen for analysis
and individual representation.

In the time analysis of the San Pablo de Aznalcázar Parish Church (x1), a total of 22
historical records dating from between 1400 and 2016 were recovered. Data collection was
difficult. The historical time series data in this study were gathered manually from the
parish archives owned by the Archdiocese of Seville. It was also essential to analyse the
photographs that were recovered (University of Seville photographic library) as they reveal
reliable information on the functional state of the building, and can also be easily compared
with qualitative records in text format.

After analysing this information (see Figure 2), three unique events were identified as
having had a significant influence on the functional level of the building: the first fire in
the building (1480), the Lisbon earthquake (1755) and the second fire in the building four
years before the Spanish Civil War (1932).
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Figure 2: Historical evolution of the functionality of San Pablo de Aznalcázar parish church
from 1400 to 2016.
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4 Conclusions

The overall importance of sustainable development requires appropriate decisions to be
taken to guarantee the service life of buildings. To achieve this, it is necessary to establish
tools that can be used to define conservation and preventive maintenance plans and enhance
building performance.

A new FDM-based methodology for the prediction of the service life of buildings over
time by means of the analysis of historical time series is presented. This model requires
records of information gathered to define the historical moments in the best possible way,
and therefore achieve a better definition of building functionality. Moreover, the system is
also able to effectively identify significant milestones that have compromised the life of the
buildings over time.

The knowledge gathered in this study can be used to develop new methodologies based
on the historical-temporal information stored and to support the taking of decisions regard-
ing the best time to perform maintenance work, as well as to limit maintenance costs.

In terms of work in progress, FDM is currently being used in homogeneous sets of
heritage buildings in southern Europe, Spain and Portugal.

This study can be extended to other buildings and other construction elements located
in other regions of Europe. However, in order to carry out this application, the model must
be adapted to the actual characteristics and circumstances of each location. In this sense,
the analysis of the sensitivity of the model may be useful for defining and adjusting the
different input variables that influence the system in order to improve the desired results
and conclusions.
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Abstract

In this paper we extend the strategy presented in the article The application of
Newton’s method in vector form for solving nonlinear scalar equations where the classical
Newton method fails (Journal of Computational and Applied Mathematics 275 (2015)
228–237) [1] to get the approximate solutions of a system of equations through solving
an associated system obtained by the application of Newton’s method. In this way, the
solutions of the associated system that are not 2-cycles provide solutions of the given
sytem. In most cases, the associated system can not be solved exactly. For particular
starting values, solving the associated system with the Newton’s method results more
efficient than the application of the Newton’s method to the original system. Some
examples are given to illustrate the performance of the proposed strategy.

Key words: nonlinear systems, Newton’s method, performance profiles

1 Introduction.

Finding the roots of a nonlinear equation f(x) = 0 is a classical and important problem in
science and engineering. There are very few functions for which the roots can be expressed
explicitly in closed form. Thus, the solutions must be obtained approximately, relying on
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numerical techniques based on iterative processes [2]. Given an initial guess for the root, x0,
successive approximations are obtained by means of an iteration function (IF) Φ : X −→ X

xn+1 = Φ(xn) , n = 0, 1, 2 . . .

which will often converge to a root α of the equation, provided that some convergence
criterion is satisfied.

Among the iteration methods, the Newton method is probably the best known and
most reliable and most used algorithm [3],[4]. There exist different results about semilocal
convergence of Newton’s method in which precise bounds are given for balls of convergence
and uniqueness. Nevertheless, the dynamics of the Newton IF, named as Nf , may be very
complicated, even for apparently simple functions and some pathological situations may
occur in which Newton’s method fails.

In the article by Ramos and Vigo-Aguiar [1], an alternative approach for solving patho-
logical cases for scalar equations was presented. The strategy relies in the fact that the
iteration function Nf does not have extraneous fixed points. The results for scalar functions
may be extended to vector functions, and thus a similar approach may be used for solving
such systems.

In this paper we present several examples of systems of equations in order to compare
the performance of the application of the classical Newton method to the given system and
to the associated one.

2 Main result.

The extension of the main result in [1] for systems reads

Proposition 1 Let be F (x) : Rn → Rn a differentiable function and NF (x) the correspond-
ing Newton IF. Any solution of the system {NF (x) = y, NF (y) = x} is of one of the following
types

• x = x1, y = x2 with x1 �= x2, which means that the set {x1, x2} is a 2-cycle of NF (x).

• x = y = α, which means that α is a root of the system F (x) = 0.

The proof of this result is similar to that in [1], so the reader is referred to this reference.

3 A simple illustrative example.

Let us consider the system given by{
y2 − 2x− 1 = 0
x− y(1 + y) = 0
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which has only the solution (0,−1). The plot of the two plane algebraic curves that form
the system consists in two parabolas with horizontal axis that intersect tangentially on the
above point.

Solving the above system with the Newton method using Mathematica 8.0 taking as
initial guess (x0, y0) = (−1.3, 1.4) results in a solution given by

x = −1.033582629× 10−25, y = −0.999999999999

after 88 iterations and CPU time of 0.0625 s., noting that the convergence is slow.
Now, being F (x, y) = (y2 − 2x − 1, x − y(1 + y)), and F ′(x, y) the Jacobian matrix of

F , after some algebraic computations we get that the Newton iteration function is given by

NF (x, y) = (x, y)− (F ′(x, y))−1F (x, y) = (
1

2
(−1− y),

1

2
(−1 + y))

and the associated system is given by

{NF (a, b) = (c, d), NF (c, d) = (a, b)}

that is, we get the system of four algebraic equations given by

{1 + b+ 2c = 0, b = 1 + 2d, 1 + 2a+ d = 0, 1 + 2b = d}

which is a linear one, and thus the Newton method gives the exact solution (except roundoff
errors). This solution may be obtained easily and is (a = 0, b = −1, c = 0, d = −1), and thus
the solution of the initial system is α = (0,−1) as stated above. This is a simple example
where solving the associated system results to be more efficient than solving the original
system.

Note that whenever NF is linear, the associated system will be linear too, and therefore
the application of Newton’s method gives an accurate result.

4 Numerical examples.

In this section we have considered different problems appeared in the literature to apply
the proposed strategy. Our goal is to compare the performance of the Newton’s method
in solving the original system and the associated system. To do that we have considered
different regions to take the starting guesses, where we have observed different behavior
between both procedures. In other regions the results are similar, with the exception of the
CPU time, which in some cases might be slightly larger because the associated system has
twice as many equation than the original one, and most of the times is also more complicated.
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4.1 Description of the examples considered.

4.1.1 Example 1.

Consider the system appeared in [6]

{
exp(x2 + y2)− 3 = 0
x+ y − sin(3(x+ y)) = 0 .

In Figure 1 we can see the plot of the two plane curves, showing that in the rectangle
[−2, 2]× [−2, 2] there are six roots of the system, which in fact are all the roots. These roots
are the three following

(x1 = −1.0162459636144362, y1 = 0.2566250769224934)

(x2 = −0.7411519036837556, y2 = 0.7411519036837556)

(x3 = −0.2566250769224934, y3 = 1.0162459636144362)

together with those symmetric of the above with respect to the diagonal line y = x. We
have considered the region ([−2.3, 0.1]× [−2,−0.2])⋃([1.1, 2.3]× [0.2, 2]) with stepsizes hx =
hy = 0.2 for taking the initial guesses to test the performance of the two approaches.

�2 �1 0 1 2

�2

�1

0

1

2

Figure 1: Plot of the curves in Example 1.
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4.1.2 Example 2.

Consider the system in [7] given by he two equations{
−4− 2x+ x3 − 3xy2 = 0
−2y + 3x2y − y3 = 0

where each equation corresponds respectively to the real and imaginary parts of the equation
z3 − 2z − 4 = 0, with z ∈ C. The system has three roots, (2, 0), (−1, 1), (−1,−1). In Figure
2 the plot of the two curves with the roots can be seen. We have considered the region
([−0.8, 0.8] × [−0.8, 0.8])⋃([−4.3,−2.3] × [−0.8, 0.8]) with stepsizes hx = hy = 0.05 for
taking the initial guesses to test the performance of the two approaches.

�3 �2 �1 0 1 2 3

�3

�2

�1

0

1

2

3

Figure 2: Plot of the curves in Example 2.

4.1.3 Example 3.

Consider the following system which is a modification of that in [5] p.119{
x2 + y − 3 = 0
x+ y3/8− 1 = 0 .

This system is formed by two polynomial equations, and has two roots

(x1 = −0.7638749087120703, y1 = 2.4164951238401262)

(x2 = 2.2732612217399874, y2 = −2.1677165822667804)
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as can be seen in Figure 3. Doing as in [5], if the starting point in the Newton method
is taken as (x0 = 1, y0 = −1) the result is not correct, resulting after 182 iterations in
x = 1.484654, y = 0.947670, and thus the Newton method fails. Nevertheless, solving the
associated system with the Newton method taken as starting point (a0 = c0 = 1, b0 = d0 =
−1), after 23 iterations we get the first of the above roots with 50 digits of accuracy. We
have considered the region ([−4, 4] × [−4, 4]) with stepsizes hx = hy = 0.2 for taking the
initial guesses to test the performance of the two approaches.

�4 �2 0 2 4

�4

�2

0

2

4

Figure 3: Plot of the curves in Example 3.

4.1.4 Example 4.

Consider the system in [8] given by the four equations⎧⎪⎪⎨⎪⎪⎩
x+ 10y = 0√
5(z − t) = 0

(y − 2z)2 = 0√
10(x− t)2 = 0

which has only the root (0, 0, 0, 0). In this case the associate system is linear, and thus the
application of Newton method has no problem in finding the root. We have considered the
region ([1.2, 1.8] × [1.2, 1.8] × [0.3, 0.7] × [2, 2.4]) with stepsizes hx = 0.06, hy = 0.07, hz =
0.07, ht = 0.13 for taking the initial guesses to test the performance of the two approaches.
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4.1.5 Example 5.

Consider the system appeared in [9] given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
x+ y − 1 = 0
2x+ y + 2z − 2 = 0
x+ y + z − t = 0
y2z

x2t
− 0.6472 = 0

which has only the real root (x = 0.422499, y = 0.577501, z = 0.288751, t = 1.288750). We
have considered a region to select the initial guesses far from the root, namely, ([20.2, 20.8]×
[12.2, 12.8] × [14.3, 14.7] × [18.3, 18.7]) with stepsizes hx = 0.06, hy = 0.07, hz = 0.07, ht =
0.13 to test the performance of the two approaches.

4.2 Performance profiles.

In order to analyze the relative performance of both approaches (associated system and
original system), the performance profiles of Dolan and Moré [10] were used. Several runs
were made for the five exemples, considering different initial approximations for both ap-
proaches. For the two-dimensional grid of starting points indicated in each example, we
have considered the following performance metrics: the number of iterations, the error and
the CPU time. The error is measured by the maximum absolute value of the component
functions evaluated at the provided roots, that is, max

1≤i≤n
{|Fi(α)|} where α is the requested

root of the system F (x) = 0.

4.2.1 Example 1.

Figure 4 reports results for Example 1. The associated system approach outperforms the
initial system approach in more than 90%, for the iterations, and more than 80% for error
metrics. CPU time performances are similar.

4.2.2 Example 2.

Figure 5 pictures results for Example 2. In respect of number of iterations the associated
system approach performs better than the initial system more than 80% of the runs. The
error metric is similar for both approaches. The initial system approach has better CPU
time in more than 80% of the runs.
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Figure 4: Example 1 performance profiles.
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Figure 5: Example 2 performance profiles.
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4.2.3 Example 3.
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Figure 6: Example 3 performance profiles.

Figure 6 presents results for Example 3. For the number of iterations and error, the
associated system approach performs better than the initial system. However, the initial
system approach has better CPU time in more than 80% of the runs.

4.2.4 Example 4.
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Figure 7: Example 4 performance profiles.

Figure 7 pictures results for Example 4. For all metrics, the associated system approach
performs much better than the initial system. This results are due to the fact that the
associated system is a linear one.
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4.2.5 Example 5.
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Figure 8: Example 5 performance profiles.

Figure 8 shows the results for the Example 5. Considering the number of iterations
and the error, the associated system approach presents better performance than the initial
system. The initial system approach has better CPU time.

5 Conclusions

The strategy presented here, consisting in solving by Newton’s method the associated system
to get the roots of a given system of equation, is not the ultimate one. That is, when Newton’s
method works well with the original system, we must use this. Only when Newton’s method
does not work well with the original system, we should consider to solve the associated
system. We must keep in mind that the associated system has twice equations than the
original system, and this generally complicates its resolution. In specific cases, namely when
the associated system is linear, the proposed strategy works clearly better. The numerical
experiments we have presented validate these claims.
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Abstract

This work concerns to the application of Monte Carlo methods for a class of linear
partial differential equations (PDEs). This PDEs we can be find in mathematical finance
when calculating the price of European Multi-Asset Options. The calculation methods
are based on the simulation of solutions of Ito stochastic differential equations (SDEs)
and the application of Monte Carlo algorithms to the PDEs. Numerical algorithms for
SDEs ([2]), which can be used as the basis of Monte Carlo simulations, are discussed,
and some theoretical results of the new approaches are presented.

Key words: Monte Carlo methods, multi-asset options, stochastic differential equa-
tion, simulation, Brownian motion
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1 Introduction

This article concerns to application of Monte Carlo methods for the pricing European Multi-
Asset Options. Application of Monte Carlo methods to the class of linear partial differential
equations devoted the books ([1],[5]). The complexity of a Monte Carlo method is typically
polynomial in the dimension, whereas the deterministic method is typically exponential. In
the context of PDEs, a useful feature of Monte Carlo methods is that they allow the solution
to be found at just one point, if required (with associated saving in computation), whereas
deterministic methods necessarily find the solution at large number of points simultaneously.
This property of Monte Carlo methods can be particularly useful in problems such as option
pricing, where the value of an option is required only at the time of striking, and for the
state of the market at that time.
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2 Exact and Monte Carlo Solution Stochastic Models of Multi-
Assets Pricing

In order to price multi-asset options, we firstly need to establish the price movement model
for the underlying multi-assets. Let Xi be the price of the i -th risky asset (i = 1, ...,m).
In general the prices of multi-assets can be modelled as:

dXi

Xi
= μidt+

m∑
j=1

σijdWj , (i = 1, ...,m), (1)

where dWi (i = 1, ...,m) are one dimensional standard Brownian motions E(dWi) = 0,
V ar(dWi) = dt, here Cov(dWi, dWj) = 0, (i �= j), Cov(., .) denotes the covariance, μi - is
expected return rate of Xi, σij -is a component of the instantaneous standard deviation of
the rate provided by Xj , which may be attributed to the Xi. SDE (1) can be written in

the vector form d �X = �adt+ [σ] d �Wt, where

�X =

⎡⎢⎣ X1
...

Xm

⎤⎥⎦, �a =

⎡⎢⎣ μ1X1
...

μmXm

⎤⎥⎦ , �W =

⎡⎢⎣ W1t
...

Wmt

⎤⎥⎦, [σ] = [X] [σ0],

[X] =

⎡⎢⎣ X1 0
. . .

0 Xm

⎤⎥⎦, [σ0] =
⎡⎢⎣ σ11 . . . σ1m

...
...

σm1 . . . σmm

⎤⎥⎦
Let (X1, ..., Xm) be m risky assets (e.g., stock, foreign exchange rate,...), satisfying geo-

metric Brownian motion (1). Let V be an option derived from underlying assets (X1, ..., Xm),
as a function of m+ 1 variables (X1, ..., Xm) and t:

V = V (X1, ..., Xm, t) (2)

Let qi be dividend rate of asset Xi, and aij =
m∑
k=1

σikσjk (i, j = 1, ...,m) i.e. A = [aij ] =

σ0σ
T
0 , where σT

0 is the transpose of matrix σ0. Let r is risk free interest rate. From the Ito
formula for the multivariate stochastic process, it is easy to get Black-Scholes equation for
multi-asset options:

∂V

∂t
+

1

2

m∑
i,j=1

aijXiXj
∂2V

∂Xi∂Xj
+

m∑
i=1

(r − qi)Xi
∂V

∂Xi
− rV = 0 (3)

This equation is called the Black-Scholes equation for multi-asset options. SinceA =
[aij ] is a symmetrical nonnegative matrix the equation (3) a multidimensional parabolic
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equation. Here r is an instantaneous (in very short term) risk-free rate of interest. If λi is

a market price of risk of Xi than μi − r =
m∑
i=1

λiσij . Denoting the option payoff function at

maturity (t = T ) by f(X1, ..., Xm), then the mathematical model of the European multi-
assets option is: solve PDE (3) in domain D : {0 ≤ Xi <∞ (i = 1, ...,m); 0 ≤ t ≤ T} with
the terminal condition

V (X1, ..., Xm, t) = f(X1, ..., Xm), x ∈ R+
m, t = T. (4)

By transformation Yi = LnXi the equation (3) becomes

∂V

∂t
+

1

2

m∑
i,j=1

aij
∂2V

∂yi∂yj
+

m∑
i=1

(r − qi −
aii
2
)
∂V

∂yi
− rV = 0 (5)

V (y1, ..., ym, T ) = f(ey1 , ..., eym) (6)

The terminal value problem to multidimensional equation (5)– (6) has a solution. Back
to the original variables (X1, ..., Xm) we obtain the European multi-asset option pricing
formula ([3]):

V (X, t) =

[
1

2π(T − t)

]m
2 e−r(T−t)

|detA| 12
×

×
∫ ∞

0
· · ·

∫ ∞

0

f(ξ1, ...ξm)

ξ1 · · · ξm
exp

[
�αTA−1�α

2(T − t)

]
dξ1 · · · dξm (7)

where

�α =

⎡⎢⎣ α1
...

αm

⎤⎥⎦ , αi = Ln
Xi

ξi
+ (r − qi −

aii
2
)(T − t), (i = 1, ...,m). (8)

The equation (7) is called the Black-Scholes formula for European multi-asset options.
However, this is a multiple integral with singularities in the integrand. When large

numbers of assets are involved, the integral has a high multiplicity and is very difficult to
evaluate. Thus, finding a closed-form expression is only the first step in solving the pricing
problem of the European multi-asset option. We still need to find a simple way to get a
special solution to the problem for each concrete form of the payoff function. That is a way
for the solution of the multi-asset problem (5) and (6) we suppose improved Monte Carlo
algorithm which proposed in [4] for the solutions of PDE (3) with the boundary conditions
similarly (4). Here we recall the probabilistic representation for the solution V (x, t) of the
Cauchy problems (3) and (4). In fact, the solution to problems (3) and (4) has various
probabilistic representations which could be calculated by Monte Carlo methods:

V (x, t) = E [V (Xx,t(T ), T )Yx,t,1 (T )] = E [f (Xx,t(T ))Yx,t,1 (T )]
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where Xx,t(s), Yx,t,y(s), s ≥ t, is the solution of problem Cauchy for the following system
of stochastic differential equations:{

dX = c(X, t)ds+ σ(X, t)dw(s), X(t) = x,
dY = −rY ds, Y (t) = y,

(9)

(x, t) ∈ Q, where Q = {0 ≤ xi <∞, i = 1,m; 0 ≤ t < T}.
In (9) w(s) =

(
w1(s), w2(s), . . . wm(s)

)T
- m-dimensional standard Wiener process,

Y - being scalar processes, c(x, s) - m- dimensional column vector, compounded from
the coefficients ci(x, t) = (r − qi)Xi, σ(x, s) -matrix with dimensions m × m , where
σ(x, s) σT (x, s) = a(x, s) , and a(x, s) = {aijXiXj} , i, j = 1,m.

For the solution of to system of stochastic differential equations (9) we should apply the
theory of weak solutions [4]. If we will use direct Euler methods with constant step size, the
price of options could be negative due to the Wiener process. For the numerical solution of
(9) we suppose the following new proposed algorithm. Let us consider the time discretization
T = tN > tN−1 > · · · > t0 with the steps h = T−t0

N . Let (x0, t0) ∈ Q , y0 = 1 , ξ - a
uniformly distributed point on the open surface ∂S1(0) ⊂ Rm with the unit radius with the
center point of origin, ρ0 =

√
m · h. We introduce spheroid S(x0, t0, ρ), which is obtained

with the help of linear transformation ρ · σ(x0, t0) ball S1(0) with the shift x0 +
ρ2

m c(x0, t0).
Let ρ = ρ0. If S(x0, t0, ρ) �⊂ Rm

+ , we will find ρ < ρ0 such S(x0, t0, ρ) which touch the

boundary Rm
+ . Let t1 = t0 + h, x1 = x0 + c(x0, t0)

ρ2

m + ρσ(x0, t0) · ξ and y1 = y0

(
1− r ρ2

m

)
.

It is clear that the point x1 will lay on the surface of spheroid S(x0, t0, ρ). Next points are
simulated analogously. Let xN+k = xk and 2k - sigma-algebra, filtrated by (ξ1, ξ2, . . . , ξk)
isotropic vectors 2k = σ(ξ1, ξ2, . . . , ξk). It is possible to prove that constructed sequence of
coordinate {xk}k is martingale.

Lemma. Let 2k - sigma-algebra, filtrated by (ξ1, ξ2, . . . , ξk) isotropic vectors 2k =
σ(ξ1, ξ2, . . . , ξk). The sequence of coordinate vector process {xk}k - is martingale relatively
2k.

Proof: From the definition 2k follow, that xk is 2k - measured. From the property of
conditional mathematical expectations we get

E(xk+1/2k) = E
(
xk + c(xk, tk)

ρ2

m + ρσ(xk, tk) ξk/2k

)
=

= 1
|∂S1(0)|

∫
∂S1(0)

(
xk + c(xk, tk)

ρ2

m + ρσ(xk, tk) ω
)
dω = xk,

where ∂S1(0) unit surface area in Rm and dω - element of surface. Lemma is proved.
Let (x0, t0) ∈ Q, S = S(x0, t0, ρ) spheroid which defined above, P - cylinder, P =

S × [t0, t0 + h). Let as assume t1 = t0 + h, x1 = x0 + c(x0, t0)
ρ2

m + ρσ(x0, t0) · ξ and

y1 = y0

(
1− r ρ2

m

)
. The next theorem gives the order of accuracy one step approximation

of (9).
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Theorem 1. Let u be restricted solution in P problem (3) and (4), with continuous
derivatives Dm

x Dk
t u, 0 ≤ m + 2k ≤ 4, k = 0, 1. Let Xx0,t0(s), Yx0,t0,y0(s) - a solution

of (9) at the points (x0, t0) ∈ Q, τ - be a hitting time of the process (Xx0,t0(s), s) on the
boundary P (the point (Xx0,t0(τ), τ) belong upper side surface of cylinder P ). Than the
order of accuracy (error) of restricted solution for one step (x0, t0)→ (x1, t1) ∈ P will be

E [u (x1, t1) y1 − u (Xx0,t0 (τ) , τ)Yx0,t0 (τ)] = O
(
h2
)

(10)

The proof of this theorem is given in ([5]). This theorem has showed that the order of
accuracy of the solution in one step approximation by discretization of stochastic process
equals O(h2). Now we will construct the numerical algorithm of solution of problem (2.3)
and (2.4) based on one step approximation. Let

tk+1 = tk + h,

xk+1 = xk + c(xk, tk)
ρ2k
m

+ ρkσ(xk, tk) · ξk,

yk+1 = yk

(
1− r

ρ2k
m

)
, y0 = 1.

Here ξ1, · · · , ξk, . . . the sequence of independent isotropic vectors in Rm.
Theorem 2. Let V be a solution in given domain Q problem (3) and (4), with contin-

uous derivatives Dm
x Dk

t u, 0 ≤ m+ 2k ≤ 4, k = 0, 1. The following estimated error of the
solution of method based on one step approximation will be

E [f (Xx,t(T ))Yx,t,1(T )− V (x, t)] = O (h)

Proof: Let (x, t) = (x0, t0). Since V (X1, ..., Xm, t) = f(X1, ..., Xm)

E [f (Xx,t(T ))Yx,t,1(T )− V (x, t)] = E [V (Xx,t(tN ), tN )Yx,t,1(tN )− V (x, t)] =

=

N−1∑
k=0

E [V (xk+1, tk+1) yk+1 − V (xk, tk) yk]

According to theorem 2, one step approximations order of accuracy is O
(
h2
)
, consequently

each term of sum satisfied following inequality

E [V (xk+1, tk+1) yk+1 − V (xk, tk) yk] ≤ Kh2.

Since h = T−t0
N as a result we will get

E [f (Xx,t(T ))Yx,t,1(T )− V (x, t)] ≤ N ·Kh2 = K1h

The theorem is proved.
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3 Conclusion

The proposed method has two type (approximation and usual classic Monte Carlo) of errors.
We suppose in our further work will do several numerical experiments, compare with the
results which were obtained in ([3],[4]) and will give error analysis.
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Abstract

In this paper we deal with discrete-time linear control systems in which the state
is constrained to lie in the positive orthant Rn

+ independently of the inputs involved,
that is, the inputs can take negative values. Such (quasi-positive) systems appear
for example in ecology models where the removal of individuals from a population is
described. Controllability and reachability are fundamental properties of a system that
show its ability to move in space, which are analyzed throughout the text, paying special
attention to the single-input case.

Key words: Quasi-positive systems, Reachability, Single-Input Systems.

1 Introduction

In many biological processes for instance, metabolism and drug ingestion, the state and
input variables must be nonnegative values. The need to understand the properties of
these kind of systems induced the development of Positive Systems Theory, which is well
documented in the bibliography [2, 3].

Nevertheless, there are many applications where it is not necessary to be so restrictive
and only the state must be nonnegative. For example, in several economic models [7], or
in population ecology where to describe the removal of individuals from a population it
is required that the control can take negative values ([1, 4, 6]). These processes can be
represented by the discrete-time linear system with n states and m inputs

x(t+ 1) = Ax(t) +Bu(t), t ∈ N0 (1)

where A ∈ Rn×n and B ∈ Rn×m are nonnegative matrices, the state x(·) ∈ Rn is a non-
negative vector and without restrictions for the control vector u(t) ∈ Rm, which are said to
be quasi-positive systems according to reference [1]. From now on, let us denote them by
(A,B)q ≥ 0.
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2 Basic Notions

Quasi-positive systems (A,B)q ≥ 0 could be considered as a non-trivial middle ground
between Linear Systems and Positive Linear Systems. Only few authors have contributed
to this topic. It is worth mentioning Guiver et al. [5] who dealt with the controllability
property of these systems, which was termed positive state controllability. It is understood
that (A,B)q ≥ 0 is positive state controllable in finite time if every nonnegative initial
state x0 can be transferred to any other nonnegative final state xf in a finite number
of steps and additionally it is maintained the nonnegativity of the states involved. This
property is equivalent to reachability (x0 = 0) and null-controllability (xf = 0) with positive
state, which we briefly call quasi-positive reachability and quasi-positive null-controllability,
respectively (or simply, reachability and null-controllability in this context).

Guiver et al. have demonstrated that under certain specific assumptions the problem
of positive state controllability is equivalent to positive input controllability of a related
positive system. Unfortunately, there are many biological systems where those assumptions
do not hold. In the following sections it is analyzed this properties for any quasi-positive
system and more particulary, the single-input case and its applicability to a population
ecology model.

3 Preliminary results

Although from a theoretical point of view any timing, finite or infinite, is possible to achieve
reachability, the next results are always under conditions of finiteness to be useful in real-life
practice.

Given a quasi-positive system (A,B)q ≥ 0, we have proved that if any canonical vector
ei, i = 1, 2, . . . , n is reachable (in finite time), then any nonnegative state x ∈ Rn

+ is
reachable, then the system is quasi-positive reachable. Moreover, this nonnegative state
x ∈ Rn

+ will be reached in at most n steps, where n is the dimension of (A,B)q ≥ 0, and
additionally the reachability matrix Rn(A,B) = [B AB A2B · · · An−1B] has rank equal
to n.

Example 1 Let (A, b)q ≥ 0 with

A =

⎡⎢⎣ ∗ 1 0

∗ 0 1

∗ 0 1

⎤⎥⎦ , and b =

⎡⎣ 0
0
1

⎤⎦ ⇒ R3(A, b) =

⎡⎣ 0 0 1
0 1 1
1 1 1

⎤⎦ .

Clearly, canonical vector e3 can be reached in one step. In the same way, canonical vector e2
(e3) in two steps (three steps) using the sequence of controls u(0) = 1, u(1) = −1 (u(0) = 1,
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u(1) = −1, u(2) = 0) which maintains the nonnegativity of x in each previous step. There-
fore, (A, b)q ≥ 0 is reachable. Observe that in this case the rank of the reachability matrix
R3(A, b) is 3 and that this same system is not positive reachable (using only nonnegative
inputs).

The inverse is not true as the following example proves.

Example 2 Let (A, b)q ≥ 0 be a system given by the pair

A =

⎡⎢⎣ ∗ 1 0

∗ 1 1

∗ 1 1

⎤⎥⎦ , and b =

⎡⎣ 0
0
1

⎤⎦ ⇒ R3(A, b) =

⎡⎣ 0 0 1
0 1 2
1 1 2

⎤⎦ .

Its reachability matrix R3(A, b) has rank equal to 3 but it is not quasi-positive reachable
because the sequence of controls to attain e1 is u(0) = 1, u(1) = −2 and u(2) = 0, which
would have previously steered in two steps the initial state toward the non-positive state
x(2) = [0 0 − 1]T .

4 Single-Input Quasi-Positive Systems

A generalization of the structure given by the matrices involved in example 1 provide us with
a class of quasi-positive reachable systems. One can prove that a single-input quasi-positive
system is reachable only if the input vector b is monomial, that is, b is a positive multiple
of a canonical vector. Moreover, any pair similar by permutation to the pair (Â, b̂)q ≥ 0
where

Â = P TAP =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

∗ + 0 · · · 0

∗ 0 + · · · 0

...
...

...
. . .

...

∗ 0 0 · · · +

∗ ∗ ∗ · · · ∗

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
, and b̂ = P T b =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0

...

0

+

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
with + a positive entry and ∗ a nonnegative entry is quasi-positive reachable or even at the
same time quasi-positive null-controllable under certain values of the nonnegative entries,
that is, quasi-positive controllable. This pattern appears for example in a Fibonacci model
used to describe the evolution of a rabbit population subjected to hunting (see [3]).

In the multiple input case, a quasi-positive system (A,B)q ≥ 0 can be reachable hav-
ing non-monomial columns in the input matrix B which are necessary to guarantee such
property.
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Example 3 Let (A, b)q ≥ 0 be a system given by

A =

⎡⎢⎣ ∗ 1 0

∗ 1 0

∗ 1 0

⎤⎥⎦ , and b =

⎡⎣ 0 0
0 1
1 1

⎤⎦ .

It is clear that canonical vector e3 can be reached in one step. In the same way, canonical
vector e2 (e3) in two steps (three steps) using the sequence of controls u(0) = 1, u(1) = −1
(u(0) = 1, u(1) = −1, u(2) = 0) which maintains the nonnegativity of x in each previ-
ous step. Therefore, (A, b)q ≥ 0 is reachable but it is not positive reachable (using only
nonnegative inputs).
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Abstract

Extending Mathematical Morphology from its original formulation for binary im-
ages to the case of colour images is not straightforward and there is still no standard
approach. This paper discusses some criteria that can act as useful guidelines to classify
the various existing techniques depending on how they deviate from a simpler reference
greyscale model. In the final section, an approach with weight functions is presented.

1 Introduction

Mathematical Morphology (MM) is a robust theory used in image analysis [2, 5]. While
there is now a standard theoretical framework for binary and greyscale images, its extension
to colour remains problematic [2].

In the digital representation of images, colour values typically lie in a three-dimensional
space adhering to a particular model like RGB (Red Green Blue) or HSL (Hue Saturation
Luminance). We will mostly base our reasoning on HSL-style colour models, where the
three dimensions match the distinct colour contributions of luminance, saturation and hue.

The goal of this article is twofold. We provide some definitions that can contribute
to the classification of the existing approaches and we also propose some criteria for the
parametrization of approaches that depend on a weight function.

This paper is organized as follows: Section 2 is dedicated to some basic definitions.
Next, we assume that an ordering scheme that is closely correlated to luminance will yield
better results and we establish two conditions for this. In Section 4 we introduce the most
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basic colour ordering techniques and compare them against the conditions. Then we discuss
a well-known modified form of lexicographical ordering. Finally, in Section 6 the ordering
schemes that rely on weighting functions are discussed.

2 Basic definitions

We start by defining an image [7]:

Definition 2.1. An image is a map A : DA → C, where DA ⊂ Z2 and C is a bounded
set. The subset DA is the definition domain of the image and its elements are its pixels. If
C = {0, 1}, it is called a binary image; if C is a bounded subset of R (or Z) such as [0, 1] it
is called a greyscale image. Finally, if C is a bounded subset of Rn (or Zn), with n ≥ 2 it is
called a colour or multichannel image.

The methodology of MM involves defining operators that transform an image. All such
operators can be expressed in terms of two basic ones that are based on the idea of a moving
probe that performs an operation on the pixel values. For the definition of these operations,
we assume that the pixel values form a lattice [6], so any subset has a supremum and an
infimum.

Definition 2.2. Let A be an image and B a binary image on a common definition domain
D. Let the translation Tz of an image A by z ∈ Z2 be a function that maps A to an image
Tz(A)(x) = A(x− z) if x− z ∈ DA and 0 otherwise. The dilation of A by B is the function
δB : A→ A defined by δB(A)(x) := supz∈D:Tx(B)(z)=1{A(z)}. The binary image B is called
the structuring element (SE) for the dilation.

Definition 2.3. Under the same conditions as in (2.2), the erosion of A by the structuring
element B is the function εB : A→ A defined by εB(A)(x) := infz∈D:Tx(B)(z)=1{A(z)}.

Figure 1 shows a binary image and its corresponding dilation and erosion images for a
structural element consisting of a 3x3 square centred at the origin (0, 0).

Figure 1: A binary image (centre) and its corresponding dilation (left) and erosion (right).

In the binary images, dilation extends the white artefacts (the foreground pixels) at the
cost of the black background (the background pixels). This idea is readily generalised to the
greyscale images, but the extension to colour is hampered by the multiple dimensions.
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When referring to colour in an HSL-style space, we will use the term luminance for the
L component. The other two components will jointly be referred to as the chromaticity.
The one-dimensional subspace where the chromaticity cancels is the line of greys.

3 The perceptual role of luminance

In order to extend MM to colour in a way that preserves the behaviour on greyscale images,
we will introduce some definitions that can help to classify the various techniques.

We shall assume that luminance plays a more significant role in the human percep-
tion of colour than chromaticity [3, p. 112]. As an illustration of this, figure 2 shows a
decomposition of a photograph into its luminance channel and its chromatic part.

Figure 2: A photograph (left; by the authors) decomposed into its luminance channel in
greyscale (centre) and its chromatic part at constant mean luminance (right).

Let us now formalise some definitions. A first obvious requirement is that colour MM
should reduce to greyscale MM as a limit case.

Definition 3.1. Let C ⊂ R3 be a colour space and let G ⊂ C be its line of greys. A lattice
structure defined on C is said to generate a weakly greyscale-compatible colour MM if the
order it induces on G is the same as the total order on the corresponding greyscale space.

This is a first criterion for colour MM which allows us to discard any fanciful orderings
that flout this condition. We call it weak as most of the common schemes satisfy it.

A second stronger requirement is based on making the MM operations commute with
a projection of the colour values to a one-dimensional colour space.

Definition 3.2. Let IcD be the set of colour images over a definition domain D with pixel
values C ⊂ R3 and let IgD be the set of greyscale images over D with pixel values G ⊂ R. A
greyscale conversion is a map g : IcD → I

g
D.

Definition 3.3. Let IcD be the set of colour images over D with pixel values in C ⊂ R3

and let g : IcD → I
g
D be a greyscale conversion. A complete lattice structure defined on C

is said to generate a strongly greyscale-compatible colour MM for g if dilations and erosions
commute with g.
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While this is too extreme a requirement in general, it is reasonable to expect that a
powerful colour MM should not deviate too much from this idea.

4 The marginal and lexicographical ordering

A simple way of sorting multidimensional values is comparing one dimension and disregard-
ing the others. V. Barnett [4] calls this marginal ordering or M-ordering. When working
on a three-dimensional colour space XY Z, we can define three versions of M-ordering. Let
p1 and p2 be two pixel values with coordinates (x1, y1, z1) and (x2, y2, z2). Then we have:

Definition 4.1. X-coordinate M-ordering:

p1 ≤X p2 if x1 ≤ x2

The M-ordering is actually a preorder, which is not antisymmetric, so the choice of the
supremum or infimum may lead to more than one possibility. This formal weakness can
be fixed by comparing each coordinate in succession. This is the lexicographical order. In
Barnett’s classification, it is a form of conditional ordering (C-ordering) [4]:

Definition 4.2. X-Y -Z lexicographical ordering:

p1 ≤lexXY Z
p2 if

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x1 ≤ x2

Or

x1 = x2, y1 ≤ y2

Or

x1 = x2, y1 = y2, z1 ≤ z2

With an RGB colour model, the three possible M-orderings are weakly greyscale-
compatible whereas in an HSL colour model only the L-coordinate M-ordering is. This
leads us to discard M-orderings based on any of the chromaticity components.

The luminance M-ordering may lead to reasonable results for many types of colour
images, like the simple ones in figure 3.

Figure 3: Three colour images where a luminance-based ordering would give the expected
dilations and erosions.
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For the lexicographical orderings, the six possibilities in the RGB colour model are all
weakly greyscale-compatible. In the HSL model, the six possibilities are weakly greyscale-
compatible too, but with an important caveat: if the luminance is relegated to the second
or third place in the lexicographical cascade, the weak greyscale compatibility is unstable in
the sense that a tiny modification in the chromatic part may completely change the ordering.
This indicates that lexicographical orderings in the HSL colour space must prioritise the L
coordinate for good behaviour.

The reasoning so far leads us to adopt a clear stance: of all the flawed marginal or-
derings, the luminance-based one, ≤L, is best; of all the lexicographical orderings, the ones
that prioritise luminance, ≤lexLxx

are best. The strong condition of greyscale compatibility
is only met by these marginal or conditional orderings that use the luminance channel as
the first criterion. This reinforces our preference for such orderings.

5 Modified lexicographical ordering

A problem with the lexicographical ordering, however, is that it is affected too drastically
by the variation of a single dimension. We can see this in figure 4. This is a problem with
marginal or lexicographical orderings: while differences in a dimension, like luminance, may
be more important than those affecting other dimensions, when the difference is too slight
the other dimensions become more relevant.

The strong greyscale compatibility is a bad guideline for these cases and we must
explore solutions that deviate from it. A compromise must be found where the ordering of
the chromaticity part takes precedence when the luminance values are not too dissimilar.

Figure 4: An image (left) and its corresponding dilation (centre) and erosion (right) based
on an M-ordering by luminance. The tiny differences in luminance between the two groups
of maroon squares lead to unexpected results.

Several variations of the lexicographical order that attempt to tackle this problem by
quantising a colour dimension in discrete intervals have been proposed. E. Aptoula and
S. Lefèvre give an excellent overview in [3]. A very successful scheme is the α-modulus
lexicographical order due to J. Angulo and J. Serra [1], where the luminance values l are
replaced by the integer part of l/α for the comparison. Using the ceiling function 3x4 for
the integer part, and assuming an HSL-style colour space where two pixels p1 and p2 have
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coordinates (l1, s1, h1) and (l2, s2, h2), we have:

Definition 5.1. Lα-S-H lexicographical ordering:

p1 ≤Lα p2 if

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⌈
l1
α

⌉
≤
⌈
l2
α

⌉
Or⌈
l1
α

⌉
=
⌈
l2
α

⌉
, s1 ≤ s2

Or⌈
l1
α

⌉
=
⌈
l2
α

⌉
, s1 = s2, h1 ≤ h2

The effect of the α parameter is to smooth out the luminance comparisons so that
the possible values are grouped into equivalence categories when they lie within the same
luminance interval. This can similarly be extended to the second dimension as an Lα-Sβ-H
lexicographical ordering.

In the α-modulus lexicographical ordering, α is a constant although the effect of the
chromaticity is more marked for luminance values at the middle of the range than near the
black or white ends. An improvement would be to make α vary across the luminance values.
This was pointed out by E. Aptoula and S. Lefèvre [3], who provided their own variant of
this ordering where α is a function:

Definition 5.2. Lα(L)-S-H lexicographical ordering:

p1 ≤Lα(L)
p2 if

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

⌈
l1

α(L)

⌉
≤
⌈

l2
α(L)

⌉
Or⌈

l1
α(L)

⌉
=
⌈

l2
α(L)

⌉
, s1 ≤ s2

Or⌈
l1

α(L)

⌉
=
⌈

l2
α(L)

⌉
, s1 = s2, h1 ≤ h2

But a bad side-effect of the tolerance in the luminance comparison introduced by both
types of α-modulus lexicographical orderings is that the weak greyscale compatibility is
lost. The next section explores an alternative approach.

6 Colour ordering by a weighting function

The colour space can also be given a lattice structure through the association of each colour
vector with a one-dimensional weight value. We first give a name to such functions:

Definition 6.1. Given a colour space C ⊂ R3, a function w : C →W , where W is a bounded
subset of R (or Z in a digital representation), is called a colour-weighting function.
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The choice of a weighting function results in a preorder in the colour space. For better
mathematical behaviour, this preorder can be turned into a total order through the use of a
lexicographical cascade as a second criterion when two colour values have the same weight.

Definition 6.2. w-weighted ordering:

p1 ≤wα p2 if

⎧⎪⎨⎪⎩
w(p1) ≤ w(p2)

Or

w(p1) = w(p2), p1 ≤L p2

Most often we will be interested in linear functions with normalised coefficients:

Definition 6.3. Given a colour space C ⊂ R3, a colour-weighting function w : C → W
is called a normalised linear weighting function if for any pixel value p = (l, s, h), w(p) =
wLl + wSs+ wHh with wL, wS , wH ∈ [0, 1] and wL + wS + wH = 1.

The lexicographical ordering can be approximated by a normalised linear weighting
function that gives significantly different weights to each component. For example, if our
colour space has three coordinates l, s and h, all of them in the [0, 1] real interval, sorting
the colour values with a weighting function such as w = 0.99l + 0.0099s + 0.0001h will
essentially give the same results as the L-S-H lexicographical ordering.

Similarly, the threshold parameter α can be adapted to the language of weighting
functions. Assuming that the ranges of the l, s and h coordinates are in the [0, 1] real
interval, if we want α ∈ (0, 1) to be the threshold such that a pixel value p1 = (l1, s1, h1)
will always be smaller than p2 = (l1 + α, s2, h2), then we have that wLl1 + wSs1 + wHh1 ≤
wL(l1+α)+wSs2+wHh2 for any values of s1, s2, h1 and h2, which leads to wS+wH ≤ wLα
and, consequently wL ≥ 1

1+α . So, a weight of 1
1+α plays a similar threshold role as α in

the α-modulus lexicographical orders. But the situation is not the same, as the weighted
approach will still account for small differences in the first coordinate and preserve the weak
greyscale compatibility.

An improvement here consists in making the weights vary with the luminance coordi-
nate, in a similar way to what E. Aptoula and S. Lefèvre proposed [3] for the α-modulus
lexicographical order. Aptoula and Lefèvre’s algorithm calculates the luminance equiva-
lence classes starting from a priority distribution f : N → [0, 1] that determines how the
[0, 1] is to be stretched, with the identity distribution f(x) = x giving Angulo and Serra’s
α-modulus lexicographical ordering.

We can easily build a similar algorithm to make the weights depend on the luminance
of the pixel value. For implementation purposes, we should assume that the luminance
coordinate is digitised in N integer values {0, . . . , N − 1}. If we assume that a priority
distribution f : N → [0, 1] determines the relative sensitivity to changes along the [0, 1]
range, then algorithm (1) builds an array of weight values for each luminance value.
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Algorithm 1 Function that builds an array of luminance weights

function BuildLuminanceWeightArray(alpha, f)

luminanceWeightArray ← [0,
N−1· · · , 0]

for all i ∈ [0, . . . , N − 2] do
variableAlpha← alpha ∗ (f(i+ 1)− f(i))
luminanceWeight← 1/(1 + variableAlpha)
luminanceWeightArray[i]← luminanceWeight

end for
return luminanceWeightArray

end function

Once this array of weights has been initialised with (1), the colour weight for a pixel
value is calculated by first checking the luminance value l as an N -bit integer number and
then accessing the l-th element in the array as the weight wL. This mechanism can similarly
be extended to the other colour dimensions.
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Abstract

A system designed to serve the greatest number of injuries using the shortest possible
time and cost in extreme situations is described. It is composed by a mobile application
and a web service. The mobile application is devoted to medical staff providing them
with the location of victims on a map as well as an assistant indicating the route to
follow to care for them based on the severity of their condition. Doctors may also use
a functionality of the application to contact peers through a video call when additional
help is needed.

The proposal combines an HMAC scheme to protect NFC tags and an Identity-Based
Signcryption scheme for communication confidentiality, authenticity and integrity both
among peers and between server and medical staff.

Key words: IBSC, HMAC, Security, Triage, Emergency

1 Introduction

The fast evolution of communication technologies and smartphones can help in many com-
plex scenarios. These devices are used to support different daily tasks thanks to their small
size and high performance.

The starting point of this project was the application developed in [1], where a mo-
bile system for victims classification in emergency situations was implemented. This paper
presents a distributed platform for improving logistics of medical staff in emergency situa-
tions based on data obtained from the triage application aforementioned.
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A commonly accepted triage definition follows. A simple, completed, objective and fast
process to obtain an initial clinical assessment of people with the objective of evaluating
their immediate survival capacities and prioritizing them according their severity is a triage.
In order to achieve the classification, all triage systems distinguish two steps. The first triage
or simple triage is used for the generation of a classification based on the severity of injuries
of the victims evaluating their survival skills in some seconds. The second triage is where
medical staff analyze each patient’s state: bruises, wounds and injuries.

In this work START (Simple Triage and Rapid Treatment Algorithm) method is used as
first triage. Its output is the victim’s classification based on coloured tags, where each colour
defines the priority of the victim: black, dead or irrecoverable victims; red, victims requiring
immediate care; yellow, victims requiring urgent care but who can wait for treatment from
half an hour to one hour; green, victims who are not seriously injured. They can wait for
treatment more than an hour. Here the use of NFC communication is proposed to deal with
the triage result. NFC (Near Field Communication) stickers are used to save triage results
based on the generation of a HMAC scheme. Furthermore, the route to attend victims for
each doctor is shown through a map in their smartphones based on the priorities of victims
and they can share information P2P (peer-to-peer) with their colleagues in the affected
area. All these communications are protected through an IBSC scheme.

2 Preliminaries

The integration of new technologies into emergency situations management and medical
care has allowed the development of tools that help to the coordination between medical
staff in emergency scenarios. There are different proposals designed to help to find missing
persons after a large-scale disaster. Such as People Locator and ReUnite [2], Google person
finder [3] and Safety Check of Facebook [4]. All these systems try to verify and share the
status of people after some disaster, specifically the proposal of Facebook share all the
information with the victim’s friends in this social network.

There are some applications for smartphones for emergency response. “Fire Depart-
ment” [5] is one of the most well known application from the San Ramon Valley Fire Pro-
tection District in USA. This application generate a map with the recent emergency events
and in the same map users can find the location of an automated defibrillator. CodeBlue
system [6], is a U.S. Army system, centered around the use of wireless sensors in emer-
gencies. This is a combined hardware and software platform for medical wireless sensor
networks that provides wireless monitoring and tracking of patients and first responders [7].
These application are not designed for large-scale emergency scenarios.

The SAHANA[8] foundation project aims to provide a set of modular, web-based dis-
aster management applications. This project includes tools for synchronization between
multiple instances: a Missing Person Registry, Request and Pledge Management System
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and Volunteer coordination. Because this proposal is a web-based framework, it has the
problem of relying on communication to the centralized web-server, and thus can not take
advantage of mobile nodes.

The unique identification of victims is a requirement for any emergency triage. Barcodes
are usually used thus facilitating mechanical reading [9]. Barcodes are cheap and easy to
create, they can be generated just using a standard printer. But in an emergency situation
having a printer in the affected zone is not realistic. RFID (Radio Frequency IDentification)
is a very useful technology for victim identification as it is explained in [10] and in [11]. Two
types of tags exists, passive tags, that use the energy received from the reader to send the
identifier, and active tags, that include a battery to increase its distance range. The problem
of this kind of communication is that a RFID reader is needed and no security tools were
provided. In [12] a specific triage tag technology is proposed. These electronic triage tags
use noninvasive biomedical sensors to continuously monitor the vital signs of a patient and
deliver pertinent information to first responders. These are not triage tag for emergency
situations.

3 Global View

The overall objective of the proposal is to generate a tool to save time in emergency situ-
ations. Thus doctors have a map that help them in every moment to decide the route to
patients based on the severity of the injuries. In this way, collisions of doctors to assist the
same patient are avoided and decisions are taken based on priority.

There are two stages in the route generation. The first one consists on the revision of the
affected area. The first respondents in the disaster apply START triage method obtaining
a victims’ classification based on coloured tags. In this case NFC [13] tags, specifically NFC
stickers are used to store the triage result. Each triage has a location in the central server.

The second stage is based on the victim’s attention taking into account the results of
the triage priorities. In this step the victims’ locations given by the first triage is essential
being the starting point. A graph of each colour is generated based on the victim’s location
in a map. Nodes represent victims and edges are the routes to reach them. Each edge has
a cost. This cost is the distance between two nodes. In this way, if we have a situation like
figure 1a, the resulted graph is figure 1b.

All information related to the patients who must be attended by a doctor is done
through a mobile application. It indicates to the medical staff through a map his/her
current location and the next patient to assist.

The application has enabled a feature called “emergency support”. With this func-
tion when a doctor or nurse requires additional help from peers he/she can activate this
mode. When they activate this feature all health personnel in the affected area receives
the notification and simply by clicking on it, they can start a video call to help his/her
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(a) First triage solution. (b) Graph of each triage colour. (c) Triage route for each doctor.

colleague.

This functionality is designed to support healthcare workers and improve the use of
time in transfers between patients. Note that this feature opens a communication channel
between two partners through a video streaming. Due to the high amount of information
exchanged the connection will take place by LTE (Long Term Evolution)[14], specifically
LTE-Direct to ensure adequate and secure communication between nodes that connect.

Whenever a doctor has just treated a victim, he/she can take his/her mobile, read the
tag, mark the point as completed and check next victim status. When the doctor arrives
to the location of the new victim, the node is automatically marked on the map as being in
the care process but he/she can read the sticker to be sure of the authenticy of the node.
The period devoted to reach a new node is called “travelling time”. Doctors can receive
notifications called “emergency support” when they are in this “travelling time” to avoid
constant notifications that may mislead the staff in the middle of an assistance.

4 Decision-making system

In the generation of doctors’ routes an undirected graph is created from the points defined
during the triage. There are as many points as patients on the map, these are the vertices
of our graph. The edges will be defined according to the closest path between the vertices.
This distance between points will be the cost of the edge.

Once the graph is generated, the amount of resources and the place where they are are
needed. In this case resources are doctors (number of doctors #d) that will assist patients.
Their position at all time is known (figure 1c).

The initial step is assigning to each doctor the closest red node. This is based on the
Greedy Algorithm [15] taking into account different priorities. Several situations can be
found. Note if there are red nodes (number of red nodes #r) the other colours are not
considered. When these victims are attended the yellow nodes(y) are taken into account
and finally green nodes(g).
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When #d > #r each patient with red tag is assigned to a doctor, and then they continue
with the next highest priority node. That is, once the doctors are assigned to all patients
with red tag classification, every “free” doctor is assigned to the closest yellow node.

If #d ≤ #r Sum(m)Sum(r) : When we have less doctors than priority nodes routes
based on priorities are generated, that is, a graph is generated for each member of the
medical staff based on red nodes and forgetting the other nodes. When red nodes are
finished, the system generates the graph with yellow nodes and, in the end, with greens.

Hence a graph of routes is generated for each doctor based on the combination of
different sub-graphs that are generated with patients of the same priority level. At the time
of generating the graph of the following categories (colours) the last vertex added to the
previous graph is the starting point of the new graph.

This generation separated sub-graphs is because by regulations when applying triage
schemes patients may be attended in this order of their severity.

The incorporation of new medical staff or new casualties does not cause any problems
or additional cost. If more nodes are added to the graph the doctors’ routes are updated
paying attention to the new characteristics of the affected area. The routes will be reseted
and each doctor can continue his/her work without worrying about such distractions. Given
a constraint, doctors who are in the “travelling time” will not receive the route update until
he/she has attend next victim, this will the starting point of the route.

5 Victims identification: NFC tags and HMAC scheme

In the system proposed, a member of the medical staff assigns NFC tags to victims. These
tags contain the result of the triage, that is to say the color of the triage classification, jointly
with the result of a HMAC generated by the server, the physical identifier of the NFC tag
(idTag) and some server data explained later in the paper. The stored information will
serve as patient identification both in for triage as well as in the medical records generated
later on at the hospital.

The identification of patients through NFC stickers is realized by using the mobile phone
as an NFC reader. The smartphone sends the physical tag identifier to the server and there
two 64 bytes arrays are generated as in [16]. They are ipad and opad arrays, and they have
default values defined at the initialization stage. The new arrays are generated through
a XOR operation combining the previous values and the Master Private Key (mpk). The
results are ipadk y opadk arrays (figure 2a). After that, the HMAC value is generated with
the physical tag identifier and the triage colour result Tresult (it is a letter for each colour:
B, black; R, red; Y , yellow and G, green), so the system applies a hash function to the
concatenation of these fields and the ipadk. The output of this hash concatenated with the
opadk is the input to another hash function.
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The global function may be described as:

HMAC(T id,mpk) = HASH((opadk)||HASH(ipadk)||idTag||Tresult)

The hash function chosen for the implementation is a SHA3512. The final output will
be the identifier that the will be saved in the NFC sticker tag, as you can see in figure 2b.

(a) HMAC Keys Generation (b) HMAC Hash Operation

In the affected zone, when a doctor or a member of the medical staff want to access
to the triage result of a patient, he/she has to read the NFC sticker through the mobile
application which sends the data of the physical tag identifier and HMAC to the server.
The server is who verifies the authenticity of the tag and generates a new node. The doctors
can see all the nodes in the mobile phone, specifically the nodes on his/her routes.

6 Medical Staff security: IBSC scheme

Two communication modes are supported related with medical staff, the communication
with the server (to check NFC tags authenticity and synchronyzing routes) and the commu-
nication peer-to-peer (video-calls and chats). Authentication against the server and peers
and integrity of shared data is included.

In order to achieve an Identity-Based Signcryption scheme (IBSC) is used. This complex
cryptosystem is a combination of IBE (Identity-Based Encryption) and IBS (Identity-Based
Signature) that provides private and authenticated delivery of information between two par-
ties in an efficient way with a composition of an encryption scheme with a signature scheme
[17]. This approach offers the advantage of simplifying management by not having to define
a public key infrastructure. This type of scheme was chosen due to its low computational
complexity, efficiency in terms of memory and its usability. The communication flow is
shown in figure 3.

A crucial part of the proposal is a Private Key Generator (PKG), a server in charge of
generating health staff private keys. The identifier of medical staff is the number of registered
medical practitioners and for nurses the same(ID). Next, we describe the mathematical
basic tools used as well as the notation included in their description.
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Figure 3: Private Key Exchange

Definition 1. Considering two cycling groups (G,+) and (V, ·) of the same prime order
q. P is a generator of G and there is a bilinear map paring ê : G × G → V satisfying the
following conditions:

• Bilinear: ∀P,Q ∈ G and ∀a, b ∈ Z, ê(aP, bQ) = ê(P,Q)ab

• Non-degenerate: ∃P1, P2 ∈ G that ê(P1, P2) �= 1. This means if P is generator of G,
then ê(P, P ) is a generator of Q.

• Computability: there exists an algorithm to compute ê(P,Q), ∀P,Q ∈ G
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Some hash functions denoted as follows are also needed:

H1 : {0, 1}∗ → G∗, H2 : {0, 1}∗ → Z∗
q , H3 : Z

∗
q → {0, 1}n

where the size of the message is defined by n. The signcryption scheme used is the
IDSC (Identity-Based Signcryption Scheme) proposed in [18]. Next we describe some basic
notation used: x

r←− S stands for an element x randomly selected from a set S, x ← y
denotes the assignation of the value y to x and || is used for concatenation.

The steps needed for the signcryption scheme are the following:

• SETUP: The initial parameters are established and the server generates the master
public key (mpk, represented as QTA) and the master secret key (msk, represented
as t). For that a prime q based on some private data k ∈ Z, two groups G and V of
order q and a bilinear pairing map ê : G × G → V are selected. P ∈ G is selected
randomly and the hash functions H1, H2 and H3 are also chosen.

• EXTRACT (ID): In this step the secret key for each member of the medical staff
based on their ID is generated. The public key QID ∈ G and the secret key SID ∈ G
are calculated taking into account the master private key (t). It should be pointed out
that this key exchange between server and the doctor is performed using the stream
cipher SNOW3G [19] under the session key obtained through an ECDH (Elliptic
Curve Diffie-Hellman)[20]. This data exchanged is critical to the safety of following
connections as you can see in figure 3.

• SIGNCRYPTION (SIDa, IDb, m): All the messages m ∈ {0, 1}n will be encrypted
and signed. The receiver’s public key is generated taking into account IDb and then
the message is signed with SIDa and encrypted with QIDb

giving as result σ (a t-uple
of three components: c, T, U).

• UNSIGNCRYPTION (IDa, SIDb
, σ): If everything is right, the message m ∈

{0, 1}n is returned. Otherwise, if there are some problems in the signature or in the
encryption of m, ⊥ is returned. The sender’s public key is generated taking into
account IDa and then the message is unencrypted with SIDb

.

A formal description of all these steps follows.

SETUP

t
r← Z∗

q

QTA ← tP

EXTRACT

QID ← H1(ID)

SID ← tQID
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A.Rivero-Garćıa, C.Hernández-Goya, I.Santos-González and P.Caballero-Gil

SIGNCRYPTION

QIDb
← H1(IDb)

x
r← Z∗

q

T ← xP

r ← H2(T‖|m)

W ← xQTA

U ← rSIDa +W

y ← ê(W,QIDb
)

k ← H3(y)

c← k ⊕m

σ ← (c, T, U)

UNSIGNCRYPTION

QIDa ← H1(IDa)

split σ as (c, T, U)

y ← ê(SIDb
, T )

k ← y

m← k ⊕ c

r ← H2(T‖|m)

Verification:

ê(U,P ) == ê(QIDa , QTA)
r · ê(T,QTA)

Note: if the verification is successfull m is
returned, otherwise ⊥ is returned.

7 Security Analysis

The proposed scheme provides protection against different attacks. Here we describe some
of them.

A spoofing attack and/or cloning of the card will be hardly successful since it would
involve the generation of the HMAC described taking into account the master key of the
server and the ID card. Even if an outsider obtains this information, it should be noted
that the physical identifier of a NFC tag is unique to each element.

If someone want to emulate the card from an Android device, the emulated device goes
from being passive to being active. So the attack would be detected since the application has
the restriction that only read NFC tags that are passive. At the time of its implementation
in Android are different and completely distinguishable communications.

The Denial of Service (DoS) attacks relating to make requests to the server are restricted
because only requests associated with a number of legitimate members of the medical staff
will take effect. Once the corresponding private key is assigned, more requests of this kind
will be not attended.

A “Man in the Middle” attack conveys a successful authentication to the server with
an identifier of legitimate members of the medical staff. This false identification would be
easily detectable because the number of members who can make requests to the server is
limited to those who are working at the time of the request.
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8 Conclusions and Future Work

A system that may improve logistics and attention of casualties in extreme situations has
been presented. The priority is to serve the greatest number of injuries using the shortest
possible time and cost. The tool consists on a mobile application and a web service. The
mobile application helps health staff to know in every moment the position of the victim and
where they must go. Doctors may us the “emergency support” tool to contact peers through
a video call when they require additional support. Data security is a key objective for this
reason a HMAC scheme is used to protect NFC tags and an Identity-Based Signcryption for
the communications. A first approach has been implemented in Android and Nodejs with
NFC tags. More functionalities should be added to the server such as statistics, a real-time
map with events, etc.
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Abstract

We propose and investigate a delayed model that studies the relationship between HIV
and the immune system during the natural course of infection and in the context of
antiviral treatment regimes. Sufficient criteria for local asymptotic stability of the in-
fected equilibrium and the viral free equilibrium are given. We propose and analyse an
optimal control problem with time delay in the state variables, where the objective is
to find the optimal treatment strategy that maximizes the number of CD4+ T cells as
well as the CTL (immune response cells), keeping the cost as low as possible.

K eywords: HIV modelling, time delay, stability, optimal control.

MSC 2010: 34C60, 49K15, 92D30.

1 Introduction

The study of mathematical models for human immunodeficiency virus (HIV) infection is
a subject of current interest, both at population and cell level (see, e.g., [6, 9, 10] and
references cited therein). Based on the model of [10], in this work we analyse a mathemat-
ical model that studies the relationship between HIV and the immune system during the
natural course of infection and in the context of antiviral treatment regimes. The model
considers four variables: uninfected CD4+ T cells (x), infected CD4+ T cells (y), cytotoxic
T lymphocyte (CTL) precursors (CTLp) (w), and CTL effectors (z). Uninfected CD4+

T cells are produced at a rate λ, die at a rate d, and become infected by free virus at a
rate b. Infected cells decay at a rate a and are killed by CTL effectors at a rate p. Thus,
proliferation of the CTLp population is given by cxyw and is proportional to both virus load
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(y) and the number of uninfected T helper cells (x). CTLp die at a rate b and differentiate
into effectors at a rate cq. CTL effectors die at a rate h. Mathematically, the model under
investigation is described by ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋ = λ− dx− βxy,

ẏ = βxy − ay − pyz,

ẇ = cyw(1− q)− bw,

ż = cqyw − hz.

(1)

Time delay plays an important role in the dynamics of HIV infection, see, e.g., [7, 8]
and references therein. In this work, we introduce a discrete time-delay into model (1) that
represents the incubation period. We prove local asymptotic stability of the viral free and
infected equilibriums, for any time delay. The stability results are illustrated through some
numerical simulations.

Optimal control theory has been applied to HIV models, see, e.g., [1, 3] and references
therein. In our work, we propose and solve an optimal control problem where the objective
is to find the optimal treatment strategy that maximizes the number of CD4+ T cells as well
as the CTL (immune response cells), keeping the cost, measured in terms of chemotherapy
strength and a combination of duration and intensity, as low as possible.

2 Model with time delay

In epidemiological literature, a latent or incubation period is often modelled by incorpo-
rating it as a delay effect [4]. We consider the following delayed model, where τ (τ > 0)
represents the incubation period:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋ = λ− dx(t)− βx(t)y(t),

ẏ = βx(t− τ)y(t− τ)− ay(t)− py(t)z(t),

ẇ = cy(t)w(t)(1− q)− bw(t),

ż = cqy(t)w(t)− hz(t).

(2)

The initial conditions for system (2) are

x(θ) = ϕ1(θ), y(θ) = ϕ2(θ), w(θ) = ϕ3(θ), z(θ) = ϕ4(θ), (3)

−τ ≤ θ ≤ 0, where ϕ = (ϕ1, ϕ2, ϕ3, ϕ4)
T ∈ C with C the Banach space C

(
[−τ, 0],R4

)
of continuous functions mapping the interval [−τ, 0] into R4. The usual local existence,
uniqueness and continuation results apply [2, 5]. Therefore, there exists a unique solution
(x(t), y(t), w(t), z(t)) of (2) with initial conditions (3), for all time t ≥ 0. From biological
meaning, we further assume the initial functions to be non-negative:

ϕ(θ) ≥ 0, for θ ∈ [−τ, 0], i = 1, . . . , 4.
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From [11, Theorem 2.1] all solutions of (2) satisfying (3) are bounded for all time t ≥ 0,
which ensures not only local existence, proved applying results from [2, 5], but also the
existence of a solution for all time t ≥ 0. The viral-free equilibrium is given by

E0 =

(
λ

d
, 0, 0, 0

)
and the infected equilibrium is given by

E+ =

(
−cλ(q − 1)

bβ + cd(1− q)
,

b

c(1− q)
,
h(q − 1)(abβ + acd− βcλ+ βcλq − acdq)

bpq(bβ + cd(1− q))
,

βcλ(1− q)

bβp+ cdp(1− q)
− a

p

)
.

3 Local stability of the delayed model

We prove the following result for the viral free equilibrium E0.

Theorem 1 If da > βλ, then the viral free equilibrium E0 of (2) is locally asymptotically
stable for any time delay τ ≥ 0.

We also show the local stability of the endemic equilibrium E+ for any time delay.

Theorem 2 If da < βλ, then the infected equilibrium E+ of (2) is locally asymptotically
stable for any time delay τ ≥ 0.

These analytical results are confirmed through numerical simulations.

4 Optimal control problem with state delays

We can introduce drug therapy into the model by assuming that treatment reduces the rate
of viral replication, expressed as sβxy, where 0 < s < 1. The drugs are 100% efficient if
s = 0 and have no effect if s = 1 [10]. In our paper, we consider that s = s(t), t ∈ [0, tf ], is
a control function that represents the efficacy of treatment. Our aim is to find the optimal
treatment strategy s(t) that maximizes the number of CD4+ T cells x as well as the CTL z
(immune response cells), keeping the cost low (measured in terms of chemotherapy strength
and a combination of duration and intensity). We propose the following control system,
with the discrete non-negative time delay τ in the state variables:⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋ(t) = λ− dx(t)− s(t)βx(t)y(t),

ẏ(t) = s(t)βx(t− τ)y(t− τ)− ay(t)− py(t)z(t),

ẇ(t) = cy(t)w(t)(1− q)− bw(t),

ż(t) = cqy(t)w(t)− hz(t).

(4)
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The initial conditions for the state variables w and z and, due to the delays, initial functions
for the state variables x and y, are given by:

w(0) = w0 ≥ 0, z(0) = z0 ≥ 0,

x(t) = x0 ≥ 0 for − τ ≤ t ≤ 0, y(t) = y0 ≥ 0 for − τ ≤ t ≤ 0.
(5)

We consider the set of admissible control functions given by

Θ =

{
s(·) ∈ L∞(0, tf ) | 0 ≤ s(t) ≤ 1 , ∀ t ∈ [0, tf ]

}
(6)

and the L1 objective functional

J(s(·)) =
∫ tf

0
[x(t) + z(t)− s(t)] dt, (7)

which represents the concentration of CD4+ T and CTL cells and the cost measured in
terms of chemotherapy strength and a combination of duration and intensity. The optimal
control problem consists in determining a control function s ∈ L1 ([0, tf ],R) that maximizes
the cost functional (7) subject to the control system (4), initial conditions (5) and control
constraints (6). This optimal control problem is solved analytically and numerically.
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Abstract

Development of methods that use negative attributes in Formal Concept Analysis is
a new area that explores the power of negative information in data sets. These methods
increase the knowledge given by classical methods and enable researchers to make faster
and better decisions. One of this important contribution in the real world is the research
about criminal organisations by police forces. There exist some processes that reduce
and points to the needed information for investigating and stamping criminal networks.

Key words: formal concept analysis, negative attributes, policing, criminal networks

1 Introduction

Since data mining explore the use of negative attributes in basket analysis, many efforts
are dedicated to explore this area for obtaining best results for knowledge discovering. If a
customer usually buys an itemset of products, but avoid getting other itemset, for marketing
purposes, this information can be analyzed to distribute products in markets or to predict
how new products will be accepted or not.

But basket analysis is only a common example for data mining. There exist in different
areas where the information given by negative attributes could increase the knowledge that
we have and, related to this knowledge, the benefits that we can obtain in the real world.

Formal Concept Analysis explores special datasets where information can be stored as
a binary data. In these datasets the presence of an attribute in an object is marked, since
the absence of this attribute does not. Null values are not admitted. These datasets are
stored in low size files that is an advantage to operate with them.
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Classical Formal Concept Analysis methods only consider positive information avoiding
the negative one. In most of cases, the presence of negative or absence of information is
bigger than the positive one, so there is a deficiency in the use of the methods.

Police reports contain a description of different successes. This description covers dif-
ferent situations but does not have a fixed structure. However, there are some data that
always appear when a person or a vehicle is reported: the registration number. This code
is unique for each person or vehicle and have a fixed format so it is easy to be detected in
a report with a simple text mining software.

2 Preliminaries

2.1 Formal Concept Analysis

In this section, the basic notions related with Formal Concept Analysis (FCA) [17] and
attribute implications are briefly presented. See [4] for a more detailed explanation. A
formal context is a triple K = 〈G,M, I〉 where G and M are finite non-empty sets and
I ⊆ G×M is a binary relation. The elements in G are named objects, the elements in M
attributes and 〈g,m〉 ∈ I means that the object g has the attribute m. From this triple,
two mappings ↑: 2G → 2M and ↓: 2M → 2G, named derivation operators, are defined as
follows: for any X ⊆ G and Y ⊆M ,

X↑ = {m ∈M | 〈g,m〉 ∈ I for all g ∈ X} (1)

Y ↓ = {g ∈ G | 〈g,m〉 ∈ I for all m ∈ Y } (2)

X↑ is the subset of all attributes shared by all the objects in X and Y ↓ is the subset of
all objects that have the attributes in Y . The pair (↑, ↓) constitutes a Galois connection
between 2G and 2M and, therefore, both compositions are closure operators.

A pair of subsets 〈X,Y 〉 with X ⊆ G and Y ⊆ M such that X↑ = Y and Y ↓ = X is
named a formal concept where X is its extent and Y its intent. These extents and intents
coincide with closed sets wrt the closure operators because X↑↓ = X and Y ↓↑ = Y . Thus,
the set of all formal concepts is a lattice, named concept lattice, with the relation

〈X1, Y1〉 ≤ 〈X2, Y2〉 if and only if X1 ⊆ X2 (or equivalently, Y2 ⊆ Y1) (3)

This concept lattice will be denoted by B(G,M, I).

The concept lattice can be characterized in terms of attribute implications being ex-
pressions A→ B where A,B ⊆M . An implication A→ B holds in a context K if A↓ ⊆ B↓.
That is, any object that has all the attributes in A has also all the attributes in B. It is
well known that the sets of attribute implications that are valid in a context satisfies the so
called Armstrong’s Axioms:
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I a b c d e

o1 × × ×
o2 × ×
o3 × × ×
o4 × ×

Table 1: A formal context

[Ref] Reflexivity: If B ⊆ A then 5 A→ B.

[Augm] Augmentation: A→ B 5 A ∪ C → B ∪ C.

[Trans] Transitivity: A→ B,B → C 5 A→ C.

A set of implications Σ is considered an implicational system for K if: an implication
holds in K if and only if it can be inferred, by using Armstrong’s Axioms, from Σ.

Armstrong’s axioms allow us to define the closure of attribute sets wrt an implica-
tional system (the closure of a set A is usually denoted as A+) and it is well-known that
closed sets coincide with intents. On the other hand, several kind of implicational systems
has been defined in the literature being the most used the so-called Duquenne-Guigues (or
stem) basis [6]. This basis satisfies that its cardinality is minimum among all the impli-
cational systems and can be obtained from a context by using the renowned NextClosure
Algorithm [4].

2.2 Negatives attributes

As we have mentioned in the introduction, classical FCA only discover knowledge limited
to positive attributes in the context, but it does not consider information relative to the
absence of properties (attributes). Thus, the Duquenne-Guigues basis obtained from Table 1
is {e → bc, d → c, bc → e, a → b}. Moreover, the implications b → c and b → d do not
hold in Table 1 and therefore they can not be derived from the basis by using the inference
system. Nevertheless, both implications correspond with different situations. In the first
case, some objects have attributes b and c (e.g. objects o1 and o3) whereas another objects
(e.g. o2) have the attribute b and do not have c. On the other side, in the second case, any
object that has the attribute b does not have the attribute d.

A more general framework is necessary to deal with this kind of information. In [16],
we have tackled this issue focusing on the problem of mining implication with positive and
negative attributes from formal contexts. As a conclusion of that work we emphasized the
necessity of a full development of an algebraic framework that was initiated in [15].

First, we begin with the introduction of an extended notation that allows us to consider
the negation of attributes. From now on, the set of attributes is denoted by M , and its
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I ∪ I a b c d e a b c d e

o1 × × × × ×
o2 × × × × ×
o3 × × × × ×
o4 × × × × ×

Table 2: The formal context (K|K)

elements by the letter m, possibly with subindexes. That is, the lowercase character m is
reserved for positive attributes. We use m to denote the negation of the attribute m and
M to denote the set {m | m ∈M} whose elements will be named negative attributes.

Arbitrary elements in M∪M are going to be denoted by the first letters in the alphabet:
a, b, c, etc. and a denotes the opposite of a. That is, the symbol a could represent a positive
or a negative attribute and, if a = m ∈M then a = m and if a = m ∈M then a = m.

Capital letters A, B, C,. . . denote subsets of M ∪M . If A ⊆ M ∪M , then A denotes
the set of the opposite of attributes {a | a ∈ A} and the following sets are defined:

• Pos(A) = {m ∈M | m ∈ A}

• Neg(A) = {m ∈M | m ∈ A}

• Tot(A) = Pos(A) ∪Neg(A)

Note that Pos(A),Neg(A),Tot(A) ⊆M .
Once we have introduced the notation, we are going to summarize some results con-

cerning the mining of knowledge from contexts in terms of implications with negative and
positive attributes [16]. A trivial approach could be obtained by adding new columns to
the context with the opposite of the attributes [5]. That is, given a context K = 〈G,M, I〉,
a new context (K|K) = 〈G,M ∪M, I ∪ I〉 is considered, where I = {〈g,m〉 | g ∈ G,m ∈
M, 〈g,m〉 �∈ I}. For example, if K is the context depicted in Table 1, the context (K|K) is
those presented in Table 2. Obviously, the classical framework and its corresponding ma-
chinery can be used to manage the new context and, in this (direct) way, negative attributes
are considered. However, this rough approach induces a non trivial growth of the formal
context and, consequently, algorithms have a worse performance.

In our opinion, a deeper study was done by R. Missaoui et al. in [8] where an evolved
approach has been provided. For first time –as far as we know– inference rules for the man-
agement of positive and negative attributes are introduced [9]. The authors also developed
new methods to mine mixed attribute implications by means of the key notion [10].

In [16], we have developed a method to mine mixed implications whose main goal has
been to avoid the management of the large (K|K) contexts, so that the performance of the
corresponding method has a controlled cost.
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We extend the definitions of derivation operators, formal concept and attribute impli-
cation.

Definition 1 Let K = 〈G,M, I〉 be a formal context. We define the operators ⇑: 2G →
2M∪M and ⇓: 2M∪M → 2G as follows: for X ⊆ G and Y ⊆M ∪M ,

X⇑ = {m ∈M | 〈g,m〉 ∈ I for all g ∈ X}
∪ {m ∈M | 〈g,m〉 �∈ I for all g ∈ X} (4)

Y ⇓ = {g ∈ G | 〈g,m〉 ∈ I for all m ∈ Y }
∩ {g ∈ G | 〈g,m〉 �∈ I for all m ∈ Y } (5)

Definition 2 Let K = 〈G,M, I〉 be a formal context. A mixed formal concept in K is a
pair of subsets 〈X,Y 〉 with X ⊆ G and Y ⊆M ∪M such X⇑ = Y and Y ⇓ = X.

Definition 3 Let K = 〈G,M, I〉 be a formal context and let A,B ⊆M ∪M , the context K
satisfies a mixed attribute implication A→ B, denoted by K |= A→ B, if A⇓ ⊆ B⇓.

For example, in Table 1, as we previously mentioned, two different situations were
presented. Thus, in this new framework we have that K �|= b → d and K |= b → d whereas
K �|= b→ c either K �|= b→ c.

Once we have the implicational system with negative attributes, we can explore all
the posible implications with the set of inference rules built by supplementing Armstrong’s
axioms with the following ones, introduced in [9]: let a, b ∈M ∪M and A ⊆M ∪M ,

[Cont] Contradiction: 5 aa→MM .

[Rft] Reflection: Aa→ b 5 Ab→ a.

3 Formal Concept Analysis in Police investigations

In Formal Concept Analysis, there exist some previous works that analyze criminal activities
in different areas. Most of them are published by Poelmans and Elzinga, that is resumed
in [11] how works their research.

• Radicalisation and terrorism were investigated by the National Police Service Agency
of the Netherlands [1] that developed a model to classify (potential) jihadists. The
goal of this model is to detect the potential jihadist to prevent him or her to enter the
dangerous phase. They use Temporal Concept Analysis to visualize how a possible
jihadist radicalizes over time.
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• Domestic violence is one of the problems that is difficult to be solved due to lack of
information about potential victims that do not report these situations. In [13, 14]
the authors use Emergent Self Organizing Maps with Formal Concept Analysis to
analyze different reports to locate potential victims. Text mining from police reports
is used and show that there exist problems with labelling, confusing situations, missing
values, etc.

• Human trafficking and forced prostitution research [12] try to discover in police reports
using text mining these situations to filter out interesting persons for further investi-
gation and used the temporal variant of Formal Concept Analysis to create a visual
profile of these persons, their evolution over time and their social environment. For
these purposes, finding in reports different specified indicators (loverboys, big amount
of money, expensive cars, etc.) let researchers to obtain a lattice where suspects and
victims can be related.

• Areas of greater intensity, called ”hot spots”, indicate where large amounts of reports
were collected. With the help of geolocalization tools this research [7, 3] supports
the distribution of resources, such as police officers, patrolling cars, and surveillance
cameras, as well as the definition of strategies for crime combat and prevention.

• Other applications of Formal Concept Analysis is the analysis of pedosexual chat
conversations [2] to prevent child abuse and violence.

4 Analyzing criminal networks.

Criminal networks are groups that work in illegal activities and have an extended structure
that is very difficult to discover, for example, as we have mentioned in the previous section,
that groups which are related to human trafficking. Relations between members are difficult
to be discovered and, when there appears people that are not members of the group, the
investigation grows and sometimes, police spend a valuable time following an erroneous
path.

Police reports take notice of different events that contains important and specific infor-
mation that are considered for this work as attributes. Works from Poelmans and Elzinga
use text mining for extracting information but, in our research, we only use specific data
easy to find in the reports. These attributes are persons and vehicles. Each person can be
associated with a unique document reference and each vehicle to its registration number.
Places are auxiliary information that we have to tread carefully because their values have
to be grouped by zones, i. e., we have to consider that in reports sometimes appear the
name of a business establishment or the street where is located, so for our initial method
we are going to discard this information.
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Due to different reasons, police officers often do not know all the information of previous
reports from other police officers so the information have to be treated by staff dedicated
to monitoring and analyzing these reports.

If we use a dataset where appears, in a temporal series, the itemsets that happen
together, we can generate a concept lattice that represents the possible criminal network.

Using lattices with positive concepts, we can detect and check the possible hierarchy
between members, but using a lattice with mixed attributes concepts, we can detect possible
suspects that we can discard until we have more information, or that are not related between
them.

Each concept in the lattice is going to be named with their attributes. In the upper
zone of the lattice are located these concepts whose itemsets are the intersection of others.
Pointing to itemsets that are located on the upper levels of the lattice we can investigate
the most relevant attributes of the context.

Example 1 There are 9 reports in Table 3 from police units that identify different groups
of suspects that are located together near specific zones associated with criminal activities.

Date a b c d e f g h i j k

1 X X X
2 X X X X
3 X X X
4 X X X
5 X X X X
6 X X X X
7 X X
8 X X X
9 X X

Table 3: Example of reports for criminal data

With this data set we can generate the concept lattice associated with this information.
We can observe that the knowledge given by this lattice with only 9 objects it is not clear,
so a bigger dataset will be complex and difficult to interpret.

Concepts with attributes a, g and k are located in the upper zone in the lattice that
means that these attributes appear in common in several objects but not always have to
be together. If we use NextClosure[4], we can obtain a basis of implications from this
context, B = {j → bce, i → a, h → a, f → g, e → bcj, d → a, c → bej, b → cej, bcejk →
adfghi, bcegj → adfhik, ak → di, ag → bcdefhijk, adhik → bcefgj, abcej → dfghik}

If we check a, g and k separately, the knowledge that we have with positive attributes
cannot offer any kind of information about our queries, so this basis is not useful for us. We
can use the algorithm proposed in [16] to extract the mixed implicational system for obtaining

c©CMMSE ISBN: 978-84-608-6082-21082



ANALYZING CRIMINAL NETWORKS USING FCA

�������	

����������

�������������������

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��
��

��

g

���������

������������������ a

������������������

���������

���������������������������� k

ah

		
		

		
		

	 fg

		
		

		
		

gk ad



























 ai

��
��

��
��

�






























adh ahi

��
��

��
��

�
fgk adi





























��
��

��
��

�

adhi

 adik bcej

������������������

�������	

Figure 1: Concept lattice associated with Table 3.

additional knowledge. This implication system not only contains more implications, but
due to inference rules that use negative attributes, offers more useful knowledge. Σ =
{k → bcehj, j → bce, jk → abcdefghi, i → abcefgj, hi → ad, g → f, g → abcdehij, fk →
g, fgi → k, e → bcj, d → abcefgj, di → ah, dh → ai, dfg → k, c → bej, b → cej, bcehjk →
afg, bcefgj → a, a→ bcefgj, adfghik → bcej, abcdehij → g}

Now the queries return to us information using mixed implications 1, 7, and 19 that say
which attributes are not related with them. Attributes bcej are not related with attributes
a, g and k; f and g are not related with a, d, h and i. We can observe that there are 3 not
related itemsets adhi, fg and bcej and the attribute k that connects the 2 first itemsets. We
can adapt the context to show this situation (see Table 4).

If we discard object 2, we can simplify the lattice and have a clear structure of the
criminal network and the relation between attributes.

How to interpret the lattice is so important to take into account the roles of the compo-
nents of the network. In the lattice we cannot deduce a hierarchy structure for the criminal
network, but the itemsets located in the concepts at the top of the lattice points to members
that are interesting to be investigated specifically.
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Date a d h i k f g b c e j

1 X X X
3 X X X
5 X X X X
6 X X X X
8 X X X

4 X X X
7 X X
9 X X

2 X X X X

Table 4: Example of reports for criminal data with relocated attributes
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Figure 2: Concept lattice with cleared relations.

5 Conclusions and future works

In this work we use the previous theory developed about negative attributes in Formal
Concept Analysis in a real world case to explore and analyze criminal networks.

Since each Police department has its own report database with different formats, we
cannot propose a specific algorithm that detects the identification number for a person or
the registration number for a vehicle, but since this data have a detailed format, it is easy
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to develop software that recognizes the information in each report.

In the shown example, we can observe how our method works and how it simplifies the
study of criminal networks for police forces.

We are studying different applications to existing problems in the real world that have
been previously studied with Formal Concept Analysis, but only with the positive informa-
tion. The additional knowledge could open a door to new results that can be applied in
data mining or in artificial intelligence areas.
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Abstract

High-performance computing (HPC) systems are increasing their resources allowing
the creation of complex services. Dynamic configuration management tools are needed
to carry out the deployments of modern distributed services; however, specific solutions
are implemented in every case. In this paper, we present a framework for dynamic
configuration and management where servers rendezvous with clients and share their
information automatically. The internal mechanisms evaluate overall requeriments and
undertake actions to maintain the services robustly working. Although we have designed
it for general use, it is oriented to distributed filesystems, such as AbFS. Through the
evaluation, the proposed model takes low overhead and simplify the creation of new
dynamic services.

Key words: Scalability, High-Availability, Filesystems, Consul

1 Introduction

An important issue to create robust distributed services is to management dynamic
configurations and define mechanisms which maintain the main function of the global system
under fault-tolerant conditions. Some automatic processes are needed to perform some tasks
in a cluster computing environment with hundreds of nodes where servers or even network
can fail.

Although manual or hardcoded configurations are easy to implement, the final system
can provoke numerous problems such us: scalabiliy, resilient to failures, reduced visibility
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and auditability, difficult configuration changes or even the generation of multiple points of
failure.

There are several key issues to manage distributed resources and services: dynamic
configuration, fault tolerant capabilities, health checking, and leader election. An ideal
service should consider some of these elements. Some algorithms, protocols and tools have
been developed to solve specific problems.

Paxos [7] is an algorithm that solves distributed consensus while tolerating host failures,
network partitions, and message loss. Paxos allows multiple hosts to reach consensus on
a single value by relying on majority decisions. Raft [9] is another consensus algorithm
for managing a replicated log. It separates the key elements of consensus, such as leader
election, log replication, and safety, and it enforces a stronger degree of coherency to reduce
the number of states that must be considered. Chubby [1] is a fault-tolerant lock service.
It has been designed to run on a small number of hosts, where each node holds a replica of
a simple database. It is used in The Google File System [3] to choose primary nodes which
ensure data consistency.

Zookeeper [5] is a high-performance coordination service for distributed applications
written in Java. It maintains strong consistent, based on Zab protocol (Paxos-like) and
quorum. All dataset must fit in memory. It implements a shared hierarchical namespace,
with ephemeral node support and access control list to each node. Consul [4] is a tool for
discovering and configuring services. It is written in Go, and based on Gossip protocol for
all the nodes and consensus protocol (Raft-based) for servers. It also supports access control
list, kev/value storage and multi datacenter capabilities.

Fault tolerant and redundant elements are needed to guarantee reliability systems;
however, some studies related to proactive fault tolerance [8] can improve overall functioning.
Futhermore, it can be applied to storage systems [6]. Even though these algorithms are
intented to cover specific needs, specific solutions are implemented in every case. In this
work we present a general framework to simplified the most common elements.

2 RendezVous Approach

We describe a model that allows dynamic system configuration and fault-tolerant based
on agents that offer different services in a reliable manner. These services are executed
transparently by agents which communicate to each other in a safe way.

Futhermore, the proposed model includes distributed virtual objects that simplify the
execution of global and local code. These objects do not have to be associated with a
particular host and have properties and methods that can run redundantly. Even though a
host fails, another one can continue with the execution.

The framework provides the following resources:

• Dynamic configuration: Once a configuration is created, it must allow modify by
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Figure 1: Rendezvous framework interconexion diagram.

adding or removing resources. This is also necessary to provide scalability.

• Runtime changes: Non-stop services require to operate without disruption.

• Consistent information: Despite changes and server failures, all nodes must have the
same shared information.

• Health check: It is a critical component that prevent using services that are unhealthy.

• Dynamic Global administration: There are some nodes that must monitor the overall
operation of the system.

• Leader election: Some resources can be shared to balance workload.

• Fault tolerant operation: If a resource fails the system can continue working.

• Resynchronization: If there is redundancy and a node fails, there are mechanisms to
recover from a failure.

• How the software is updated: Software are continuosly evolving with the implemen-
tation of new funtionality and eliminating bugs, so automatic update mechanism can
reduce failures during the process.
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• How preventively operation is monitored: Preventing failures with the monitoring of
several variables (e.g.S.M.A.R.T data in disks) detecting which devices can fail in a
short period of time.

Although the framework can be used by any application, it is oriented to distributed
filesystem, such as AbFS [2] with fault tolerant and scalability needs.

3 Implementation

The rendezvous framework was implemented in Python using some tool for discovering and
configuring services such as Consul. It provides several key features: service discovery,
health checking, key/value store and multi datacenter capabilities. The framework is
composed of the following components:

• Admin servers: Responsible of the global operation.

• Servers: Offer resources and services to clients and can implement redundant elements.

• Clients: Access to servers.

• Services: Components that are shared.

• Virtual objects: can reside in any node and execute code without interruption.

Figure 1 shows the main components and how different services interact automatically
sharing vital information to maintain the effective performance of the system.

(a) Services’ Pool. (b) Predefined states in Virtual State Machine.

Figure 2: Some internal resources from Rendezvous Framework.

As shown in Figure 2.a, the system deploys two agents. A primary agent is the
responsable of software updates and execute code remotely. Another global agent is in
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charge of the rest of services: health checking, config information, service discovery (with
leader election), virtual object environment and the possibility of setting up custom services.

Virtual objects can interact with each other and provides an hierarchy of objects. These
objects can send and receive events asynchronously. There is a global event queue: This
queue is redundant so when an event is generated it is replicated in the global queue so
the event is not lost by an unexpected failure. If the node goes down, another node is
responsible for continuing execution so the overall process is always alive. 3 to 5 servers are
recommended to avoid failure scenarios. Virtual objects can include a state machine with
a default set of states, as shown in Figure 2.b. These states can be extended as required.

4 Results

The framework has been tested in a cluster with 16 server nodes equipped with: 2.27GHz
Intel(R) Xeon(R) E5520 CPUs, 16GB RAM memory, 1TB Local Disk and OS CentOS 6.6.
Our scenario has 3 servers and 13 clients. Some times have been obtained:

Table 1: Execution times (in seconds) of several framework operations.

Max Average Min Std.Dev

Server write 0.072 0.042 0.037 0.01
Client access 0.026 0.005 0.002 0.007

Event response 0.05 0.047 0.045 0.0015
Health checking 0.0028 0.0027 0.0026 0.000082
Leader election 0.026 0.005 0.02 0.007

Update configuration 0.13 0.09 0.07 0.017
Virtual object creation 0.07 0.013 0.007 0.019

The system provides optimal response time considering that management processes do
not require high speed operations.

5 Summary and future work

We presented a rendezvous framework that performs automatic resource management in
HPC systems. It provides fault tolerant based on agents that offer different services in a
reliable manner. These services are executed transparently by servers and clients agents
to communicate each other in a safe way. The proposed model includes distributed virtual
objects that simplify the execution of global and local code. This framework was developed
in Python combining some tools for coordinate elements in a robust and dynamic way. It
offers fast response time and simplifies dynamic configuration in distributed systems. We
want to improve the framework with new features and define a robust test bench.
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Abstract

A closed, diploid and panmictic population, which is a harvestable resource having a
Malthusian growth, is considered. According to their genotype and for a specific locus, it
is compartmentalized in three subpopulations: two homozygotes and the heterozygote
one. Under the assumption that the population is extracted by alternating closures
with comparatively very short open seasons, the dynamic of the coupled genotypic
frequencies of each subpopulation are modeled using an impulsive differential system.
In addition, it is assumed that each genotype expresses a phenotypic characteristic
that differentiates the mortality rates by catchability. Some results about the long-
term genotypic distribution are obtained and presented as threshold conditions on the
parameter space.

Key words: genetic variability, genotypic distribution, differentiated mortality, im-
pulsive differential equations.

1 Introduction

Genetic variability and loss of biodiversity have become topics of interest to biologists and
geneticists that focus and try to optimize their efforts on the implementation of conser-
vation measures, see [1]. This assertion is supported, for instance, by the existence of a
large number of related genetic diversity studies of specific populations, and the different
conservation strategies. Examples of this type of studies can be seen in [3, 8, 9, 14].

Our work aims to study the genotypic distribution over time of a population which is
a self-regenerative resource. We have in mind, for purposes of the concepts to be used, a
fishery resource. It will be assumed that a portion of the population is captured periodically
at relatively short time intervals, the open seasons. Genetic variability is registered by using
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the genotypic frequencies and its behavior is studied over time, considering the exploitation
of the resource as a selection process, in the evolutionary sense, see [2, 10, 11]. The above
under the assumption that the extraction method can facilitate capture of the individuals
who express certain phenotypic characteristics due to an specific genotype, thus favoring
those individuals who are more difficult to capture or that they are discarded by the method
used to carry out the extraction.

The fishery activity is a very good example of the situation that we seek to describe,
because the methods or fishing gear used in the capture process can be more effectives in
some individuals, more than others, who have certain characteristics, generally related to
the size, see [16]. In [7, 15, 13], examples of different fish stocks that undergo changes in
their genetic variability caused by the capture are shown.

For simplicity of the model, it will be assumed that the extraction process has two
different time scales. A time interval without captures (e.g. a closure) where population
increases in a natural way and, for other hand, a brief harvest period which is modeled as
an instant, a pulse fishery see [6]. On the first scale, the population growth is modeled by a
system of ordinary differential equations, where the variables are the genotypic frequencies.
Since the captures have a very short duration, harvest instants, the changes in the abundace
by fishery mortality are considered as pulses, this determines a second discrete system of
equations. Thus, the dynamic for the genotype frequencies will be modeled by the coupling
of the two systems of equations just mentioned, this is, by an impulsive system, see [12].

The paper is organized as follows: First, in section 2, the model is introduced. For this
population abundances models and their respective frequencies are set, sections 2.1 and 2.2
respectively. Defined above, the impulsive model with differentiated capture described in
section 2.3. Second, in Section 3 presents the main results.

2 The model

Let us consider a closed, diploid and panmictic population, which supports a Malthusian
growth model. The letters A and a denote the two possible alleles for a given locus and
it is assumed that there is not necessarily a dominance between them. Thus, it is possible
to compartmentalize the population in three types of individuals by genotype for the locus
under study: AA, Aa and aa. The functions PAA(t), PAa(t) and Paa(t) represent the
respective genotypic subpopulations at time t. So that, P (t) = PAA(t) + PAa(t) + Paa(t) is
the abundance of the total population.

Genotype frequencies, see [17], correspond to the relative proportion of existing geno-
types in a population, this is, PAA(·)/P (·), PAa(·)/P (·) and Paa(·)/P (·), which we denote
respectively by x(·), y(·) and z(·). Note that x(t) + y(t) + z(t) = 1 for all t.

Similarly, see [17], allele frequencies is the ratio of a specific allele in the set of possible
alleles for a given locus. If fA(t) and fa(t) are the allelic frequencies for alleles A and a
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respectively at instant t, then it is possible to calculate them as:

fA(t) = x(t) +
1

2
y(t) y fa(t) = z(t) +

1

2
y(t), t ≥ 0. (1)

Clearly fA and fa have values in [0, 1] and their sum is the unity.

2.1 Abundance of genotypic subpopulations

Given a pair of parents in the population, individuals of their progeny can be part of any
of the genotypic groups AA, Aa or aa, based on the Mendel’s laws, see [17]. The following
table summarizes a counting method that allows us to distribute the descendants in each
one of the described groups, depending on the group of their parents:

Type Apareos AA Aa aa

AA×AA (q/P )PAA PAA 1 0 0
AA×Aa (q/P )PAA PAa 1/2 1/2 0
AA× a a (q/P )PAA Pa a 0 1 0

Aa×AA (q/P )PAa PAA 1/2 1/2 0
Aa×Aa (q/P )PAa PAa 1/4 1/2 1/4
Aa× a a (q/P )PAa Pa a 0 1/2 1/2

a a×AA (q/P )Pa a PAA 0 1 0
a a×Aa (q/P )Pa a PAa 0 1/2 1/2
a a× a a (q/P )Pa a Pa a 0 0 1

(2)

where q = p/2, with p the number of apareos in which an individual can participate.
Based on table (2), it is possible to calculate the number of apareos that generate

offspring with a given genotype. We denote by hAA (respectively hAa or haa) the number
of apareos that generates offspring of type AA for any time (respectively Aa or aa). Then

hAA =
q

P

(
P 2
AA +

1

2
PAAPAa +

1

2
PAAPAa +

1

4
P 2
Aa

)
,

that using (1) can be written as:

hAA =
q

P

(
PAA +

1

2
PAa

)2

= qf2
AP. (3)

Similarly we obtain:

hAa =
q

P
2

(
PAA +

1

2
PAa

)(
Paa +

1

2
PAa

)
= 2qfAfaP (4)

and

haa =
q

P

(
Paa +

1

2
PAa

)2

= qf2
aP. (5)
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Thus, if ν and μ are respectively the average number of offspring per mating and the
natural mortality rate of the population, then the number of individuals incorporated per
unit time according their genotype is:⎧⎨⎩

P ′
AA(t) = ν hAA(t)− μPAA(t),

P ′
Aa(t) = ν hAa(t)− μPAa(t),

P ′
a a(t) = ν ha a(t)− μPa a(t).

(6)

Replacing (3), (4) and (5) in (6) and assuming α = ν · q, we obtain the system of
differential equations that follows:⎧⎨⎩

P ′
AA(t) = α f2

A(t)P (t) −μPAA(t),
P ′
Aa(t) = 2α fA(t)fa(t)P (t) −μPAa(t),
P ′
a a(t) = α f2

a (t)P (t) −μPa a(t).
(7)

Note that from the system (7), we obtain P ′ = P ′
AA + P ′

Aa + P ′
aa = (α − μ)P , which

shows the Malthusian character of population abundance.

2.2 Frequency of genotypic subpopulations

We want to know how do the genotype frequencies of the population vary in time. Since
x(·) = PAA(·)/P (·), we have P 2(t)x′(t) is equal to P ′

AA(t)P (t)−PAA(t)P
′(t), t ≥ 0. Substi-

tuting P ′
AA for the first equality in (7), we get it x′ = αf2

A−αx. By proceeding analogously
for y(·) and z(·), the following system is obtained:⎧⎨⎩

x′(t) = α [f2
A(t)− x(t)],

y′(t) = α [2fA(t)fa(t)− y(t)],
z′(t) = α [f2

a (t)− z(t)].
(8)

where fA(·) and fa(·), as functions of x(·), y(·) and z(·), are given by (1).

2.3 Pulse fishery. Harvest differentiated by genotype

As it was said, the population is considered a resource for human consumption. A portion of
it is captured at an uniformly distributed sequence of instants, for example, a fish population
whose extraction occurs instantaneously between consecutives closures of equal duration.
It is supposed that the number of individuals captured per unit time is different for each
of the genotypic subpopulations PAA, PAa and Paa. We are under the assumption that
each genotype expresses a phenotypic characteristic that facilitates or hinders the captures.
Some examples can be found in [16].

To set the model we will assume the following hypotheses:
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(a) Pulse fishery: We consider that catches occur in an increasing sequence of instants
{tk} equally spaced, i.e., tk+1 − tk = τ , for some τ > 0, for all k ≥ 0.

The catch times are defined in this way, for instance, by conservation reasons. We
need introduce closures for allowing the resource extracted can dispose a time interval
to recover the abundance. The open seasons can be considerably more shorter than
the closures. Some real fisheries, that adjust to this model, are cited in [5, 6].

(b) Schaefer Hypothesis: In each genotypic subpopulation, with differentiated catcha-
bility, we assume that the extractaction per unit of biomass is proportional to the
fishing effort exerted in every instant of capture. The capture effort is denoted by the
parameter E. It is an indicator of the inputs of the production process, see [4].

Based on these hypotheses, we obtain that in the k–th extraction the number of indi-
viduals of each genotypic subpopulation immediately after (this is, in the limit to tk by the
right) is given by: ⎧⎨⎩

PAA(t
+
k ) = (1− q1E)PAA(tk),

PAa(t
+
k ) = (1− q2E)PAa(tk),

Paa(t
+
k ) = (1− q3E)Pa a(tk),

(9)

where the coefficients qi, i ∈ {1, 2, 3}, are interpreted as a measure of catchability (de-
termined by the phenotypic characteristics that manifests each genotype) of individu-
als with genotype AA, Aa and aa respectively. Thus, q1EPAA(tk) corresponds to the
number of individuals belonging to the subpopulation PAA that are captured at the in-
stant tk, so that PAA(t

+
k ) = PAA(tk) − q1EPAA(tk) = (1 − q1E)PAA(tk). Similarly we

obtain expressions for PAa(t
+
k ) and Paa(t

+
k ). Note also that from the above we have

P (t+k ) = (1− q1E)PAA(tk) + (1− q2E)PAa(tk) + (1− q3E)Paa(tk). When q = q1 = q2 = q3,
we have P (t+k ) = (1− qE)P (tk), the standard Schaefer Hypotheses.

Now, introducing the change of variables x(·) = PAA(·)/P (·), y(·) = PAa(·)/P (·) and
z(·) = Paa(·)/P (·), we obtain:⎧⎨⎩

x(t+k ) = Q1 x(tk)/{Q1x(tk) +Q2y(tk) +Q3z(tk)},
y(t+k ) = Q2 y(tk)/{Q1x(tk) +Q2y(tk) +Q3z(tk)},
z(t+k ) = Q3 z(tk)/{Q1x(tk) +Q2y(tk) +Q3z(tk)},

(10)

where Qi = 1− qiE, i ∈ {1, 2, 3}.
These expressions represent the genotype frequencies for each genotype of interest at

time t+k , that is, just after the removal process. After this instant the dynamics is defined
by the ordinary system (8), until the instant tk+1, where we have the capture process again.

The pair of equations (7)-(9) and (8)-(10) are examples of impulsive differential equa-
tions at fixed impulse times (IDE-FT).
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3 Main Results

A technical tool, used to study impulsive systems, is to consider one of the stroboscopic
associated discrete map. From the dynamics of this map, It is possible to analyze and
interpret the dynamics of the original impulsive system. In order to understand the effect
that the captures causes in the system (8)-(10), we want to find a stroboscopic mapping
linking the value of a solution (x(·), y(·), z(·)), in an instant tk, with its value at the successor
time tk+1. For the above, it is necessary to consider the following preliminary result:

Lema: The solution (x(t), y(t), z(t)), t ≥ 0, of (8), with initial condition t = 0 equal to
(x0, y0, z0) it is given by:⎧⎨⎩

x(t) = f2
A(1− e−αt) + x0e

−αt,
y(t) = 2fAfa(1− e−αt) + y0e

−αt,
z(t) = f2

a (1− e−αt) + z0e
−αt.

(11)

Proof: Notice that (8) corresponds to a differential system with constant parameters.
So that, its solution is immediate. Then by (11), for t ∈ (tk, tk+1], we have:

x(t) =

(
x(t+k ) +

1

2
y(t+k )

)2 (
1− e−α(t−tk)

)
+ x(t+k )e

−α(t−tk). (12)

Evaluating at t = tk+1 and identifying uj = u(tj), u
+
j = u(t+j ), for all j ≥ 0 and u ∈ {x, y, z},

we obtain:

xk+1 =

(
x+k +

1

2
y+k

)2 (
1− e−α τ

)
+ x+k e

−α τ . (13)

Considering expressions as (13) for variables y and z, and pulses given in (10), we
obtain: ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

xk+1 σ
2
k = (Q1xk +

1
2Q2yk)

2(1− e−α τ ) +Q1xkσke
−α τ ,

yk+1 σ
2
k =

{
2(Q1xk +

1
2Q2yk)(Q3zk +

1
2Q2yk)(1− e−α τ )

+Q2ykσke
−α τ

zk+1 σ
2
k = (Q3zk +

1
2Q2yk)

2(1− e−α τ ) +Q3zkσke
−α τ

(14)

where σk = Q1xk +Q2yk +Q3zk, k ≥ 0.

To study the dynamics determined by (14) we consider the following cases:

3.1 Equal catchability for all genotypic subpopulations

Suppose the catchability of a homozygous subpopulation is different from the catchability
of the other genotypes. Without loss of generality, we can assume that the subpopulation
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of genotype aa (homozygous) is different from the other two subpopulations (the other case
is analogous). Thus, the system (14) can be presented as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 =
{

xk+
1
2
yk

xk+yk+ηzk

}2

(1− p) +
{

xk
xk+yk+ηzk

}
p,

yk+1 = 2
{

(xk+
1
2
yk)(ηzk+

1
2
yk)

(xk+yk+ηzk)2

}
(1− p) +

{
yk

xk+yk+ηzk

}
p,

zk+1 =
{

ηzk+
1
2
yk

xk+yk+ηzk

}2

(1− p) +
{

ηzk
xk+yk+ηzk

}
p,

(15)

where η = Q3/Q1 and p = e−α τ .
Using that y = 1− x− z, the system (15) can be rewritten with a smaller dimension{

xk+1 = F (xk, zk),
zk+1 = G(xk, zk),

(16)

where F,G : Δ→ Δ are defined by:⎧⎪⎪⎨⎪⎪⎩
F (x, z) = 1

4

(
1+x−z

1+(η−1)z

)2
(1− p) +

(
x

1+(η−1)z

)
p,

G(x, z) = 1
4

(
1−x+(2η−1)z
1+(η−1)z

)2
(1− p) +

(
ηz

1+(η−1)z

)
p,

(17)

with Δ = {(x, z)/x ≥ 0, z ≥ 0 ∧ x+ z ≤ 1}.

The mapping is well defined:
Let (x, z) ∈ Δ, then clearly F (x, z), G(x, z) ≥ 0. In addition, we note that: F (x, z) +

G(x, z) = 1− 1
2

(
1+x−z

1+(η−1)z

)(
1−x+(2η−1)z
1+(η−1)z

)
(1−p)+

(
1−x−z

1+(η−1)z

)
p < 1. Therefore, the mapping

is well defined.

Equilibrium states:
In order to obtain fixed points, We solve the system x = F (x, z) and z = G(x, z). Thus,
fixed points of the system (16) are:

Px = (1, 0), Pz = (0, 1) and P =

(
p− η

η − 1
,
p− 1

η − 1

)
.

The point P is discarded because it is not in the domain Δ of definition of the discrete
mapping (14). Then, if the system trajectories converge towards a singularity, this should
be Px or Pz.

Theorem 1: Let us suppose that q1 = q2 and q3 �= q1. Then, if k → ∞, the trajectories
{(xk, yk, zk)} of (14) are convergent to:
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(a) State (1, 0, 0) if q1 < q3, i.e. the least capturable homozygous subpopulation domi-
nates.

(b) State (0, 0, 1) if q1 > q3, i.e. the least capturable homozygous subpopulation domi-
nates.

Proof: Note that for each point P (x∗, z∗) ∈ Δ, you can associate the straight line:

L : z = x+ b(x∗, z∗), where b(x∗, z∗) = (z∗ − x∗) (18)

that is, the line containing the point P and with unitary slope.
Given a trajectory {(xk, zk)}k≥0 defined by the mapping (16), we have:

(i) If η < 1, then bk = b(xk, zk) > b(xk+1, zk+1) = bk+1

(ii) If η > 1, then bk = b(xk, zk) < b(xk+1, zk+1) = bk+1

In either cases, the line L(xk+1,zk+1) is parallel to L(xk,zk) with a lower intercept if η < 1
and a greater intercept if η > 1. Indeed, given (xk, yk) ∈ Δ, then:

L(xk,zk) : z = x− (xk − zk), (19)

Subtracting the equations of (16) we obtain:

L(xk+1,zk+1) : z = x−
(

xk − ηzk
1 + (η − 1)zk

)
. (20)

It is easy to prove that (xk − zk) < (xk+1− ηzk+1)/(1+ (η− 1)zk+1) (resp. >), if η < 1
(resp. >)

Case (i):
In this case, the succession of intercepts {bk}k≥0 is a strictly decreasing succession and also
bounded below by b(1, 0) = −1, therefore, it is convergent.

Let b∞ the limit of the succession {bk}. If b∞ > −1, then accumulation points of the
trajectory {(xk, zk)}k≥0, defined by mapping (16), belong to the line segment I∞ = L∞∩Δ,
where L∞ : z = x+ b∞.

Let (xa, za) some of these accumulation points. Then, by continuity of the mapping
(F,G) defined in (16), the point (x1a, z

1
a), the iterated of (xa, za), It is also an accumulation

point. But if (x1a, z
1
a) �= (xa, za), then b(x1a, z

1
a) < b(xa, za) = b∞. Therefore (x1a, z

1
a) /∈ I∞,

which contradicts the fact that it is accumulation point, so that (x1a, z
1
a) = (xa, za), this is,

(xa, za) is a fixed point. Therefore (xa, za) = (1, 0).

Case (ii):
In a completely analogous way, it is proved that if η > 1, then the trajectory {xk, zk}
converges to Pz(0, 1). 8
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Clearly, the above result is analogous for q3 = q2, q1 �= q3. Furthermore, this result
implies that under the conditions assumed loss of genetic variability is absolute, While
watching the population one allele, resulting in a fully homozygous population, for the
locus under study.

3.2 Differential catchability for heterozygous population

We suppose that the catchability of a heterozygous subpopulation is different from the
catchability of other genotypes. This is, q1 = q3 and q1 �= q2. Under these assumptions the
system (14) can be written as:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

xk+1 =
{

xk+
η
2
yk

xk+ηyk+zk

}2
(1− p) +

{
xk

xk+ηyk+zk

}
p,

yk+1 = 2
{

(xk+
η
2
yk)(zk+

η
2
yk)

(xk+ηyk+zk)2

}
(1− p) +

{
yk

xk+ηyk+zk

}
p,

zk+1 =
{

zk+
η
2
yk

xk+ηyk+zk

}2
(1− p) +

{
zk

xk+ηyk+zk

}
p.

(21)

where η = Q2/Q1 and p = e−α τ .

Similarly to what was done in the previous section, the system (21) can be expressed
as a two-dimensional discrete system, using that y = 1− x− z:⎧⎪⎪⎪⎨⎪⎪⎪⎩

F (x, z) =
(

x− 1
2
η

1+(η−1)z

)2
(1− p) +

(
x

1+(η−1)z

)
p,

G(x, z) = 1
4

(
1+x−z

1+(η−1)z

)2
(1− p) +

(
ηz

1+(η−1)z

)
p,

(22)

with Δ = {(x, z)/x ≥ 0, z ≥ 0 ∧ x+ z ≤ 1}.
Theorem 2: Suppose q1 = q3 and q2 �= q1. Then the trajectories {(xk, yk, zk)} of the
system (14) are convergent and

(a) If q2 > q1 and x0 > z0, they tend to (1, 0, 0) .

(b) If q2 > q1 and x0 < z0, they tend to (0, 0, 1).

(c) If q2 > q1 and x0 = z0, they tend to P ∗.

(d) If q2 < q1, they tend to P ∗ .

With P ∗ = (x∗, 1 − x∗ − z∗, z∗), where (x∗, z∗) is the only solution in Δ, of the system
x = F (x, z) and z = G(x, z), which is different of (1, 0) and (0, 1) .
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Proof: The proof of Theorem 2 is analogous (in the reasoning and its techniques) to
the proof of Theorem 1. 8

In biological terms, the above result assures that if the catchability of the heterozygote
subpopulation is greater than that of the other subpopulations, then it occurs a total loss of
genetic variability, to the locus under study, except when initial genotypic frequencies are
equal to subpopulations homozygous (uncommon in the biological context). Moreover, if the
catchability of the heterozygote subpopulation is the smallest, then the genetic variability
in the population remains, and the genotype frequencies converge, over time, to the values
described by P ∗.
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Abstract

We perform an experimental evaluation of the impact that voltage-frequency scaling
and concurrency throttling exert on the energy consumption of the MPDATA algorithm,
a key component of the multiscale fluid model EULAG. This analysis reveals that, for
this particular algorithm, optimizing for performance is equivalent to optimizing for
energy efficiency on a system equipped with a 6-core Intel Xeon CPU.

Key words: Energy Efficiency, Voltage-Frequency Scaling (VFS), MPDATA, Per-
formance Analysis, Multi-threaded Parallelism

1 Introduction

Performance analysis has traditionally focused on optimizing computational throughput of
applications and/or reducing their execution time. However, the end of Dennard scaling [2]
has promoted energy as a holistic design principle in par with performance. As a result, a
considerable amount of works have recently analyzed the interaction among temperature-
power-time-energy for a variety of applications. In addition, these studies have targeted
all sorts of current architectures, including multicore processors, graphics accelerators, the
Intel Xeon Phi, and clusters assembled using any of these technologies.

One particular aspect that many of these past works address is the use of (dynamic)
voltage-frequency scaling (VFS) [3], sometimes combined with (dynamic) concurrency throt-
tling (CT) [1], as a means to reduce power dissipation and/or energy consumption. In this
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paper we contribute towards this goal by studying the impact of VFS and CT on the execu-
tion of MPDATA, a key component that strongly dictates the computational performance
as well as energy consumption of the multiscale fluid model EULAG [5, 4].

The rest of the paper is structured as follows. In Section 2 we offer a brief review of
MPDATA, emphasizing its role in the framework of EULAG. Section 3 contains the main
contribution of our paper, namely an experimental evaluation of MPDATA under different
VFS/CT configurations, interleaved with a few concluding remarks.

2 The MPDATA Algorithm

The MPDATA algorithm belongs to the group of non-oscillatory forward-in-time algorithms
and performs a sequence of stencil computations [5]. In this class of iterative algorithms,
a single iteration requires to call one instance of the MPDATA routine, and the iterations
(also referred to as time steps) are performed sequentially.

MPDATA solves continuity equation describing the advection of a non-diffusive quantity
Ψ in a flow field [4], namely

∂Ψ

∂t
+ div(VΨ) = 0, (1)

where V is the velocity vector. The algorithm is positive defined and by appropriate flux cor-
rection can also be monotonic. This is a desirable property for advection of positive definite
variables such as specific humidity, cloud water/ice, aerosol particles, gaseous substances,
etc. The spatial discretization of MPDATA is based on finite difference approximations.

In the first sub-step, advection of a prognostic field Ψ is computed with the standard
donor-cell approximation, ensuring the first order of accuracy only. In the subsequent time
step, corrections are applied to make the scheme more accurate; i.e., second order in space
and time. In the corrective sub-step, the donor-cell approximation is used with new anti-
diffusive velocities based on the advected fields. The procedure can be repeated many times,
however typically no significant improvements are observed after more than 2 corrections.

3 Experimental Results and Conclusions

All experiments were performed on 6-core Intel Xeon CPU E5-2620 processor, executing
the MPDATA algorithm with a grid of size 256× 256× 256 and 51 time steps. The energy
measurements were obtained using the Intel RAPL interface for PKG and DRAM, as well as
the pmlib library to collect power samples from an internal wattmeter providing the energy
consumption of entire server (including motherboard with all connected components).

Tables 1 and 2 respectively report the energy consumption for the PKG+DRAM and
the entire server. The MPDATA algorithm is scalable across all 6 CPU cores. In these
results we observe that increasing the CPU frequency decreases the energy consumption,
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Table 1: MPDATA energy consumption (PKG+DRAM) for different number of cores and
frequency levels.

Frequency Number of cores
(GHz) 1 2 3 4 5 6

1.2 81,688.2 44,765.3 32,442.7 26,296.8 22,710.7 20,586.6

1.3 76,643.2 42,214.0 30,722.7 24,926.5 21,510.9 19,590.7

1.4 72,517.9 40,399.5 29,236.1 24,031.3 20,665.8 18,733.1

1.5 69,572.2 38,417.4 28,030.7 23,164.3 19,843.2 17,924.4

1.6 66,445.5 37,129.5 27,017.8 22,266.9 19,228.1 17,501.6

1.7 63,914.7 35,830.4 26,162.1 21,700.4 18,610.7 17,156.3

1.8 61,808.6 34,666.2 25,556.1 21,148.9 18,197.5 16,633.2

1.9 60,376.9 33,927.4 24,838.4 20,730.1 17,823.3 16,360.6

2.0 59,189.2 33,180.0 24,510.2 20,462.4 17,607.7 16,092.2

independently of the number of cores. In addition, exploiting the algorithm’s concurrency,
by increasing the number of cores/threads, also helps reduce the energy consumption. In
other words, for this particular processor and algorithm, optimizing for performance is
equivalent to optimizing for energy efficiency.

We can also conclude that, from the perspective of energy efficiency, the number of
cores is more significant than the CPU frequency, as the energy can be reduced by a factor
about 3.9 by changing the former parameter but only by a factor 1.4 by tampering with
the frequency. When we compare the results obtained using Intel RAPL with the results
achieved using pmlib, we note that the second returns consumption rates that are about 1.4
times higher than those collected from Intel RAPL, due to the additional energy required
to operate system components other than the CPU and DRAM.
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Table 2: MPDATA energy consumption (server) for different number of cores and frequency
levels.

Frequency Number of cores
(GHz) 1 2 3 4 5 6

1.2 115,723.0 63,608.1 45,996.9 37,645.1 32,363.7 29,096.3

1.3 109,317.0 59,652.2 43,044.8 35,645.8 30,568.9 27,579.8

1.4 103,304.0 56,528.2 41,815.6 33,912.8 29,110.4 26,278.6

1.5 98,140.0 53,847.0 40,465.0 32,603.3 27,854.3 25,181.7

1.6 94,504.3 51,974.5 38,672.6 31,419.4 26,839.5 24,246.5

1.7 90,467.9 51,176.4 37,040.9 30,555.2 25,956.0 23,615.1

1.8 87,220.4 49,359.0 35,932.3 29,702.3 25,308.5 22,985.3

1.9 84,570.8 48,423.4 34,980.1 28,846.0 24,730.0 22,442.2

2.0 82,593.9 46,644.1 34,412.9 28,344.9 24,218.5 22,116.8
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Abstract

In this study we show how to employ Bernstein polynomials in order to overcome the
problem of non-negativeness when we determine functions that modelize the spreads of
the objective function in fuzzy regression analysis. We illustrate the applicability and
effectiveness of our methodology through the analysis of a real Economic context.

Key words: Fuzzy regression, Fuzzy number, Bernstein polynomials.

1 Introduction

Regression analysis is a useful statistical tool which has many applications in almost all
scientific areas, including Engineering, Environmental Sciences, Finance and Economics,
Medicine, Biology, Psychology, etc. In these days, there is an increasing interest in dealing
with fuzzy data because, in real problems, experimental data can usually be affected by a
certainty degree of imprecision or subjectivity.

Among previous methodologies about fuzzy regression, we are interested in those which
interpret their optimal solutions as a regression function consisting in a model for centers
and other models for spreads. These processes can handle a wider variety of models but a
natural problem arises: the models for the spreads can only take non-negative values. At
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this point starts a large discussion in the context of fuzzy regression analysis which is not
solved for the moment.

The main aim of the present contribution is to provide the researcher with a viable
and simple way for analyzing regression relationships when the problem of non-negativity
spreads appears. In this paper we present a new fuzzy methodology based on the good
properties that Bernstein polynomials verify.

2 Preliminaries

Let R be the set of all real numbers and let I = [0, 1] denote the unit interval. A fuzzy
set on R is a map A : R → I. A fuzzy number (for short FN ) on R is a fuzzy set A on
R such that, for all α ∈ ]0, 1], the α-level set (or α-cut) Aα = {x ∈ R : A(x) ≥ α} is a
non-empty, closed subinterval of R. A triangular fuzzy number (for short, TFN ) is a FN
A = (a1/a2/a3), where a1, a2, a3 ∈ R (called the corners of A), a1 < a2 < a3, defined by:

A(x) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

x− a1
a2 − a1

, if a1 < x ≤ a2,

a3 − x

a3 − a2
, if a2 < x < a3,

0, in any other case.

Let T be the family of all TFNs on R. The number Ac = a2 is its center and its spreads
are A� = a2 − a1 ≥ 0 and Ar = a3 − a2 ≥ 0. The center and the spreads also determine the
TFN since a1 = Ac−A�, a2 = Ac and a3 = Ac+Ar. In this way, instead of A = (a1/a2/a3),
from now on, we will also use the representation of a TFN through its center and its spreads,
that is, we will write A = Tri(Ac, A�, Ar).

Given a non-empty set D, any mapping F : D → T can also be represented by

F = Tri(F c, F �, F r), (1)

where F c : D → R and F �, F r : D → R+
0 (only taking non-negative values) are the mappings

F c(x) = F (x)c, F �(x) = F (x)� and F r(x) = F (x)r for all x ∈ D.
Bernstein polynomials are well-known from approximation theory. We recall here some

of their properties. The Bernstein polynomials of degree n are defined as

bk,n(x) =

(
n

k

)
xk(1− x)n−k,

where n ∈ N ∪ {0} and k ∈ {0, 1, . . . , n}.

0 0.5 1

0.5

1
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For our purposes, 00 will mean 1. The most important property of Bernstein polyno-
mials is that they only take non-negative values on I, that is, bk,n(x) ≥ 0 for all x ∈ I.

When f : I → R is a continuous function, its Bernstein approach of degree n is the
polynomial

n∑
k=0

f

(
k

n

)
bk,n(x) =

n∑
k=0

f

(
k

n

)(
n

k

)
xk(1− x)n−k (2)

3 Bernstein estimation procedure

In this section we describe how to use Bernstein polynomials to estimate the relationship
between two real RVs such that response variable only takes non-negative values.

Let (X,Y ) be a bidimensional RV and assume that Y only takes non-negative values
(that is, Y ≥ 0 and aY ≥ 0). Suppose that we are interested in analyzing the relationship
between Y and X throughout an estimation mapping Ŷ = f(X). To do that, consider
a random experiment in which we observe the variable (X,Y ) on n statistical units, i.e.,
suppose that we have a random sample {(xi, yi)}ni=1 obtained from (X,Y ). In particular,
yi ≥ 0 for all i ∈ {1, 2, . . . , n}.

To better explain the procedure to estimate Y from X, we distinguish whether the
ranges of the variables are the unit interval I or not.

3.1 Unidimensional real random variables that take values in I

Suppose that (X,Y ) is a bidimensional RV such that both X and Y are [0, 1]-valued.
Without loss of generality, we can suppose that 0 ≤ x1 < x2 < . . . < xn ≤ 1. In this case,
we will proceed as follows.

Step 1. Choose the natural number N ∈ N which we will use as the degree of the
Bernstein polynomial regression function.

Step 2. Consider the piecewice linear function φ : I → I that joins the points of the
random sample.

Step 3. The Bernstein regression function will be

Ŷ (x) =
N∑
k=0

φ

(
k

N

)
bk,n(x) =

N∑
k=0

φ

(
k

N

)(
N

k

)
xk(1− x)N−k for all x ∈ I.

3.2 Unidimensional real random variables

If (X,Y ) is a bidimensional RV valued on [aX , bX ] × [aY , bY ], we can consider a change of
origin and scale to the interval I. If Ŷ ′

x′ is the estimated Bernstein regression function for
the transformed random sample, we finalize considering the regression mapping:

Ŷ (x) = aY + (bY − aY ) Ŷ
′
(

x− aX
bX − aX

)
for all x ∈ [aX , bX ] .
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Therefore Ŷ (x) ≥ 0 for all x ∈ [aX , bX ].

4 Bernstein estimation procedure applied to fuzzy regression
theory

Let X,Y be two variables where X is a crisp RV and Y is a triangular FRV. Taking into
account the canonical representation (1) of any mapping valued on T , the regression model
can be formalized as

Y = Tri(m(X,ωc) + εc, s �(X) + ε�, s r(X) + εr), (3)

where εc, ε�i and εsi are the residuals (i.e., real-valued RVs such that E[εc|X] = E[ε�i |X] =
E[εri |X] = 0 and whose variances are finite) and ωc = (ωc

1, . . . , ω
c
p)

′ is the (p × 1)-vector
of the parameters related to model for the center. To solve the regression problem, we are
interested in obtaining a function Ŷ : ranX → T to predict Y from X. This function must
be defined as

ŶX = Tri(m̂(X,ωc), ŝ �(X), ŝ r(X)), (4)

where m̂ : ranX → R and ŝ �, ŝ r : ranX → R+
0 are arbitrary functions.

Consider a random sample {(Xj ,Yj = Tri(Y c
j , Y

�
j , Y

r
j ))}nj=1 obtained from (X,Y). To

estimate the mappings m̂, ŝ �, ŝ r based on the random sample, center and spreads have to
be treated differently.

• By considering the random sample {(Xj , Y
c
j )}nj=1, we may use any statistical package

to fit a regression mapping m̂ considering the least square method.

• We propose to apply the Bernstein estimation procedure described in Section 3 to
the random samples {(Xj , Y

�
j )}nj=1 and {(Xj , Y

r
j )}nj=1 to fit respective models for the

spreads ŝ � and ŝ r.

Finally, the fuzzy model obtained by this methodology is given in (4).

5 Application to a real Economic context

In 2010, Mosleh et al. [1] considered the following experimental study. Consumer reports
uses a survey to collect data on the annual cost of repairs for 5 makes and models of
automobiles. The fuzzy data are the fuzzy annual repair cost (Y, in dollars) and the age of
the automobile (X, in years). Data can be found in [1]. Notice that, in this case, spreads
Y �
j and Y r

j are not equal.
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Age (years) Cost (US dollars) Reduced data to [0, 1]

Xj Y c
j Y �

j Y r
j X ′

j (Y �
j )

′ (Y r
j )

′

1 139 11 19 0.2 0.091667 0.158333

2 190 26 50 0.4 0.216667 0.416667

3 340 40 18 0.6 0.333333 0.15

4 358 18 42 0.8 0.15 0.35

5 470 70 115 1 0.583333 0.958333

Table 1: Transformed values.
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Figure 1: Comparison between Mosleh et al.’s model (in blue) and the proposed model (in
red).

The proposed model in [1] is

ŶMOA(x) = Tri(108.6068, 9.8329, 15.1986) eTri(0.3070,0:0062,0.0059)x .

To apply our procedure, we consider that X takes values in [0, 5], Y c in [0, 600] and the
spreads are in [0, 120]. Taking as degreeN = 5, the fuzzy model using Bernstein polynomials
is ŶBFM(x) = Tri(m̂(x), ŝ �(x), ŝ r(x)) where, for x ∈ [0, 5], the mappings m̂(x), ŝ �(x) and
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ŝ r(x) are given by:

m̂(x) = exp
(
3.91764 + 1.00873

√
x
)
,

ŝ �(x) = 11 + 6x2 − 1.28x3 − 0.152x4 + 0.05248x5,

ŝ r(x) = 19 + 12.4x2 − 7.52x3 + 1.704x4 − 0.10848x5.

Both models are plotted in Figure 1.
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Generalizations of the Fisher equation are needed to more accutarely model complex diffu-
sion and reactions effects found in many biological systems. There are many models that
use nonlinear dispersal to describe the tendency for diffusion to increase due to overcrowd-
ing. Fisher equations are commonly used in biology for population dynamics models and in
bacterial growth problems as well as development and growth of solid tumours. The the-
ory of reaction-diffusion waves begins in the 1930s with the works in population dynamics,
combustion theory and chemical kinetics. At the present time, it is a well developed area
of research which includes qualitative properties of travelling waves for the scalar reaction-
diffusion equation and for system of equations, complex nonlinear dynamics, numerous
applications in physics, chemistry, biology, medicine [12]. Reaction-diffusion equations are
conventionally used in chemical physics in order to describe concentration and temperature
distributions. In this case, heat and mass transfer are described by the diffusion term while
the reaction term describes the rate of heat and mass production.

The equation analyzed in this paper is a generalized Fisher equation

ut = f(u) +
1

c(x)
(c(x)g(u)ux)x , (1)
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where u(x, t) denotes the tumor cell density at location x and time t, being x and t the
independent variables, g(u) is the diffusion coefficient representing the active motility of
cells depending on the variable u, f(u) an arbitrary function and c(x) an arbitrary function
depending on the spatial variable x. In the particular case of c(x) = 1 and g(u) = 1,
symmetry reductions and exact solutions were obtained using classical and nonclassical
symmetries in [2]. When c(x) = 1 but g(u) and f(u) are arbitrary functions, equation

ut = f(u) + (g(u)ux)x (2)

is known as the density dependent diffusion-reaction equation which is mentioned by J.D.
Murray [12] to model the advance of an advantageous gene through a geographic region.
An exact solution of a quasilinear Fisher equation in cylindrical coordinates.

ut = u(1− u) +
1

x
[xuux]x , (3)

by using Lie classical reductions was derived in terms of the Bessel functions in [1].

A complete classification of the classical symmetries and exact solutions of the Fisher equa-
tion in cylindrical coordinates and two arbitrary functions

ut = f(u) +
1

x
(xg(u)ux)x , (4)

were obtained in [10]. All the reductions were derived from the optimal system of subal-
gebras. Some of the reduced equations admitted Lie symmetries which yielded to further
reductions. In [11], we have obtained Lie symmetries and conservation laws for the gener-
alized Fisher equation with three arbitrary functions (1).

It is known that conservation laws play a significant role in the solution process of an
equation or a system of differential equations. Although not all of the conservation laws
of partial differential equations (PDEs) may have physical interpretation they are essential
in studying the integrability of the PDEs. For variational problems, the Noether theorem
[1] can be used for the derivation of conservation laws. For non variational problems there
are different methods for the construction of conservation laws. In [6], a general theorem
which does not require the existence of Lagrangians has been introduced by Ibragimov. This
theorem is based on the concept of adjoint equations for nonlinear equations. The concept
of strictly self-adjoint equations has been generalized [7, 3, 8]. After Ibragimov’s results
several papers appeared concerned with self-adjointness and its applications to PDEs [5]
Recently, the property of nonlinear self-adjointness with differential substitution has been
considered in [4].

In [9] we have determined the class of equations (1) which are nonlinearly self-adjoint. By
using a general theorem on conservation laws proved by N.H. Ibragimov and the symme-
try generators we found some conservation for some of these partial differential equations
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without classical Lagrangians. The property of nonlinear self-adjointness with differential
substitution has been considered in [4].

In Anco and Bluman gave a general treatment of a direct conservation law method for
partial differential equations expressed in a standard Cauchy-Kovaleskaya form in particular
for evolution equations

ut = G(x, u, ux, uxx, . . . , unx).

The nontrivial conservation laws are characterized by a multiplier λ with no dependence on
ut satisfying

Ê[u] (Λut − ΛG(x, u, ux, uxx, . . . , unx)) = 0. (5)

Here

Ê[u] :=
∂

∂u
−Dt

∂

∂ut
−Dx

∂

∂ux
+D2

x

∂

∂uxx
+ . . .

is the Euler operator. The conservation law will be written

Dt(Φ
t) +Dx(Φ

x) |Δ= 0,

where Φt and Φx are called the conserved densities. The conserved current must satisfy

Λ = Ê[u]Φt (6)

and the flux Φx is given by

Φx = −D−1
x (ΛG)− ∂Φt

∂ux
G+GDx

(
∂Φt

∂uxx

)
+ . . . . (7)

In [13], conditions for the existence of multipliers involving derivatives, whose existence is
connected with the nonlinear self-adjointness with differential substitution has been given
for evolution PDEs.

In this work, we will derive new nontrivial conservation laws for equation (1) by using
the integral formulae of Anco and Bluman multiplier method. By using the symmetry
generators and the optimal system of subalgebras previously derived in [11] we will consider

ut = k3u+
1

k1erx
(
k1e

rxk2u
−2ux

)
x
. (8)

We will perform the similarity reductions and we will search for exact solutions of physical
and chemical interest. For equation (8) it happens that some of the associated systems admit
symmetries that yield to potential symmetries of (8). These symmetries allow us to do new
reductions of equation (8) which were unobtainable by using Lie classical symmetries.
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Abstract

This work proposes a general class of estimators for a linear parameter of a sensitive
variable using auxiliary information. Under a general randomized response model, the
optimum estimator in this class is derived. Design based properties of proposed esti-
mators are obtained. Several examples reflect the potential gains from the use of the
proposed estimators instead of the customary estimators.
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1 Introduction

In many surveys it becomes necessary to probe into areas considered sensitive and poten-
tially embarrassing. The validity of self-reports of sensitive attitudes and behaviors suffers
from the tendency of individuals to distort their responses towards their perception of what
is socially acceptable. As a consequence, studies self-report measures consistently underes-
timate the prevalence of undesirable attitudes or behaviors and overestimate the prevalence
of desirable attitudes or behaviors. In an attempt to reduce this bias, [1] developed the
randomized response technique (RRT). His idea spawned a vast volume of literature, see,
for instance [2], [3], [4], [5].

Most research into RRT techniques deals exclusively with the interest variable and does
not make explicit use of auxiliary variables in the construction of estimators. In this paper
we suggest a class of estimators for a finite population total when the population totals of
the auxiliary variables are known.

c©CMMSE ISBN: 978-84-608-6082-21118



An improved class of estimators in RR surveys

2 Estimating linear parameters in RRT

Consider a finite population U , consisting of N different individuals. Let yi be the value
of the sensitive aspect under study for the ith population element. Our aim is to estimate
the finite population total Y =

∑N
i=1 yi of the variable of interest y or the population mean

Ȳ = 1/N
∑N

i=1 yi.
Assume that a sample s of individuals is chosen according to a general design p with

inclusion probabilities πi =
∑

s�i p(s), i ∈ U .
The interviews of individuals in the sample s are conducted in accordance with a RR

model. Since yi is not directly available from the respondent, yi is estimated through the
randomized response obtained from the ith respondent. Suppose that the ith respondent
has to conduct a RR trial independently and zi is the randomized response (or scrambled
response) for the trial. For each i ∈ s the RR induces a revised randomized response ri
that is an unbiased estimation of yi with φi = V (ri). Then an unbiased estimator for the
population total of the sensitive characteristic y is given by

Ŷ (r) =
∑
i∈s

ri
πi

The variance of Ŷ (r) is given by

V (Ŷ (r)) =

⎡⎣1

2

∑
i �=

∑
j∈U

(πiπj − πij)

(
yi
πi
− yj

πj

)2

+
∑
i∈U

φi

πi

⎤⎦ = Vht +
∑
i∈U

φi

πi

and an unbiased estimator of V (Ŷ (r)) is

V̂ (Ŷ (r)) =

⎡⎣1

2

∑
i �=

∑
j∈s

(πiπj − πij)

πij

(
ri
πi
− rj

πj

)2

+
∑
i∈s

φ̂i

πi

⎤⎦ = V̂ht +
∑
i∈s

φ̂i

πi

where πij are the second order inclusion probabilities of the design p. One assumes that the
second order inclusion probabilities are non null.

3 Estimators in the presence of auxiliary information

3.1 A general class of estimators for the total

Proposed estimators consider k auxiliary variables x1, . . . , xk, for which the population
totals X1, . . . , Xk, are known. Our goal is to estimate the population parameter Y by using
observations of the variables y, x1, . . . , xk in the sample s, and the known population values
X1, . . . , Xk associated with the auxiliary variables. We note by X̂h the Horvitz-Thompson
estimator of the total Xh (h = 1, ..., k).
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Motivated by [6], we suggest the class of estimators of Y

Ŷ r
g = {G(Ŷ (r), u1, ...uk)}, (1)

where G(·) is a function of uh = X̂h/Xh, continuous in a closed convex sub-space, P ⊂ Rk+1,
containing the point (Y, 1, ..., 1) = (Y,1), and such that

(A1) G(Y,1) = Y

(A2) G′
0(Y,1) = 1 where G′

0(Y,1) denoting the first partial derivative of G(·) with respect
to Ŷ (r), and

(A3) The first and second order partial derivatives of G(·) exist and are also continuous
and bounded in P .

Theorem 3.1 Any estimator into the class (1) is asymptotically unbiased for Y .

Proof

By expanding G about the point (Yβ ,1) in a first order Taylor series, it is found that

Ŷ r
g = G(Y,1) + (Ŷ (r)− Y )G′

0(Y,1) +
k∑

h=1

G′
h|(Yβ ,1)(uh − 1) +O(n−1) (2)

where G′
h denotes the first order partial derivative with respect to uh.

By taking expectations on both sides in (2) we obtain

E[Ŷ gr] = Y + E[Ŷ (r)]− Y +

k∑
h=1

E(X̂h −Xh)
G′

h|(Y,1)
Xh

.

but E[Ŷ (r)] = EdER(Ŷ (r)) = Y , E[X̂h] = Ed(X̂h) = Xh. Thus E[Ŷ gr] = Y + O(n−1)
so the bias is of order n−1.

Theorem 3.2 The bias of the proposed class of estimators is given by:

B[Ŷ gr] =
∑
h<t

Cov(X̂h, X̂t)

XhXt
G′′

ht|(Y,1) +
1

2

k∑
h=1

V (X̂h)

X2
h

G′′
hh|(Y,1)

+
1

2

V (Ŷ (r))

Y
G′′

00|(Y,1) +
1

2

k∑
h=1

Cov(X̂h, Ŷ
r)

Xh
G′′

0h|(Y,1)
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Proof.

By expanding G about the point (Yβ ,1) in a second order Taylor series,

Ŷ r
g = Y + (Ŷ (r)− Yβ) +

k∑
h=1

G′
h|(Y,1)(uh − 1)+

∑
h<t

(uh − 1)(ut − 1)G′′
ht|(Y,1) +

1

2

k∑
h=1

(uh − 1)2G′′
hh|(Y,1)+

1

2

k∑
h=1

(uh − 1)(Ŷ (r)− Y )G′′
0h|(Y,1) +

1

2
(Ŷ (r)− Y )2G′′

00|(Y,1) +O(n−2)

where G′′
hj denote the second order partial derivative with respect to uh and uj , G

′′
0h is the

second order partial derivative with respect to Yβ and uh, and G′′
00 is second order partial

derivative respect to Y .

Taking expectations in the the above second degree approximation we obtain the ap-
proximate bias (of order O(n−2)) of the proposed estimator.

It is well known that for a general sampling design d,

V (X̂h) =
1

2

∑
i �=

∑
j∈U

(πiπj − πij)

(
xhi
πi
− xhj

πj

)2

and

Cov(X̂h, X̂t) =
1

2

∑
i �=

∑
j∈U

(πiπj − πij)

(
xhi
πi
− xtj

πj

)2

V (Ŷ (r)) is given in section 2. Thus we need to obtain the Cov(X̂h, Ŷ
r). Using the

covariance theorem we have:

Cov(X̂h, Ŷ (r)) = Ed(covR(X̂h, Ŷ (r)) + covd(ER(X̂h), ER(Ŷ (r))) =

Ed(0) + covd

(
X̂h,

∑
i∈s

yi
πi

)
=

1

2

∑
i �=

∑
j∈U

(πiπj − πij)

(
xhi
πi
− yj

πj

)2

.

Theorem 3.3 The variance of any estimator into the class (1) verifies (up to terms of
order n−1):

V (Ŷ r
g ) ≥ V (Ŷ (r))− σ′Σ−1σ,

where Σ = (aht)(k×k) with ahh = V (X̂h), aht = Cov(X̂h, X̂t) and

σ = (Cov(Ŷ (r), X̂1)
r, . . . , Cov(Ŷ (r), X̂r

k))
′.
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Proof.
By squaring both sides in expression (2), taking expectations and neglecting higher

order terms we obtain the following approximation

V (Ŷ r
g ) = E[Ŷ r

g − Y ]2 = E

[
Ŷ (r) +

k∑
h=1

G′
h|(Y,1)(uh − 1)− Y

]2
. (3)

On differentiating (3) and equating to zero, we obtain the optimum values of the pa-
rameters as

(G′
1|(Y,1), . . . , G′

k|(Y,1))′ = QD−1b,

where D = (dht), b = (b1, ..., bk)
′ and

dht =
Y 2Cov(X̂h, X̂t)

XhXtV (Ŷβ)
; bh =

Y Cov(Ŷ (r), X̂h)

XhV (Ŷ (r))
.

On substituting the optimum values into (3) we obtain

Vmin(Ŷ
r
g ) = V (Ŷ (r))− σ′Σ−1σ = V (Ŷ (r))(1−R2

Ŷ (r),X̂1,...,X̂k
),

where R2
Ŷ (r),X̂1,...,X̂k

is the multiple correlation coefficient. This proofs the Theorem 3.3.

We observe that the multiple correlation coefficient increases with the number of sec-
ondary variables and with the number of auxiliary parameters, hence the variance of pro-
posed estimators is a monotone decreasing function of the number of secondary variables.

3.2 The difference estimator

The proposed class of estimator can be used to obtain an optimum difference type estimator.
Specifically, let us now consider a choice within the class G of the type

G(Ŷ (r), u1, . . . , uk) = Ŷ (r) +

k∑
h=1

dh(uh − 1)Xh,

which yields to the difference estimator

ŶgD = Ŷ (r) +
k∑

h=1

dh(Xh − X̂h) (4)

Theorem 3.4 The variance of this estimator is given by

V (ŶgD) = V (Ŷ (r)) +

k∑
h,j=1

dhdjcov
(
X̂h, X̂j

)
+

k∑
h=1

dhcov
(
Ŷ (r), X̂h

)
(5)
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The optimum dh values are: (d1, ..., dk)
′ = Σ−1σ and

Vmin(ŶgD) = V (Ŷ (r))− σ′Σ−1σ.

Proof. The optimum dh values can be obtained by differentiating the above expression
of the V (ŶgD) and equating to zero.

3.3 The ratio estimator

A important case within the general class of estimators Ŷ r
g is the ratio type estimator, which

is given by

Ŷ r
g = Ŷ (r)

k∏
h=1

(
Xh

X̂h

)αh

. (6)

Equation (6) provides a class of estimators with various particular cases. The case k = 1
and α = 1 coincides with the traditional ratio estimator, whereas the case α = 0 gives the
naive estimator.

Theorem 3.5 The optimum values of αh, with h = 1, ..., k, that minimize the variance of
Ŷ r
g are (α1, . . . , αk)

′ = A−1A0, where A0 = (a0h), A = (aht) and

a0h =
Cov(X̂h, Ŷ (r))

Y Xh
; aht =

Cov(X̂h, X̂t)

XhXt
.

Proof. Following the previous section, we can obtain the optimum values of αh by
differentiating the expression of the V (Ŷ r

g ) and equating to zero.

We have tested the performance of the proposed modified estimator with respect to
the criteria: relative bias and efficiency through simulation studies. For this purpose, we
consider real and simulated populations in this simulation study. Our simulation studies
with several discrete and continuous RR schemes, reveal that there is a decrease in the
relative bias and the relative mean square error for all randomized response schemes.
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Maŕıa del Mar Rueda, Beatriz Cobo.

References

[1] S.L. Warner, Randomized response: A survey technique for eliminating evasive an-
swer bias, Journal of the American Statistical Association 60(309) (1965) 63–69.

[2] R. Arnab, Optional randomized response techniques for complex survey designs, Biom.
J. 46(1) (2004) 114–124.

[3] C.N. Bouza, C.Herrera, P.G. Mitra, A review of randomized responses proce-
dures: the qualitative variable case, Investigación Oper. 31(3) (2010) 240–247.

[4] G.Diana, P.F. Perri, A calibration-based approach to sensitive data: a simulation
study, Journal of Applied Statistics 39(1) (2012) 53–65.

[5] A.Chaudhuri, R.Mukherjee, Randomized response. Theory and techniques. Statis-
tics: Textbooks and Monographs, 85. New York etc.: Marcel Dekker, Inc. xvi, 162 p.,
1988.

[6] S.K. Srivastava, H.S. Jhajj, A class of estimators of the population mean in survey
sampling using auxiliary information, BiometriKa 68 (1981) 341–343.

c©CMMSE ISBN: 978-84-608-6082-21124



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

A first approach to column updating of NonNegative Matrix
Factorization

P. San Juan Sebastián1, A.M. Vidal1 and V.M. Garćıa-Mollá1
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Abstract

The Non-Negative Matrix Factorization has been widely studied to obtain parts-
based representations of data. Several algorithms with different approaches had been
presented, but in all of them the matrix to factorize comes from a complete set of data.
In this paper, we tackle the problem of updating the factorization, this is, computing a
new factorization with data received when the initial factorization has been computed.
This may be useful for real-time applications or applications where only a part of the
data is available at the beginning of the process. Due to the properties of the updat-
ing NNMF problem it can be computed with a parallel approach in order to decrease
execution times.

Key words: NNMF, parallel updating NNMF,, multicore approach,

1 Introduction

The Non-Negative Matrix Factorization (NNMF) has become a very important tool in fields
such as document clustering, data mining, machine learning, image analysis, audio source
separation or bioinformatics [1, 2, 3, 4, 5, 6]. NNMF consists on approximating a matrix
A ∈ Rm×n by the product of two matrices W and H, with some conditions: all elements of
the matrix A are non-negative, and W ∈ Rm×k and H ∈ Rk×n with k ≤ min(m,n) are two
lower rank matrices with non-negative elements too, such that A ≈ WH. The problem can
be addressed as the computation of two matrices W , H such that

min
W,H≥0

‖WH −A‖F . (1)
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In some applications, all data are not available at the beginning of the factorization
process. This might happen, for example, in applications such as real time music content
analysis, where new data (the music being produced) may have to be processed when it
becomes available [7]. So in order to avoid recomputing the whole factorization each time a
new data( or group of data) entry is obtained, we formulate the NNMF updating problem
as follows:

Having the matrices W and H as a result from the initial factorization

A ≈ WH (2)

and new data B ∈ Rm×r, we want to calculate a new NNMF decomposition

V = [A B] ≈ W1H1 (3)

where W1 ∈ Rm×k and H1 ∈ Rk×(n+r).

In this paper we propose and test different algorithms to solve the NNMF updating
problem without the need of recalculating the whole factorization. Our motivation is to
solve the new factorizations as fast as possible, taking advantage of the previously computed
factorization.

2 Proposed Algorithms

The updating problem explained in the previous section has two main approximations:
adding one column to the known matrix or adding a block of columns.

2.1 Single column updating

The simplest problem occurs when we want to add only one column to the decomposition. In
this case, problem (3) simplifies to V = [A b] ≈ W1H1 where b ∈ Rm and H1 ∈ Rk×(n+1).
Our first attempt was to create algorithms to solve the problem directly, then we developed
a postprocessing scheme to improve our solutions.

2.1.1 Direct versions

Solving this problem is the simplest way to compute last column x of H1 which can be the
first approach to compute the NNMF updating problem. We reformulate problem (3) as
follows:

V ≈ W1H1 : H1 = [H x] ∧W1 = W (4)

where x ∈ Rk. We developed two algorithms to do so:
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1. NNLS version: In this algorithm we solved the NonNegative Least Squares problem
[8] using our previous factorization matrix W and the new column b. We implemented
a MATLAB function to solve the problem.

min
x≥0

‖Wx− b‖2. (5)

2. LSQ version: This version solves the unconstrained Least Squares problem (usually
computed through a QR decomposition)and then rectifies to 0 all negative values if
necessary.

min
x∈Rk

‖Wx− b‖2. (6)

Note that this is not the correct solution for the NNMF updating problem, it is only an
approximation.We solved the LSQ problem using the MATLAB operation x = W\b.

2.1.2 Postprocessed versions

Another option is to compute a few iterations of the complete NNMF algorithm after using
the direct versions in order to improve the solution. Furthermore, this method has the
advantage of updating W too and not only H.

We used the Multiplicative Algorithm of Lee&Seung [9] using the matrices W and
H1 generated by the direct versions as initialization matrices, particularly a MATLAB
implementation that we call MLSA. Using the postprocessing scheme with a randomly
generated column x of H1 was tested too.

Algorithm 1 Postprocesing procedure

1: Compute vector x using one of our direct versions.
2: Execute a few iterations of MLSA with W and H1 = [H x]as initialization values.

2.2 Column block updating

In other applications updating the factorization with more than one data entry is needed.
This goal can be achieved with multiple one column updates, or with a block based algorithm
which will be more efficient. We created a block based algorithm for our LSQ version solving:

min
X∈Rk×r

‖WX −B‖F . (7)

This problem is equivalent to solve r times problem (6), one for each column of B.
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However, using a multiple column updating approach has benefits in terms of paral-
lelism. In both versions each single subproblem only depends on the matrix W and one
column of B and produces one column of H1. So each problem can be executed by a single
thread in a multicore or GPU environment. In an ideal scenario, this might allow to solve
the full updating problem (for many columns) using the same time needed to compute a
single column. That will only happen if there are as many cores as columns.

3 Algorithm evaluation

For the algorithm evaluation we used the MLSA to compute the factorizations of matrix
A which is the base case. Then we compared 6 algorithms: using MLSA to solve the
factorization of V , NNLS version, NNLS version with postprocessing, random version with
postprocessing, LSQ version and LSQ version with postprocessing.

3.1 Test1: Fixed base problem size with increase of added columns

In the first test we kept the same problem size (m,n and k) and increased the number of
columns to add (r). In the Figure 1 the error results obtained are shown, while Table 1
shows the time spent by the algorithms.

Aditional columns(r)
0 50 100 150 200

E
rr
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1.39

1.4
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NNLS post.
Rand. post.
LSQ
LSQ post.

Figure 1: Error results of test 1.

c©CMMSE ISBN: 978-84-608-6082-21128



P. San Juan Sebastián et al.

Regarding error, it is easy to see that both postprocessed versions achieve lower error
that its simple counterparts. Each version (NNLS and LSQ) has very similar error values,
but NNLS version is the one with lower error. The random version has a very good error
value for lower values of r, but when it increases the error grows up as initially expected.

Table 1: Execution times of test 1

r value
Algorithm

MLSA A MLSA V NNLS NNLS p. Rand. p. LSQ LSQ p.

r = 1 11.197 11.180 3.580 4.465 1.125 0.112 1.233
r = 21 10.952 11.316 73.386 76.074 1.199 0.122 1.252
r = 41 10.930 11.361 142.934 145.518 1.213 0.118 1.274
r = 61 10.952 11.645 212.679 212.576 1.279 0.126 1.239
r = 81 11.118 11.589 280.651 280.862 1.207 0.150 1.285
r = 101 10.930 12.043 347.219 349.767 1.275 0.133 1.237
r = 121 10.849 12.207 417.860 417.579 1.314 0.147 1.263
r = 141 10.918 12.483 487.899 487.272 1.317 0.139 1.410
r = 161 11.149 12.656 555.071 565.382 1.363 0.137 1.439
r = 181 11.132 12.904 636.051 638.566 1.398 0.149 1.379

When taking into account time, NNLS versions time grows too much with the increase
of r making it unusable in practice for block column updates. On the other hand, LSQ
version has a very low execution time, particularly in its simple version.

Note that as said in previous section, NNLS can be improved to its time with r = 1
using a parallel approach. In this experiment, the 600 seconds of the biggest problem tested
can be reduced to around 3,5 seconds with 181 cores. With that set-up a speedup of 171,43
can be obtained.

3.2 Test2: Increasing problem size with r = 1

In the second test, we kept r fixed and increased the problem size (m,n, k) proportionally.
The error measures for each size maintain the same relations of the test 1 shown in Figure 1.
The Figure 2(a) illustrates that NNLS and MLSA execution times grow with the problem
size, while LSQ keeps almost the same execution time.

3.3 Test3: Increasing problem size with variable r

In the last test, we increased proportionally all problem dimensions(m,n, k, r). As shown
in the first test, NNLS time grows too much when we increase r, therefore, NNLS was
not executed in this experiment. In Figure 2(b) the execution times of base MLSA, full
MLSA, random postprocessed, LSQ and LSQ postprocessed are shown. It can be clearly
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seen that as we increase the size, the gap between the full MLSA and the updating methods
gets bigger. This means that our updating methods are still better when we tackle bigger
problems.
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(a) Fixed r = 1.
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(b) Variable r proportional to problem size.i

Figure 2: Evolution of the execution time whith the increase of problem size.

4 Conclusions and future work

Our experiments showed that the LSQ update algorithm is by far the fastest of all compared
algorithms. Despite not being so accurate, the LSQ algorithm produces a very low error
in a low execution time. LSQ error is lower than full MLSA error and very close to NNLS
error. On the other side, the NNLS update algorithm is too slow to be used in practice,
because there is not any gain in execution time against the full MLSA.

In terms of parallelism, both versions are easily to implement for parallel systems. The
NNLS version will be hugely benefited by this, because the time for r = 1 update is lower
than the full MLSA time.

In this paper we used the MLSA as base algorithm, in future works we will test more
modern algorithms for the NNMF. Another main goal for us is to develop implementations
of these update algorithms for multicore, GPU and Xeon Phi systems.
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Abstract

Wind field calculation is a key issue in many fields, from forest fire propagation
prediction to leisure activities planing. However, when the involved terrain map is large
the amount of memory required and the execution time become prohibitive to be useful
in an operational environment. Domain decomposition methods appear as a promising
approach to parallelize and accelerate wind field calculation. Schur complement method
has been widely used in finite element problems. In this method, the problem is split into
non-overlapping subdomains, and the unknowns in the interiors of the subdomains are
eliminated. The remaining Schur complement system on the unknowns associated with
subdomain interfaces is solved by the conjugate gradient method. Taking advantage of
the particular features of wind field matrices, an approximation has been designed to
accelerate the system solution without significant loose of precision in wind field results.
The new approach reduces execution time and significantly improve scalability.

Key words: wind field, Schur complement, domain decomposition, Gaussian elimi-
nation, diagonal sparse matrix

1 Introduction

Meteorological weather forecast is a complex problem that requires the use of large comput-
ing systems to provide accurate predictions meeting time constraints. However, meteoro-
logical predictions provide the general trends in the weather situation, but usually, they do
not consider local phenomena due to the resolution used when defining the mesh describing
the atmosphere (the typical resolution is about some few kilometers). In the particular case
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of the wind, the meteorological models provide the wind speed and direction at a 2, 5 - 4
km resolution. However, the meteorological wind is modified by the terrain topography,
generating a complete wind field, with different speed and direction at different points of
the terrain. So, for several applications, such as forest fire propagation prediction, where
the wind effect is critical, it is mandatory to estimate the wind field at high resolution (30
meters or even higher).

So, it is necessary to apply more detailed models to represent and reproduce the vari-
ation of the wind components due to the topography of the terrain. Such models, usually,
involve solving huge complex systems of equations that take large time to be solved. There-
fore, it is necessary to apply parallelization and high performance computing techniques to
reduce execution time and make the use of such systems feasible in real-time.

Domain decomposition has been applied to many problems considering finite elements
and has been parallelized in many different ways [11][6], but in some cases, the particular
conditions of the problem being considered can be exploited to simplify and accelerate the
solving process. This is the particular case of wind field, where the matrices involved present
some particular features that can be exploited. The same features have also been found
in geophysical problems [3]. So, the methodology developed can be applied to a full set of
problems involving the same kind of matrices.

Section 2 presents a wind field simulator, called WindNinja, and analyses the method
applied to build the mesh, the system of equations and the way of solving it. Section 3
introduces the application of the Schur Complement Domain Decomposition Method to
parallelize the solution. This method parallelizes quite well, but the scalability has sev-
eral limitations that can be overcome by taking advantage of particular features of the
involved matrices. So, Section 4 presents the approximation proposed in this work to im-
prove execution time and compares the results with those obtained by the original solution.
The approach is combined with a previously developed sparse matrix-vector multiplication
method to accelerate the Preconditioned Conjugate Gradient used to solve the system of
equations. 5 summarizes some results, comparing execution time and quality of solution,
and, finally, Section 6 summarizes the main contributions of this work.

2 WindNinja - Wind Field Simulator

WindNinja [5] is a wind field simulator that takes the elevation map and the meteorological
wind speed (ws) and direction (wd) and determines the wind values at each cell of the
terrain. It is based on the equations that describe air flow variation in the atmosphere.
Specifically, it is a mass-consistent model initialized by boundary conditions. The function
to minimize is constructed using the square of the difference between the adjusted and
observed values as shown in Equation 1,
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E(u, v, w) =

∫
Ω

[α2
1(u− u0)

2 + α2
1(v − v0)

2 + α2
2(w − w0)

2]dΩ (1)

where u, v, w are the velocity components in the x (positive to East), y (positive to North),
and z (positive upward) directions, respectively; u0, v0, w0 are initial values of velocity, and
αi is the Gauss precision moduli that can be used to control the relative amount of change
induced by the model to the horizontal and vertical directions.

The minimization of Equation 1 is subject to the strong constraint of conservation of
mass that can be expressed as shown in Equation 2.

H(u, v, w) = (
∂u

∂x
+

∂v

∂y
+

∂w

∂z
) = 0 (2)

This constraint can be expressed applying Lagrange multiplier theory. So, the function
can be expressed as shown in Equation 3,

F (u, v, w, λ) =

∫
Ω

[α2
1(u− u0)

2 + α2
1(v − v0)

2 + α2
2(w − w0)

2 + λ(
∂u

∂x
+

∂v

∂y
+

∂w

∂z
)]dΩ (3)

where λ(x, y, z) is the Lagrange multiplier.

This equation can be expressed as a linear system in the form:

Ax = b, (4)

where A is the matrix formed from the mesh of points, b are the Dirichlet boundary con-
ditions and x are the unknowns of the system. In the linear system Ax = b, the A matrix
is a sparse matrix which is stored in CRS (Compressed Row Storage) format. The matrix
A has a low density and a diagonal pattern with elements in the main diagonal and just 26
subdiagonals (13 considering that it is symmetric). This system cannot be solved by direct
methods [4] and iterative methods must be applied [8]. WindNinja applies the precondi-
tioned conjugate gradient (PCG) [7] solver to solve the system of equations. The PCG is
an iterative method that uses a matrix M as a preconditioner and iteratively approaches
the solution. Matrices A and M are constant during the whole iterative process.

The main calculation involved in this process is the PCG solver applied to solve the
system of equations. The x vector, which is the solution to be reached, lies at the intersection
point of all the hyperplanes created by the quadratic form of each equation of the equations
system. To reach this value, x is initialized at x0 and, at each iteration, it is modified to
approach the real solution. The way x is modified is explained by following Algorithm 1.

Depending on the preconditioner, the solver takes more or less iterations to converge
and the cost of each iteration is larger or smaller. However, the main problem of is that the
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Starting from x0
Calculate g0 = Ax0 − b,
which is the difference between the initial value and the real value.
Considering that M is the preconditioner,
evaluate q0 = M−1g0 and
set the initial value of p as p0 = −q0

For k=1, . . . , n:

αk = (gk,qk)
(pk,Apk)

xk+1 = xk + αkpk
gk+1 = gk − αkApk
qk+1 = M−1gk+1

βk =
(gk+1,qk+1)

(gk,qk)

pk+1 = qk+1 + βkpk

Algorithm 1: Preconditioned Conjugate Gradient (PCG)

matrices involved for real maps are extremely large, and the matrix operations takes very
long time. So, domain decomposition methods has been applied to reduce the size of the
problem and accelerate the resolution of the system.

3 Schur Complement Domain Decomposition Method

The goal consists of solving a linear system: Ax = b, where A is a symmetric and positive
definite sparse matrix. The linear system is obtained from the partial differential equation
representing the mesh. The problem to be solved, applying the Schur Complement Domain
Decomposition method, is partitioned into a certain number of subdomains without over-
lapping, plus one interface subdomain s. The interface s is defined so that for any pair
of subdomains pi and pj , no node of pi is directly coupled with any node of pj , but only
with its own nodes and with s. Figure 1 shows an example of the domain decomposition.
In Figure 1.a) the original mesh, showing the interactions among the nodes is introduced.
Figure 1.b) shows the domain decomposition in 3 domains (0, 1 and 2) and 2 interfaces (S1

and S2). In this case, the interface numbered as S1 is the interface between subdomains
0 and 1, and the interface numbered as S2 is the interface between subdomains 1 and 2.
This interactions are distributed in parts of matrix A as indicated in Figure 1.c). In this

figure, A
(II)
i,i indicates the submatrix that contains the internal interacions among the nodes
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of subdomain i (thick lines); A
(IS)
i,Sj

indicates the submatrix that contains the interactions

among the nodes in subdomain i and the nodes in the interface Sj (dotted lines); and A
(SS)
Sj

indicates the submatrix that contains the interactions among the nodes in the interface Sj

(dashed lines).

Figure 1: Mesh partitioning in the Schur Complement Domain Decomposition method

This matrix structure is represented in Figure 2.

Figure 2: Matrix A considering Schur Complement Domain Decomposition method

This matrix can be reorganised, so that the internal subdomain interactions are grouped
and the internal interface interactions are also grouped. With this reorganisation, the
matrix can be represented as shown in Figure 3a. In this matrix, all the internal interfaces
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interactions can be joined in a single square submatrix and all the interactions between one
subdomain and the interface nodes can also be grouped in a single submatrix. The final
structure of matrix A is shown in Figure 3b.

(a) (b)

Figure 3: Reorganization of Matrix A

The final matrix A structure can be described as follows:

1. A set of square sparse submatrices (A
(II)
0,0 . . . A

(II)
p−1,p−1), each one representing the

interactions among the nodes in a subdomain. The dimension of each one of these
submatrices depends on the number of nodes in that particular subdomain. These
matrices are organised along the diagonal of the system.

2. A square sparse submatrix (A
(SS)
p,p ) representing the interactions among the nodes in

the interface. This submatrix is located at the bottom of the diagonal of the system.

3. A set of rectangular submatrices located in the last column (A
(IS)
0,p . . . A

(IS)
p−1,p) of the

system (and the corresponding transposed ones), representing the interactions among
the nodes in one particular subdomain and the nodes in the interface subdomain.

4. The rest of the elements of the matrix system are zero, because there are no interaction
among the nodes of one particular subdomain and the nodes of any other subdomain.

Considering this organisation, and applying the Gaussian elimination, the system be-
comes the following one:
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⎛⎜⎜⎜⎜⎝
A

(II)
0,0 0 · · · A

(IS)
0,p

0 A
(II)
1,1 · · · A

(IS)
1,p

...
...

. . .
...

0 0 · · · S

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝
x
(I)
0

x
(I)
1
...
xSp

⎞⎟⎟⎟⎟⎠ =

⎛⎜⎜⎜⎜⎝
b
(I)
0

b
(I)
1
...
sS

⎞⎟⎟⎟⎟⎠ (5)

where S and sS are, respectively:

S = A(SS)
p,p −

p−1∑
i=0

A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p (6)

sS = b(S)p −
p−1∑
i=0

A
(SI)
p,i A

(II)−1
i,i b

(I)
i (7)

To solve the system, the first step is to solve the bottom subsystem:

Sx(S)p = sS (8)

This system is much smaller than the original system and can be solved by applying
the preconditioned conjugate gradient solver much faster than the original system Ax = b.
To solve the system by applying a PCG solver, it is necessary to evaluate w = Spk (Apk in
Algorithm 1). This matrix-vector multiplication can be expressed as:

w = A(SS)
p,p pk −

p−1∑
i=0

A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p pk (9)

So, this operation is decomposed into a set of terms of a sum that can be calculated in
parallel. The resulting vectors of each multiplication can be added, and the result is used
in the following step of the PCG algorithm to obtain the new value of pk+1. This process is

iterated until the system is solved. Once x
(S)
p has been obtained, all the x

(I)
i can be solved

simultaneously from the original equation (5).

x
(I)
i = A

(II)−1
i,i (b

(I)
i −A

(IS)
s,i x(S)p ) (10)

The Shur method presents several advantages and possibilities of exploiting parallelism.
So, the method has been implemented as a MPI Master-Worker application. First, the
Master process partitions the mesh and distributes the submatrices corresponding each
subdomain to one different worker. So, one worker receives the matrix describing the
internal interactions of that subdomain and the interactions among that subdomain and
the intereface. Each worker evaluates one of the terms of the sum of Equation 6 calculating
the inverse matrix involved. Then, the worker multiplies the result by vector pk and sends
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the resulting vector to the Master process. The Master process carries out one of the
iterations of the PCG algorithm and sends the new pk+1 to the workers. The workers
evaluate the new matrix-vector multiplication and send back the result to the Master. This

process is repeated to solve x
(S)
p . Once it has been solved the result is sent to the workers

that calculate the remaining x
(I)
i terms of the solution.

4 Accelerating Schur Complement Domain Decomposition
Method

In this process, there are two operations that take most of the time.

1. Inverse matrix calculation: To calculate each one of the corresponding term of Equa-
tion 9

A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p pk, (11)

the first step is to calculate the inverse matrix of A
(II)
i,i , and this matrix inversion is

a time consuming operation. Actually, this operation and the complete calculation of

the matrix product A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p must be only carried out once at the beginning

of the process.

Several libraries have been tried to calculate the inverse matrix. The most successful
one was PARDISO [1], that provided the best execution times for WindNinja sub-
matrices. The PARDISO inversion algorithm first constructs the LDLT factorization
of matrix A, where L is the Cholesky factor, and D is a block diagonal matrix. The
inversion method used in PARDISO for symmetric matrix does not provide the exact
inverse matrix, but it makes an accurate approximation.

Another approach could be to apply a LU factorization. In this way, each term shown
in Equation 11 can be calculated without calculating the inverse matrix itself.

Moreover, as mentioned above, WindNinja matrices have very specific features that
can be exploited to accelerate this step. WindNinja matrices have the main diagonal
and 26 subdiagonals, that can be at different positions of the matrix. The main
diagonal has really significant values, and the first subdiagonal, also has significant
values, but the other 12 subdiagonals have much less significant values. The farther
the subdiagonal, the lower significance. So, it would be worthy to study the effect

of discarding the less significant subdiagonals from each matrix A
(II)
i,i in the final

wind field. This approach can reduce the execution time of the LU factorization.
So, an study has been carried out to determine the execution time and wind field
difference (measured as root mean square error RMSE in the wind speed in m/s),
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when discarding different number of diagonals. These measures for a 800x800 cells
map are shown in Table 1.

Disc. Subdia. Exec. Time RMSE
(s) (m/s)

2 2461.00 1.24

4 700.89 0.93

6 310.26 0.81

8 200.22 0.67

10 140.25 0.46

12 90.20 0.35

Table 1: WindNinja Execution time and RMSE when discarding different number of sub-
diagonals

In this table, Disc. Subdia. means the number of discarded subdiagonals in the upper
triangular and in the lower triangular. So, a value of 12 means that 24 subdaigonals are
discarded and the resulting matrix only has the main diagonal, one upper subdiagonal
and one lower subdiagonal. It can be observed that the execution time is significantly
reduced (from 2461.00 seconds to just 90.20 seconds) and the error introduced in the
wind field is not very significant.

2. Sparse Matrix-Vector multiplication:

The calculation to obtain A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p is carried just once for each A

(II)
i,i matrix.

Once this matrix multiplication has been carried out, it is necessary to carry out a

sparse matrix-vector multiplication to obtain A
(SI)
p,i A

(II)−1
i,i A

(IS)
i,p pk. And this sparse

matrix-vector multiplication (SpMV ) must be repeated for iteration of the PCG al-
gorithm. So, the performance of this operation is critical to improve the performance
of the PCG, and the performance of WindNinja itself.

The SpMV operation has been widely studied and many implementations consid-
ering different approaches can be found in the literature [2] [10]. But, most of this
approaches do not work properly with WindNinja matrices due to the extremely low
density of the matrices involved (matrix density is usually below 0.001. So, in a pre-
vious work, the authors proposed an storage format, called V DSpM) and a sparse
matrix-vector multiplication method (V DSpMV ) based on that storage format, that
reduce the SpMV with such low density [9] exploiting parallelism at node level. So,
This method has been applied to accelerate SpMV and improve WindNinja excution
time. This method introduces an OpenMP parallelization that allows to exploit the
cores available in the current computing nodes, with a significant SpeedUp up to 4−8
cores.
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5 Experimental results

A wide set of experiments has been carried out, considering different map size. In this exper-
iments, three implementations of WindNinja have been executed. The original sequential
WindNinja, the Schur complement domain decomposition method using different number
of subdomains and PARDISO library and the Schur complement domain decomposition
method using subdiagonal discard, LU factorization, Gaussian elimination and V DSpMV
multiplication method. Table 2 presents a summary of these experiments. In this table,
Map Size is the size of the map in number of rows and columns, Subdom. is the number
of subdomains used to solve the system, WindNinja is the execution time of WindNinja
on a single core, T ime P is the execution time applying domain decoposition, and using
PARDISO to calculate the inverse matrix, T ime D is the execution time of WindNinja
considering subdiagonal discarding, RMSE P is the root mean square error in the wind
speed obtained when applying PARDISO and RMSE D is the root mean square error in
the wind speed obtained when applying subdiagonal discarding.

Map size Subdom. WindNinja Time P Time D RMSE P RMSE D
(s) (s) (s) (m/s) (m/s)

200x200 1 40 - - - -

200x200 2 - 387 19 1.418 1.790

200x200 4 - 197 17 0.907 1.145

200x200 8 - 77 13 0.364 0.321

200x200 10 - 42 18 0.327 0.186

200x200 12 - 57 22 0.260 0.176
200x200 16 - 57 30 0.022 0.010

400x400 1 102 - - - -

400x400 2 - 510 43 1.702 1.969

400x400 4 - 232 38 0.817 1.031

400x400 8 - 92 29 0.328 0.289

400x400 10 - 43 41 0.321 0.182

400x400 12 - 56 50 0.234 0.123

400x400 16 - 70 68 0.009 0.098

800x800 1 569 - - - -

800x800 2 - 6209 125 1.532 1.772

800x800 4 - 1306 105 0.985 1.134

800x800 8 - 186 60 0.358 0.315

800x800 10 - 88 62 0.294 0.167

800x800 12 - 69 68 0.256 0.134

Continue in next page
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Map size Subdom. WindNinja Time P Time D RMSE P RMSE D
(s) (s) (s) (m/s) (m/s)

800x800 16 - 114 84 0.026 0.011

1000x1000 1 1459 - - - -

1000x1000 2 - 408 341 1.392 1.757

1000x1000 4 - 3901 327 0.891 1.124

1000x100 8 - 206 298 0.437 0.353

1000x1000 10 - 103 203 0.353 0.184

1000x1000 12 - 111 213 0.313 0.150

1000x1000 16 - 538 339 0.023 0.010

Table 2: WindNinja Execution time and RMSE considering different implementations

These results show that Schur complement domain decomposition method reaches a
successful scalability up-to 10 subdomains. Using PARDISO to calculate the inverse matrix
requires too much time when the matrices involved are large. When the number of subdo-
mains is increased, the size of the matrices to be inverted is reduced and the time is reduced.
However, when the number of subdomains increases the size of the interface increases and
solving the interface subsystem by the PCG increases its execution time, penalizing the
overall execution time. The method proposed in this work, with subdiagonals discarding,
reduces execution time significantly, without introducing a large error in the final wind field.

6 Conclusions

A Schur complement domain decomposition method has been applied to calculate wind
field at high resolution for large terrain maps. The method provides a successful scalability
up-to 10 subdomains, because, the interface part increases with the number of subdomains.
The method introduces natural parallelism that can be exploited at cluster and node level.
The final approach is a hybrid application that first solve the interface subdomain reducing
the execution time by using a subdiagonal discarding methodology, and afterwards solve
the remaining subdomains in parallel.
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Abstract

This work presents a new communication system for emergency situations or natural
disasters, where the use of network infrastructures is not possible because they are
collapsed or unavailable. This proposal uses different wireless technologies such as
Bluetooth Low Energy, Wi-Fi Direct and LTE Direct in order to enable Peer-to-Peer
communications between users through their smartphones. The general procedure of
the proposed system is based on the use of public chat rooms, with open access for all
registered and authenticated users, and private chat rooms that can be used by different
groups of people. These permissions are established using a distributed authentication
scheme based on public keys and certificate graphs. The users cooperate in the message
forwarding to other users. Moreover, this system includes a decision protocol to select
the most appropriate communication technology in every moment.

Key words: Natural Disaster, Communication, Location, LTE Direct, Wi-Fi Direct,
Bluetooth Low Energy

1 Introduction

Nowadays, natural disaster and emergency situations continue being one of the fields where
communications can get interrupted because it is impossible to be completely ready for
them. The most common communication problem in these situations corresponds to when
the network infrastructure becomes unavailable or collapsed. This communication inter-
ruption is an important problem for the people who are in in emergency situations because
they could be isolated, but even more for the organizations responsible for the security and
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health of the people that are suffering the consequences derived from the disaster. In these
unpredictable situations, it is unrealistic to assume that everybody will carry some special
material or gadget. However, a gadget that everybody usually carries most of the time is
the smartphone. The use of smartphones is nowadays widespread and extended so that
most people consider them essential in their daily lives because smartphones are now used
for practically everything from calling and texting, to email, video viewing, Internet access,
social media, geolocation, photography, etc. Due to this, in this paper a new decentralized
communication system based on smartphones and formed by multiple wireless technologies
is proposed for its use in emergency situations where the network infrastructures can not
be used.

The proposal we present consists on the alternative use of different technologies, such as
Bluetooth Low Energy (BLE), Wi-Fi Direct or LTE Direct through the users smartphones,
when in the case of emergencies the network infrastructure is not available. The general
procedure of the system is base on the use of public chat rooms where we have access
when are authenticated and registered using asymmetric cryptography where distributed
public key certification is faced through certificate graphs. Moreover, it is predicted that
the different authorities who have a indispensable role in cases of emergency, can use the
system to access to private chat rooms thanks to the decryption using the secret key shared
in groups.

The present work is structured as follows. Section II describes a brief state of the
art. The proposed system is defined in Section III. Section IV introduces the distributed
authentication based on certificate graphs used in the proposal to improve the security.
Finally, some conclusions and open issues close the proposal in Section V.

2 Preliminaries

During the last years, different proposals have been presented in the field of communica-
tions in emergency situations. A lot of them have focused their systems in the use of the
emergency call, included in all mobile devices some years ago. This mode allows the users
to make an emergency call even when they have not coverage to make a phone call to any
of their contacts. To make this system works, The European Union imposed in 1991 to its
members states the use of the 112 number to make emergency calls. Moreover it imposed
to mobile operators and to mobile phone manufactures the adaptation of all their products
in order to, independently of the mobile operator to which the user belongs, let the users
use the network infrastructure of any other operator to make emergency calls. In this fact
is based Alpify [1], that allows the users to, using the emergency call system in cases where
there are not Internet connection, notify through SMS that includes the georeferenced co-
ordinates of the position where the injured person is to both, the emergency services and
a person previously selected in the application to be notified in this kind of situations. A
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problem of this proposal that derives from the use of the emergency call system, is the
necessity of any network infrastructure to the correct work of the application. It implies to
have coverage of at least of an operator. In the proposed situation, the initial hypothesis
is that there is not coverage of any mobile operator because the network infrastructures
are unusable, collapsed, or do not exist because the users are in remote or in difficult ac-
cess places. In these cases, the use of any system based on communications using network
infrastructures is not a feasible solution to the proposed problem. Moreover, the use of
systems that need previous agreements between company that develops the system and the
different emergency services of every state of each country, implies difficulty to use them in
all places around the world. On the other hand, centralized systems like Alpify only notifies
the emergency services and the contact person previously selected, and depending on where
they are, they can delay to arrive to the position of the person in an emergency situation.
The fact of not letting people who are near help in a faster way, suppose an important
disadvantage of this kind of systems with other ones.

Other systems, like the one in [2], propose the use of a wireless technology, Wi-Fi
Direct, but in the case where there is not Internet connection we can notify the people
that are in the range of the Wi-Fi Direct technology. The behaviour of this system consists
on sending an emergency message that includes the geolocated position of the person, to
other people in the range of Wi-Fi Direct. When the emergency message is received, if the
user has Internet connection he/she notifies the emergency automatically to the emergency
services. If the user has not Internet connection, the message is re-sent through a multi-hop
system to every near user unless the message was received before. This system involves
an improvement compared to other systems than only use the emergency call, but it has
problems when the number of users is not enough or they do not have the Wi-Fi Direct
technology in their smartphones.

Other systems try to solve this problem through the use of other devices like laptops
that are carried by the emergency services, as happen in [3]. In this proposal the intention
is that the first units of the emergency services that arrive to the place deploy a MANET
based on Wi-Fi through the laptops creating a multi-hop ad-hoc network. After the network
deployment, a group communication system based on Peer-to-Peer, which admits commu-
nications such as VoIP, Push-to-Talk, instant messaging, social networks, etc. is proposed.
Moreover, they propose the use of an information system to rescue people in earthquakes
that allows them to manage all the logistics needed in this kind of catastrophes. The main
advantages that this kind of solutions offers are that the network is managed by specialized
personnel that we suppose have a previous learning, preventing the access of other users to
the network because the use is restricted only to emergency services. On the other hand,
the people who have suffered the catastrophe and that could be isolated, continue being
isolated, both during the time that the emergency services takes to arrive to the catastrophe
place, that can be of vital importance, and once that the emergency service are acting. This
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fact assuming the privation of help by part of other close people that although have suffered
the catastrophe, are in condition to help if it is necessary.

3 Proposed System

Communications in emergency situations and/or natural disasters have been usually a prob-
lem because the communication systems have not been thought to operate without network
infrastructures. For this reason this work proposes a new communication system for sit-
uations like those ones, where the network infrastructures can become unavailable. This
system uses different wireless technologies (BLE, Wi-Fi Direct and LET Direct) to, inde-
pendently of the used technology in every moment, can establish a communication with
users that are in the range of these technologies. The proposal works in the same way,
independently of the communication technology of the three available in the system that is
used in every moment.

The new system offers the users the possibility of communicating directly with other
users or using the different chat rooms available for the global group communication. The
different chat rooms are available for the users to exchange messages and to organize the
help tasks of the emergency situations, in a way that the done tasks are stored for the later
revision of other users. Public chat rooms can be used by everyone, but private ones can
be only used by people or groups of people with some permissions. A good example of the
procedure of this system is the fact that some chat rooms are only available for emergency
services like the fire-fighters, the police, health personnel, etc. On this way, only the people
who belong to these groups and who have the necessary permissions, can access, read and
answer messages of these private chat rooms. Figure 1 shows the general use of our system
in a emergency scenario.

In order to make possible that the system can work, all users store in their smartphones a
ciphered copy of all chat rooms, including private chat rooms, in their states at the moment
of the last connection. Thus, when any device discovers nearby devices it establishes a
communication, like synchronizes its local copies to the most updated state and if the user
has Internet connection, the local copies gets synchronized with the master copy stored in
the central server.

When the users download the application, they only have permission to use the public
chat room and to do direct communications with other users. If a user wants to get access
to private chat rooms, in case of having Internet connection, fact that happens when he/she
downloads the application from the market, he/she has to send a request to the server and
send the membership group credentials, and the administrator decides whether to grant
access. Once the user is registered in the system, he/she receives part of the central server
a pair of public/private keys. In cases where the administrator approves the membership of
this user in some of private groups, he/she receives the secret key used to encrypt the chat
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Figure 1: Possible Situation

rooms that corresponds to these groups. If the user has no Internet connection, it can send
a request to another user with the needed permissions or with administrator permissions
for this user to authenticate his/her as system member and certifies him/her as member
of a group or not. This is done in this way because in emergency situations where usually
there is no Internet connection, the application could be shared between users, and by
default all users only have public permission, fact that involves that the users that receive
the application only can use public chat rooms and direct communication. Thus, in this
way, authenticated users could authenticate others using an interactive strong identification
scheme based on a challenge-response scheme with digital signature [4], without the necessity
of any of them having Internet connection. Once a device has Internet connection, the
system communicates with the server to inform about whether it has been authenticated
or it has authenticated by/to other user and then the server decides whether to revoke this
authentication or not. The user certification scheme is described widely in Section 4.
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Every user is identified by his/her MAC or IMEI and his/her name in the application.
Moreover, every chat room belongs to a group of users and nobody has access to a chat room
if he/she does not belong to this group. Every group has a secret key, and the users can
belong to multiple groups. By default, all users belong to the group with access, read and
write permissions for the public chat rooms. When a user is authenticated, he/she receives
the secret keys of all existent chat rooms that he/she has permissions. On this way, the
users can read the messages published in the chat rooms, including the messages published
before. In the synchronization cases, the users cooperate with the system forwarding the
received messages and synchronizing their local copies and messages with the copies of other
users and the central server, in case of Internet connection, even though the users have not
the permissions of a determined group. In Figure 2, we can see the proposed key sharing
scheme where we present the case of 4 users A, B, C and D that have access to the public
chat room. The arrows represent a communication, and for this communication the users
have to be connected. In the case of users A and B, both have Internet connection, and in
the moment of the register and authentication with the system central server, they receive
from it their keys, and the keys corresponding to the chat rooms that they have access,
which in the image are 1 chat room for user A and 2 for user B. Users C and D have not
Internet connection and therefore they have to register and authenticate with user B, and
receive from him/her their keys and the keys that correspond with the chat rooms that they
have access, that are one and two, respectively.

In order to choose which technology must be used in each communication, an automatic
decision protocol has been designed. This protocol allows users not to have to select the
technology because it automatically chooses the most appropriate one for the communica-
tion in each moment. The developed protocol is based on different variables such as the
number of peers found in the last successful attempts (established during a period defined
by the user, which by default is 30 min), a parameter that depends on how recent are the
last successful attempts, to prioritize the most recent attempts, and the consumption weight
of each technology.

In the first use of the protocol, since there have not been any previous attempt, it is
checked what is the available technology that has the highest number of possible users. In
the next attempts, the technology that produces the best results according to the afore-
mentioned parameters is prioritized. Besides, after a number (defined by the user, and
established by default as 10) of continued communications using the same technology, the
system forces the attempt to use a different technology. On this way, we avoid that a tech-
nology that can be promising but in previous attempts have not been used, would not be
marginalized. In particular, to choose the technology to be used in each moment, the follow-
ing formula to compute the weight of each technology, W , is used, where i represents each
one of the last 10 attempts with that technology, the Boolean variable b indicates whether
the technology was successfully used (1) or not (0) in the attempt i, Ni is the number of
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I. Santos-González, P. Caballero-Gil, J. Molina-Gil and A. Rivero-Garćıa

Figure 2: Key Sharing Scheme

peers discovered in the attempt i with that technology, and Wc represents the consumption
weight of that technology.

W =
∑10

i=1 i·b·Ni

Wc

The consumption weight Wc has been computed for every technology after a consump-
tion study based on a benchmark application for the BLE and Wi-Fi Direct technologies
and assuming that the consumption of LTE Direct is similar that the one of BLE as it is
describe in [5]. The decision function to select a technology is defined after applying the
above formula on each one of the three considered technologies so that the technology that
produces the highest result of the formula is the one to be used for the communication.

4 Certificate Verification

In cases of no connection with the central server, the used distributed authentication proce-
dure is based on the concept of certificate graph [6]. A certificate graph is a directed graph
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that represents public keys and certificates. In particular, every vertex u of this graph,
represents a public key associated to a node, and every edge (u, v) represents a certificate
associated with the public key of v, signed with the private key of u. In this graph, a
sequence of certificates Puv = {(u, u0), (u0, u1), ..., (um, v)}, where all vertices are different,
is named chain of certificates of u to v.

A certificate graph has the next properties:

• The node that emits the certificate is known as issuer, while the node that is certificate
is known as subject.

• If a node u knows the public key of another node v, then u can issue a certificate that
identifies the public key of v, KUv.

• If a node w knows the public key of another node v, KUv, then it can decrypt the
certificate from v to u and so obtain the public key of u.

• The length of the chain is the number of certificates in the chain.

• A chain from u to v, is the shortest in the graph if there are not any other shorter
chain from u to v in the graph.

In Figure 3 we can see the certificates stored in each node of a simple certificate graph.

Figure 3: Certificate Graph Example

Each device has an identification associated with its MAC or IMEI (n) that grants access
to the chat rooms if it is updated. Moreover, each node has a pair of public and private
keys (KUn, KSn) created in a centralized way by itself as well as its own certificate. This
certificate is emitted by the CA and confirms that the public key that has this certificate,
is associated to the node that carry it because it is the only one that has the correspondent
private key.

Certn = (KRCA(KUn),KUCA)
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The CA is the responsible of maintaining the association between the ID and the keys,
as well as the certificates. These certificates have an expiration day to revoke nodes and
reduce the possibility of attacks.

As commented in the previous section, every node is responsible for the registration of
its pair of keys (KUn, KSn) to obtain the certificate, so, it must connect with the CA. Due to
the environment where we are, it is possible that some devices have direct connection to the
CA, so they have not problems to obtain the certificate to use the application. However,
just as the scenario is defined, it is possible that some devices cannot connect with the
authority. In this case, the devices that have certificates will act as a certification authority.
In order to do this, a node that has not been authenticated by the CA must follow the next
steps to guarantee that it is a valid node.

Having a device m without a valid certificate and that wants to install and use the
application in a place where it has not access to a certification authority, it will use any
other device that belongs to the network as CA to establish communications with the
different devices that are legitimate members of the network.

Being n a node with the certificate Certn = (KRCA(KUn, ),KUCA) and belonging
to the network, it is the responsible of acting as CA of the new node m. This node m
cannot communicate with anybody because to establish a communication is required a
valid certificate. As we explained in the previous section, the node m generates its pair of
keys (KUm, KRm) and sends it to the node n for its certification. The node n certifies with
its private key that has been certificated before by the central CA, being the certificate of
the node m the next:

Certm = (KRn(KUm), (KRCA(KUn),KUCA))

With this certificate, a message M signed with the private key of the node m, KRm(M)
can be decrypted by any node of the network thanks to the certificate generated by n, which
evidences that it is a valid node. As we can see, in this case a node x that receives this
certificate can decrypt a message generated by m and knows that it is valid using the
certificate provided by m. When it receives the certificate, it can obtain the public key of
m using the public key of the node n, which was authenticated by the CA. Then we know
that the node m has been authenticated by n. Therefore, this signature allows us to use
the network through a challenge-response scheme with digital signature used in the access
control.

The next level could be a node x that only has contact with the node m that was certifi-
cated by the node n. The certificate generated by the node m for this node x corresponds
to the next chain of certificates:

Certx = (KRm(KUx), (KRn(KUm),KUn),

(KRAC(KUn),KUAC)
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A message M signed by the node x, KRx(M) can be decrypted by every node of the
network following the next steps.

1. KUn is verified through KUAC applied over KRAC(KUn)

2. KUm is verified through KUn applied over KRn, (KUm)

3. KUx is verified through KUm applied over KRm(KUx)

4. M is verified through KUx applied over KRx(M)

Therefore, thanks to the concepts of certificate graph and chain of certificates, the use
of our application, has been extended (see Figure 4) when the nodes are not registered and
authenticated directly by the server and where network infrastructures are not available.

Figure 4: Key Certificates Generation Scheme
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5 Conclusions and future work

This work proposes a new communication system for emergency situations. The main
objective is to help people that cannot use a communication infrastructure by providing
alternative communication channels based on different wireless technologies. The system is
based on the use of public chat rooms, with open access for all registered and authenticated
people, and private chat rooms that can be used by specific user groups like emergency
personnel. Apart of the authentication process based on asymmetric cryptography, the
chat rooms are protected with secret key encryption to allow the users to cooperate in the
message forwarding in their environment to other users. Moreover, for other users can be
registered in cases of not expected emergencies, the certification through chain of certificates
in certificate graphs is available.

In the definition of the automatic technology decision system, a study of the battery
consumption of the chosen technologies has been done through a benchmark application
over the Android system to establish a consumption weight for each technology based on
the ratio between different consumptions. During the study of the technologies, several
features were identified for each technology, which were taken into account to propose the
decision system to choose which technology should be used in every moment, depending on
the number of previously discovered peers and other factors.

This work is part of a work in progress so several problems remain open. The security
level of the developed application could be increased through its verification by applying
different attacks and by testing it with real users. Moreover, we want to establish a bat-
tery saving protocol to guarantee the ability to send automatic emergency messages or
automatic synchronizing messages with the database, fact that is especially important in
emergency situations. Finally, new features could be added, such as voice communication
or the possibility of sending files and/or doing videoconferences.
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Abstract

The fermionic exchange symmetry implies restrictions on natural occupation numbers greater
than Pauli’s famous exclusion principle. First analytic evidence for the significance of those
generalized Pauli constraints was found in 2013 for ground states in the form of the quasipin-
ning effect: For Moshinsky-type atoms, i.e. N harmonically coupled fermions confined by a
harmonic trap, occupation numbers were found surprisingly close to (but not exactly on) the
boundary of the allowed region. We review those findings and discuss the physical relevance of
the quasipinning phenomenon. The comprehensive study of the underlying model for different
particles, spatial dimensions and coupling strength provided first insights into the mechanism
behind quaispinning

Key words: Harmonic interaction, generalized Pauli constraints, natural occupation numbers

1 Introduction and overview of the field

Since its formulation in 1925, Pauli’s exclusion principle [1] has played a crucial role in the under-
standing of various phenomena, such as the atomic structure and related spectral observations, the
stability of matter (see e.g. Refs. [2, 3]) and neutron stars. Only one year after its discovery, Heisen-
berg and Dirac recognized Pauli’s exclusion principle to be a consequence of the more substantial
fermionic exchange symmetry arising due to the indistinguishability of identical particles [4, 5]. In
terms of natural occupation numbers (NONs) λi, the eigenvalues of the 1-particle reduced density
operator, Pauli’s exclusion principle can be stated as

0 ≤ λi ≤ 1 , ∀i . (1)
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Here, the NONs are normalized to the particle number N, λ1+ . . .+λd = N and we assume that the
1-particle Hilbert space H(d) is finite, d-dimensional. From a geometrical viewpoint, by ordering the
λi decreasingly and introducing the λ-vector �λ ≡ (λi)

d
i=1 and ‖�x‖1 ≡ ∑d

i=1 |xi|, Eq. (1) restricts
such vectors of NONs to the Pauli simplex Σ,

Σ ≡ {�λ ∈ Rd | ‖�λ‖1 = N , 1 ≥ λ1 ≥ . . . ≥ λd ≥ 0} . (2)

In a number of works [6, 7, 8, 9, 10] the antisymmetry of the N-fermion wave function was
found and proven only recently to impose a family of greater restrictions on �λ:

Dj(�λ) ≡ κ
(0)
j + �κj · �λ ≥ 0 , j = 1, 2, . . . , rN,d, (3)

with rN,d < ∞. Note that (κ(0)j , �κj) ∈ Zd+1 as well as the number of constraints rN,d depend
on the number of fermions N and the dimension d of the underlying 1-particle Hilbert space. It
should be stressed that this recent breakthrough by Klyachko and Altunbulak [8, 7, 9] was part of
a more general effort in mathematical physics and quantum information theory [11, 12, 13, 14, 15,
16, 17, 18, 19, 20, 21, 22, 23] addressing the quantum marginal problem. This problem explores
and describes the relations between reduced density operators (marginals) of subsystems arising
from a common multipartite quantum state. One of the most prominent examples is the (2-body)
N-representability problem which is about describing the set of 2-particle reduced density operators
being compatible to N-fermion quantum states [24].

The so-called generalized Pauli constraints (GPCs) (3) determine a polytope-shaped subset P
(see also Fig. 1),

P � Σ ⊂ [0, 1]d . (4)

In other words, a λ-vector of NONs is compatible to a pure N-fermion quantum state |Ψ〉 ∈
∧N [H(d)] if and only if �λ lies in the polytope P . Here and in the following we typically sup-
press the dependence of P and Σ on N, d. To give the reader an idea on how non-trivial the GPC
are, we present them for the setting (N, d) = (3, 6) [6]:

λ1 + λ6 = λ2 + λ5 = λ3 + λ4 = 1 , (5)

D(�λ) ≡ 2− (λ1 + λ2 + λ4) ≥ 0 . (6)

Notice that the inequality D(�λ) ≥ 0 is manifestly stronger than Pauli’s exclusion principle, which
just states 2 − (λ1 + λ2) ≥ 0. That some constraints take the form of equalities (instead of in-
equalities) is specific and happens only for this small setting of three fermions and a 6-dimensional
1-particle Hilbert space.

Given the remarkable result on the GPCs, there is little doubt that these constraints will have
some physical relevance as well. For instance, from a general viewpoint, the GPCs may lead to
new insights in reduced density matrix functional theory (RDMFT): Usually the minimization of a
functional of the 1-particle reduced density operator to determine the ground state is erroneously
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Figure 1: Schematic illustration of the polytope P of vectors �λ = (λi) of decreasingly ordered
natural occupation numbers defined by the family of generalized Pauli constraints. Only those �λ

lying in P can arise from pure N -fermion quantum states |Ψ〉 ∈ H(f)
N ≡ ∧N [H(d)

1 ]. Hartree-Fock
point �λHF ≡ (1, . . . , 1, 0, . . .) is shown as red dot.

considered to be only constrained by (1). Recently, it has been demonstrated for the first time
that the GPCs can have a strong influence on the results of the minimization process for several
functionals [25]. In addition, the concept of master equations describing the dynamics of NONs may
be modified by taking the GPCs into account. The GPCs might be also useful in tomography used
for the reconstruction of the 1-particle reduced density matrix given some 1-particle information.

A more specific but potentially quite spectacular relevance of GPCs was postulated by Kly-
achko [26, 27] in the form of the pinning effect: For some systems — from the viewpoint of
the 1-particle picture — the ground state minimization process of the energy expectation value
〈ΨN |Ĥ|ΨN 〉 for a Hamiltonian Ĥ might get stuck on the boundary of the polytope P since any fur-
ther minimization would violate some GPC (3). Yet, in a first analytic investigation strong evidence
was found for quasipinning [28]. There, for the ground state of a few-fermion system the NONs
were approximately saturating some GPC, Dj(�λ) ≈ 0, and therefore �λ was found very close to, but
not exactly on, the boundary of P .

The occurrence of (quasi-)pinning gives rise to a number of important structural implications,
such as a reduced complexity of the N-fermion wave function under expansion in terms of Slater
determinants [26, 20, 29] and a constrained dynamical evolution of the system [29, 30].

Over the past few years the study of GPCs, and the search for systems exhibiting (quasi)pinning
in particular has therefore become a subject of growing interest among many branches of physics
and quantum chemistry [26, 31, 32, 20, 33, 34, 25, 22, 30, 35]. Yet most of those works resorted to
numerical methods, and in addition employed quite strong approximations: The 1-particle Hilbert
space was truncated from infinite dimensions to at most six up to eight. As an unfortunate conse-
quence, the NONs of the approximated ground states turn out to differ quite a lot from those of the
correct ground state and no conclusive statement on the occurrence of (quasi)pinning for the correct
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ground state was possible [36]. This also renews the caveat already expressed in [28]: “it is likely
extremely challenging to use numerical methods to distinguish between genuinely pinned and mere
quasipinned states. This underscores the need for analytical analyses,. . . ”. Moreover, little has
been understood so far about the origin of (quasi-)pinning.

In the following, we review Ref. [28] which has opened this new field and we will present the
follow up results [35, 37] as well.

2 The model and an effective 1-particle picture

The system we are considering consists of N identical (here fully polarized/spinless) particles of
mass m that are confined in an n-dimensional (not necessarily isotropic) harmonic trapping poten-
tial characterized by its trapping frequencies

{
ω(α)

}n
α=1

. In addition to the external potential, a
harmonic particle-particle interaction of strength K will be taken into account. Consequently, the
Hamiltonian reads

HN =

N∑
i=1

(
�p 2
i

2m
+

m

2
�x t
iΩ�xi

)
+

K

2

∑
1≤i<j≤N

(�xi − �xj)
2, (7)

where �pi = (p
(α)
i )nα=1 and �xi = (x

(α)
i )nα=1 represent the momentum and position operators of the

i-th particle and Ω ≡ diag(ω2
1, . . . , ω

2
n).

A priori, the Hamiltonian (7) acts as an operator on the N-particle Hilbert space H(N) =⊗N
i=1H, where the 1-particle Hilbert space H is given by H = L2(Rn). Any permutation of par-

ticles leaves HN invariant. In particular, this allows us to treat the N particles as indistinguishable
fermions and thus restrict the Hamiltonian (7) to the subspace

H(f)
N ≡ ∧N [H] = ANH(N) � H(N) ≡ H⊗N

(8)

of antisymmetric states. Here, AN represents the antisymmetrising operator. In order to derive the
set of fermionic eigenstates of the Hamiltonian (7) we therefore initially may derive the set of all
N-particle eigenstates followed by a projection onto ANH(N).

For interacting fermions, in contrast to non-interacting fermions, one cannot expect that the
structure of the energy eigenstates can be elegantly described by exploiting the elementary and
convenient 1-fermion picture. Yet, a bit surprisingly, this is still possible at least for the ground state
of Hamiltonian (7):

Theorem 2.1. The N-fermion ground state Ψ of the model (7) is given by

Ψ(�x1, . . . , �xN ) = N

∣∣∣∣∣∣∣∣∣
φ
(
˜l)
μ1

(�x1) · · · φ
(
˜l)
μ1

(�xN )
...

...

φ
(
˜l)
μN

(�x1) · · · φ
(
˜l)
μN

(�xN )

∣∣∣∣∣∣∣∣∣× e
�XtB �X , (9)
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Figure 2: Graphical illustration of the fermionic ground state |Ψ〉 for the exemplary case of n = 2
and N = 5. For zero interaction (left) |Ψ〉 is given by a single Slater determinant obtained by filling
the N ‘boxes’ with lowest energy respecting Pauli’s exclusion principle. Each box, labeled by �μ =
(μ1, . . . , μn) describes a 1-particle orbital given by a harmonic oscillator state in n dimensions with
corresponding frequencies ω(α), α = 1, . . . , n. For finite interaction (right) this Slater determinant
structure is modified by only a ‘correlation term’ e �XtB �X for the center of mass �X ≡ 1

N ( �x1+. . . �xN )
(and the relative distances between the boxes change).

where we introduced the center of mass vector �X ≡ 1
N (�x1 + . . . �xN ), B ≡ diag(B(1), . . . , B(n)),

B(α) ≡ N (l(α))2−(l̃(α))2

2(l(α) l̃(α))2
, l̃(α) ≡

√
�

mω(α)
√

1+NK/(m(ω(α))2)
, φ(l)

μ the μ-th Hermite function in n

dimensions with length scale vector l and N is a normalisation constant. The quantum number
vectors μ1, . . . ,μN in (9) are chosen such that the following energy function

Eμ1,...,μN
≡

N∑
i=1

ε̃μi
(10)

is minimal, yet respecting Pauli’s exclusion principle1 (i.e. all μi are different) and ε̃μi
≡∑n

α=1(μ
(α)+

1
2) �ω̃

(α).

The proof of Theorem 2.1 is less trivial and can be found in Ref. [37]. Theorem 2.1 and the structure
of the ground state are illustrated in Fig. 2.

As a caveat, we would like to also stress that the excited states are not given by filling ‘boxes’ of
higher energy and then multiplying the corresponding Slater determinant by the exponential factor
as in Eq. (9). Indeed, their structure is more complicated and the single Slater determinant in Eq. (9)

1Strictly speaking, this is not exactly the Pauli exclusion principle since it is not applied to the total quantum state Ψ
but just to one of its two factors. In a similar way, one should understand the term ‘distributing N fermions in N shells’
more as an analogy.
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would need to be replaced by a linear combination of several Slater determinants, expressing the
additional correlations in the system.

3 (Quasi)pinning analysis

The ground state of the Hamiltonian (7) can easily be determined for every particle number and
spatial dimension according to Theorem 2.1. To explore the significance of the GPC we need to
determine its natural occupation numbers (NONs). In a first step, as an exercise in Gauusian inte-
gration we can determine the 1-particle reduced density operator. By using either a perturbational
approach for weak couplings or an exact numerical approach for a fixed coupling we can deter-
mine the corresponding NONs. Given such vectors �λ at hand we can explore the occurrence of
(quasi)pinning. The analysis of the distance to the polytope boundary is quite subtle. The underly-
ing 1-particle Hilbert space is infinite-dimensional, but the polytopes are known only for dimensions
d ≤ 10. However, as justified by the ‘concept of truncation’ [20, 35] various NONs sufficiently close
to 0 can be neglected and the occurrence of (quasi)pinning can be explored in the ‘truncated setting’
of the remaining NONs. The smallest distance of the truncated vector to the polytope boundary
translates to the same distance of the full vector to the boundary of the total polytope up to a small
truncation error given by the largest neglected NON.

For instance, for the case of just three fermions in one spatial dimension as studied in Ref. [28]
the vector of NONs was truncated to just the first seven NONs,

1− λ1 =
40

729
δ6 − 1390

59049
δ8 + o(δ10) , λ5 =

2

9
δ4 − 232

729
δ6 +

3976

10935
δ8 + o(δ10)

1− λ2 =
2

9
δ4 − 232

729
δ6 +

3926

10935
δ8 + o(δ10) , λ6 =

40

729
δ6 − 2200

59049
δ8 + o(δ10)

1− λ3 =
2

9
δ4 − 64

243
δ6 +

81902

295245
δ8 + o(δ10) , λ7 =

80

2187
δ8 + o(δ10)

λ4 =
2

9
δ4 − 64

243
δ6 +

73802

295245
δ8 + o(δ10) , λ8 = o(δ10) (11)

where we introduced the dimensionless coupling parameter δ ≡ log (1 + 3K
4mω2 ). The (quasi)pinning

analysis of this truncated vector (11) leads to a minimal distance to the polytope boundary [28]

D(δ) ∼ const× δ8 . (12)

This quasipining is non-trivial in the sense that the distance (12) to the polytope boundary ∂P is
by four orders in the coupling δ smaller than the distance to the Hartree-Fock point (lies on the
boundary, see Figure 1), which behaves as δ4. Moreover, quasipinning is not only present in the
regime of week interaction (|δ| small), but also for medium interaction strengths. For instance, for
the harmonic analogue of the Lithium atom, 3K

mω2 = 1
3 , we found D = 5.8 · 10−8. Remarkably, as it

was found in Ref. [35] the quasipinning even increases by loading the 1-dimensional trap with more
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particles,
DN (δ) ∼ const× δ2N , (13)

for N ≥ 4. This increase of the quasipinning strength suggests the existence of a ‘Pauli pressure’,
pressing the vector �λ of NONs further to the boundary of the polytope when more fermions are
added to the trap.

In general, it turns out that the quasipinning becomes weaker in higher spatial dimensions. For
details we refer the reader to Ref. [37]. This again provides evidence for a ‘Pauli pressure’ since
the conflict of energy minimization and antisymmetry in higher spatial dimensions is reduced due
to degeneracies associated with the additional angular degrees of freedom.
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Abstract

When a molecular system absorbs a photon of a certain energy it is transferred
to the corresponding (energetically matching) electronically excited state. Within the
Born-Oppenheimer approximation the system is ”beamed” into a new energy landscape,
which may look entirely different than that of the electronic ground state. New reaction
channels open, and the system may have multiple ways to shed the energy acquired by
photon absorption.

Electronically excited states therefore play a major role in many physical, chemical,
and biological processes – whenever photons are absorbed they are of relevance. For
that reason it is desirable to have a toolbox of first-principle (or ab initio) methods at
hand, with which it is possible to compute reliably properties of excited states, such as
excitation energies, changes in the electronic density, transition strength, and nuclear
gradients. In the past decade efficient implementations of coupled cluster linear response
(CCLR) became available, which are able to treat systems of a size previously only
accessible to time-dependent density functional theory (TD-DFT). The latter has many
shortcomings and is qualitatively wrong for systems with pronounced charge transfer
character.

In the Regensburg theory group we have developed over the years efficient CCLR
methods based on localized molecular orbitals. This allows it to exploit the locality
of dynamic correlation effects und to reduce the computational complexity, i.e., the
scaling of the computational cost with molecular size. These local CCLR methods
enable calculations of properties of singlet and triplet excited states including excitation
energies [1, 2], orbital un-relaxed and relaxed first-order properties [3, 4, 5, 6], and
analytic gradients w.r. to nuclear displacements [7, 8]. Quite recently, we extended
the methodology from (number conserving) excitations to (not number conserving)
ionization potentials [9]. The latter may also offer a convenient pathway to excited
states of large open-shell radicals (via differences of ionization potentials). Radicals are
important intermediates in many chemical reactions and can be detected by means of
spectroscopical methods. In my contribution I will report on these recent developments.
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Abstract

The Lennard-Jones (LJ) potential is the most widely used interaction potential be-
tween atoms with widespread applications in physical, chemical and biological sciences.
This simple potential also has the advantage that the cohesive energy, pressure and the
bulk modulus of a simple solid (simple cubic, body-centered cubic, and face-centered
cubic) can be expressed analytically as a function of volume using the Lennard-Jones-
Ingham coefficients derived from infinite series expansions. In a similar procedure to
Lennard-Jones we derive analytical expressions for the zero-point vibrational energy
and first-order anharmonicity corrections for these crystals by an inverse power expan-
sion in terms of the internuclear distance, which we call the Extended Lennard-Jones
potential. These new expressions are applied to the Lennard-Jones potentials for the
rare gas solids from helium to krypton.

Key words: Lennard-Jones Potential, Lennard-Jones-Ingham Coefficients, Solid State
Properties, Rare Gases
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Introduction

The Lennard-Jones potential (LJ) is a simple but computer efficient interaction potential
between atoms and has the following form,[1, 2]

VLJ(r) = ε
[
(re/r)

12 − 2 (re/r)
6
]

(1)

This potential form has widespread applications in the simulation of atoms and molecules
in the gas, liquid and the solid phase.[3] It contains only two parameters, the equilibrium
distance re and the binding energy ε. We have recently extended the simple LJ potential
into a more general inverse power series,[4]

VELJ(r) =
∑
n>3

cnr
−n (2)

with the correct boundary conditions for the coefficients cn such that VELJ(re) = −ε at the
equilibrium distance re of the potential energy curve. This so-called extended LJ potential
(ELJ) is more accurate compared to the simple LJ potential, and has the advantage of
being still computationally efficient and reasonably accurate when compared with other
analytical forms treating the short- and long-range behaviour of the interaction potential
separately.[5, 6, 7] It was used recently in the simulation of solid-to-liquid phase transitions
for neon and argon.[8, 9, 10, 11]

Another advantage of the ELJ form (2) is that one can find an analytical expression
for the cohesive energy (per atom) Ecoh

ELJ for the sc (simple cubic), bcc, fcc and hcp crystals
in terms of the Lennard-Jones-Ingham (LJI) coefficients Ln,[4, 12, 13]

Ecoh
ELJ(rs) =

1

2

∑
n>3

cnLnr
−n
s (3)

Here rs is the nearest neighbour distance in the solid. The LJI coefficients for these struc-
tures have been obtained recently to high precision,[4]

Lsc
m =

∑
i,j,k∈Z\(0,0,0)

(
i2 + j2 + k2

)−m
2 (4)

Lbcc
m =

(√
3

2

)m
⎛⎝Lsc

m +
∑

i,j,k∈Z

((
i+ 1

2

)2
+
(
j + 1

2

)2
+
(
k + 1

2

)2)−m
2

⎞⎠ (5)

Lfcc
m = 3

∑
i,j,k∈Z\(0,0,0)

(
2i2 + j2 + k2

)−m
2 − 21−

m
2 Lsc

m (6)
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Lhcp
m =

∑
i,j,k∈Z\(0,0,0)

(
i2 + j2 + 8

3k
2
)−m

2

+
∑

i,j,k∈Z

((
i+ 1

3

)2
+
(
j + 1

3

)2
+
(
i+ 1

3

) (
j + 1

3

)
+ 8

3

(
k + 1

2

)2)−m
2

(7)

For these solids one can re-express eq.(3) in terms of the volume to obtain the corresponding
analytical expressions for the pressure P = −∂E/∂V and the bulk modulus B = V ∂2E/∂V 2

of a solid. We have now been successful to derive simple expressions for the zero-point
vibrational energy and corresponding anharmonicity correction similar to eq.(3), and apply
these expressions to the rare gas solids from helium to krypton.

Results

The results using a simple (6-12) LJ potential for our analytical expressions are shown
in Table 1. The total energies Etotal show that both isotopes of solid helium He3 and
He-4 are unbound within this approximation. However, it is a well known fact that helium
becomes solid only under pressure. For the heavier rare gases experimental cohesive energies
are available,[16, 17] which are (in [μHa]) for -1002 for neon, -3268 for argon and -4502
for krypton. The rather large differences are due to the simple LJ form and to the fact
that higher than 2-body terms are neglected, which has been considered by Stoll and co-
workers.[18] Extensions to the more accurate ELJ form including higher n-body forces are
currently underway in our research group.
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Abstract

In this paper, we investigate the fully developed, laminar flow of an electrically
non-conducting, viscous, biomagnetic fluid in a long impermeable pipe. The flow is in
the z−direction (axis of the pipe) and generated by a given constant pressure gradient
making the problem two-dimensional in the cross-section of the pipe (cavity). It is
also under the influence of a point magnetic source which results from a magnetic wire
placed below and passing through the pipe. The gravitational force and the temperature
difference between the walls of the cavity create the forced convection flow on the
biomagnetic fluid. We use the Dual Reciprocity Boundary Element Method (DRBEM)
for solving the governing equations by taking all the terms other than Laplacian as
inhomogeneity in the Poisson’s equations for the velocity components, pressure and
the temperature of the fluid. The fundamental solution of Laplace equation is made
use of converting differential equations to boundary integral equations. We discretize
only the boundary of the problem with constant elements and use sufficient number of
interior nodes which reduces the computational cost. The unknown pressure boundary
conditions are approximated through momentum equations by using finite difference
approximation for the pressure gradients at the boundary and the interior nodes. All
the space derivatives are calculated by DRBEM coordinate matrix. Pipe axis velocity
is also computed. The effects of magnetization and the buoyancy force on the fluid
with or without viscous dissipation term in the energy equation are investigated. As
magnetic field intensity Mn increases the isotherms are almost symmetrically divided
through the hot and cold walls. The flow in the cavity accelerates and axial velocity
around the source decelerates. For high Rayleigh number Ra = 105 the buoyancy force
effect becomes dominant and it changes the flow behavior in the cavity totally even
when Mn = 10. The viscous dissipation effect is observed only when both magnetic
and buoyancy forces are high (Mn = 80, Ra = 105). It retards the flow and reduces
the heat transfer in the cavity.
Key words: DRBEM, biomagnetic fluid, forced convection
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1 Introduction

The study of biomagnetic fluid flow under the effect of a magnetic field has many medical
applications such as reduction of blood flow during surgeries, magnet therapies, drug tar-
geting and the oxygenation of cells. The governing equations for the flow of incompressible
biomagnetic fluids are similar to those used in Ferrohydrodynamics (FHD) which deals with
electrically non-conducting fluids and the body force is due to the gravitational and polar-
ization force [1]. The most characteristic biomagnetic fluid is blood which is considered as
a magnetic fluid because of the hemoglobin molecule, a form of iron oxides, carried by the
red blood cells. Solution of such flows are given by Tzirtzilakis et al. [2] in a 3D rectangular
duct by using pressure-linked pseudotransient method on a common grid. Loukopoulos and
Tzirtzilakis [3] studied the influence of the spatially varying magnetic field on the biomag-
netic fluid flow in a channel by developing a numerical technique based on finite differences.
They assumed the magnetization of the fluid is varying linearly with the temperature and
the magnetic field strength. The effect of gravitational acceleration on unsteady biomag-
netic fluid flow in a channel under the influence of a spatially varying magnetic field is
investigated by Idris et al. [4]. They have used pressure correction method with SIMPLE
algorithm.
In this study, we investigate the effect of a non-uniform magnetic field and the buoyancy
force on steady, fully developed, laminar, forced convection flow of viscous, incompressible,
non-conducting, magnetizable biomagnetic fluid (blood) on the 2D square cross-section of a
long impermeable pipe. The governing equations in terms of velocity, pressure and the tem-
perature of the fluid are solved iteratively by DRBEM and the boundary of the square cavity
is discretized by constant elements. Depending on the variations of u− and v−velocities,
axial velocity component is also solved. Stream function equation is introduced in order
to visualize the flow in the cavity. The equation for pressure is obtained by using the mo-
mentum and the continuity equations. The numerical results are given in terms of velocity,
pressure contours, isotherms and the streamlines of the fluid for increasing Magnetic number
and Rayleigh number values neglecting the viscous dissipation term in the energy equation.
The effect of the viscous dissipation on the numerical results is also discussed.

2 Governing Equations

The forced convection steady flow of an electrically non-conducting biomagnetic fluid is
considered in the 2D transverse plane which is the square cross-section of the pipe. Flow is
subjected to an applied magnetic point source placed below the pipe on the symmetry axis.
The flow in the axial direction is developed by a given constant pressure along the z−axis.
Being a fully developed flow the pressure is split into two parts as in [5]

P (x, y, z) = p(x, y) + P1(z) (1)
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∂P

∂z
=

∂P1

∂z
= Pz = constant . (2)

The magnetic field strength H is given by [2]

H(x, y) =
|b|√

(x− a)2 + (y − b)2
(3)

where (a, b) denotes the place of the point source, (x, y) is any point inside the cavity. Then,
the continuity equation, equations of motion and the energy equation in non-dimensional
form in terms of velocity (u, v, w) pressure p and the temperature T of the fluid which are
two-dimensional now are given as

∂u

∂x
+

∂v

∂y
= 0 (4)

∂2u

∂x2
+

∂2u

∂y2
=

∂p

∂x
+ u

∂u

∂x
+ v

∂u

∂y
−Mn(Tc − T )H

∂H

∂x
(5)

∂2v

∂x2
+

∂2v

∂y2
=

∂p

∂y
+ u

∂v

∂x
+ v

∂v

∂y
−Mn(Tc − T )H

∂H

∂y
− Ra

Pr
T (6)

∂2w

∂x2
+

∂2w

∂y2
= Pz + u

∂w

∂x
+ v

∂w

∂y
(7)

∂2T

∂x2
+

∂2T

∂y2
= Pr(u

∂T

∂x
+ v

∂T

∂y
)−MnEcPr(ε+ T )H(u

∂H

∂x
+ v

∂H

∂y
)

− EcPr(2

(
∂u

∂x

)2

+ 2

(
∂v

∂y

)2

+

(
∂v

∂x
+

∂u

∂y

)2

) . (8)

The pressure equation can also be obtained by differentiating the x− and y−components
of the momentum equations and adding them with the use of continuity equation

∂2p

∂x2
+

∂2p

∂y2
=

Ra

Pr

∂T

∂y
−
(
∂u

∂x

)2

−
(
∂v

∂y

)2

− 2
∂v

∂x

∂u

∂y
−Mn(

∂T

∂x
H

∂H

∂x
+

∂T

∂y
H

∂H

∂y
)

+Mn(Tc − T )(

(
∂H

∂x

)2

+

(
∂H

∂y

)2

+H∇2H) . (9)

The second term in the energy equation is the heating due to magnetization and the last
term is the viscous dissipation which is a heat source caused by the friction between the
fluid particles.
The terms Mn(Tc − T )H ∂H

∂x and Mn(Tc − T )H ∂H
∂y in the momentum equations are the

components of the magnetization force so called Kelvin force. Tc is the Curie temperature
of iron.
The last term in the y− component of the momentum equation is the buoyancy force caused
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by the gravitational force and wall temperatures difference.
The non-dimensional parameters entering the problem are

Mn =
μ0χH

2
0 (Thot − Tcold)h

2

ν2ρ
(Magnetic number), P r =

ρcpν

k
(Prandtl number), (10)

Ra =
gρcpβ(Thot − Tcold)h

3

νk
(Rayleigh Number), ε =

Tcold

Thot − Tcold
(Temperature Number),

(11)

Ec =
ν2

h2cp(Thot − Tcold)
(Eckert Number) (12)

where, ν is the kinematic viscosity, ρ is the density, cp is the specific heat, k is the thermal
conductivity, χ is the magnetic susceptibility , β is the thermal expansion coefficient of
the fluid; h is the width of the cavity, μ0 is the magnetic permeability of vacuum (μ0 =
4π×10−7Tm/A) and g is the magnitude of the gravitational acceleration (g = −9.81m/s2).
Thot and Tcold are the temperatures of the hot and cold walls, respectively.
Magnetic number expresses the ratio of the magnetic forces and the inertia forces. Prandtl
number is the ratio of the momentum and thermal diffusivities. Rayleigh number is the
product of the Grashof number and the Prandtl number where Grashof number denotes the
ratio of the buoyancy forces to viscous forces. Eckert number defines the kinetic energy of
the flow relative to the boundary layer enthalpy difference.
To be able to see the flow patterns on the cross-section of the pipe we define stream function
satisfying the continuity equation as u = ∂Ψ

∂y , v = −∂Ψ
∂x . Then, the stream function

equation is given by

∂2Ψ

∂x2
+

∂2Ψ

∂y2
=

∂u

∂y
− ∂v

∂x
. (13)

Boundary conditions for the velocities are the no-slip wall conditions and the walls are
natural streamlines. The side walls are heated from the left and cooled from the right.
We approximate pressure boundary conditions through x− and y−components of the mo-
mentum equations using forward difference for the pressure gradients which includes inner
values and the DRBEM coordinate matrix F for all the other terms. The problem geometry
and the boundary conditions are presented in Figure 1.
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Figure 1: The problem geometry and the boundary equations

3 DRBEM Application

The dual reciprocity boundary element technique transforms Eqs. (5)-(9) and (13) into
the boundary integral equations using the fundamental solution of Laplace equation (u∗ =
(1/2π)ln(1/r)) [6]. Taking all the terms other than Laplacian as inhomogeneity, weighting
the equations with the fundamental solution u∗ and using the Divergence theorem two times
we obtain

ciRi +

∫
Γ
Rq∗dΓ−

∫
Γ
u∗

∂R

∂n
dΓ = −

∫
Ω
bRu

∗dΩ (14)

where R denotes u, v, w, T , p or Ψ and bR is the right hand-side of each corresponding
equation for R. Γ = ∂Ω and q∗ = ∂u∗/∂n. The value of ci at the source point i is ci = θ/2π
where θ is the internal angle at the point i in radians.
We approximate bR by the radial basis function fj(r) = 1 + rj which is connected to the
particular solution as ∇2ûj = fj , [6] and rj is the distance between the source and field
points. Then, we get

bR =

N+L∑
j=1

(αR)j∇2ûj . (15)

Here (αR)j ’s are the undetermined coefficients for the approximation of the right hand-side
bR. N and L are the number of boundary and the interior nodes, respectively.
Applying the Divergence theorem also to the right hand-side of Eq. (14) and discretizing
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the boundary with constant elements we obtain

ciRi+

N∑
k=1

∫
Γk

Rq∗dΓ−
N∑
k=1

∫
Γk

u∗
∂R

∂n
dΓ =

N+L∑
j=1

(αR)j(ciûij+

N∑
k=1

∫
Γk

ûjq
∗dΓ−

N∑
k=1

∫
Γk

u∗
∂ûj
∂n

dΓ)

(16)
Eq. (15) is used to determine the unknown coefficients in terms of the DRBEM coordinate
matrix F which is constructed by taking fj ’s as columns.

αR = F−1bR (17)

Writing the Eq (16) for all boundary (with ci = 1/2) and L interior nodes (with ci = 1)
and using (17) we arrive at DRBEM discretized matrix-vector equations

Hu−G
∂u

∂n
= (HÛ−GQ̂)F−1{∂p

∂x
+ u

∂u

∂x
+ v

∂u

∂y
−Mn(Tc− T )H

∂H

∂x
} (18)

Hv −G
∂v

∂n
= (HÛ−GQ̂)F−1{∂p

∂y
+ u

∂v

∂x
+ v

∂v

∂y
−Mn(Tc − T )H

∂H

∂y
− Ra

Pr
T} (19)

Hw −G
∂w

∂n
= (HÛ−GQ̂)F−1{Pz + u

∂w

∂x
+ v

∂w

∂y
} (20)

HT −G
∂T

∂n
= (HÛ−GQ̂)F−1{Pr(u

∂T

∂x
+ v

∂T

∂y
)−MnEcPr(ε+ T )H(u

∂H

∂x
+ v

∂H

∂y
)

− EcPr(2(
∂u

∂x
)2 + 2(

∂v

∂y
)2 + (

∂v

∂x
+

∂u

∂y
)2)} (21)

Hp−G
∂p

∂n
= (HÛ−GQ̂)F−1{Ra

Pr

∂T

∂y
− (

∂u

∂x
)2 − (

∂v

∂y
)2 − 2

∂v

∂x

∂u

∂y

−Mn(
∂T

∂x
H

∂H

∂x
+

∂T

∂y
H

∂H

∂y
) +Mn(Tc − T )((

∂H

∂x
)2 + (

∂H

∂y
)2 +H∇2H)}

(22)

HΨ−G
∂Ψ

∂n
= (HÛ−GQ̂)F−1{∂u

∂y
− ∂v

∂x
} . (23)

Here,

Hij = ciδij +

∫
Γj

q∗dΓj , Gij =

∫
Γj

u∗dΓj , Gii =
l

2π
(ln(

2

l
) + 1) (24)

where δij is the Kronecker delta and l is the length of the element. The matrices Û and Q̂
are constructed by taking each vector ûj and q̂j = ∂ûj/∂n as columns, respectively.
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All the space derivatives on the right hand-sides of Eqs. (18)-(23) are approximated by the
coordinate matrix F as

∂A

∂η
=

∂F

∂η
F−1A,

∂2A

∂ξ∂η
=

∂F

∂η
F−1∂F

∂ξ
F−1A (25)

with A being u, v, w, p or T , and ξ and η denote x or y. Discretized system of Eqs.
(18)-(23) are solved iteratively by taking initial velocity and temperature of the fluid.

4 Numerical Results

Flow and thermal convection behaviors are studied for varying values of Magnetic number
Mn and Rayleigh number Ra. Viscous dissipation effect is also shown. For our biomagnetic
fluid model we set Pr = 20, Ec = 1.25 × 10−8, ε = 7 [3]. The axial pressure gradient
Pz = −8000 as in [2]. Magnetic source is placed at (a, b) = (0.5,−0.05) below the cavity.
The proposed numerical scheme is validated for natural convection flow of air in a square
cavity without magnetic effect. For this, we set Pr = 0.7 and Ra = 103 numerical results
are found to be in good agreement with the results of Lo et al. [7]
Figures 2-3 display the flow characteristics for increasing Magnetic number; Mn = 5, 200
when there is no buoyancy force effect; Ra = 0. The numerical results reveal that as
Mn increases the flow velocities and the pressure increase in magnitude at the same time
the axial velocity shows a retardation around the magnetic point source. Streamlines and
the u− velocity consist of two symmetric vortices. Vertical velocity spreads through the
cavity and as Mn increases new vortices appear close to the bottom corners of the cavity.
Pressure highly concentrates around the point magnetic source. An increase in Mn shifts
the isotherms through the hot and cold walls. For Mn = 200 they are divided almost
symmetrically leaving the center of the cavity with an average temperature of the hot and
cold wall temperatures.
When magnetic source is present (Mn = 10) and Rayleigh number increases from Ra =
102 to Ra = 105 (Figures 4-5) the flow, pressure and temperature behaviors completely
change, especially for Ra = 105 only buoyancy force controls the flow. The symmetry
in streamlines and u−velocity is destroyed enlarging one of the vortices because thermal
convection dominates the magnetic effect. The right vortex center in u−velocity move
upwards and it squeezes on the left upper corner. Isotherms shift to the hot wall and center
of the cavity is cooled. This means that high thermal convection blocks the heat transfer
from the hot wall. The v−velocity also concentrates to the hot wall. Pressure around the
magnetic source moves to the top wall as Ra increases. The behavior of the axial velocity
do not alter much.
For a larger magnetic number Mn = 80 and varying Rayleigh number Ra = 102 − 105

(Figures 6-7) magnetic source this time dominates the thermal convection up to Ra = 105.
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The Rayleigh number effect on the temperature of the fluid is the formation of the thin
layers close to the hot and cold walls of the cavity. When Ra = 105 again the symmetry
in streamlines and the velocities disappears. The left vortex in streamlines shifts to the
hot wall leaving its place to the right vortex. Pressure around the source looses its effect.
Thermal convection is still observed near the cold wall.
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Figure 2: Viscous dissipation is neglected. N = 160, Ra = 0, Mn = 5
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Figure 3: Viscous dissipation is neglected. N = 200, Ra = 0, Mn = 200
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Figure 4: Viscous dissipation is neglected. N = 160, Mn = 10, Ra = 102
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Figure 5: Viscous dissipation is neglected. N = 160, Mn = 10, Ra = 105

Finally, viscous dissipation effect on the flow, pressure and the temperature is visualized
in Figures 8-9, respectively for Mn = 10 and 80 when Ra = 105. When magnetic source
intensity is small (Mn = 10) flow and temperature behaviors do not change with viscous
dissipation when it is compared with Figure 5. We observe the viscous dissipation effect on
isotherms only when both magnetic and buoyancy forces are high (Mn = 80 and Ra = 105)
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when it is compared with Figure 7. The convection from the right cold wall still extends
through the center of the cavity. Magnitudes of the flow velocities and streamlines are
reduced. As a result viscous dissipation retards the flow and the heat transfer in the cavity
when the viscous fluid is dissipative. Also the v−velocity profile becomes nearly symmetric.
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Figure 6: Viscous dissipation is neglected. N = 160, Mn = 80, Ra = 102
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Figure 7: Viscous dissipation is neglected. N = 160, Mn = 80, Ra = 105
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Figure 8: Viscous dissipation is included. N = 160, Mn = 10, Ra = 105
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Figure 9: Viscous dissipation is included. N = 160, Mn = 80, Ra = 105

5 Conclusion

Forced convection of biomagnetic viscous fluid under the effect of a point source magnetic
field is simulated by DRBEM. The numerical results are presented in terms of velocity,
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pressure and the temperature of the fluid. The numerical results reveal that increasing
magnetic field intensity divides the isotherms almost symmetrically through the hot and
cold walls. When Rayleigh number is high the thermal convection beats the magnetic effect
and change the flow characteristics significantly if the magnetic source is not strong enough.
When Magnetic number is increased the symmetry in the flow is destroyed especially when
Ra is large. The viscous dissipation effect is observed when both magnetic and buoyancy
forces are high, the flow is retarded and the heat transfer is reduced.
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Abstract

In this paper are exposed algorithms and results, realized in the UC3M-lib modeling
library, used for cable truss computations, suitable for hanging bridge engineering. The
cable motion is simulated using meshfree RBF method, applied to hanging truss theory.

1 Introduction

The exact analysis of cable truss systems under a load function (continuous or not) has
a great practical interest - overall, in hanging bridge engineering. The traditional finite
elements methods, used in practice for hanging trusses of bridges, have following disadvan-
tages:

• The section of cables, small, compared to characteristical dimensions of the structure,
requires the use of big number of tiny elements, regardless of wether the cable system is
analyzed with the whole structure, or separately. This follows to a great computational
cost and difficult contact modelling between parts of hanging truss.

• The mesh generation for a hanging structure modeling requires a choice: uniform 3D
elements, or a ficticious domain approach, making some elements bidimensional. This
case modifies the initial problem, and is suitable only for
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• Statically undefined structures (including many hanging trusses used in actual civil
engineering) cannot be trated using finite elements methods, that is why FEM in
hanging structures analysis has limited use for stayed and continuous load monocable
structures.

Meshfree methods, applied to hanging bridge engineering, offer an alternative that
avoids common problems. First, a structure is considered as a point cloud, with specific
boundary conditions. Second, a immersed geometry approach allows to define any systems
of loads on the cable system (that is usefull for practical cases of normalized analysis).

The mentionned algorithms are integrated into the UC3M-lib modeling library.

2 Meshfree RBF method for partial differential equations
solving

A modelled geometry is considered is a set of nodes X = {�x1, . . . , �xM} ⊂ Ω and Xb =
{�xM+1, . . . , �xN} ⊂ ∂Ω, in a computational domain Ω. We consider L a spatial differential
operator, u(�x) a function on Ω, with a PDE in the domain:{

Lu(�x) = f(�x) inside the domain Ω

Bu(�x) = g(�x) on the boundary ∂Ω
(1)

We consider s(�x) the approximation of the function u(�x) in the domain Ω, on the given
set of nodes, constructed as a combination of some radial basis functions ϕi(�x), though

u(�x) * s(�x) =

N∑
i=1

αiϕi(�x) (2)

where αi is the respective weight of each basis function. The �αi weights vector is defined
by solving the matricial equation of colocation of known function values in centers uD (that
is, in our case, Dirichlet boundary conditions of simulation):

�α = A−1�uD (3)

where A is the colocation matrix. For radial basis function we may chose Multiquadric
(ϕ(�x, �y) =

√
‖�x, �y‖+ c3), or, for the practical bridge engineering issues the most appropriate

is the Power Spline (ϕ(�x, �y) = −(‖�x, �y‖)c). In both cases the variable c ∈ R+ is called shape
parameter. The shape parameter allows getting the approximation method accurate, and
it’s choice is important. A specific algorithm of it’s choice for a cable truss is given in the
respective part.
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3 Elastodynamic problem: single cable

The general formulation of an elastodynamic problem is the following [1]. At a time iteration
ti the relation between the deformation and the stress in the system on the domain Ω is

�ε =
E(1− ν)

(1 + ν)(1− 2ν)

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 ν
1−ν

ν
1−ν 0 0 0

ν
1−ν 1 ν

1−ν 0 0 0
ν

1−ν
ν

1−ν 1 0 0 0

0 0 0 1−2ν
2(1−ν) 0 0

0 0 0 0 1−2ν
2(1−ν) 0

0 0 0 0 0 1−2ν
2(1−ν)

⎤⎥⎥⎥⎥⎥⎥⎥⎦
�σ (4)

and on the boundary ∂Ω the Dirichlet boundary conditions are �ε = �εB. For the resolu-
tion the spacial variables are separated, and each is approximated as:⎧⎪⎨⎪⎩

u(�x) = σN
k=1akφ (‖�x− �xk‖, cu)

v(�x) = σN
k=1bkφ (‖�x− �xk‖, cv)

w(�x) = σN
k=1ckφ (‖�x− �xk‖, cw)

(5)

The equation 4 is solved locally on given stencils, in aim to optimize the shape param-
eter, by the following algorithm [2] on shape parameters of each dimension:

1. Stencil check: first, the stencil is considered as equal to domain.

2. Data points check: by loop on data points we make stencils of at least 3 of them.
Neighborhood nodes are added to the stencil, to avoid the non-overlapping of the
stencils on the domain.

3. Error vectors construction The shape parameter c = cx,y,z is considered as a parsed
variable. The error vector of the stencil Si with nd nodes is computed as

�E =

⎡⎢⎣E1,
...

End

⎤⎥⎦ (6)

where Ej = fj − Ij( �xj), and Ij is the interpolation function on the reduced stencil
Si \ (�xj , fj). Here is the necessity of having enough data points in the stencil. Thus,

the error vector is the function of shape parameter �E(c).

4. Minimizing error on the stencil by finding cmin to minimize ‖ �E(c)‖.
The particularity of a cable modeling are an imposed load and displacement on several

nodes, and the Young’s modulus as a function of displacement. Graphical results for a cable
of a unitary length, released after a load on a moment 0, are shown as following:
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(a) t = 0.0

(b) t = 0.03

(c) t = 0.06

(d) t = 0.09

(e) t = 0.12

(f) t = 0.15

Figure 1: Dynamic simulation using global method with GA RBF of a cable, submited to
a force P = 100 that is released at t = 0. The cable starts oscillations.

4 Hanging truss modeling using fictitious domain approach

A hanging truss is a semi-solid system, using rods (cables) and nodes, connecting them.
The number of unknown reactions is computed as

R = 2r2 + 4r − 3 + 2(m− 1)rm (7)
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So, for a system composed of n rods, 3(n − 1) static equations can be composed,
containing R unknown reactions. In case when R > 3(n − 1) the system is statically
undefined. In this case areas containing 3 rods are considered as fictitious domains and the
problem is expanded to them.

Two algorithms are used in the numerical simulation:

• Stencil selection: the general loop on all nodes separates the cable rods, i.e. dis-
tances between nodes, and defines their characteristic diameter. The diameter is used
to define contact conditions, if necessary.

• Fictitious domain definition: the 3-cables systems with at least 2 attach points
may be considered as fictitious domain, with the boundary, delimited by these ca-
bles. It allows us the uniformization of properties, such as Young’s modulus, and a
computation of the sub-truss as of a solid.

For a point �x ∈ Ω in the computation domain was defined the biggest sphere radius,
that do not contain nodes, laying in other cylinders, that one formed by �x and the main
direction of his neighbors. The main direction of his neighbors was defined by vector, where
the concentration of neighbor nodes were maximal.

The numerical experiment was carried out in the following order: first, the load was
placed in the point F of a simple X-truss, at time t = 0 it was released. Then 10 iterations
with the step Δt = 0.05 were done. The results are presented on the figures 2a - 2d.
In the case of parallel computing sensors we also placed near the F point for capturing
displacement.
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(a) t = 0.0

(b) t = 0.05

(c) t = 0.15

(d) t = 0.25

Figure 2: Results of dynamic parallel simulation using meshfree RBF method of a hanging
truss, initially submitted to a force and released at t = 0. The displacements on this and
following images witness a vertical oscillation, but without entering in second degree eigen
modes.
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Abstract

Using two distinct quantum simulation methods (Diatomics-in-Molecules and den-
sity functional theory molecular dynamics), we present the results of bulk and cluster
melting simulations for mercury. We compare the relativistic and non-relativistic mod-
els, demonstrating that relativity plays a significant role in the thermodynamics of this
interesting metal. We further compare the structure and dynamics of the solid and
liquid phases of mercury at the phase transition temperature.

Key words: melting, density functional theory, molecular dynamics, Monte Carlo
simulations, mercury, relativity

1 Simulating mercury melting

As the only elemental metal that exists in the liquid state at standard temperature and
pressure, mercury’s thermodynamic properties have long been of interest to the scientific
community. It has been proposed that the origin of this phenomenon lies in mercury’s
relativistic nature. As a closed-shell atom (filled 5d10 shell), relativistic spin-orbit coupling
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effects are minimal; however, scalar relativity leads to a contraction of mercury’s 6s shell,
which in turn stabilizes the 6s orbital while destabilizing the 5d10 shell. Our group has
recently completed mercury melting simulations at ambient pressure using a Monte Carlo
Diatomics-in-Molecules method (DIM).[1, 2] With the relativistic DIM model, the simu-
lation yielded a melting temperature of 250 K, in good agreement with the experimental
value of 234 K.[3] Remarkably, the non-relativistic model melts at 355 K – more than 105
K greater than the relativistic model.[3] This significant finding means that, without rel-
ativistic effects, mercury would be a solid at room temperature. We have also been able
to extend this model to melting small mercury clusters where, even at finite size, relativity
alters the cluster melting temperature by up to 176 K.[4]

While these results are ground-breaking, further testing has revealed that the DIM
model may not be well-suited for increasing pressures (higher than ambient). Additionally,
the Monte Carlo approach to the DIM simulations makes dynamic and structural analysis
of the solid and liquid phases challenging or impossible. These analysis methods are integral
to understanding how and why the melting phase transition changes under pressure.

Figure 1: Interface pinning supercell for bulk mercury melting simulations, illustrating the
two solid-liquid interfaces.

With relativity playing a large thermodynamic role, quantum simulations become req-
uisite to accurately capture mercury’s thermodynamic properties. Bulk melting simulations
at the first-principles level of theory have only recently become computationally viable, as
these calculations require a large periodic supercell (multiple unit cells), extensive simu-
lation times, as well as some advanced simulation techniques to obtain realistic results.
A new thermodynamic method, deemed “interface pinning”, has recently made accurate
simulations of bulk melting possible at the first-principles level of theory. This method

c©CMMSE ISBN: 978-84-608-6082-21191



K.G. Steenbergen

exploits the fact that the Gibbs free energy difference between the solid and liquid phase
is zero at the melting phase transition. The solid and liquid phase are simulated together
in the same simulation box which (due to periodic boundary conditions) gives two solid-
liquid interfaces, as illustrated in Figure 1. As atoms change between the solid and liquid
phases (according to which phase has the lowest Gibbs free energy), these two interfaces
will move towards or away from one another. The solid-liquid interface is then “pinned” by
an external field (a harmonic bias potential) which biases the system towards maintaining
an equal number of solid and liquid atoms. The advancement of this simulation technique
to the first-principles level of theory is ground-breaking and, for the first time, allows for
highly accurate bulk melting simulations through DFT molecular dynamics (MD). This
new technique has already been applied to Na, Mg, Al and Si, yielding excellent results for
each of these materials.[5] Additionally, since the simulation utilizes the molecular dynamics
algorithm, mercury’s structural and dynamic response to temperature (such as δrms) can be
analyzed.

In this talk, we present the bulk and cluster melting simulation results for both the
relativistic and non-relativistic models. We compare and contrast Diatomic-in-Molecules
simulation results with those obtained through DFT-MD interface pinning at ambient tem-
perature. Additionally, we analyze dynamic measures, such as mean squared displacement
(MSD) and δrms, in order to gauge the structural response to increasing temperatures and
pressures.
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Abstract

By mapping the temporal sequence of a system’s observable onto a mathematical
graph, the objective analysis of the graph theory and algebraic topology techniques are
applied to determine salient features of the underlying fluctuations phenomena. The
methodology is implemented in nanoscale systems (i) to select the force-distance curves
originating from the similar events in single-molecule force spectroscopy, moreover, (ii)
to unravel the connection between the collective charge fluctuations and the enhanced
conducting properties of nanoparticle assemblies within Coulomb blockade regime.
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1 Introduction

Stochastic fluctuations of a physical observable, which can be recorded in the experiments
or simulations, represents a breath of the complex system’s dynamics [1]. In the nanoscale
systems, the size of fluctuations accounts for a particularly important issue. Moreover, the
underlying dynamical phenomena carry signatures of the collective effects that are respon-
sible for the emergence of new properties of the assembly of nanoscale objects. There-
fore, theoretical approaches to handling fluctuations and understanding their nature are
of paramount importance in research of nanoscale systems. In this work, we extend the
approach based on the mathematical concept of nanonetworks [5]. The approach consists
of the mapping of the fluctuating signal onto a graph and utilizing the objective analysis
within graph theory and the algebraic topology of graphs.
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2 Mapping of complex signals to mathematical graphs

In recent years, exploring the time-series–networks duality has provided new insight into
the behavior of complex dynamical systems [2, 3]. Different ways exist to map a sequence of
events (data points of a fluctuating observable) onto mathematical graphs, depending on the
objectives of the studied problem. Consequently, different types of graphs result and suitable
methods of graph theory can be utilized. We demonstrate the approach in two practical
problems in nanoscience: selecting the relevant force-distance curves in the single-molecule
force spectroscopy, and analyzing collective fluctuations in nanoparticle assemblies.

2.1 Similarity of FD curves revealed by mesoscopic structure of the graph

The profile of force-distance curves in single-molecule force spectroscopy, cf. curves in Fig.
1, contains information about stretching and unbinding events occurring during one full
contact–pull-away cycle. For complex molecules and different geometries of the set-up, one
can encounter unspecific binding as well as the events resulting from the internal molecular
degrees of freedom, dynamics of the linkers as well as binding to the surface. Recently, we
considered a selection of FD curves originating from different types of experiments where
such situations can occur [4, 5]. The matrix of the Pearson’s correlation coefficients (above

Figure 1: Examples of FD curves and the curves-correlation graph with weighted communities.

a threshold) can be regarded as an adjacency matrix of the graph [4]. A systematic analysis
of the mesoscopic (community) structure of these graphs shows that the FD curves of a
similar profile form a distinct group; such groups are detectable by the graph modularity
optimization [7, 6]. An example of such structure is shown in Fig. 1. It appears that the
curves group first according to the geometrical features of the set-ups and further by the
type of binding site [4, 5]. We show that the curves originating from unspecific binding fall
out of the group or line up with the events where the molecule is absent (binding to the
Au-surface). The procedure then consists of collecting the ID’s of the curves in the module
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and selecting them from the experimental data; this set then provides reliable curves from
which the binding force or bond kinetics can be determined. Interestingly, the standard
graph measures [7] of the identified subgraphs are also different. For instance, the green
(pale) and pink (dark) communities in Fig. 1 have the weighted degree 46.6 and 60.36, the
average path length 1.489 and 1.784, and the graph density 0.57 and 0.38, respectively.

2.2 Collective charge fluctuations map onto graphs of higher topological
complexity
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Figure 2: Charge fluctuations time series and a typical simplicial complex in the visibility graph.

In nanoparticle assemblies conducting via single-electron tunnelings within Coulomb
blockade regime, the emergent properties which are manifested as large I(V ) ∼ (V − VT )ζ

nonlinearity ζ ∈ (2, 4), are shown to be related to the architecture of the assembly [8, 9].
Recently, we have investigated the impact of a particular type of structural elements in
the assembly that enhance the I-V nonlinearity [10]. The underlying mechanisms involve
the enhanced collective fluctuations of charge. Using the ’visibility’ method [2, 3], the time
series of the number of tunnelings are mapped onto graphs, which represent the connections
among the sequence of states in the phase space. Applying the methods of algebraic topology
of graphs [11], we investigate the higher order structures (simplexes or cliques of high
dimension) and their aggregates–simplicial complexes [12] in these graphs, cf. Fig. 2. The
corresponding topological measures [10], characterize the phase space organization behind
the collective charge fluctuations. We show that changes in the architecture of the assembly
leading to higher I-V nonlinearity are compatible with stronger collective fluctuations, which
are quantified by shifts in the topology measures of the phase-space graphs.
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Abstract

This paper introduces the application of an additional data preparation task via
a feature ranking with an uncertainty measure to an initial reduced set that has been
undergone to an initial feature subset selection with a correlation-based feature selection
procedure guided by a stochastic algorithm. The proposal has been assessed in high-
dimensional problems with a thousands of attributes. The results showed that NBTree
(Nave Bayes Tree) is able to get better test accuracy results with a lower number of
features, that is, the reduction in the input subspace is between a 25% and a 32%.

Key words: feature selection, classification, data mining, high-dimensionality, hybrid
feature selection

1 Introduction

Machine learning is the field of scientific study that concentrates on induction algorithms
and on other algorithms that can be said to learn [1]. Nowadays, the amount of information
to be processed is unlimitedly increasing. Data preparation is a fundamental stage of
data analysis [5]. We focus on high-dimensional supervised machine learning problems and
hence one crucial task is feature selection. Basically, there are two ways to reduce the
feature space depending on the use or not of a classifiers; these methods are called wrappers
and filters, respectively. On the other hand, the output of the feature selection approach
might be a subset of attributes or a ranking containing a weight for every feature; in this
case the strategies are named feature subset selection (FSS) and feature ranking (FR).
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This paper aims at analysing the convenience to diminish a feature subset with a feature
reduction procedure based on an uncertainty measure in the context of high-dimensionality
classification data sets.

2 Methodology and proposal

Problems with thousands of features could be reduced firstly via FSS or FR. The problem
of FR is that the selection of individual features may not operate very well collectively
and the number of attributes is also a handicap. On the other hand, FSS are able to get
a subset that exhibits a good performance. Typically, the research has been conducted
using FR and next FSS. Our methodology is based on the application of FSS and then the
FS is dealt with. Recently, we have experienced with a stochastic FSS based on a scatter
search procedure [4]. According to the results, correlation-based measures showed a better
behaviour. We take as initial data sets the reduced data sets and we try to reduce them
even more and at the same time to overcame the performance. The preliminary work was
tested with five different seeds and therefore five pairs of training and test subsets were
reached. The percentage of selected attributes was very small compared with the initial
data sets containing several thousands of features. Now the idea is to diminish a bit the
input subset space via FR. Several measures could be used in FR strategies and among
them we have chosen symmetrical uncertainty. This metric has been widely applied in FSS
but the same case has not happened in the context of FR.

3 Experimentation

Table 1 depicts the problems employed. The test bed consists of two multi-class high-
dimensional data sets with thousands of features. The number of samples is around one and
three hundred as usual in the Bioinformatics domain. The last ingredient is the number of
classes that is between four and seven. Generally speaking, these problems are challenging
due to their complexity and difficulty to get good performances. Last column specifies
the average number of selected attributes with a correlation-based feature subset selection
guided by a scatter search procedure (SS-CFS) using five different seeds.

SALL [2] problem is concerned with leukemia. SRBCT [3] represents small, round blue
cell tumors (SRBCT) of childhood.

The starting point of this research is on the reduced problems with an initial FSS with
SS-CFS. Now, we conduct a FR procedure via symmetric uncertainty measure to try to
diminish the number of attributes. FR methods require a threshold to pick up only those
attributes that meet a condition, that is, greater than, equal or lower than. Determining
the threshold is a crucial task. According to the literature, there is not a common ground
to do that in the sense that is unclear if the threshold should be defined for every data
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Table 1: High-dimensional suppervised machine learning data sets
Data set Instances Features Classes FeaturesSS−CFS

SALL 327 12558 7 216.40
SRBCT 83 2308 4 107.60

Table 2: Initial and refined input space
Data set Thresholds for FR Feature space size

SS − CFS SS − CFS and FR(Uncertainty)
Threshold 1 Threshold 2

SALL 0.20, 0.25 216.40 167.60 152.60
SRBCT 0.40, 0.45 107.60 76.60 70.20

Averages
Features 162.00 122.10 111.40
Reduction 25.68 32.12

set or classifier or for both simultaneously. We have done a preliminary experimentation
with the first training set and four thresholds using the classifiers NBTree and PART. For
SALL we have defined the following values: 0.15, 0.20, 0.25 and 0.3. On the other hand,
SRBCT has been tested with 0.35, 0.40, 0.45 and 0.5. Finally, the chosen values were the
pairs 0.20 and 0.25, and 0.40 and 0.45, respectively for the problems SALL and SRBCT.
It is very important to underline that other values may be better but in this initial study
we have limited the experimentation to the aforementioned values. Table 2 summarises the
feature space concerning the initial situation and the final feature space after the additional
data preparation procedure introduced in the current paper. The number of features has
been reduced in average between a 25% and around a 32%. The reduction percentages are
very interesting but we need to assess the new data sets with the classifiers that have been
referenced before. It is very outstanding to remark that FR is applied only to the training
set and the list of selected features is then project into the test set for every problem and
seed.

4 Results and conclusions

Table 3 shows the test accuracy results in high-dimensionality classification data sets that
have been get the current proposal along with the results using the initial data sets, that
is, the full training and test sets have been preprocessed via a FSS method called SS-CFS.
The results have been averaged with five different see due to the stochastic nature of the
scatter search procedure included in SS-CFS. Every problem has been evaluated with a pair
of thresholds. The last part of the table is devoted to shed light on the convenience of the
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proposal and the recommendation for further works.

Firstly, SALL problem is improved with the classifier NBTree with any of the reported
thresholds. Nevertheless, the second threshold only gets a feature set with a lower number
of attributes. On the other hand, PART classifier reaches slightly better or worse results
depending on the use of the second or the first one threshold, respectively. Secondly, SRBCT
is a clear situation that in most cases the results are identical to the initial point but with
a lower number of attributes. Next, a global overview is described. In average, for NBTree
every threshold helps to find better results whereas for PART only with the second threshold
minor enhancements take place. According to absolute numbers, in 3 out of 4 cases the
new proposal is able to reach better average results. Taking a look to every data set and
threshold, NBTree with the first threshold got a win and a tie; concerning the second
threshold, NBTree and PART classifiers got better results twice.

Lastly, we can conclude that the new proposal is very suitable for NBTree because
the test accuracy results are better in the majority of the cases and the feature space is
reduced from 162 to the range 111-122. On contrary, PART experimented in some cases
small improvements which means that PART is not very sensitive to features with a low
performance according to symmetric uncertainty but it is a good idea for the future to start
with a more reduced subset. To sum up, as first step a FSS such as SS-CFS has been used
to get an initial reduced traini

As further work, we plan to assess the proposal with more supervised machine learning
algorithms based also in trees or rules and with a higher number of problems, particularly
with a similar complexity to the data sets that the current paper evaluated.
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Table 3: Test accuracy results in high-dimensionality supervised machine learning data sets
Data set Parameter Accuracy

values

Classifier

NBTree PART

Feature selection

SS − CFS SS − CFS and SS − CFS SS − CFS and
FR(Unc.) FR(Unc.)

SALL 77.56 79.76
Th. 1 = 0.20 82.93 79.02
Th. 2 = 0.25 77.80 80.24

SRBCT 90.00 64.00
Th. 1 = 0.40 90.00 64.00
Th. 2 = 0.45 91.00 64.00

Average 83.78 71.88
Accuracy Th. 1 86.47 71.51

Th. 2 84.40 72.12

Improvements
In average Th. 1 Y es No

Th. 2 Y es Y es
In punctual Th. 1 Once (other tie) None(one tie)
results Th. 2 Twice Twice
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Abstract

In this work, we first determine the ideal structure of the ring Zq + uZq where
q = 2s, s is any positive integer and u2 = 0. Next, we give a formula that enumerates
the number of ideals of this ring. Afterwards, we investigate the cyclic codes of odd
length n over Zq + uZq and number of them by considering the ideal structure of the
ring (Zq + uZq)[x]/〈xn − 1〉 for q = 22 and q = 23.
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1 Introduction

Cyclic codes are a significant class of linear codes due to their applicability to communication
schemes. Since cyclic codes were introduced first by Prange in 1957 [4], they have been very
interested to algebraic coding theorists. Hamming codes, BCH codes and Reed-Solomon
codes are well-known codes over finite fields. Non-linear codes are more difficult to determine
and process than linear codes in spite of the fact that they can be more effective. In 1994,
Hammons et al. showed the relation between linear codes over the ring Z4 and some more
acceptable non-linear binary codes [9]. Since the ring F2+uF2 shared some good properties
of Z4 and F4 it was considered to study cyclic codes in [1]. Thenceforth, cyclic codes over
the various rings, some extensions of Fq and Z2 for instance, have been studied [8, 10, 7].
Recently, cyclic codes over Z4 + uZ4 and their Z4 images have been considered in [2]. Also
minimum generating sets of cyclic codes over Zq + uZq were considered in [5] where q is
a prime power and u2 = 0. However, these studies do not consider the ideal structure of
Zq + uZq or (Zq + uZq)[x]/〈xn − 1〉. In this work, we consider the ring Zq + uZq where q
is a power of 2 and u2 = 0. We first determine the ideal structure of this ring. Next, we
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give a formula that enumerates the number of ideals. Afterwards, we investigate the cyclic
codes of odd length n and number of them and also size of them by considering the ideal
structure of the ring (Zq + uZq)[x]/〈xn − 1〉 for q = 22 and q = 23.

2 Preliminaries

Let q be 2s for some positive integer s. Zq + uZq is the ring of elements {a+ bu | a, b ∈ Zq}
where u2 = 0, which is isomorphic to Zq[u]/〈u2〉. It is a commutative ring and it has
characteristic q. The unit elements in this ring are precisely those elements a + bu where
a is a unit in Zq [3]. We give the following theorem in order to determine all the ideals in
Zq + uZq.

Theorem 1 The ideals of Zq + uZq are of the form:

1. 〈2i〉 for 0 ≤ i ≤ s

2. 〈2iu〉 for 0 ≤ i < s

3. 〈v2i + 2ju〉 for 0 ≤ j < i < s, gcd(2, v) = 1 and 1 ≤ v < 2min (i−j,s−i)

4. 〈2i, 2ju〉 for 0 ≤ j < i < s

5. 〈2i + 2ju, (v − 1)2i〉 for 0 ≤ j < i < s, gcd(2, v) = 1 and 1 < v < 2min (i−j,s−i).

It can be easily seen that, Zq+uZq is not a principal ideal ring. The ideal 〈2, u〉 cannot
be generated by a single element for instance. Further 〈2, u〉 is the unique maximal ideal
i.e., Zq + uZq is a local ring. Also it is a non-chain ring since 〈2〉 and 〈u〉 do not contain
each other. Next, we give the number of ideal in this ring.

Theorem 2 The number of all the ideals in Z2s + uZ2s can be found via a recurrence
relation

Ks+1 = 2Ks−1 + 2s+ 1

where K1 = 1 and K2 = 3 which yields

s+1∑
i=1

i2�(s+1−i)/2	

We note that this recurrence relation also gives the number of nonempty subsequences
{s(k)} of 1, . . . , n such that the difference sequence is palindromic and there is an explicit
formula giving the result in [6].

Example 3 Let us write down all the 37 ideals of Z32 + uZ32:
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• 〈0〉, 〈1〉, 〈2〉, 〈4〉, 〈8〉, 〈16〉

• 〈u〉, 〈2u〉, 〈4u〉, 〈8u〉, 〈16u〉

• 〈2 + u〉, 〈4 + u〉, 〈12 + u〉, 〈4 + 2u〉, 〈8 + u〉, 〈8 + 2u〉, 〈24 + 2u〉, 〈24 + u〉, 〈8 + 4u〉,
〈16 + u〉, 〈16 + 2u〉, 〈16 + 4u〉, 〈16 + 8u〉

• 〈2, u〉, 〈4, u〉, 〈4, 2u〉, 〈8, u〉, 〈8, 2u〉, 〈8, 4u〉, 〈16, u〉, 〈16, 2u〉, 〈16, 4u〉, 〈16, 8u〉

• 〈4 + u, 8〉, 〈8 + u, 16〉, 〈8 + 2u, 16〉

3 Cyclic Codes over Zq + uZq

Definition 4 A linear code C of length n over Zq + uZq is a (Zq + uZq)−submodule of
(Zq + uZq)

n = {(c0, c1, . . . , cn−1) | ci ∈ Zq + uZq for all i = 0, 1, . . . , n− 1}.

Definition 5 A linear code C over Zq+uZq (we will denote by R from now on) is called a
cyclic code if for each codeword c = (c0, c1, . . . , cn−1) the word (cn−1, c0, . . . , cn−2) obtained
from c by cyclically shifting of coordinates is again in C i.e. the code is invariant under the
cyclic shift operation.

Conventionally, we match the codewords of a linear code over any ring R with polyno-
mials in R[x] bijectively as

(c0, c1, . . . , cn−1) ↔ c0 + c1x+ · · ·+ cn−1x
n−1.

It is a well-known fact that, a linear code C of length n over a ring R is cyclic if and
only if the corresponding polynomials of its codewords form an ideal structure in the ring
R[x]/〈xn − 1〉. This motivates us to determine the ideal structure of the polynomial ring
R[x]/〈xn − 1〉 say �n. Now, we give some definition and then give some lemmas that are
analogue of lemmas which had been given to determine the ideal structure of Z4[x]/〈xn−1〉
where n is odd, in [11]. Consider the map

− : R →Z2

a+ bu �→ ā = a (mod 2)

This map can be extended to a map between polynomial rings as follows:

ψ : R[x] →Z2[x]

c0 + c1x+ · · ·+ cmxm �→ c̄0 + c̄1x+ · · ·+ c̄mxm.
(1)

Definition 6 The polynomials f(x) and g(x) are said to be coprime over R if there exist
polynomials a(x), b(x) over R such that a(x)f(x) + b(x)g(x) = 1.
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It is not difficult to see that coprimeness over Zq implies the coprimeness over R [5].

Definition 7 A polynomial f(x) is said to be basic irreducible over R if ψ(f(x)) = f̄(x) is
irreducible over Z2.

Lemma 8 If f1(x), f2(x), . . . , fr(x) are r pairwise coprime polynomials over R, then we
have

〈f1(x)f2(x) · · · fr(x)〉 = 〈f1(x)〉 ∩ 〈f2(x)〉 · · · ∩ 〈fr(x)〉.

Lemma 9 Let n be an odd positive integer. Then

1. xn − 1 has a unique factorization of pairwise coprime polynomials

xn − 1 = f1(x)f2(x) · · · fr(x)

where each fi(x) is a basic irreducible polynomial over R for i = 1, 2, . . . , r.

2. Let us denote the product of all fi(x) except fj(x) by f̂j(x). Then fj(x) and f̂j(x) are
coprime for i = 1, 2, . . . , r and there exist polynomials uj(x), vj(x) over R such that

uj(x)f̂j(x) + vj(x)fj(x) = 1.

3. Let ej = uj(x)f̂j(x) + 〈xn − 1〉 then 1 = e1 + e2 + · · ·+ er in �n. Moreover Rj = �nej
is an ideal of �n and hence we have the direct sum decomposition

�n = R1 ⊕R2 ⊕ · · · ⊕Rr.

4. For each 1 ≤ j ≤ r the map

R[x]/〈fj(x)〉 →Rj = �nej

k(x) + 〈fj(x)〉 �→(k(x) + 〈xn − 1〉)ej
(2)

is an isomorphism.

Lemma 10 Let f(x) be a basic irreducible poynomial of degree m over R, where q = 22 or
q = 23. Then the ideals of R[x]/〈f(x)〉 are the following

1. 〈2i + 〈f(x)〉〉 for 0 ≤ i ≤ s

2. 〈2iu+ 〈f(x)〉〉 for 0 ≤ i < s

3. 〈v(x)2i+2ju+ 〈f(x)〉〉 where v(x) = v0+ v1x+ · · ·+ vm−1x
m−1 is a unit element with

vi < 2min(i−j,s−i) for i = 0, 1, . . . ,m− 1
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4. 〈2i + 〈f(x)〉, 2ju+ 〈f(x)〉〉 for 0 ≤ j < i < s

5. 〈2i + 2ju + 〈f(x)〉, (v − 1)2i + 〈f(x)〉〉 for 0 ≤ j < i < s, 1 < v < 2min (i−j,s−i) and
gcd(2, v) = 1.

Lemma 11 The ideals of R[x]/〈f(x)〉 given in Lemma 10 are mapped into the ideals of Ri

as follows

1. 〈2if̂i(x) + 〈xn − 1〉〉 for 0 ≤ i ≤ s

2. 〈2iuf̂i(x) + 〈xn − 1〉〉 for 0 ≤ i < s 1 ≤ v < 2min (i−j,s−i)

3. 〈(v(x)2i + 2ju)f̂i(x) + 〈xn − 1〉〉 where v(x) = v0 + v1x + · · · + vm−1x
m−1 is a unit

element with vi < 2min(i−j,s−i) for i = 0, 1, . . . ,m− 1

4. 〈2if̂i(x) + 〈xn − 1〉, 2juf̂i(x) + 〈xn − 1〉〉 for 0 ≤ j < i < s

5. 〈(2i + 2ju)f̂i(x) + 〈xn − 1〉, (v − 1)2if̂i(x) + 〈xn − 1〉〉 for 0 ≤ j < i < s,
1 < v < 2min (i−j,s−i) and gcd(2, v) = 1

under the map given in (2).

Corollary 12 Let n be an odd positive integer and f1f2 · · · fr be the unique factorization
of xn − 1 into basic irreducible polynomials and q = 22 or q = 23. Then any ideal of �n is
a sum of ideals given in Lemma 11

Corollary 13 The number of all the ideals in R[x]/〈f(x) is

Ks+1 +

(
s

2

)
(2m − 2)

if q = 22 or q = 23 where f(x) is a basic irreducible polynomial over R of degree m.

Theorem 14 Let f1f2 . . . fr be the unique factorization of xn − 1 into basic irreducible
polynomials for an odd n. Then for q = 22 or q = 23 the number of cyclic codes over R of
length n is

r∏
i=1

(
Ks+1 +

(
s

2

)
(2mi − 2)

)

=

r∑
i=0

Ki
s+1

(
s

2

)r−i ∑
1≤j1<···<jr−i≤r

mjr−i∏
k=mj1

(2k − 2)

where deg(fi(x)) = mi.
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Now, we give the unique generators for a special family of cyclic codes and their size
over Z4 + uZ4.

Theorem 15 Let n be an odd positive integer and I be an ideal of (Z4 + uZ4) [x]/〈xn − 1〉
such that I = I1 ⊕ I2 ⊕ · · · ⊕ Ir where each Ii is of the form given in Lemma 11 with
v(x) = 1 if any one of them is of type 3. Then I is determined by unique monic polynomials
f, g, h, s, t, v and z over Z4 + uZ4 such that

I = 〈fhstvz, 2fgstv, ufghtv, 2ufghsvz, (2 + u)fghstz〉

where fghstvz = xn − 1 and

|I| = (16)deg(g)(4)deg(hsvz
2)(2)deg(t).

Corollary 16 Let n be an odd positive integer. Then every ideal of (Z4 + uZ4)[x]/〈xn − 1〉
given in Theorem 15 is of the form I = 〈f0, 2f1, uf2, 2uf3, (2 + u)f4〉, where fi’s are monic
divisors of xn − 1 and fi|f0 over Z4 + uZ4 for i = 1, 2, 3, 4 and also f3|fj for j = 0, 1, 2, 4.

Corollary 17 Let n be an odd positive integer. Then every ideal of (Z4 + uZ4)[x]/〈xn − 1〉
given in Theorem 15 is of the form I = 〈f0+2f1, uf2+2uf3, (2+u)f4〉, where fi’s are monic
divisors of xn − 1 and fi|f0 over Z4 + uZ4 for i = 1, 2, 3, 4 and also f3|fj for j = 0, 1, 2, 4.

4 Conclusion

In this work, we determined the ideal structure of the ring Zq + uZq where q is a power of
2 and u2 = 0. We also attempted to determine the ideal structure of (Zq + uZq)/〈f(x)〉
where f(x) is a basic irreducible polynomial over Zq + uZq for the purpose of determining
the ideal structure of (Zq + uZq)[x]/〈xn − 1〉 and hence obtaining cyclic codes of length n
which is an odd number. We achieved this goal completely for q = 22 and q = 23. However,
for qs where s > 3, it is still an open problem. We gave the definite generators for a family
of some cyclic codes over Z4 + uZ4 by divisors of xn − 1 and the size of these cyclic codes.
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Abstract

This study considers an approximation to the Stokes eigenvalue problem based on the dual
reciprocity boundary element method (DRBEM). The momentum equations in primitive vari-
ables, namely, displacement and pressure, are cross-differentiated and subtracted to eliminate
the pressure gradient terms. Introducing stream function and vorticity, results in a system com-
posed of the stream function equation and the vorticity eigenvalue equation, also automatically
satisfies the continuity equation. The vorticity eigenvalue problem now has the same eigenval-
ues of the Stokes operator. The DRBEM approach consists in weighting the vorticity eigen-
value equation with the fundamental solution of the Laplace equation, where the terms except
Laplacian are treated as inhomogeneity. The domain integrals arising from the source terms are
transformed into a series of boundary integrals requiring that the right hand side of the equations
be approximated by a radial basis function interpolation. In the present work, the collocation
nodes are distributed on the boundary and in the interior of the problem domain under con-
sideration. The matrices resulting from the application of DRBEM to the vorticity eigenvalue
equation are partitioned into submatrices to eliminate the fluxes of the vorticity on the bound-
ary. The stream function equation is approximated by the coordinate matrix constructed from
the radial basis function at the boundary and interior nodes. The vorticity boundary and interior
values are inserted from DRBEM discretized system of the vorticity eigenvalue equation, and
the homogeneous stream function boundary values are dropped. This way, the system of two
equations is reduced into a single eigenvalue equation in terms of the stream function partition
corresponding to the interior nodes. Moreover, the resulting eigenvalue equation is converted
to a generalized eigenvalue problem in order to avoid any matrix inversion for the sake of nu-
merical efficiency. The boundary is discretized by using constant elements, leading to a small
algebraic system solved at a small expense compared to domain discretization methods. The
method is first tested on a Laplace eigenvalue problem with known analytical solution, and the
results are validated by a comparison of several approximations with the corresponding exact
eigenpairs. Furthermore, the numerical results obtained, verify the numerical convergence to
the reference eigenvalues of the Stokes operator and to the corresponding eigenfunctions.

Key words: DRBEM, Stokes eigenvalue problem
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1 Introduction

The Stokes eigenvalue problem is a subject of an active research due to its significance on both
fundamental and practical grounds. The eigenmodes of the Stokes operator constitute a natural basis
to analyze the homogeneous component of any flow, in particular, for describing the fluctuating part
of a turbulent flow. Moreover, the Stokes eigenvalue problem is used as benchmark for analyzing
the convergence and accuracy for numerical algorithms designed in fluid dynamics [1, 2].

There are numerous recent works approximating the Stokes eigenproblem, most of which are
based on finite elements (see e.g. [3, 4, 5, 6, 7]). On the other hand, a mesh free method based
on radial basis functions is developed to approximate the eigenvalues of the Stokes operator given
in primitive variables on a square domain in [8]. Concerning the source problem, an iterative dual
reciprocity boundary element method (DRBEM) based on the compactly-supported, positive defi-
nite radial basis function for the solution of Stokes flow problems is considered in [9].

This study considers a first DRBEM approximation to the Stokes eigenvalue problem to the
best of authors’ knowledge. The governing equations are transformed into stream function and vor-
ticity form, resulting in the vorticity eigenvalue equation which has the same eigenvalues as the
Stokes operator, and an additional stream function equation. The DRBEM approach consists in
weighting the vorticity eigenvalue equation with the fundamental solution of the Laplace equation,
where the terms except Laplacian are treated as inhomogeneity. The domain integrals arising from
the source terms are transformed into a series of boundary integrals requiring that the right hand
side of the equations be approximated by a radial basis function interpolation. Apart from resulting
in a considerable reduction in terms of the computational work compared to domain discretization
methods, the method also has the advantage of calculating all the space derivatives using DRBEM
coordinate matrix. The matrices obtained in the vorticity eigenvalue equation are partitioned into
submatrices to eliminate the fluxes of the vorticity on the boundary. The stream function equation
is also approximated by the DRBEM coordinate matrix constructed from the radial basis function
at the boundary and interior nodes. The vorticity boundary and interior values are inserted from the
solution of the vorticity eigenvalue equation, and then the homogeneous stream function boundary
values are dropped. Thus, the system of two equations is reduced into a single eigenvalue equa-
tion in terms of the stream function partition corresponding to the interior nodes. Moreover, the
resulting eigenvalue equation is converted to a generalized eigenvalue problem in order to avoid any
matrix inversion for the sake of numerical efficiency. The boundary is discretized by using constant
elements, leading to a small algebraic system solved at a small expense.

2 Governing equations

Let Ω be the bounded and polyhedral computational domain in R2, and ∂Ω be its boundary. The
Stokes eigenvalue problem is considered as follows: find [u, p,λ ], where u �= 0 is the displacement
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or velocity field, p is the pressure, and λ ∈ R, such that [3]⎧⎪⎨⎪⎩
−μΔu+∇p = λu in Ω,

∇ ·u = 0 in Ω,

u = 0 on ∂Ω.

(1)

The first equation in (1) can be written component-wise in two-dimensional form as

−μΔu+
∂ p
∂x

= λu,

−μΔv+
∂ p
∂y

= λv, (2)

where u and v are the velocity components of the displacement vector u. The constraint of continuity
takes the form

∂u
∂x

+
∂v
∂y

= 0,

and the boundary conditions for the velocity components are given as u = 0 and v = 0.
The stream function ψ satisfying the continuity equation directly, is defined in 2D as

∂ψ
∂y

= u,
∂ψ
∂x

=−v. (3)

Then, the only nonzero component of the vorticity field is

w =
∂v
∂x
− ∂u

∂y
=−

(
∂ 2ψ
∂x2 +

∂ 2ψ
∂y2

)
=−Δψ. (4)

The direct solution to System (2) has well known difficulties due to the pressure term. Therefore,
the well established stream function-vorticity formulation which is used extensively in the literature
for solving incompressible fluid flow problems is considered. The pressure term is eliminated by
subtracting the derivative of the first equation in (2) with respect to y from the derivative of the
second equation with respect to x. Thus, a system composed of an equation standing for the stream
function, and the vorticity eigenvalue equation is obtained as follows

−μΔw = λw,

Δψ =−w. (5)

The solution of vorticity eigenvalue equation requires the stream function equation to be solved
in the above system. The vorticity eigenvalue problem now has the same eigenvalues of the Stokes
operator. ψ = 0 is the boundary condition for the stream function, however, the boundary conditions
of the vorticity are not known. A DRBEM approach for solving (5) also proposing a remedy to this
deficiency is presented in the next section.
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3 DRBEM formulation

The aim of the DRBEM is to transform the governing equations of the problem into boundary in-
tegral equations. It consists in weighting equations with the fundamental solution of the Laplace
equation, where the terms except Laplacian are treated as inhomogeneity. The domain integrals
arising from the source terms are transformed into boundary integrals approximating the inhomo-
geneity by radial basis functions f j which are related to particular solutions û j with ∇2û j = f j [10].

The equations in (5) are weighted with the two-dimensional fundamental solution of Laplace
equation, u∗ = 1/2π ln(1/r), and application of the Green’s second identity results in

ciψi +
∫

Γ
(q∗ψ−u∗

∂ψ
∂n

)dΓ =−
∫

Ω
(−w)u∗dΩ,

ciwi +
∫

Γ
(q∗w−u∗

∂w
∂n

)dΓ =−
∫

Ω
(λw)u∗dΩ, (6)

where q∗ = ∂u∗/∂n, Γ is the boundary of the domain Ω, and the subscript i denotes the source point.
The constant ci is given by ci = θi/2π with the internal angle θi at the source point. The approxi-
mations for the integrands in the domain integrals are given by ∑N+L

j=1 α j f j(x,y) and ∑N+L
j=1 β j f j(x,y),

the coefficients α j and β j being undetermined constants. The numbers of the boundary and the
internal nodes are denoted by N and L, respectively. The substitution of ∇2û j = f j enables to use
BEM approach also to the domain integral which results in boundary integrals only. The use of
constant elements for the discretization of the boundary gives then the corresponding matrix-vector
equations

Hψ−G
∂ψ
∂n

= (HÛ−GQ̂)F−1(−w) =−Sw,

Hw−G
∂w
∂n

= (HÛ−GQ̂)F−1(λw) = λSw, (7)

where the matrices Û and Q̂ are constructed by taking each of the vectors û j and q̂ j as columns,
respectively.

The components of the matrices H and G are

Hi j = ciδi j +
1

2π

∫
Γ j

∂
∂n

(
ln(

1
r
)

)
dΓ j, Hii =−

N

∑
j=1, j �=i

Hi j, Gi j =
1

2π

∫
Γ j

ln(
1
r
)dΓ j, Gii =

A
2π

(ln(
2
A
)+1),

where r is the distance from node i to element j, A is the length of the element and δi j is the
Kronecker delta function. The coordinate matrix F of size (N+L) contains the radial basis functions
f j as columns. In this study, the compactly supported positive definite radial basis functions are
made use of in the form of a univariable polynomial of minimal degree for a given dimension and
smoothness,

φ(r) =

⎧⎨⎩
(

1− r
a

)4
(

1+
4r
a

)
, for 0≤ a≤ r,

0, for r > a,
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where a is an influence radius truncating the function to zero [9, 11].
The matrices resulting from the application of DRBEM to the stream function equation are

partitioned into submatrices following the procedure given in [10, 12], to eliminate the fluxes of the
vorticity on the boundary, as[

Hbb Hbi
Hib Hii

][
ψb
ψi

]
−
[

Gbb Gbi
Gib Gii

][ ∂ψ
∂n |b

0

]
=

[
Sbb Sbi
Sib Sii

][
wb
wi

]
. (8)

Similarly, the vorticty eigenvalue equation is written as[
Hbb Hbi
Hib Hii

][
wb
wi

]
−
[

Gbb Gbi
Gib Gii

][ ∂w
∂n |b

0

]
= λ

[
Sbb Sbi
Sib Sii

][
wb
wi

]
. (9)

∂ψ
∂n |b in (8) and ∂w

∂n |b in (9) can be eliminated to obtain

ψi = Awb +Bwi and Cwb +wi = λAwb +λBwi (10)

where

A = Sib−GibG−1
bb Sbb, B = Sii−GibG−1

bb Sbi and C = Hib−GibG−1
bb Hbb.

The two systems in (10) are combined as

(C−B−1A)wb +B−1ψi = λψi, (11)

involving the original eigenvalue λ , and two unknown vectors ψi and wb. The strategy is to trans-
form this equation into one eigenvalue problem in terms of stream function vector ψi. To achieve
this, the stream function equation in (5) is discretized by the coordinate matrix F as

w = Dψ, D =−(∂ 2F
∂x2 +

∂ 2F
∂y2 )F

−1.

Making the same partition for ψi, ψb and wb one can obtain the system

wb = Dbiψi.

Finally, substituting this system in (11), the eigenvalue equation in terms of ψi only is obtained as[
B−1 +(C−B−1A)Dbi

]
ψi = λψi. (12)

When the above equation is left multiplied by B, it is converted to a generalized eigenvalue problem,

[I +(BC−A)Dbi]ψi = λBψi, (13)

where I is the identity matrix, and thus any matrix inversion is avoided for the sake of numerical
efficiency. Obviously, the eigenvalues of (13) are the same as the ones of (1) and (2), where the
corresponding eiqenvector is the approximation to the stream function interior partition.
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4 Numerical results

In this section, numerical comparisons are presented to show the efficiency of the approach pro-
posed. The technique is first tested on a Laplace eigenvalue problem in a square domain with
known analytical solution, and the results are validated by a comparison of several approximations
with the corresponding exact eigenpairs. Next, the Stokes eigenvalue problem in considered. The
convergence behaviors are examined for the reference eigenvalue approximations in terms of the
relative error given as the ratio of the difference between the approximate value and the reference
value, to the latter. The computations are carried out for several N, the number of constant boundary
elements, and the influence radius is taken as a = 0.5. The well known Chebyshev-Gauss-Lobatto
points are used as collocation points in the interior of the problem domain due to their desired prop-
erty of uneven distribution clustering near the boundaries. Since N = L, the total number of nodes
is 2N in each case.

4.1 Laplace eigenvalue problem

As a first test, the two-dimensional Laplace eigenvalue problem is considered: find eigenvalues λ
and nontrivial eigenfunctions u such that

{
−Δu = λu in Ω,

u = 0 on ∂Ω,
(14)

on the square Ω = [0,π]× [0,π]. The eigenvalues of (14) are given as λm,n = m2 + n2 where m
and n are positive integers, and the corresponding eigenfunctions are um,n = sin(mx)sin(ny). The
first eigenvalue λ1,1 = 2 is taken as the reference solution, and the corresponding eigenvector u1,1 =
sin(x)sin(y). is approximated. The computed eigenvalues with the relative errors are presented
in Table 1. The results show that as N increases, the approximate value converges to the exact
value. The contours of the corresponding eigenvector approximation uh together with the exact
eigenfunction u1,1 are illustrated in Figure 1 where the perfect agreement between them is well
observed.
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Table 1: Computed eigenvalues of the Laplace eigenvalue problem.

N λh (λh−λ1,1)/λ1,1

16 2.640578420197327 0.320289210098663
25 2.046959119321968 0.023479559660984
36 2.001893432202034 0.000946716101017
49 2.000107494692682 0.000053747346341
64 2.000012259988895 0.000006129994448
81 2.000001479988846 0.000000739994423

Figure 1: Computed and exact eigenfunctions of the Laplace eigenvalue problem, N = 25.

4.2 Stokes eigenvalue problem

The numerical solution to the Stokes eigenvalue problem by means of (13) in Ω = [0,1]× [0,1] is
presented in this part. The results are presented for the approximations to the first eigenvalue with
the reference value λ1 = 52.3446911 [8]. The approximations to the first eigenvalue as well as the
error values, are listed in Table 2. It can be seen from this table that as the number of elements (N)
increase, the computed eigenvalue converges to the reference value monotonically from above.

In order to compare the results qualitatively, the plot of the displacement vector, when N = 25 is
given in Figure 2. The figure puts forward the good agreement between the behaviors of the velocity
streamlines (flow vector) and the previously published results [3, 5].
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Table 2: Computed eigenvalues of the Stokes eigenvalue problem.

N λh (λh−λ1)/λ1

16 69.321824666669457 0.324333436875883
25 57.945342749714712 0.106995600356398
36 53.917133782677567 0.030040155928584
49 53.045969289374028 0.013397312595356
64 52.563251505171714 0.004175407296877
81 52.344756214734844 0.000001243960629

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Figure 2: Flow vector of the Stokes eigenvalue problem, N = 25.

5 Conclusion

The DRBEM formulation based on the partition technique is presented to solve the Stokes eigen-
value problem. The stream function and vorticity formulation is considered, resulting in two equa-
tions, namely, a stream function equation and a vorticity eigenvalue equation. The matrices resulted
from the application of DRBEM are partitioned into submatrices, and the fluxes on the boundary are
eliminated. The system of two equations is reduced into a single eigenvalue equation in terms of the
stream function partition that corresponds to the interior nodes. The boundary is discretized by using
constant elements which results in a small algebraic system solved at a small expense. The coor-
dinate matrix is generated by using the compactly supported positive definite radial basis functions
in the form of a univariable polynomial of minimal degree for a given dimension and smoothness.
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Moreover, the Chebyshev-Gauss-Lobatto points are used as collocation points in the interior of the
problem domain with the property of uneven distribution clustering near the boundaries. The pro-
posed technique is first validated by means of a test problem, the Laplace eigenproblem on a square
domain. The approximate values are shown to be converging to the reference eigenvalue, and in
addition, it is set forth that the contours of the approximate eigenvector possess the same behavior
as those of the exact solution. The same approach is applied to approximate the eigenvalues of the
Stokes operator. The numerical results obtained, verify the numerical convergence to the reference
eigenvalue. The displacement vector is also shown to be in good agreement with the ones provided
in the literature.
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Abstract

In a few recent papers [1, 2], bias-induced phenomena were studied, in which in-
tramolecular transport was explained by us in terms of resonances. Although non-
equilibrium Green’s functions applied to theoretical models and in quantum chemistry
calculations showed beautiful agreement with experiment, there were also important
discrepancies, notably in the current values and in the location of the Fermi energy.
We discuss recent progress on the theory, which shows that inclusion of Coulomb in-
teractions can account for the discrepancies. Not only does the theory yield current
values in agreement with the experiment, also the apparent alignment of the molecular
HOMO levels with the Fermi energy, observed in [1], are reproduced when using realistic
Coulomb parameters.

We also discuss methods for locating the molecular frontier orbitals with respect to
the Fermi energy, relying on spin-dependent transport.

Key words: Single molecule charge transport, nonequilibrium Green’s function tech-
niques
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Abstract

Motivated by current applications of the bordered tridiagonal matrices of large order,
the infinite invertible bordered tridiagonal matrices are considered. These matrices are
a generalization of the tridiagonal and the arrowhead matrices. A method based on a
simple but suitable factorization is proposed for obtaining, in the finite-dimensional case,
a decomposition of the inverse. This procedure can be applicable to infinite bordered
tridiagonal matrices. Some illustrative examples are given.

Key words: Bordered tridiagonal matrices, inverse matrix, infinite matrix, tridiago-
nal matrix.

1 Introduction

Tridiagonal matrices, arrowhead matrices and bordered tridiagonal matrices frequently ap-
pear in scientific and engineering investigations and computational physics; e.g. matrix
algebra, numerical solutions of elliptic differential equations, interpolation by spline func-
tions, electronic circuit simulation, fluid flow problems, heat conduction, boundary value
problems, telecommunications system analysis, parallel computing, see [5, 8, 11, 12, 14] and
the references given there.

Tridiagonal and related matrices has been extensely studied, see for example [1, 2, 6,
7, 9, 10]. The bordered tridiagonal matrices generalize the tridiagonal and the arrowhead
matrices. It motivates our study regarding the factorization and the inversion of general
bordered tridiagonal matrices. Previous works can be seen in [10] and some references
therein.
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For inverting an n × n bordered tridiagonal matrix, instead of the border lines at the
first row and column, some authors consider the border lines at the last row and column,
because we can obtain one form from the other with a permutation matrix P = (pij), where
pij = 1 if i+ j = n, and zero otherwise. Since our interest is the study of the infinite case,
we consider the border lines at the first row and column.

The material is organized as follows. In Section 2, we show basic results about the UTL
factorization for the finite bordered tridiagonal matrices. Section 3 is dedicated to particular
cases of finite and infinite tridiagonal matrices. In Section 4 we study the factorization and
inversion of infinite bordered tridiagonal matrices. Throughout the text the results are
illustrated with appropriate examples.

2 Finite bordered tridiagonal matrices

An n × n real or complex matrix An is called a bordered tridiagonal matrix if An is of the
form

An =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b0 u1 u2 · · · un−2 un−1

l1 b1 c2

l2 a2 b2
. . .

...
. . .

. . .
. . .

ln−2
. . . bn−2 cn−1

ln−1 an−1 bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (1)

The idea is to factorize the bordered tridiagonal matrix An in the form UTL, where U
is an upper triangular matrix, L is a lower triangular matrix and T is a tridiagonal matrix.
That is, An = UnTnLn =⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 u′1 u′2 · · · u′n−2 u′n−1

1 c
1

. . .

1
1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

b′0 c′1
a′1 b1 c2

a2 b2
. . .

. . .
. . .

. . .
. . . bn−2 cn−1

an−1 bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
l′1 1
l′2 1
...

. . .

l′n−2 1
l′n−1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
·

Matrix An has 5n− 6 nonzero entries and the product of the three matrices has 5n− 4
nonzero entries. Then, we can choose two entries en matrix Tn, for example a′1 = c′1 = 0,
and determinate the other entries.

Matrix T̂n−1 denote the tridiagonal matrix obtained from An, or from Tn, when first
row and first column are deleted. Now we present the Theorem for the finite case.
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Theorem 1. Every nonsingular bordered tridiagonal matrix An as given in (1), with det T̂n−1 �=
0, has an unique UTL factorization of the form An = UnTnLn =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 u′1 u′2 · · · u′n−2 u′n−1

1
1

. . .

1
1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

b′0
b1 c2
a2 b2 c3

a3
. . .

. . .
. . . bn−2 cn−1

an−1 bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
l′1 1
l′2 1
...

. . .

l′n−2 1
l′n−1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where the entries can be evaluated, from the inverse matrix of T̂n−1, by⎛⎜⎜⎜⎝
u′1
u′2
...

u′n−1

⎞⎟⎟⎟⎠ =
(
T̂−1
n−1

)t
⎛⎜⎜⎜⎝

u1
u2
...

un−1

⎞⎟⎟⎟⎠ ,

⎛⎜⎜⎜⎝
l′1
l′2
...

l′n−1

⎞⎟⎟⎟⎠ = T̂−1
n−1

⎛⎜⎜⎜⎝
l1
l2
...

ln−1

⎞⎟⎟⎟⎠ and b′0 =
detAn

det T̂n−1

·

Proof. Taking the product UnTnLn and identifying it with matrix An, we obtain the systems⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

u1 = u′1b1 + u′2a2
u2 = u′1c2 + u′2b2 + u′3a3
u3 = u′2c3 + u′3b3 + u′4a4

...
ui = u′i−1ci + u′ibi + u′i+1ai+1

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

l1 = l′1b1 + l′2c2
l2 = l′1a2 + l′2b2 + l′3c3
l3 = l′2a3 + l′3b3 + u′4c4

...
li = l′i−1ai + l′ibi + l′i+1ci+1,

for i = 1, 2, ..., with a1 = c1 = an = cn = 0. Then, we have

u′i+1 =
ui − u′i−1ci − u′ibi

ai+1

l′i+1 =
li − l′i−1ai − l′ibi

ci+1
, i = 1, 2, ..., n− 1,

b′0 = b0 −
n−1∑
i=1

l′i(u
′
ici + u′i+1bi + u′i+1ai+1) =

detAn

det T̂n−1

·

The systems can be solved by

(u′1, u
′
2, . . . , u

′
n) = (u1, u2, . . . , un) · T̂−1

n−1.

That is ⎛⎜⎜⎜⎝
u′1
u′2
...
u′n

⎞⎟⎟⎟⎠ =
(
T̂−1
n−1

)t
⎛⎜⎜⎜⎝

u1
u2
...
un

⎞⎟⎟⎟⎠ and

⎛⎜⎜⎜⎝
l′1
l′2
...
l′n

⎞⎟⎟⎟⎠ = T̂−1
n−1

⎛⎜⎜⎜⎝
l1
l2
...
ln

⎞⎟⎟⎟⎠ ·

c©CMMSE ISBN: 978-84-608-6082-21224



INFINITE BORDERED TRIDIAGONAL MATRICES

The proof for uniqueness is simple: if U ′, T ′ and L′ are matrices as in the establishment,
taking the product U ′T ′L′ =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 u′′1 u′′2 · · · u′′n−2 u′′n−1

1
1

. . .

1
1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

b′′0
b1 c2
a2 b2 c3

a3
. . .

. . .
. . . bn−2 cn−1

an−1 bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
l′′1 1
l′′2 1
...

. . .

l′′n−2 1
l′′n−1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

as matrix T̂n−1 is the same, then we have u′′i = u′i, l
′′
i = l′i, k

′
i = ki, and b′′0 = b0. Thus the

proposed factorization is unique.

When some ai or ci are zero, because matrix T̂n−1 is nonsingular, the entries u′i, l
′
i and

b′0 can be evaluated. In particular, if ai = ci = 0, for i = 1, 2, ..., n − 1, the matrix T̂n−1 is
diagonal. This case has been studied as arrowhead matrices in [3]. Now, we present two
trivial corollaries.

Corollary 1. The inverse of a nonsingular bordered tridiagonal matrix An satisfying The-
orem 1 has a factorization of the form A−1

n = L−1
n T−1

n U−1
n =

=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
−l′1 1
−l′2 1
...

. . .

−l′n−2 1
−l′n−1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎝
1
b′0

T̂−1
n−1

⎞⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 −u′1 −u′2 · · · −u′n−2 −u′n−1

1
1

. . .

1
1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Corollary 2. The inverse A−1
n of a nonsingular bordered tridiagonal matrix An satisfying

Theorem 1 can be decomposed as the sum of the inverse of a tridiagonal plus a rank-one
matrix in the form

A−1
n =

⎛⎜⎜⎝
0

T̂−1
n−1

⎞⎟⎟⎠+
1

b′0

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1
−l′1
−l′2
...

−l′n−2

−l′n−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
(
1 −u′1 −u′2 · · · −u′n−2 −u′n−1

)
.
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Example 1. Given the bordered tridiagonal matrix

An =

⎛⎜⎜⎜⎜⎝
4 −1 −4 −1 −1
−4 −2 3 0 0
−3 0 1 −1 0
5 0 0 −2 3
−5 0 0 5 −2

⎞⎟⎟⎟⎟⎠

we obtain b′0 =
detAn

det T̂n−1

=
−133
11

and T̂−1
n−1 =

⎛⎜⎜⎝
−1

2
3
2

3
11

9
22

0 1 2
11

3
11

0 0 2
11

3
11

0 0 5
11

2
11

⎞⎟⎟⎠ . The UTL factoriza-

tion of An is trivial. Also for A−1
n = L−1

n T−1
n U−1

n . The inverse of a tridiagonal plus a
rank-one matrix decomposition for A−1

n is

A−1
n =

⎛⎜⎜⎜⎜⎝
0

−1
2

3
2

3
11

9
22

0 1 2
11

3
11

0 0 2
11

3
11

0 0 5
11

2
11

⎞⎟⎟⎟⎟⎠+
−11
133

⎛⎜⎜⎜⎜⎝
1
35
11
38
11
5
11
−15

11

⎞⎟⎟⎟⎟⎠(
1 −1

2
11
2

18
11

43
22

)
.

3 Finite and infinite tridiagonal matrices

A tridiagonal matrix is unreduced if the entries on its subdiagonal and superdiagonal are
different to zero. We recall here some well-known lemmas about tridiagonal matrices. The
proof can be found in [2,4].

Lemma 1. Let Tn be a nonsingular matrix, then Tn = (tij)
n
i,j=1 is a tridiagonal unreduced

matrix if and only if its inverse matrix B = (bij)
n
i,j=1 has the form

bij =

{
piqj , if i ≥ j,
risj , if j ≥ i,

with pi, qj , ri, sj �= 0.

Lemma 2. Let T be an infinite invertible matrix. Then T is a tridiagonal unreduced matrix
T = {ai, bi, ci} if and only if its classical inverse matrix B = (bij)

∞
i,j=1 has the entries

bij =

{
piqj , if i ≥ j,
risj , if j ≥ i.
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The vectors P = (p1, p2, ...), Q = (q1, q2, ...), R = (r1, r2, ...), S = (s1, s2, ...) satisfy the
following recurrence relations⎧⎪⎨⎪⎩

p2 =
1− b0p1q1

c1q1

pi =
−ai−2pi−2 − bi−2pi−1

ci−1

⎧⎪⎨⎪⎩
q2 =

−b0q1
a1

qi =
−ci−2qi−2 − bi−2qi−1

ai−1⎧⎪⎨⎪⎩
r2 =

−b0r1
c1

ri =
−ai−2ri−2 − bi−2ri−1

ci−1

⎧⎪⎨⎪⎩
s2 =

1− b0r1s1
a1r1

si =
−ai−2si−2 − bi−2si−1

ai−1

for i ≥ 3, with q1 �= 0, r1 �= 0, and p1q1 = r1s1.

Remark 1. In the establishment of the preceding lemma, we have recurrence relations and
the conditions q1 �= 0, r1 �= 0, and p1q1 = r1s1. Then, three of these parameters are free.
When we choose different values of these, we obtain different classical inverses of the infinite
tridiagonal matrix T .

In the case of finite or infinite tridiagonal matrices with nonzero determinants on their
main sections, we have two interesting lemmas:

Lemma 3. Let Tn be a nonsingular tridiagonal matrix given by

Tn =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

b0 c1
a1 b1 c2

a2 b2 c3

a3
. . .

. . .
. . . bn−2 cn−1

an−1 bn−1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

with the determinants of its main sections different to zero. Then, matrix Tn has the LDU
factorization given by Tn = LnDnUn =⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
w1 1

w2 1

w3
. . .
. . . 1

wn−1 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

b′0
b′1

b′2
. . .

b′n−2

b′n−1

⎞⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎝

1 v1
1 v2

1 v3
. . .

. . .

1 vn−1

1

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

where the entries b′i can be evaluated recursively by b′0 = b0, b′i = bi − aici
b′i−1

, for i =

1, 2, 3, ..., n − 1. The entries wi =
ai

b′i−1
, vi =

ci
b′i−1

, for i = 1, 2, ..., n − 1. This factorization

is unique.
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The proof is well known. It is based in taking the product of three matrices on the
right-hand side and to identify with the matrix Tn. Then the relations of the establishment
hold.

If one or more, ai or ci are zero, then wi =
ai

bi−1
= 0, or vi =

ci
bi−1

= 0, and b′i−1 = bi−1,
as we can see in the next example.

Example 2. The factorization of the next tridiagonal matrix is⎛⎜⎜⎜⎜⎝
b0 c1
a1 b1 c2

a2 b2 c3
0 b3 c4

a4 b4

⎞⎟⎟⎟⎟⎠=

⎛⎜⎜⎜⎜⎝
1
w1 1

w2 1

0 1
w4 1

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

b′0
b′1

b′2
b3

b′4

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 v1
1 v2

1 v3
1 v4

1

⎞⎟⎟⎟⎟⎠ .

They are w3 =
a3
b′3

= 0, b′3 = b3, w4 =
a4
b3
. It is obvious, by induction, that

detTn =

n−1∏
i=0

b′i and b′i =
detTi+1

detTi
=

i∏
k=0

b′k
i−1∏
i=0

b′k

·

The existence of this factorization is a consequence of the nonsingularity of the main
sections of the matrix Tn. We need 4n− 2 flops for such a factorization.

Lemma 4. Let T be an invertible tridiagonal matrix given by

T =

⎛⎜⎜⎜⎜⎜⎜⎝
b0 c1
a1 b1 c2

a2 b2 c3

a3 b3
. . .

. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎠ ,

with detTk �= 0, k = 1, 2, ... Then, matrix T has the LDU factorization given byT = LDU =

=

⎛⎜⎜⎜⎜⎜⎝
1
w1 1

w2 1
w3 1

. . .
. . .

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
b′0

b′1
b′2

b′3
. . .

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
1 v1

1 v2
1 v3

1
. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎠ ,

where entries b′i can be evaluated recursively by b′0 = b0, b
′
i = bi −

aici
b′i−1

, for i = 1, 2, 3, ...,

and wi =
ai
b′i
, vi =

ci
b′i
, for i = 1, 2, ... This factorization is unique and consistent, because

every finite section of T can be factored as a product of main sections of factor matrices.
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Proof. Taking the product of the matrices on the right-hand side, we have⎛⎜⎜⎜⎜⎜⎜⎝
b′0 b′0v1

b′0w1 b′1 + b′0v1w1 b′1v2
b′1w2 b′2 + b′1v2w2 b′2v3

b′2w3 b′3 + b′2v3w3
. . .

. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎠
that coincides with the matrix T . Therefore, the relations of the establishment hold.

Consistency of matrices has been studied in [4] for Hessenberg matrices and for tridi-
agonal matrices. That is, if B is the inverse matrix of a Hessenberg or tridiagonal matrix
A, sections of order k − 1 of A can be calculate deleting the last column and the last row
of ([B]k)

−1 and the two last columns and the two last rows of ([B]k+1)
−1. Therefore, this

class of infinite unreduced Hessenberg or tridiagonal matrices can be built section to section
from B.

We observe that, if one or more, ai or ci are null, the wi =
ai

bi−1
= 0, or vi =

ci
bi−1

= 0,

and b′i−1 = bi−1.

4 An UTL factorization for infinite bordered tridiagonal ma-
trices

We recall that if A = (aij)
∞
i,j=1 is an infinite matrix of complex numbers, the matrix B =

(bij)
∞
i,j=1 is a classical inverse of A if we have AB = BA = I. It is well known that an

infinite matrix can have not inverse matrix, for example matrix corresponding to right-shift
operator, SR = (sij), with sij = 1 if i = j + 1, and sij = 0 in other case, has not associated
an inverse matrix. It is also well known that an infinite matrix can have two classical inverse
matrices, as we can see in [2, 4, 13], and then infinitely many classical inverses, because if
B′ and B′′ are inverses of A, then αB′ + (1−α)B′′ is also an inverse matrix of A, for every
α ∈ C.

The infinite bordered tridiagonal matrices are the form

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

b0 u1 u2 u3 u4 · · ·
l1 b1 c2
l2 a2 b2 c3
l3 a3 b3 c4

l4 a4 b4
. . .

...
. . .

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (2)
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Theorem 2. Let A be an infinite invertible bordered tridiagonal matrix as given in (2), and
T̂ the infinite invertible tridiagonal matrix obtained from A when the first row and column
are deleted. If T̂ is an unreduced matrix, that is, ak �= 0, ck �= 0, k = 2, 3, ..., and b′0 is finite
and nonzero, then matrix A can be factored in the form UTL as A = UTL =

=

⎛⎜⎜⎜⎜⎜⎝
1 u′1 u′2 u′3 · · ·

1
1

1
. . .

⎞⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎝
b′0 0

0 b1 c2
a2 b2 c3

a3 b3
. . .

. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎝
1
l′1 1
l′2 1
l′3 1
...

. . .

⎞⎟⎟⎟⎟⎟⎠,

where entries can be calculate recursively, from u′1 = μ, l′1 = λ, and

u′k =
uk − ck−1u

′
k−2 − bk−1u

′
k−1

ak
, u′0 = 0,

l′k =
lk − ak−1l

′
k−2 − bk−1l

′
k−1

ck
, l′0 = 0,

b′0 = b0 −
∞∑
i=1

l′i(ciu
′
i−1 + biu

′
i + ai+1u

′
i+1), k = 2, 3, ...

Proof. Taking the product UTL and identify with matrix A we obtain

ui = u′i−1ci + u′ibi + u′i+1ai+1

li = l′i−1ai + l′ibi + l′i+1ci+1, i = 1, 2, ..., n− 1,

b0 = b′0 +
∞∑
i=1

l′i(u
′
i−1ci + u′ibi + u′i+1ai+1)

with a1 = c1 = 0. Then, formulas of establishment holds.

Example 3. Given the matrix

A =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

4 4 2 1 1
2

1
4

1
8

1
16 · · ·

2 1 4
1 8 1 2
1
2 4 1 1
1
4 2 1 1

2
1
8 1 1 1

4
1
16

1
2 1 1

8

1
32

1
4 1

. . .
...

. . .
. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
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with the recurrences of Theorem 2, taking λ = μ = 1, we obtain an UTL factorization of A,⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 1 3
8

−19
32

27
64

43
64

−81
64 · · ·

1
1

1
1

1
1

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

3
1 4
8 1 2

4 1 1
2 1 1

2
1 1 1

4

1
2 1

. . .
. . .

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
1 1
1
4 1
−1
8 1
9
8 1
−5
4 1
1 1
...

. . .

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where is b′0 = 3. With other values of λ and μ we obtain different UTL factorizations.

Corollary 3. The inverse of an infinite invertible bordered tridiagonal matrix A, satisfying
Theorem 2, has a factorization of the form

A−1 = L−1T−1U−1.

Such a factorization for A−1 is not unique because we can choose parameters λ and μ, and
T−1 is not unique.

Proof. The product of these matrices is associative, AA−1 = (UTL)(L−1T−1U−1) = I, and
A−1A = (L−1T−1U−1)(UTL) = I.

Corollary 4. Let A be an infinite invertible bordered tridiagonal matrix under the assump-
tions of Theorem 2. Its classical inverse matrices A−1 can be decomposed as a tridiagonal
plus a rank-one matrix of the form

A−1 =

⎛⎜⎜⎝
0

T̂−1

⎞⎟⎟⎠+
1

b′0

⎛⎜⎜⎜⎜⎜⎝
1
−l′1
−l′2
−l′3
...

⎞⎟⎟⎟⎟⎟⎠
(
1 −u′1 −u′2 −u′3 · · ·

)
.

Different matrices A−1 can be obtained because T̂−1 is not unique.

Using Theorem 1 and Lemma 3, for appropriate bordered tridiagonal matrices such
that the main sections of T̂ have nonzero determinants, we have a new factorization given
by Lemma 5 for finite bordered matrices. Using Theorem 2 and Lemma 4, for appropriate
infinite bordered matrices with determinants of main sections of T̂ different to zero, we have
Theorem 3.
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Lemma 5. Every nonsingular bordered tridiagonal matrix An, as given by (1), with det T̂k �=
0, k = 1, 2, ..., n− 1, has a unique UL′DU ′L factorization of the form An = UnL

′
nDnU

′
nLn,

with

Un =

⎛⎜⎜⎜⎜⎜⎝
1 u′1 u′2 · · · u′n−1

1
1

. . .

1

⎞⎟⎟⎟⎟⎟⎠, L′
n=

⎛⎜⎜⎜⎜⎜⎝
1
w1 1

w2 1
. . .

. . .

wn−1 1

⎞⎟⎟⎟⎟⎟⎠, Dn=

⎛⎜⎜⎜⎝
b′0

d1
. . .

dn−1

⎞⎟⎟⎟⎠,

U ′
n =

⎛⎜⎜⎜⎜⎜⎜⎝
1 v1

1 v2

1
. . .
. . . vn−1

1

⎞⎟⎟⎟⎟⎟⎟⎠, Ln=

⎛⎜⎜⎜⎜⎜⎝
1
l′1 1
l′2 1
...

. . .

l′n−1 1

⎞⎟⎟⎟⎟⎟⎠,

where entries can be calculate recursively in O(n) time.

Theorem 3. Let A be an infinite invertible bordered tridiagonal matrix as given by (2), let
T̂ be the infinite invertible tridiagonal matrix, with the determinants of its main sections
different to zero, obtained from A when the first row and column are deleted. We suppose
also that matrix T̂ is unreduced and b′0 �= 0, then matrix A can be factored in the form⎛⎜⎜⎜⎝

1 u′1 u′2 · · ·
1

1
. . .

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1
w1 1

w2 1
. . .

. . .

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎝

b′0
d1

d2
. . .

⎞⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎝

1 v1
1 v2

1
. . .
. . .

⎞⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎝

1
l′1 1
l′2 1
...

. . .

⎞⎟⎟⎟⎠.
Corollary 5. The inverse matrix of A, under the assumptions of Theorem 3, can be eval-
uated as

A−1 = L−1(U ′)−1D−1(L′)−1U−1.

We have worked only under the idea of infinite matrices. Under some conditions to be
studied, infinite bordered tridiagonal matrices can be regarded as bounded linear operators
on �2. It is an interesting open line.

5 Conclusions

We have proposed a method to factorize finite nonsingular bordered matrices and to obtain
their inverse matrices. This method allows us the factorization and the inversion under
some conditions of infinite invertible bordered tridiagonal matrices, real or complex. Some
examples are also given.

c©CMMSE ISBN: 978-84-608-6082-21232



INFINITE BORDERED TRIDIAGONAL MATRICES

References

[1] J. Abderramán Marrero, M. Rachidi, V. Tomeo, Non-symbolic algorithms for
the inversion of tridiagonal matrices, J. Comp. Appl. Math. 252 (2013) 3–11.

[2] J. Abderramán Marrero, V. Tomeo, E. Torrano, Inversion of infinite tridiag-
onal matrices, Proceeding of the 14th International Conference on Computational and
Mathematical Methods in Science and Engineering, CMMSE 2014 Vol 1 (2014) 5–16.

[3] J. Abderramán Marrero, V. Tomeo, Infinite invertible arrowhead matrices and
applications, Proceeding of the 14th International Conference on Computational and
Mathematical Methods in Science and Engineering, CMMSE 2015 Vol 1 (2015) 1–11.

[4] J. Abderramán Marrero, V. Tomeo, E. Torrano, On inverses of infinite Hes-
senberg matrices, J. Comp. Appl. Math. 275 (2015) 356–365.

[5] S. Barnett, Matrices: Methods and applications, Oxford University Press, New York,
1990

[6] B. Bukhberger, G. A. Emel’yanenko, Methods of inverting tridiagonal matrices,
Comput. Math. Phys. URSS 13 (1973) 10–20.

[7] M.E.A. El-Mikkawy, A.A. Karawia, Inversion of general tridiagonal matrices,
Appl. Math. Lett. 19 (2006) 712–720.

[8] C.F. Fischer, R.A. Usmani, Properties of some tridiagonal matrices and their ap-
plications to boundary value problems, SIAM J. Numer. Anal. 6 (1969) 127–142.

[9] C.M. da Fonseca, J. Petronilho, Explicit inverses of some tridiagonal matrices,
Linear Algebra and its Aplications 325 (2001) 7–21.

[10] J. Jia, S. Li, On the inverse and determinant of general bordered tridiagonal matrices,
Computers and Mathematics with Applications 69 (2015) 503–509.

[11] M.E. Kanal, Parallel algorithm on inversion for adjacent pentadiagonal matrices with
MPI, J. Supercomput. 59 (2012) 1071–1078.

[12] K. H. Rosen, Discrete Mathematics and its Applications, McGraw-Hill, New York,
2007.

[13] P. N. Sivakumar, K. C. Shivakumar, A review of infinite matrices and their ap-
plications, Linear Algebra Appl. 430 (2009) 976–998.

[14] L.H. Thomas, Elliptic problems in linear difference equations over a network, Watson
Scientific Computing Laboratory Report, Columbia University, 1949.

c©CMMSE ISBN: 978-84-608-6082-21233



Proceedings of the 16th International Conference
on Computational and Mathematical Methods
in Science and Engineering, CMMSE 2016
4–8 July, 2016.

Quantum entanglement in two-electron systems with
emphasis on (d− 1)-Spherium

I. V. Toranzo1

1 Departamento de F́ısica Atómica, Molecular y Nuclear,
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Abstract

Up to now the analytical computation of the entanglement has been only restricted
to a very few systems of interacting particles (with continuous variables). Here we
present a short review of such systems and focus on the analytical calculations of
the amount of entanglement exhibited by s-states of the quasi-exactly solvable model
known as Spherium. This system is composed of two particles (electrons) interacting
via a Coulomb potential and confined to a (d1)- sphere (that is, to the surface of a
d-dimensional ball). It is shown the functional dependence of entanglement on the
physical parameters that characterize the Spherium: the radius R of the system, the
spatial dimensionality d, and the energy, E. The trends found here are then discussed
and compared with those observed in the two-electron atomic-like models which will be
presented in the beginning.

Key words: quantum entanglement, two-electron models, spherium, quasi-soluble
models

1 Introduction

Entanglement, which involves non-separability of degrees of freedom of composite quantum
systems, is nowadays regarded as one of the most fundamental phenomena in quantum
physics [1, 2, 3]. Entangled states of multipartite quantum systems are endowed with
non-classical correlations that give rise to a diverse family of physical phenomena of both
fundamental and technological significance. Quantum entanglement can be viewed in two
complementary ways. On the one hand, entanglement constitutes a valuable resource. The
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controlled manipulation of entangled states is central to several quantum information tech-
nologies. On the other hand, entanglement can be regarded as a fundamental ingredient for
the physical characterization of natural quantum systems such as, for instance, atoms and
molecules. These two points of view are closely related to each other, although the latter is
somehow less developed than the former.

Exactly solvable and semi-solvable systems (for which its Schrödinger eigenvalue equa-
tion can be solved in a closed analytical fashion for particular eigenstates) provide a valuable
arena for the exploration of the entanglement properties of quantum systems of interacting
particles. In particular, they provide useful insights for illuminating the entanglement-
related features of natural and artificial atomic systems. Unfortunately, there are few such
systems where entanglement measures can be evaluated analytically. In fact, up until now,
the only system of two interacting particles with continuous variables where entanglement
has been calculated in an exact analytical way is the Moshinsky model [4, 5]. Even for
the Crandall and Hooke models, entanglement calculations are based upon the numerical
evaluation of rather complex multi-dimensional integrals [6].

2 (d− 1)-Spherium

In the present contribution we show that Spherium, a system of two particles (electrons)
interacting through a Coulomb potential and confined to a (d1)-sphere (i.e., to the surface of
a d-dimensional ball), is a highly exceptional model, where the amount of entanglement ex-
hibited by some of its eigenstates can be determined in an exact and fully analytical way [7].

The entanglement of two-electron systems is computed through what is known as linear
entropy, which is defined as

ξ [|Φ〉] = 1− 2Tr

[(
ρ
(coord.)
1

)2]
Tr

[(
ρ
(spin)
1

)2]
, (1)

where ρ
(coord.)
1 denotes the marginal density matrix obtained after computing the partial

trace of the matrix density ρ(coord.) over the coordinates of one of the particles

ρ1 = Tr2,3,...,N (|Φ〉〈Φ|) (2)

and ρ
(spin)
1 denotes the marginal spin density matrix.

The Hamiltonian corresponding to the Spherium, in atomic units, reads

H = −∇2
1

2
− ∇2

2

2
+

1

r12
, (3)
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where r12 = |r1−r2| is the interelectronic distance. The corresponding Schrödinger equation
can be cast in the form[

u2

4R2
− 1

]
d2Ψ

du2
+

[
u(2d− 3)

4R2
− d

u

]
dΨ

du
+

Ψ

u
= EΨ (4)

with u = r12. Loos and Gill recently proved in [8] that equation (4) admits closed analytical
solutions for particular, discrete values of the radius R = Rn,m. These exact eigenfunctions
of the Spherium system have a polynomial form,

Ψn,m(r12) =

n∑
k=0

sk,mrk12 (5)

where the coefficients sk,m ≡ sk,m(d) are determined by the recurrence relation

sk,m =
sk+1,m +

[
k(k + 2(d− 1)− 2) 1

4R2
n,m

− En,m

]
sk,m

(k + 2)(k + (d− 1))
, (6)

with the starting values s0,m = 1 and s1,m = 1
(d−1)−1 ≡ γ. The integer parameter n has

values n = 1, 2, . . . and m is the number of roots that the polynomial (5) has in the range
[0, 2R]. That is, the wavefunction (5) corresponds to the mth excited s-state. For a given
n, the energies are obtained by finding the roots of the equation sn+1,m = 0, which is
a polynomial in E, of degree n+1

2 . The corresponding radius Rn,m is found through the
relation

R2
n,mEn,m =

n

2

(n
2
+ (d− 1)− 1

)
. (7)

In order to compute the entanglement of the Spheriums eigenstates (with m = 0) we work
with appropriately normalized eigenfunctions

ψn,0 =
Ψn,0

Rd−1N
1/2
n

(8)

where Nn =
∫
|Ψn,0|2 dΩ1dΩ2.

The analytical evaluation of the entanglement for the wavefuntions ψn,0(r12) implies the

computation of the normalization constant Nn as well as the trace Tr

[(
ρ
(coord.)
1

)2]
which

is given by the multidimensional integral

Tr

[(
ρ
(coord.)
1

)2]
=

∫
R4(d−1)

ψn,0(r
′
1, r2)ψ

∗
n,0(r

′
1, r2)ψ

∗
n,0(r

′
1, r

′
2)ψn,0(r1, r

′
2)

×R4(d−1)dΩ1dΩ1dΩ
′
1dΩ

′
2

= N−2
n (I0 + 4γI1 + 6γ2I2 + 4γ3I3 + γ4I4), (9)
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expressed in terms of the integrals {Ii}4i=1, whose explicit expressions can be found for a
given state in a compact form. This is particularly true for the ground state ψ1,0(r12) in
which case the entanglement measure, according to (1), is given by

ξ[|ψ1,0〉] = 1− Tr

[(
ρ
(coord.)
1

)2]
The main entanglement features of the ground state for the Spherium will be discussed.
Briefly, it turns out that they are similar to the ones found in certain exactly solvable
atomic models as mentioned above.

Acknowledgements

This research was partially supported by the Projects FQM-7276 and FQM-207 of the Junta
de Andalucia and the grant FIS2011-24540 of the Ministerio de Economia y Competitividad
(Spain).

References

[1] Bengtsson I. and Zyczkowski K., Geometry of Quantum States: An Introduction to
Quantum Entanglement (Cambridge: Cambridge University Press, 2006).

[2] Amico L., Fazio L., Osterloh A. and Vedral V., Rev. Mod. Phys. 80 517 (2008).

[3] Tichy M., Mintert F. and Buchleitner A., J. Phys. B: At. Mol. Opt. Phys. 44 192001
(2011).
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Abstract

Transition-metal (TM) oxide clusters have attracted the attention of the scientific
community and are, presently, a hot topic for several reasons. From the technological
point of view, these systems have been shown to be good models for characterizing
reactive sites in heterogeneous oxidation reactions [1] [2]. TM oxide clusters formed
by elements of ferromagnetic bulk are also interesting to evaluate the influence of the
oxidation on their inherent magnetic properties [3] [4]. Designing a nanoparticle that
retains a net magnetic moment in realistic conditions is appealing in many contexts.
For instance, CO-oxide nanoparticles are useful in the storage media and biomedical
sensors [5]. Moreover, from the fundamental viewpoint, the physics and chemistry of
TM oxides are quite rich. Just characterizing the metallic or insulating character of
bulk TM oxides is a challenge for the theoretical models which often have to accurately
describe the electronic correlations. Understanding the evolution of the electronic and
structural properties, strongly interconnected, as size increases, from the simplest TM-O
molecule to the bulk limit, is necessary knowledge if we want to achieve the technological
goals.

In this context, we have investigated, by means of density functional theoretical
calculations, the structural, electronic and magnetic properties of neutral and ionized
oxides of the magnetic dimer FeCo as a function of the oxygen content (FeCoOn and
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FeCoOn
+ with n=1-6). The binding energy shows saturation for an oxygen content

in the range n=4-6. The metal-metal bond weakens with increasing oxygen content.
This is reflected in the metal-to-oxygen charge transfer, although not systematically
in the magnetic properties because the total spin moment oscillates as a function of
n between high-spin states (characterized by parallel magnetic couplings) and low-spin
states (characterized by antiparallel couplings). Oxide clusters in the high-spin state
retail the same total moment as the bare FeCo dimer because of the direct contribution
of oxygen atoms. Upon ionization, the weakening of the metal-metal bond is less marked
and the overall magnetic moments decreases because of the increasing tendency toward
antiparallel couplings. We calculated the vibrational frequencies and IR intensities of
certain isomers of different geometries and spin states (see Figure 1), from which future
IR spectroscopy experiments could confirm the structural pattern and, the magnetic
state.

On the other hand, it was shown that small bimetallic clusters exhibit high su-
perior catalytic properties [6]. In a previous work [7], we investigated, by means of
first-principles calculations the formation and desorption of CO2 on oxidized doped-
gold complexes MAunnO

+
m (M= Ti, Fe; n=1, 4-7, m=1-2). Recently, reactions of

nickel oxide cluster ions, NinO
+
n+x (n = 4-10, x = -1-3), with CO in a He buffer gas

were investigated using mass spectrometry [8]. When the cluster ions react at room
temperature, a CO molecule tends to attach readily to NinO

+
n+x for all of the cluster

ions with different stoichiometry, although rate constants of the CO attachment reac-
tion are more or less stoichiometry-dependent. However, CO was found to be released
from the cluster ions when the cluster ions were heated up to 523 K after the reaction.
This finding is interpreted experimentally, such that the CO molecule that physisorbs
weakly to NinO

+
n+x at room temperature desorbs into the gas phase by the post heating.

Currently, we are investigating, using computational methods, these processes and we
present some prospects for catalytic applications of Ni oxide clusters. Relying on the
study previously conducted by Rodrigo et al on cobalt oxide clusters [9], we present
here preliminary calculations explaining the experiments, obtained by Sakuma [8], in
nickel oxide clusters.

Key words: transition metal oxide clusters, electronic and magnetic properties, vi-
brational frequencies, reactivity of clusters, nanoscale catalysts
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Figure 1: Summary of vibrational spectra for n = 6
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Abstract

Golden fullerenes have recently been identified by photoelectron spectra by Bulusu
et al. [S. Bulusu, Xi Li, L.-S. Wang, X. C. Zeng, PNAS 103, 8326-8330 (2006)]. These
unique triangulations of a sphere are related to fullerene duals having exactly 12 ver-
tices of degree five, and the icosahedral hollow gold cages previously postulated are
related to the Goldberg-Coxeter transforms of C20 starting from a triangulated surface
(hexagonal lattice, dual of a graphene sheet). This also relates topologically the (chi-
ral) gold nanowires observed to the (chiral) carbon nanotubes. In fact, the Mackay
icosahedra well known in gold cluster chemistry are related topologically to the dual
halma transforms of the smallest possible fullerene C20. The basic building block here
is the (111) fcc sheet of bulk gold which is dual to graphene. Because of this inter-
esting one-to-one relationship through Euler’s polyhedral formula, there are as many
golden fullerene isomers as there are fullerene isomers, with the number of isomers Niso

increasing polynomially ∼ O(N9
iso). For the recently observed Au−16, Au

−
17, and Au−18

we present simulated photoelectron spectra including all isomers. We also predict the
photoelectron spectrum of Au−32. The stability of the golden fullerenes is discussed in
relation with the more compact structures for the neutral and negatively charged Au12
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Figure 1: Structure of the icosahedral carbon fullerene C60 (left) and the corresponding
golden dual fullerene Au32.

to Au20 and Au32 clusters. As for the compact gold clusters we observe a clear trend in
stability of the hollow gold cages towards the (111) fcc sheet. The high stability of the
(111) fcc sheet of gold compared to the bulk 3D structure explains the unusual stability
of these hollow gold cages.

Key words: Golden dual fullerenes; Topology; Goldberg-Coxeter transforms; Photo-
electron spectra; Stability.
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Abstract

The quantum mechanics of two Coulomb charges on a plane (e1,m1) and (e2,m2)
subject to a constant magnetic field B perpendicular to the plane is considered. Four
integrals of motion are explicitly indicated. For two physically-important particular
cases, namely that of two particles of equal Larmor frequencies, ec ∝ e1

m1
− e2

m2
= 0 (e.g.

two electrons) and one of a neutral system (e.g. the electron - positron pair, Hydrogen
atom) at rest (the center-of-mass momentum is zero) some outstanding properties occur
(i) eigenfunctions are factorizable, they have definite relative angular momentum, (ii)
dynamics in radial ρ-direction is the same for both systems, it corresponds to a funnel-
type potential and it has hidden sl(2) algebra; at some discrete values of dimensionless
magnetic fields b ≤ 1, (iii) particular integral(s) occur, (iv) the hidden sl(2) algebra
emerges in finite-dimensional representation, thus, the system becomes quasi-exactly-
solvable and (v) a finite number of polynomial eigenfunctions in ρ appear.

Two-body planar Coulomb system, Magnetic field

The quantum mechanics of two non-relativistic Coulomb charges (e1,m1) and (e2,m2)
on a plane subject to a perpendicular constant magnetic field B exhibits many interesting
properties both from the point of view of theory and potential applications [1]-[8]. The
corresponding Hamiltonian

Ĥ =
(p̂1 − e1Aρ1

)2

2m1
+

(p̂2 − e2Aρ2
)2

2m2
+

e1 e2
| ρ1 − ρ2 |

, (1)
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(	 = c = 1), where ρ1,2 and p̂1,2 = −i∇1,2 are the coordinate and momentum of the
first (second) particle and Ar = 1

2 B × r is the vector potential in the symmetric gauge,
in general, is not solvable. For arbitrary magnetic field B, the problem possesses three
integrals of motion, the total Pseudomomentum [9]

K̂ = p̂1 + e1Aρ1
+ p̂2 + e2Aρ2

, (2)

[ K̂, Ĥ ] = 0 , and the total angular momentum

L̂
T

= ρ1 × p̂1 + ρ2 × p̂2 , (3)

[ L̂
T
, Ĥ ] = 0.

In c.m.s variables

R = μ1 ρ1 + μ2 ρ2 , ρ = ρ1 − ρ2 ,

P̂ = p̂1 + p̂2 , p̂ = μ2 p̂1 − μ1 p̂2 ,
(4)

where μi =
mi
M and M = m1 +m2 is the total mass of the system, P̂ = −i∇R, p̂ = −i∇ρ

are CM and relative momentum, respectively, the Hamiltonian (5) can be gauge transformed
into

Ĥ′ = U−1 Ĥ U =
(P̂− qAR − 2 ecAρ)

2

2M
+

(p̂− qwAρ)
2

2mr
+

e1 e2
ρ

, (5)

where qw ≡ e1 μ
2
2 + e2 μ

2
1 is an effective charge (weighted total charge),

ec = (e1 μ2 − e2 μ1) = mr

(
e1
m1
− e2

m2

)
,

is a coupling charge,

q = e1 + e2 ,

the total charge of the system, and

U = e−i ec Aρ·R ,

is a unitary transformation. In two physically relevant cases:

(i) ec = 0, where separation of c.m.s. variables occurs in the Hamiltonian (5) ,

(ii) q = 0, for which components of the Pseudomomentum K̂ become commutative ,

the problem becomes superintegrable (the number of integrals is larger than the dimension
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of the configuration space) and quasi-exactly-solvable for some discrete values of magnetic
field B [10]-[12]. The eigenfunctions Ψ

Ĥ′Ψ = EΨ , (6)

Ψ = χ(R)ψ(ρ) , (7)

are factorized in c.m.s. variables. In polar coordinates ρ = (ρ, ϕ), the factor ψ (7) corre-
sponding to the relative motion is factorizable as well

ψ(ρ) = e−aB ρ2ρ|s| p(ρ) Φ(ϕ) ,
Φ(ϕ) = ei s ϕ ,

(8)

where Φ(ϕ) is the eigenfunction of �̂z = −i ∂ϕ and consequently s = 0, ±1, ±2, ... is the
magnetic quantum number of the relative motion and a = a(e1,m1, e2,m2) > 0 is deter-
mined by the parameters of the system. Surprisingly, in both cases ec = 0 and q = 0 the
function p(ρ) obeys [

− Ĵ0
nĴ

− + Ĵ+
n − (1 + 2|s|+ n

2
)Ĵ−

]
p = λ p , (9)

where the first-order differential operators

Ĵ+
n = ρ2∂ρ − nρ , ∂ρ ≡

d

dρ
,

Ĵ0
n = ρ ∂ρ −

n

2
,

Ĵ− = ∂ρ ,

(10)

satisfies the algebra sl2, n is the spin of representation

n = n(e1,m1, e2,m2, E) ,

which depends on the physical parameters of the system and the energy E (6), while λ

λ2 ≡ B0

B
≡ 1

b
, B0 = B0(e1,m1, e2,m2) , (11)

plays the role of the new spectral parameter.

A hidden algebraic structure occurs [13] (the underlying idea behind quasi-exactly solv-
ability) at nonnegative integer n: the hidden sl2 algebra appears in finite-dimensional rep-
resentation and the problem (9) possesses (n + 1) eigenfunctions pn,i, i = 1, . . . (n + 1) in
the form of a polynomial of the nth power. It implies the explicit (algebraic) quantization
of the dimensionless parameter λ or equivalently quantization of magnetic field B.
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For a given system with fixed masses (m1,m2) and charges (e1, e2) there exists an
infinite, discrete set of values of the magnetic field B = {Bn} for which the exact, analytic
solutions of the Schrödinger equation occur. The parameter λ takes [n+1

2 ] positive values
and [n+1

2 ] symmetric negative values, and zero value for even n, for which the problem (9)
possesses polynomial solutions, [z] means integer part of z. For even n, always there is
a solution at λn = 0. It corresponds to either non-normalizable wavefunction, a = 0, or
vanishing Coulomb interaction. The interesting fact is that for given n the [n+1

2 ] physically
admitted functions pn have a number of nodes at ρ > 0 varying from zero up to [n−1

2 ].

More outstanding properties take place. The operator

in(ρ) =
n∏

j=0

(ρ ∂ρ + j) , (12)

constructed from the Euler-Cartan operator

i0n = ρ ∂ρ − n ,

has a property of annihilator
in(ρ) : Pn �→ {0} ,

where Pn = 〈1, ρ, ρ2, ..., ρn〉 is the linear space of polynomials in ρ of degree not higher
than n. Then

[T (n), in(ρ)] : Pn �→ {0} ,
and in(ρ) is a particular integral [14] with Pn as the invariant subspace. The eigenfunctions
pn,k , k = 1, . . . (n + 1) of (9) are the zero modes of in(ρ). For the case ec = 0, the gauge
rotated operator in(ρ)

ζ(0) in(ρ) (ζ
(0))−1 =

n∏
j=0

(ρDρ + j) ≡ In (ρ) , (13)

where

ζ(0) = e−
mr ωc ρ2

4 ρ|s| , ωc =
e1B

m1
=

q B

M
,

and

Dρ = ∂ρ +
mr ωc ρ

2
− |s|

ρ
,

is the covariant derivative, is a particular integral,

[Ĥ , In(ρ)] : Vn �→ {0} ,
at b = bn, or equivalently at B = Bn. Hence, for special values of magnetic field the
operator In(ρ) is a particular integral with Vn = ζ(0)Pn as the invariant subspace. In the
classical limit the particular integral In(ρ) becomes its classical counterpart In(i ρ pρ) [15].
The latter becomes the constant of motion on certain special periodic circular trajectories.
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Abstract

A matrix formulation of the generalized finite difference method is introduced and
a necessary and sufficient condition for the uniqueness of the solution is demonstrated.
The method is applied to seismic waves propagation problems, specifically to the
problem of reflection and transmission of plane waves in heterogeneous media.
Generalized finite differences scheme for SH wave is obtained and the stability of the
scheme is analysed. Heterogeneous approximation without nodes at the interface is
chosen to solve the problem in heterogeneous media.

Key words: Generalized finite difference method, Seismic wave, Reflection and
transmission

MSC 2000: 65M06, 65M12

1 Introduction

Generalized finite differences method (GFDM) is a numerical method based on moving
least squares. This method is not dependent on a mesh, reason why it is contained in the
well-known group of meshless methods [1]. Given a differential equation, the aim of the
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method is to approximate the values of the unknown function at a set of points (nodes).
By means of a Taylor expansion, the values of the derivatives at each node are linearised
and, if the differential equation is linear, the problem is reduced to solve a linear system of
equations. Liska and Orkisz [2] established a current version of the method and Benito et.
al. [3] provided explicit formulae.

Finite differences methods are the most widely used in order to solve the seismic wave
propagation problem and so Ureña et. al. [4] have incorporated the GFDM into these
type of problems. They have studied the stability and the star dispersion in the decoupled
system formed by P and SV waves [5] and, moreover, they have obtained schemes for
absorbing boundary, using perfectly matched layers (PML) and analysed the influence of
several parameters of such schemes [6].

In seismic problems it is usual to consider the soil as a stack of homogeneous
layers [7]. In this way, two types of approximation has been considered, homogeneous
and heterogeneous approximation. The homogeneous approximation consists in solving
the same scheme at each homogeneous medium independently and imposing boundary
conditions at the interfaces, see [8] for an example, while the heterogeneous approximation
consists in solving the same scheme in all the domain, considering the values of the material
properties at each node. In this last case, some authors use an average of the parameters
of the surrounding media when nodes are placed at the interface [9].

The paper is organised as follows. Section 1 is an introduction. In section 2 a matrix
formulation is given and a necessary and sufficient condition for the uniqueness of the
solution is proved. In section 3 the scheme in GFD for SH waves and its stability is obtained.
Reflection and transmission is analysed for a heterogeneous approximation without nodes
at the interface in section 4 and, finally, conclusions are presented in section 5.

2 GFD method

Definition 1 Let D ⊂ R2 be a domain, M a discretization of D and x0 ∈M ∩ int(D). A
p-star, or simply a star, with central node x0, is defined as the set E(x0) = {x0,x1, . . . ,xp} ⊂
M . The p elements of E(x0)− {x0} are named nodes of the star.

Let D ⊂ R2 be a domain, x = (x, y) ∈ D and f, g : R2 −→ R continuous functions in
D. Let U ∈ C2(R2) and the problem govern by the second order linear partial differential
equation

L2
(
U(x)

)
= f(x) ∀x ∈ Ω = int(D) (1)
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with boundary condition

L1
(
U(x)

)
= g(x) ∀x ∈ Γ = fr(D) (2)

Let M be a discretization of D and E(x0) = {x0,x1, . . . ,xN} a star. For each i ∈
{1, 2, . . . , N}, U(x0) and U(xi) are denoted as U0 and Ui, and the Taylor series centred at
x0 is

Ui = U0 + (xi − x0)∇U0 +
1

2
(xi − x0)

THU0(xi − x0) + . . . (3)

The terms above second order are ignored and an approximation of second order for Ui

is denoted by ui. The summation of the equations is done

N∑
i=1

ui =
N∑
i=1

(
u0 + (xi − x0)∇u0 +

1

2
(xi − x0)

THu0(xi − x0)

)
(4)

The vector of unknowns is denoted by Du and the function B(Du) is defined as

B(Du) =
N∑
i=1

(
u0 − ui + εTi Du

)2

w2
i (5)

where Du =

(
∂u0
∂x

∂u0
∂y

∂2u0
∂x2

∂2u0
∂x∂y

∂2u0
∂y2

)T

is the partial derivatives vector,

wi = w(xi) is the weighting function and εi =

(
hi ki

h2i
2

hiki
k2i
2

)T

with hi = xi− x0

and ki = yi − y0 the relative coordinates to the central node of the star.

The function is expanded and its gradient is calculated (see [10] for matrix derivation)

B(Du) =
N∑
i=1

[
w2
i (u0 − ui)

2 + w2
i (ε

T
i Du)

2 + 2w2
i (u0 − ui)ε

T
i Du

]
(6)

∇B(Du) =

N∑
i=1

[
2w2

i εiε
T
i Du + 2w2

i (u0 − ui)εi

]
(7)

Making ∇B(Du) = 0 in order to minimise the function,

N∑
i=1

w2
i εiε

T
i Du =

N∑
i=1

w2
i (ui − u0)εi (8)

a system of linear equations is obtained

ADu = b (9)
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where

A =

N∑
i=1

w2
i εiε

T
i (10)

b =
N∑
i=1

w2
i (ui − u0)εi (11)

Solving the system, the values of the partial derivatives are obtained

Du = A−1b = A−1
N∑
i=1

w2
i εiui −A−1

N∑
i=1

w2
i εiu0 = Du = −m0u0 +

N∑
i=1

miui (12)

with

m0 =
N∑
i=1

A−1w2
i εi (13)

mi = A−1w2
i εi (14)

and, as convention, the coefficient of the linearization of the partial derivatives may be

represented by mi =
(
mix miy mixx mixy miyy

)T
, ∀i ∈ {0, 1, 2, . . . , N}

Let a be the coefficient vector in (1) and so aTDu = f(x). From the value of Du in
(12), the following expression is obtained

−aTm0u0 +
N∑
i=1

aTmiui = f(x) (15)

Making λ0 = aTm0 and λi = aTmi the equation of the star is achieved

−λ0u0 +
N∑
i=1

λiui = f(x) (16)

Proposition 1 A is a positive semidefinite matrix.

Proof: Indeed, ∀v ∈ R5 − {0},

vTAv = vT
N∑
i=1

w2
i εiε

T
i v =

N∑
i=1

w2
i v

Tεiε
T
i v =

N∑
i=1

w2
i (v

Tεi)
2 ≥ 0
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Proposition 2 The minimum number of nodes in each star, in order to the system ADu =
b has an unique solution, is 5.

Proof: The system ADu = b has an unique solution when A is a positive definite
matrix, meaning, if � ∃v ∈ R5 − {0} such that vTεi = 0, ∀i = 1, 2, . . . , N . If N was less
than 5, there would be v ∈ 〈ε1, ε2, . . . , εN 〉⊥ such that vTAv = 0. Therefore, the minimum
number of nodes in each star is 5.

Corollary 1 The system ADu = b has an unique solution if and only if the set
{ε1, ε2, . . . , εN} contains a base of R5

Proof: Immediate from above

3 GFDM and SH waves

In seismic wave propagation problems the x-z plane is typically considered perpendicular
to Earth’s surface and contains a seismic source and a receiver. In this geometry P and
SV waves are decoupled from SH waves and can be treated separately [7]. If V (x, z, t) is
the y component of the displacement, the equation for a perfectly elastic, homogeneous and
isotropic medium is

Vtt = β2(Vxx + Vzz) (17)

where β =
√

μ
ρ is the velocity of the wave and μ and ρ are the shear modulus and the

density, respectively.

3.1 GFD scheme

Classical finite differences formula approximates the temporal second order partial
derivative. Generalized finite differences formula approximates the spatial second order
partial derivatives.

vn0,tt =
vn−1
0 − 2vn0 + vn+1

0

)t2
(18)

vn0,ii = −m0iiv
n
0 +

N∑
k=1

mkiiv
n
k (19)

where N is the number of nodes of the star and, for each i = x, z, m0ii is the coefficient
of the central node of the star and mkii are the coefficient of the rest of nodes of the star.
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Substituting the above formulae in (17), the following expression is obtained

vn−1
0 − 2vn0 + vn+1

0

)t2
= β2

(
−m0xxv

n
0 +

N∑
k=1

mixxv
n
i −m0zzv

n
0 +

N∑
k=1

mizzv
n
i

)
(20)

and, solving for the displacement at time t = (n+1))t, the GFD scheme for SH waves
is achieved,

vn+1
0 =

[
2−)t2β2(m0xx +m0zz)

]
vn0 − vn−1

0 +)t2β2
N∑
k=1

(mixx +mizz)v
n
i (21)

Neumann boundary condition is considered in the case of free surface for which the
condition is the traction vector is zero. For the SH wave case, in this geometry, the condition
is tangential stress is zero, τyz = 0. In order to solve this, a new node is added for each
node at the Neumann boundary and an equation is obtained for each node at the Neumann
boundary. If v0 is a node at the free surface, then it is followed

τyz = 0 =⇒ μv0,z = 0 =⇒ −m0zv0 +
N∑
i=1

mizvi = 0 (22)

If J is the index set for the new nodes and K is the index set for the rest of the nodes,
then the equation for v0 is ∑

j∈J
mjzvj = m0zv0 −

∑
k∈K

mkzvk (23)

In this way, an auxiliary system of equations is obtained.

3.2 Stability

In order to check the stability of the scheme, the von Neumann method is applied [11].
Therefore, considering the harmonic wave v = A exp(i(ωt−kx)) where A is the amplitude,
ω the angular frequency, k = (kx, kz) the wavenumber vector and x = (x, z) ∈M ,

vn0 = A exp(iωn)t) · exp(−ikx0) = Aξn exp(−ikx0) (24)

vnj = A exp(iωn)t) · exp(−ikxj) = Aξn exp(−ikxj) (25)

where ξ = exp(iω)t), x0 = (x0, z0) and xj = (xj , zj)
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Let’s calculate the values of )t satisfying |ξ| ≤ 1. Substituting (24) and (25) in (21)

Aξn+1 exp(−ikx0) = [2− β2)t2(m0xx +m0zz)]Aξ
n exp(−ikx0)−

−Aξn−1 exp(−ikx0) + β2)t2Aξn
N∑
j=1

(mjxx +mjzz) exp(−ikxj)

Keeping in mind that hj = (hj , lj) = (xj − x0, zj − z0) and dividing the above equation
by Aξn−1 exp(−ikx0)

ξ2 = [2− β2)t2(m0xx +m0zz)]ξ − 1 + ξβ2)t2
N∑
j=1

(mjxx +mjzz) exp(−ikhj) =⇒ (26)

=⇒ ξ2−
[
2− β2)t2(m0xx +m0zz)+ β2)t2

N∑
j=1

(mjxx +mjzz) exp(−ikhj)

]
ξ+1 = 0 (27)

Since m0xx =
∑N

j=1mjxx and m0zz =
∑N

j=1mjzz,

ξ2 − bξ + 1 = 0 (28)

being b = 2− β2)t2
∑N

j=1(mjxx +mjzz)(1− exp(−ikhj))

Applying Cardano-Vieta formulae, solutions in (28) satisfy{
ξ1 + ξ2 = b

ξ1 · ξ2 = 1
(29)

Second equation implies ξ2 = ξ−1
1 and, taking in account that |ξ1| ≤ 1 and |ξ2| ≤ 1,

|ξ1| = |ξ2| = 1. Now, from the first equation is followed

|b| = |ξ1 + ξ−1
1 | = |2 cosω)t| ≤ 2 (30)

From Euler’s formula, 1− exp(−ikhj) = 1− cos(khj) + i sin(khj), and so

b = 2− β2)t2
N∑
j=1

(mjxx +mjzz)(1− cos(khj))− i · β2)t2
N∑
j=1

(mjxx +mjzz) sin(khj)

Denoting p =
∑N

j=1(mjxx +mjzz)(1− cos(khj)) and q =
∑N

j=1(mjxx +mjzz) sin(khj),
the equation is written as

b = 2− β2)t2p+ i · β2)t2q (31)

|b|2 =
(
2− β2)t2p

)2

+

(
β2)t2q

)2

= β4(p2 + q2))t4 − 4β2p)t2 + 4 (32)
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and, since |b| ≤ 2, |b|2 ≤ 4 and solutions have to satisfy the inequality

β4(p2 + q2))t4 − 4β2p)t2 ≤ 0 (33)

This inequality is a biquadratic inequation with positive solutions if, and only if, p > 0
in which case it is satisfied

0 ≤ )t ≤
√

4p

β2(p2 + q2)
(34)

Applying conservative criteria, the scheme is stable for the star considered when

0 ≤ )t ≤
√
2

β
·

√
2−
√
2

m0xx +m0zz
≤
√

4p

β2(p2 + q2)
(35)

Therefore, the GFD scheme for the SH wave is stable if the expression is satisfied for
the star with the highest sum of m0 coefficients

0 ≤ )t ≤
√
2

β
·
√

2−
√
2(

m0xx +m0zz

)
max

(36)

4 Reflection and transmission

When an incident SH plane wave arrives at an interface of two media, a part is reflected and
another part is transmitted. Snell’s law provides the angles of reflection and transmission
and the imposition of boundary conditions at the interface provides the reflection and
transmission coefficients [12]. If the second medium is air, then it is considered as free
surface and only reflected waves exit.

In the next cases, the same Ricker pulse is considered

U(t) = A(1− 2π2f2(t− 0.05)2)exp(−π2f2(t− 0.05)2), 0 ≤ t ≤
√
2

πf
(37)

where f =
10
√
2

π
Hz is the frequency and A = 0.5 m is the amplitude.

4.1 Free surface

The domain D = [0, 2.1]× [−1, 0] ⊂ R2 is considered and a discretization of 37 654 nodes is
performed. The medium has λ = 10 Pa as first Lamé parameter, a shear modulus of μ = 4
Pa and a density of ρ = 1 kg/m3 and so, the medium has a shear velocity of β = 2 m/s.
The SH plane wave (37) arrives from the lower right corner with an inclination of 20o and
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it is reflected with the same angle. Moreover, the reflection coefficient is 1.

In order to check the efficiency of the method, the relative error of the amplitude is
calculated at a particular node. Firstly, the relative error is calculated for the amplitude
of the incident wave without considering the reflection and transmission problem and next,
the relative error for the amplitude of the reflected wave is obtained. The values of these
relative errors are 0.6% and 1.1%, respectively, at the node located on P = (1.05,−0.375).

Figure (1) shows the displacement along the Y axis for all nodes in the domain at a
fixed time, t = 0.75 s, and figure (2) displays the displacement along the Y axis at a fixed
node, P = (1.05,−0.375), for the temporal interval.

Figure 1: Incident and reflected SH wave at time t = 0.75 s

Figure 2: Incident and reflected SH wave at node P = (1.05,−0.375). The right lobe is due
to the incident wave and the left one is due to the reflected wave

c©CMMSE ISBN: 978-84-608-6082-21258



GFDM and SH waves

4.2 Welded interface

The domain D = [0, 2.1]× [−1.5, 0] ⊂ R2 is considered and a discretization of 56 481 nodes
is performed. The lower medium, D1 = [0, 2.1]× (−0.75, 0], has λ1 = 1 Pa, μ1 = 1 Pa and
ρ = 1 kg/m3, so β1 = 1 m/s, and the upper medium, D1 = [0, 2.1] × [−1.5,−0.75), has
λ2 = 1 Pa, μ2 = 4 Pa and ρ2 = 1 kg/m3, so β2 = 2 m/s. The incident SH plane wave
arrives as described for the previous case and so, the angles of reflection and transmission
are 20o and 43.16o, respectively, and the reflection and transmission coefficients are 0.4408
and 1.4408, respectively, so the amplitude of the reflected wave is A1 = 0.2204 m and the
amplitude of the transmitted wave is A2 = 0.7204 m.

The values of the relative errors are 1.8%, at the node located on P1 = (1,−0.5),
and 2.2%, at the node located on P2 = (1,−1), for the transmitted and reflected wave,
respectively.

Analogously as for the previous case, figure (3) displays the displacement at time
t = 1.25 s and figure (4) displays the displacements at nodes P1 and P2, respectively.

Figure 3: Incident, reflected and transmitted SH wave at time t = 1.25 s
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Figure 4: Left: Incident and reflected SH wave at node P1 = (1,−0.5). The right lobe is
due to the incident wave and the left one is due to the reflected wave. Right: Transmitted
SH wave at node P2 = (1,−1).

5 Conclusions

A matrix formulation of the generalized finite difference method is introduced and a
necessary and sufficient condition for the uniqueness of the solution is proved. The GFD
scheme for SH wave is obtained and its stability is analysed. Heterogeneous approximation is
chosen and no nodes are placed at the interface of two homogeneous media. Two academic
examples in heterogeneous media are developed: free surface case and welded interface
pretend the Earth’s surface and Earth’s interior, respectively. Results show, the efficiency
of the method and its accuracy.
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Abstract

In order to obtain an efficient implementation of a given algorithm for any hardware
platform, it is very important to take into account the features of that platform when
designing such as implementation. This is especially true in the case of GPU-based
platforms. In this paper we show how different properties of current GPUs are exploited
for improving a version of the General Metric Structure similarity search algorithm
introduced by the authors. The optimizations are introduced step by step in a reasoned
way and are analysed from performance point of view.

Key words: Similarity search, metric spaces, GPU-based platforms, optimization

1 Introduction

The search of similar objects in a large collection of objects stored in a metric database
has become a very interesting problem in the last decades, due to the fact that this kind
of search can be found in different applications such as voice and image recognition, data
mining, and many others. Similarity is modeled in many interesting cases through metric
spaces, and the search of similar objects through range search or nearest neighbors (kNN).
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A metric space (X, d) is a set X and a distance function d : X2 → R, so that ∀x, y, z ∈ X
fulfills the properties of positiveness [d(x, y) ≥ 0, and d(x, y) = 0 iff x = y], symmetry
[d(x, y) = d(y, x)] and triangle inequality [d(x, y) + d(y, z) ≥ (d(x, z)].

There exist diverse metric data structures and indices for reducing the number of dis-
tance evaluations in the search process. Basically, metric data structures can be grouped
into two classes: clustering-based method (BST, GHT, M-Tree, EGNAT, and many others)
and pivots-based method (LAESA [1], FQT and its variants [2], Spaghettis and its variants
[3], FQA [4], SSS-Index [5] and others), in which this work is focused on. Most of these
solutions for similarity search are described and analyzed in [6, 7].

However, these metric data structures are very evolutioned and optimized for sequential
platforms where the code is executed on the CPU using, mainly, main memory (some of
them are optimized for secondary memory). On the other hand, in order to accelerate the
search process, GPUs are being used, but most proposals are focused on force brute or kNN

approaches [8, 9], and few solutions can be found on range search methods [10, 11].

The authors use a generic version of a pivot-based structure called Generic Metric
Structure (GMS), and have previously obtained an implementation of this method for GPU-
based platforms, but using old GPUs and applying few optimizations. In this work, we
have used a more advanced graphic card and applied a larger set of optimizations. This
constitutes the main contribution of this work.

The paper is structured as follows: Section 2 briefly introduces the Generic Metric Data
structure and the sequential implementation for solving the similarity search. In Section 4
the experimental environment is described, and Section 3 presents the different approaches
towards the optimized GPU implementation. Finally, Section 5 outlines the conclusions of
this work and the future work to address.

2 A Generic Metric Structure (GMS)

GMS structure is implicitly present in the literature and the authors proved its suitability
for implementation on GPU-based plataforms [11]. This generic metric structure (GMS)
consists of a bidimensional array data structure (Fig. 1b) whose dimensions are N × P ,
being N the number of objects and P the number of pivots. In general terms, other popular
metric data structures as Spaghettis [3] and SSS-Index [5] could be considered as generic
bidimensional array data structures. The difference between these structures is the way of
obtaining the pivots or the way in which the structure is stored. GMS avoids the sorting
process (against the Spaghettis method) because this process is computationally expensive
on GPUs, and it also avoids the selection of the pivots which is carried out randomly (against
the SSS-Index selection).

For GMS, the searching process, given a query q and a range r, is carried out according
to the following steps:
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1: for i = 1 to num queries do
2: for k = 1 to num pivots do
3: dk ← distance(qi,pk)
4: end for
5: for j = 1 to num objects do
6: discarded ← false

7: for k = 1 to num pivots do
8: if dk − r > sjk || dk + r < sjk then
9: discarded ← true

10: break;
11: end if
12: end for
13: if !discarded then
14: if distance(xj ,qi) ≤ r then
15: add to result
16: end if
17: end if
18: end for
19: end for

(a) Sequential GMS algorithm
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(b) GMS structure

Figure 1: Sequential GMS algorithm and example of a GMS structure

1. From the distance between q and all pivots p1, . . . , pk we obtain k intervals in the form
[a1, b1], ..., [ak, bk], where ai = d(pi, q) - r and bi = d(pi, q) + r.

2. The objects in the intersection of all intervals are candidates to the query q.

3. For each candidate object y, the distance d(q, y) is calculated, and if d(q, y) ≤ r, then
the object y is a solution to the query q.

Fig. 1a shows the pseudocode corresponding to the searching process using GMS. Fig.
1b shows how GMS structure is built using 4 pivots to index a database of 17 objects [12].
For a query q with distances to pivots d(q, pi) = 8, 7, 4, 6 and a search range r = 2, define
the intervals (6, 10), (5, 9), (2, 6), (4, 8) over which the searching is going to be carried out.
The objects 2, 13, 15 are candidates and their real distance to the query must be calculated.

Note that this structure is previously created just once by applying the distance function
considering all the objects of the database and for all the pivots.
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3 GPU-based implementation of the GMS algorithm

As we can observe from pseudocode in Fig. 1a, each query is solved independently of the
others, and therefore the sequential algorithm is fully parallelizable. At first, we begin with
a simple parallel implementation, where all data is stored in global memory. The main
actions of this version (Fig. 2) are device memory allocation, information transferences
between host and device memory, and definition and invocation of the kernel.

1: . . .
2: cudaMalloc(dbGPU,dSize);
3: cudaMalloc(queryGPU,qSize);
4: cudaMalloc(pivotsGPU,pSize);
5: cudaMalloc(gmsGPU,gSize);
6: cudaMalloc(resultGPU,rSize);
7: . . .
8: cudaMemcpy(dbGPU,dbCPU,dSize,cudaMemcpyHostToDevice);
9: cudaMemcpy(queryGPU,queryCPU,qSize,cudaMemcpyHostToDevice);

10: cudaMemcpy(pivotsGPU,pivotsCPU,pSize,cudaMemcpyHostToDevice);
11: cudaMemcpy(gmsGPU,gmsCPU,gSize,cudaMemcpyHostToDevice);
12: . . .
13: dim3 grid( );
14: dim3 threads( );
15: kernel<<<grid,threads>>>(dbGPU,queryGPU,pivotsGPU,gmsGPU,resultGPU);
16: cudaThreadSynchronize( );
17: . . .
18: cudaMemcpy(resultCPU,resultGPU,rSize,cudaMemcpyDeviceToHost);
19: . . .

Figure 2: General scheme of the GPU-based implementation for the GMS algorithm

3.1 Task definition and grid configuration

In order to complete the kernel, the task performed by each thread has to be defined. In
this sense, several alternatives can be considered, each one leading to a different granularity
level. We have studied the following three cases:

A) Each thread completely solves a query, that is, each thread determines which objects
of the database are a solution for a given query (Fig. 3). The invocation of this kernel
generates as many threads as queries.
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global void kernel-A (db,query,piv,gms,result)
int tx = threadIdx.x;
int bx = blockIdx.x;
int index = bx*blockDim.x+tx;
int pos;
for pos=0 to num objects− 1 do
lines 6 to 13 of code in Fig. 1
if distance(db[pos],query[index])≤r then

result[pos,index] = pos;
end if

end for

dim3 grid(num queries/BlockSize)
dim3 threads(BlockSize)

(a) Kernel and grid definition

��
���

���

�	�
����

���


��	���
(b) Final results

Figure 3: Case A: kernel and data managed by a given thread

B) As many threads as objects in the database are created, and each thread detemines
if a given object is solution for any query (Fig. 4).

C) Several threads collaborate to solve a query, that is, each thread determines if a given
object of the database is a solution to a given query (Fig. 5). The number of threads
executing the kernel is given by the product num objects× num queries.

In Figs. 3, 4, and 5, Subfigure (a) includes the kernel and grid definition, and Subfigure
(b) indicates the data managed by the threads. For instance, in case A, each thread reads
a query and all objects in the database, and writes in result structure the result of checking
out if those objects are solution for the query. Case B is similar, and in case C, each thread
reads a query and an object, and writes in result structure if the object is solution for the
query.

Since our purpose is to compare different versions of the same algorithm under the
same conditions, two assumptions have been considered for the three implementations:
The database can be completely allocated in the device memory, and only one kernel is
considered and all the queries are solved in just one call to this kernel.

On the other hand, fixed the number of threads in each case, and considering one
dimension both for grid and thread blocks definition, several thread-block sizes can be
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global void kernel-B (db,query,piv,gms,result)
int tx = threadIdx.x;
int bx = blockIdx.x;
int index = bx*blockDim.x+tx;
int pos;
for pos=0 to num queries− 1 do
lines 6 to 13 of code in Fig. 1
if distancie(db[index],query[pos])≤r then

result[index,pos] = index;
end if

end for

dim3 grid(num objects/BlockSize)
dim3 threads(BlockSize)

(a) Kernel and grid definition
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(b) Final results

Figure 4: Case B: kernel and data managed by a given thread

global void kernel-C (db,query,piv,gms,result)
int tx = threadIdx.x;
int ty = threadIdx.y;
int bx = blockIdx.x;
int by = blockIdx.y;
int indexX = bx*blockDim.x+tx;
int indexY = by*blockDim.y+ty;
lines 6 to 13 of code in Fig. 1
if distance(db[indexY],query[indexX])≤r then
result[indexY,indexX] = indexY;

end if

dim3 grid(num queries/BlockSize,
num objects/BlockSize)

dim3 threads(BlockSize, BlockSize)

(a) Kernel and grid definition
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(b) Final results

Figure 5: Case C: kernel and data managed by a given thread
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considered. We have varied this size, through the parameter BlockSize in the codes, from
32 to 1024 in order to find the most appropriate value for each case.

4 Experimental results

We have used a CPU-GPU platform consisting of the following main components: The
host is compound by an Intel(R) Xeon(R) CPU E5-2650 v2 @ 2.60GHz, 256 GB of DDR3
memory and 2 MB of chache memory. On the other hand, the device is composed of an
NVIDIA GPU Tesla K40m based on Kepler architecture. It has 2,880 cores divided in 15
multiprocessors with 192 cores each, and also 49Kb shared memory and 12GB of device
memory. Host and device are connected by a PCI-E 3.0 bus. Regarding programming
environment, we used NVIDIA CUDA 7.5 toolkit.

We have considered two datasets: a subset of the Spanish dictionary using the edit
distance and, for each query, a range search between 1 and 4 was considered. Given two
words, this edit distance is defined as the minimum number of insertions, deletions or
substitutions of characters needed to make one of the words equal to the other. The second
space is the CoPhIR database (Content-based Photo Image Retrieval) [13] which includes
images from metadata from Flickr with five MPEG-7 descriptors. We have used the 64
dimensional vector Color Structure descriptor for each image, which is an usual dimension
size [14]. Any quadratic form can be used as a distance, thus we chose Euclidean distance as
the simplest meaningful alternative. The radius used was that allowing to retrieve 0.01%,
0.1% and 1% from the dataset.

In the case of the dictionary, two sizes of the database have been considered (65536
and 16384 objects), and three sets of queries (1024, 2048 and 4096). In the case of CoPhIR
database, we have used three sizes of the database (262144, 131072 and 65536 objects),
and two sets of queries (4096 and 8192). We select 32 pivots to build the GMS because
this amount of pivots gives the best results [12, 11]. Pivots were randomly selected. The
time spent during the construction of the structure is not computed, this is considered as a
preprocessing time.

For all the experiments, we only consider the time of the searching process, including
CPU-GPU data transfer time. Each value shown in the figures is the average of 10 different
executions of the algorithm. The computation of the different structures, for instance the
pivots, is computed offline. In this way, all the methods are in the same conditions in order
to carry out a correct comparison.

4.1 Task granularity

Fig. 6 shows the kernel time for some of the possible configurations we can obtain consid-
ering all varied parameters. In this case, as the baseline code (Fig. 2) is the same for the
three cases and the differences between them are in the kernel and the number of threads,
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for comparative purposes we only consider the performance results obtained by the kernel.
We have varied the database size, the number of queries, range and percentage of retrieved
objects in the dataset, and we have obtained the same tendency in the results. In the case
of Spanish dictionary, for all the tests carried out, the block size offering the best results is
256 threads per block in most cases, which corresponds to 100% occupancy in the GPU. In
some parameter configurations the same results and GPU occupancy are also obtained for
128 and 512 threads per block. However, for CoPhIR dataset, 1024 threads per block offers
the best results.

On the other hand, clearly, the worst results are obtained by the kernel in case A,
whereas kernels B and C have a similar behavior, for the best thread block sizes. These
kernels generate a high number of threads, and as a consequence the underlying hardware
is better exploited. According to these results, from now we only consider kernel C, and
256 and 1024 threads per block (dictionary and CoPhIR, respectively) for the remaining
experiments.

Regarding throughput, and if we consider the CoPhIR dataset for the best results in
Fig. 6a, we obtain 6.26 and 6.95 Gflop/s for kernels B and C, respectively. These results
are far from the theoretical ones that the GPU can provide. To reason about possible
causes let’s look at the ptx code of the kernel C. In Fig. 7 we have included the key
instructions, which correspond to the distance function. As mentioned in this section, this
function is the Euclidean distance and the code in Fig. 7 basically implements the equation√∑112

i=1(xi − yi)2, where x, y are vectors.
From the ptx code it is possible to estimate the performance of the kernel in terms of

floating point operations per time unit. We can observe that this kind of operations are
sub, fma (sum and multiplication) and sqrt, but in order to calculate the performance it
is only necessary to consider the loop B1 because the result is virtually the same that if all
instructions are considered. In that loop there are 10 operations (8 single-operation instruc-
tions and 2 operations for fma instruction) and only three of them are useful. Therefore,
the kernel C in the best case could achieve up to 648 Gflop/s (2880 cores × 750 MHz ×

3/10 flop), far from performance values that actually have been obtained.
Note that in the loop there are also two load operations. We can calculate the pressure

of the cores over the device memory to complete the required memory accesses to carry out
all the distance evaluations. We obtain 1728 GB/s (2880 cores × 750 MHz × 2/10 loads
×4 bytes/load), that is, to complete all distance evaluations a bandwidth of 1728 GB/s is
required, meanwhile the available bandwidth is 288 GB/s. As a consequence the device
memory represents a bottleneck to obtain the peak performance of the kernel code.

4.2 Memory latency reduction

In order to reduce the overhead produced by the accesses to global memory of the device,
keeping the basic kernel scheme, several strategies can be adopted, as for example to exploit

c©CMMSE ISBN: 978-84-608-6082-21269



R. Uribe-Paredes, E. Arias, D. Cazorla and J.L. Sánchez

 5

 10

 15

 20

 25

 30

 35

 40

 45

 50

 55

32 64 128 256 512 1024

T
ot

al
 ti

m
e 

(s
ec

s)

Block size  (threads)

65536 objects, 4096 queries, r=1

kernel A
kernel B
kernel C

(a) Spanish dictionary (r=1)

 0

 50

 100

 150

 200

 250

32 64 128 256 512 1024
T

ot
al

 ti
m

e 
(s

ec
s)

Block size  (threads)

65536 objects, 4096 queries, r=4

kernel A
kernel B
kernel C

(b) Spanish dictionary (r=4)

 50

 100

 150

 200

 250

 300

 350

 400

32 64 128 256 512 1024

T
ot

al
 ti

m
e 

(s
ec

s)

Block size  (threads)

262144 objects, 8192 queries, 0.01%

kernel A
kernel B
kernel C

(c) CoPhIR (0.01%)

 0

 200

 400

 600

 800

 1000

 1200

32 64 128 256 512 1024

T
ot

al
 ti

m
e 

(s
ec

s)

Block size  (threads)

262144 objects, 8192 queries, 1%

kernel A
kernel B
kernel C

(d) CoPhIR (1%)

Figure 6: Time for kernels A, B and C when varying threads block size

cache memory or to use shared memory.

A first modification consists in storing the GMS structure in a different way, that is
transposed, to reduce the time when it is read. The improvement varies between 5% and
5% for CoPhIR and Spanish dictionary datasets, respectively. If we use shared memory
to store a group of queries, objects or distances in GMS, depending on the kernel, more
significant reductions on the total time are achieved: Up to 35% in the CoPhIR case, and
22% for Spanish dictionary case (label Shared is used in Fig. 8). These gains are respect
to global-memory-GPU GMS algorithm.

Fig. 8 shows speedup values with respect to the time for the GMS sequential algorithm.
It must be also taken into account that each improvement in Fig. 8 includes the previous
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add.s64 %rd17,%rd12,%rd13; cvta.to.global.u64 %rd14,%rd7;

mov.u32 %r24,0; cvt.f64.f32 %fd1,%f9;

mov.f32 %f9,0f00000000; sqrt.rn.f64 %fd2,%fd1;

cvt.rn.f32.f64 %f8,%fd2;

B1: setp.gtu.f32 %p2,%f8,%f3;

ld.global.f32 %f5,[%rd18]; add.s32 %r19,%r1,%r4;

ld.global.f32 %f6,[%rd17]; selp.b32 %r20,-1,%r19,%p2;

sub.f32 %f7,%f6,%f5; add.s32 %r21,%r2,%r3;

fma.rn.f32 %f9,%f7,%f7,%f9; mad.lo.s32 %r22,%r19,%r7,%r21;

add.s64 %rd18,%rd18,4; mul.wide.s32 %rd15,%r22,4;

add.s64 %rd17,%rd17,4; add.s64 %rd16,%rd14,%rd15;

add.s32 %r24,%r24,1; st.global.u32 [%rd16],%r20;

setp.ne.s32 %p1,%r24,112;

@%p1 bra B1;

Figure 7: Ptx code of the kernel C

ones.

4.3 Executed instruction reduction

Another way to reduce the kernel time consists in eliminating those operations which are
not part of the core data computation, such as branches and address calculations. In order
to do this, we can apply loop unrolling, a classical compiler optimization. Since the number
of times that the loops are unrolled affects the number of registers used per thread and,
as a consequence, the number of thread blocks that can be scheduled per multiprocessor,
we have conducted several experiments to determine the best number for each kernel. The
results have been also included in Fig. 8 using label Unroll.

5 Conclusions and the future work

This work shows how to obtain successive improvements on a particular algorithm apply-
ing different techniques based on the knowledge of the underlying architecture. We have
analysed the effect on the performance of task granularity, threads block configuration,
cache memory, shared memory or loop unrolling, and we have obtained improvements when
all together have been considered. Specifically, reductions on time of nearly 9x have been
achieved for CoPhIR and Spanish dictionary cases, with respect to the best sequential al-
gorithm. We would like to remark that the different alternatives presented in this paper
can be applied to other pivots-based structures, especially, those based on distance tables,
as LAESA, SSSIndex, and others. Therefore, we intend to utilize the kernels developed
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Figure 8: Results of speedup after applying different improvements to kernel C, with respect
to GMS sequential algorithms.

for those structures. Our intention is also to improve the kernels taking advantage of the
improvements provided by the architectures of new GPUs, mainly in the line of reducing
memory latency.
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Abstract

The ruled surfaces, i.e., surfaces generated by one parametric set of lines, are widely
used in the field of applied geometry. Isophote on a surface is a curve consisting of
surface points whose normals form a constant angle with some fixed vector. Choosing
an angle equal to π/2 we obtain a special instance of isophote – the so called contour
curve. While contours on rational ruled surfaces are rational curves, this is no longer
true for the isophotes. Hence we will provide a formula for their genus. Moreover we
will show that the only surfaces with a rational generic contour are just rational ruled
surfaces and a one particular class of cubic surfaces. In addition we will deal with the
reconstruction of ruled surfaces from their contours and silhouettes.

Key words: Contour curve, isophote, ruled surface, surface reconstruction

1 Introduction

The aim of the paper is the study of contour curves and isophotes on rational ruled surfaces.
These characteristic curves of the surface are usually studied via methods of differential
geometry [5, 6, 9]. Since people in the geometric modelling community prefer to work
with rationally parametrizable objects, the description of rational contours and isophotes
on surfaces is needed. See e.g. [1] for isophotes on surfaces with rational support function
or [3] for the usage of rational contours in parameterization problem. We will show that
rational ruled surfaces are almost the only surfaces whose generic contour curve is rational.
Given a contour curve or silhouette of the surface there is a natural question whether we
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a

H

π(Ca)

Ca

Figure 1: The contour Ca (cyan) w.r.t. point a on the surface. And the silhouette
π(Ca) (magenta) as the projection of the contour into the plane H.

are able to reconstruct the surface from it. We will answer it in full for the class of rational
ruled surfaces. Unlike the contours the isophotes on rational ruled surfaces are not rational
any more. More precisely they are always hyperelliptic and we will find a formula for its
genus. Because of the used methods we decided to work in projective space over the field
of complex numbers.

Let X be a surface in the projective space P3
C and Xsm denote the set of its smooth

points. Then for any fixed point a the contour Ca of X with respect to a viewpoint a is
defined as the closure of the set

{p ∈ Xsm : a ∈ TpXsm}, (1)

where TpXsm denotes the tangent plane at p. If H is an arbitrary plane not passing through
a then we may project a contour Ca from the point a to the plane H to obtain the so called
silhouette, see Fig. 1.

Let (x0 : x1 : x2 : x3) be coordinates in P3
R. Fix a hyperplane ω : x0 = 0 and the absolute

conic section Ω : x0 = x21 + x22 + x23 then the complement A3
R = P3

R\ω is an affine space
endowed with usual Euclidean metric. The plane ω is called a plane at infinity and its
points can be understood as directions in A3

R. Depending on the position of the point a we
distinguish between contour w.r.t central projection (a �∈ ω) and parallel projection (a ∈ ω).
Unlike the contour the definition of isophote depends on the metric of ambient space. In
differential geometry, the isophote is defined as a loci of points where the surface normals
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encloses a constant angle with fixed vector. This definition is not suitable when attacking
the problem with algebraic techniques for two reasons. First, we would like to define them
over C and not R. And second, with this definition the isophote is not an algebraic curve
but only its half. Hence we define the isophote Ia,α to be the closure of the set{

p ∈ Xsm : (n(p) · a)2 = α2n(p) · n(p)
}
, (2)

where a = (a1, a2, a3),
∑

a2i = 1 , is a given direction vector and φ = arccosα is the angle.
Hence Ia,α is a set of points on the surfaces where the normal line forms an angle ±φ
with direction a. Considering a to be a point in ω, i.e. a = (0 : a1 : a2 : a3) and letting
α = cosπ/2 = 0 we obtain exactly a contour curve Ca = Ia,0.

One of the simplest class of rational parametric surfaces used in geometric modelling
are the quadratic patches. These are the projections of Veronese surface to P3

C. Depend-
ing on the projection (or equivalently on the number of base points) the quadratic patch
parameterizes one of the following surfaces.

1. quadric,

2. ruled cubic with double line,

3. Steiner surface (of degree 4).

As we will see, the regular quadrics have rational contours. The same is true for ruled
cubic as contour curves on every rational ruled surface are rational. However a generic
projection of Veronese and thus almost all quadratically parameterized surfaces in P3

C are
Steiner quartics. Their generic contour curves are elliptic curves and thus they are not
rational. Hence even a very simple surface does not posses a contours parameterizable by
the standard techniques used in CAGD. Nevertheless it is known that contours on rational
ruled surfaces are rational, see e.g. [7]. The following theorem completes the lists of all
non-developable surfaces with this property..

Theorem 1.1 A generic contour curve on a surface in P3
C is rational if and only if the

surface is rational ruled or the Cayley cubic, i.e. rational cubic surface with four double
points.

Let C ⊂ P3
C be a curve defined as simultaneous solution to homogeneous equations

Gi(x0, x1, x2, x3) = 0 for i = 1, . . . ,m and let a ∈ P3
C be a fixed point. A surface X (not

necessarily rational and ruled at this moment) containing the curve C as a contour curve
w.r.t. a point a possesses a defining polynomial F =

∑m
i=1HiGi for some homogeneous

polynomials Hi. It can be proved that these polynomials must fulfil the relation

m∑
i=1

Hi

⎛⎝ 3∑
j=0

∂Gi

∂xj
aj

⎞⎠− m∑
i=1

LiGi ≡ 0, (3)
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for some homogeneous Li for i = 1, . . . ,m. This leads to the study of the so called syzygy
modules, see e.g. [4]. It turns out that a surface in P3

C is uniquely determined by finitely
many contour curves.

Problem 1.2 For a given centers of projection ai and curves Ci for i = 1, . . . , k find
the unique surface with these curves as contours, i.e. Ci = Cai.

The above demonstration indicates that the number k will be related to the degree of
the sought surface. Whereas the exact value of k is not known in general, the knowledge
about the geometry of the surface enables to reduce the number of needed contours, c.f.
Theorem 3.2. Recall that the silhouette of a “2D image” of the surface is a projection of
contour from the center a to some chosen plane. This justifies its name because it is just
a silhouette of the “image” of the surface. Having enough such images it could be possible
to reconstruct the original surface. Hence the following problem is motivated by a surface
reconstruction.

Problem 1.3 For a given centers of projection ai and planar curves Ci for i = 1, . . . , k find
the unique surface with these curves as silhouettes, i.e. Cα is the projection of contour Cai

from the point ai.

2 Quadrics

Although all quadrics are ruled surfaces we will treat them separately. There are two
reasons for this. First, we can solve Problems 1.2 and 1.3 directly without a reference to the
rulings. And second, the quadrics are a typical illustration of the drawback of an approach
via complex numbers. Indeed the real part of sphere, paraboloid, etc. contains no line.
So one cannot consider them to be ruled surfaces from the point of view of real geometry.
Fortunately we may prove

Proposition 2.1 Real rational ruled surface contains one–parametric set of real lines or it
is a quadric.

A regular quadric is defined be an equation xT · A · x = 0 for some regular symmetric
matrix A. The contour w.r.t. a is then the intersection of Q with its polar plane w.r.t.
point a, i.e. aT · A · x = 0 . It is a regular conic section whenever a �∈ Q, or it consists of
two lines otherwise. In order to solve Problem 1.2 it can be proved that for a fixed conic
section C and a point a there exists a pencil of quadrics with this contour. The proposition
then follows immediately.

Proposition 2.2 A two contour curves uniquely determine a quadric.
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On the other hand given two compatible silhouettes there exists a one parametric set
of solutions. Thus at least three of them are needed to reconstruct the quadric, c.f. Theo-
rem 3.4

3 Ruled surfaces

3.1 Contours on ruled surfaces

Recall that by a rational ruled surface R is meant a rational surface in P3
C generated by

a one-parametric set of lines – the so called rulings. Hence it admits a parameterization

x(s, t) = p(s) + tq(s) = (p0(s) + tq0(s) : p1(s) + tq1(s) : p2(s) + tq2(s) : p3(s) + tq3(s)), (4)

where pi(s) and qi(s) are polynomials. The rational curves p(s) = x(s, 0) and q(s) =
x(s,∞) intersects a generic ruling exactly once. A curve on R with this property is called
a section and it can be seen that each section is a rational curve. So a rational parametriza-
tion of the surface can be obtained by joining the corresponding points on two sections by
line. If p(s) and q(s) does not intersect (there always exist such sections on R) then the
degree of the surface is degR = degp+ degq.

Denote x = (x0 : x1 : x2 : x3) and ṗ, q̇ the derivatives of p and q respectively. Then the
tangent plane at point p(s) is spanned by p(s), q(s) and ṗ(s), i.e. it possesses an equation
det[x,p(s),q(s), ṗ(s)] = 0 and analogously for q(s). Hence the condition on point a to be
contained in the tangent plane of the surface can expressed

det[a,p(s),q(s), ṗ(s) + tq̇(s)] = 0. (5)

Expressing t from this equation and substituting back to (4) leads to the parameterization
of the contour curve.

ca(s) = det[a,p(s),q(s), q̇(s)]p(s)− det[a,p(s),q(s), ṗ(s)]q(s), (6)

see [7] for the formula using Plücker coordinates. The contour curve is again a section, but
not the one with minimal degree and thus two different contours on the ruled surface always
intersect.

Lemma 3.1 Two generic contours on rational ruled surface R intersect at degR regular
non-torsal rulings and in the cuspidal points of regular torsal rulings.

As well as in the quadratic case two contour curves are enough to determine the ruled
surface. Let ca(u) and cb(v) be proper parameterizations of two contour lines Ca and Cb
of the unknown surface R. Thus there exist reparameterizations such that ca(φ(s)) and
cb(ψ(s)) lie on the same ruling for all s. To find this reparameterization, realise that a
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tangent plane at point of Ca is spanned by the tangent line to the contour and point a.
Moreover the tangent plane contains the ruling and thus the corresponding point on Cb as
well. Thus finding corresponding points is reduced to the solution of equation

det[ca(u), ċa(u),a, cb(v)] = 0. (7)

Rational parameterization u = φ(s), v = ψ(s) of any component of (7) leads to a parame-
terization of ruled surface ca(φ(s)) + tcb(ψ(s)), where Ca is a contour w.r.t. a. The second
curve is a contour w.r.t. b iff (φ(s), ψ(s)) is a parameterization of some component of curve

det[cb(u), ċb(u),b, ca(v)] = 0, (8)

by the same arguments. So let Δ denote the greatest common divisor of left hand sides of
(7) and (8) and let Δ = Δ1 · · ·Δk be a factorization to reducible components. Then any
Δi(u, v) defining a rational curve in the space of parameters leads to desired ruled surfaces.
With some additional work one can prove the theorem.

Theorem 3.2 Two contour lines determine rational ruled surface uniquely.

Remark 3.3 Because of the form of reparameterizations u = φ(s) and v = ψ(s), the unique
rational component of Δ can be written as

γuv − αu+ δv − β = 0, (9)

for some constants α, β, γ and δ.

Surprisingly, unlike the quadratic case, two silhouettes are enough to reconstruct any
non-quadratic ruled surface.

Theorem 3.4 Ruled surface of degree at least 3 is determined uniquely by two its generic
silhouettes.

3.2 Isophotes

Recall that we used a slightly modified definition of the isophote – in our case Ia,α is a
loci of points on the surface whose normal vector forms the angle ±φ = ± arccosα with
direction a. It turns out that in some cases Ia,α consists of two components Ia,α = I+a,α∪I−a,α
corresponding to the choice of the sign of the angle. There exists a close connection between
existence of these decompositions and the offset of the surface. See [8, 2, 10] for definitions
and algebraic/geometric properties of the offsets.

Lemma 3.5 The isophotes on a ruled surface fall into components corresponding to angles
±φ if and only if the surface has reducible offset.
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It can be seen easily that the both components I±a,α are rational curves. If the isophote is
irreducible then it doubly covers the projective line and the following theorem shows that
even on regular quadrics the isophotes are not rational curves

Theorem 3.6 The irreducible isophote is a hyperelliptic curve with genus less of equal to
degR−1. Moreover if R does not contain singular ruling then the equality holds for almost
all irreducible isophotes.

Since a hyperelliptic curve of genus k posses at most k + 1 real components (in a
projective extension and after desingularization) we arrive at corollary.

Corollary 3.7 The real part of irreducible Ia,α consists of at most degR components.

4 Conclusion

This paper was devoted to the study of contours and isophotes on ruled surfaces. We also
presented the existence of the solution to the reconstruction problems. Although ruled
surfaces are used a lot in applications, contours and isophotes on other commonly used
surfaces are not rational. There might be two possible directions of further research. First
one is the study of surfaces containing a lot of rational contour lines – for example on
dual to Del Pezzo surface there exists at least two parametric family of contour curves.
Secondly, we can leave the strong assumption on rationality and focus on surface with
manageable contour curves – for example hyperelliptic curves posses relatively simple non-
rational parameterizations, which allows to extend the class of studied surfaces e.g. by
envelopes of quadratic cones and mentioned duals to Del Pezzo surfaces.
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Abstract

In this paper, we consider discontinuous Galerkin (DG) finite element together with
finite difference (FD) scheme for solving Merton’s jump-diffusion model, which is given
by a partial integro-differential equations (PIDEs). Spatial differential operators are
discretized using FD on a uniform grid, and time stepping is performed using the DG
finite element method. The treatment of the integral term associated with jumps in
models is more challenging. The discretization of this integral term will lead to full
matrices for the non-locality of the integral operator. To fast solve this model, multigrid
method is used for solving such linear algebraical system. Numerical results show that
multigrid solver can speed up the existing DG-FD method. Some properties of this
scheme are also analyzed.

Key words: Merton’s jump-diffusion model, option pricing, PIDEs, discontinuous
Galerkin finite element method, finite difference method, stability and convergence, pos-
itivity, multigrid,

1 Introduction

One of the modern financial theorys biggest successes in terms of both approach and appli-
cability has been the BlackCScholes option pricing model developed by Fisher Black and
Myron Scholes in 1973 [1] and previously by Robert Merton [2]. The celebrated Black-
Scholes model is based on assumption that the price of the underlying asset behaves like
a geometric Brownian motion with a drift and a constant volatility which cannot explain
the market prices of options with various strike prices and maturities. To explain these
behaviour, a number of alternative models have appeared in the financial literature. In
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1976, Merton proposed to add to the behaviour of asset prices jumps which have normally
distributed size. However, these model are more difficult to handle numerically in contrast
to the celebrated Black-Scholes model. For example, for the Merton’s jump-diffusive model,
which is given by a partial integro-differential equations (PIDEs), the integral term in the
PIDEs is on a semi-infinite interval. How are we going to approximate the integral term?
Its discretization generally leads to a dense system. How to solve this dense system? This is
our main purpose of this paper. To exploit the time analyticity of the slution for t > 0 and
to compe with the loss of this analyticity at t = 0 [4], we consider discontinuous Galerkin
(DG) time stepping scheme in combination with finite difference scheme for such Merton’
model. Some properties of this scheme will be analyzed.

2 Merton’s model and option pricing problems

Let V (t, S) be the value of a European contract that depends on the time t and underlying
asset price S, which is given by a process of the form

dS

S
= νdt+ σdz + (η − 1)dq, (1)

where ν is the drift rate, σ is the volatility of the Brownian part of the process, η − 1 is an
impulse function giving a jump from S to Sη, and dq is a Poisson process and assumed to
be independent of the Wiener process dz. Here, dq = 0 with probability 1 − λdt, dq = 1
with probability λdt, where λ is the Poisson arrival intensity.

Under the above assumptions it is well known (Merton, 1976, [3]) that V (t, S) satisfies
a final value problem defined by the following PIDE:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ (r − λκ)S

∂V

∂S
− (r + λ)V + λI(V (t, S)) = 0, (2)

where r is the risk-free interest rate, κ denotes the average relative jump size, E(η− 1), and
I(V (t, S)) denotes the integral I(V (t, S)) =

∫∞
0 V (t, Sη)g(η)dη. Here g(η) is the probability

density function of the jump amplitude η; thus for all η, g(η) ≥ 0, and
∫∞
0 g(η)dη = 1. In

the model originally presented by Merton [3] the probality density function of the jump is

g(η) =
1√
2πγη

e−[ln η−μ]2/2γ2
(3)

The expected relative change in the stock price is κ = E(η−1) = eμ+γ2/2−1. The terminal
condition is the following

V (T, S) =

{
(S −K)+, in the case of a call option,
(K − S)+, in the case of a put option.

(4)
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The payoff function of (4) has a slop discontinuity at S = K. By making the changes of
variables x = lnS, y = ln η (0 < η <∞), τ = T − t, V (T − t, ex) = u(τ, x), evaluation
of the option values requires solving the PIDE

∂u

∂τ
=

1

2
σ2∂

2u

∂x2
+ (r − 1

2
σ2 − λκ)

∂u

∂x
− (r + λ)u+ λ

∫ +∞

−∞
u(τ, x+ y)f(y)dy = 0, (5)

with appropriate initial and boundary conditions, where f(y) = 1√
2πγ

exp
[
− (y−μ)2

2γ2

]
.

3 Finite difference spatial discretization

3.1 Finite difference discretization of spatial derivatives

Here we describe the discretization of the spatial derivative terms together with the zeroth-
order term, that is, the operator

LBS [u] =
1

2
σ2∂

2u

∂x2
+ (r − 1

2
σ2 − λκ)

∂u

∂x
− (r + λ)u. (6)

A uniform mesh −x∗ = x0 < · · · < xi−1 < xi < xi+1 < · · · < xM = x∗ is used, where x∗

will be appropriately chosen. The space derivatives of (6) are approximated with central-
differences

∂u

∂x
(τ, xi) ≈

ui+1(τ)− ui−1(τ)

2h
,

∂2u

∂x2
(τ, xi) ≈

ui+1(τ)− 2ui(τ) + ui−1(τ)

h2
, (7)

where h = xi+1 − xi, ui(τ) = u(τ, xi). Then it follows that

LBS
h [u] =

1

2
σ2[

ui+1(τ)− 2ui(τ) + ui−1(τ)

h2
] + (ν − 1

2
σ2 − λκ)

ui+1(τ)− ui−1(τ)

2h
−(ν + λ)ui(τ), (8)

which will lead to a tridiagonal matrix which we denote by L1.

3.2 Approximating integrals

The discretization of the integral operator

Ljump[u] = −λ
∫
R
u(τ, x+ y)f(y)dy. (9)

in (5) leads to a full matrix which we denote by L2. By making the change of variable
y = z − x, we obtain,

∫
R u(τ, x + y)f(y)dy =

∫
R u(τ, z)f(z − x)dz. Next, we split the
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integral on the right-hand side as
∫
R =

∫
Ω∗ +

∫
R\Ω∗ , where Ω∗ := (−x∗, x∗). On the interval

Ω∗ = (−x∗, x∗), we use the composite trapezoidal rule to approximate the integral and have

Ljump[u] = (

∫ −x∗

−∞
+

∫ +∞

x∗
+

∫ x∗

−x∗
)u(τ, xi + y)f(y)dy

≈ exi+
γ
2Φ(

xi − x∗ + γ2

γ
)−Ke−rτΦ(

xi − x∗

γ
) +

h

2

[
fi,0u0 + fi,MuM + 2

M−1∑
j=1

fi,juj

]
,(10)

where fij = f(xj − xi) and Φ(y) =
1√
2π

∫ y

−∞
e−

t2

2 dt. Then we obtain a semi-discretize

system
du

dτ
+ Lu(τ) = F (τ), τ ∈ J = (0, T ], (11)

where L = L1 − hλL2, L1 is a tridiagonal matrix and L2 is a full matrix.

4 Discontinuous Galerkin time discretization

We discretize (11) in time using a DG method following [4]. For 0 < T < ∞ and N ∈ N,
let N(N ) = {Ik}Nk=1 be a partition of J = (0, T ] into N subintervals Ik = (τk−1, τk),
k = 1, 2, · · · , N , with 0 =: τ0 < τ1 < · · · < τN−1 < τN := T . Moreover, denote by
Δτk := τk − τk−1 the length of Ik. Set Δτ = max1≤k≤N Δτk. Let u ∈ L2(Ik;X), u′ ∈
L2(Ik;X

∗), w ∈ L2(J,W ), k = 1, 2, . . . , N, and define the one-sided limits

uk+ = lim
s→0,s>0

u(τk + s), 0 ≤ k ≤ N − 1; uk− = lim
s→0,s>0

u(τk − s), 1 ≤ k ≤ N,

and the jumps
[u]k := uk+ − uk−, 1 ≤ k ≤ N − 1.

To each time interval Ik, a polynomial degree (approximation order) rk ≥ 0 is associated.
These numbers are stored in the degree vector r = {rk}Nk=1. Then, the following space being
used for the DG method is introduced:

Sr(N ,W ) := {u ∈ L2(J,W ) : u|Ik ∈ Prk(Ik,W ), k = 1, 2, . . . , N},

where Prk(Ik) denotes the space of polynomials of degree at most rk on Ik. We define the
bilinear form BdG and the linear form FdG by

BdG(u,w) :=
N∑
k=1

∫
Ik

{(u′, w)k + L(u,w)k}dt+
n−1∑
k=1

([u], w+)k + (u+, w+)0, (12)

FdG(w) :=

N∑
k=1

∫
Ik

(F (τ), w)dt+ (u,w+)0. (13)
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Now the DG finite element method for (11) reads as follows: Find UdG ∈ Sr(N ,W ) such
that

BdG(U
dG,W ) = FdG(W ), ∀W ∈ Sr(N ,W ). (14)

With the above disceretization, we obtain a linear system:

Qυk = bk, k = 1, 2, · · · , N, (15)

where Q = ˆ[A]
k
+ Δτk

2 (I ⊗ L) is a non-symmetric full matrix.

5 Properties of the numerical scheme

In this section, we investigate into some properties of the numerical scheme proposed here.
We first consider the stability and positivity property. Since the problems model the hedge
cost of replication of a contingent claim and the value of option is nonnegative, a nice
property of the numerical scheme for the pricing equation is positivity-preserving. We also
prove that this scheme is stable and convergent for Merton’s model.

6 Multigrid method for algebraic system

How to solve the linear system with a dense matrix Q? In the literature, various methods
including incomplete GMRES and iterative methods based on regular splittings are pro-
posed. In this paper, we use geometric multigrid method to solve this algebraic system.
Since the relaxation scheme used here is Gauss-Seidel iterative method, which generally
requires that the matrix Q is positive definite, we should treat the algebraic system such
that its coefficient matrix is symmetric positive definite. To do this, we solve the following
equation with multigrid method

QTQυk = QT bk, k = 1, 2, · · · , N.

7 Numerical examples

We present some numerical results for European call and put options under the Merton’s
jump diffusion model. Tables 1 and 2 below compare Merton’s exact formula for European
call and put with the prices generated by the DG-FD scheme together with multigrid solver.

European call option. Let the parameters in model be

σ = 0.15, r = 0.05, T = 0.25, K = 100, λ = 0.1, γ = 0.5, Smax = 400.

The numerical results are presented in Table 1.
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Table 1: Numerical results of DG-FD with multigrid solver for Merton’s model
M N S Computed values Error R CPU time(s)

40 6 100 3.9069915924 0.0263548929 0.020752
80 10 100 3.8712451736 0.0093915259 2.83 0.075231
160 18 100 3.8831123893 0.0024756898 3.85 0.253685
320 34 100 3.8811509635 0.0005142641 4.87 1.475006
640 66 100 3.8807318342 0.0000951347 5.44 8.265404

European put option. Let the parameters in model be

σ = 0.2, r = 0, T = 0.2, K = 1, λ = 0.1, γ = 0.5, Smax = 6.

The numerical results are presented in Table 2.

Table 2: Numerical results of DG-FD with multigrid solver for Merton’s model
M N S Computed values Error R CPU time(s)

40 6 1 0.0317840160 0.0024715869 0.018392
80 10 1 0.0348437285 0.0005881255 4.20 0.069201
160 18 1 0.0343828579 0.0001272549 4.61 0.225363
320 34 1 0.0342296882 0.0000259148 4.89 1.342957
640 66 1 0.0342608248 0.0000052218 4.96 6.241253
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Abstract

This paper is concerned with the dissipativity of a class of nonlinear functional-
integro-differential equations (FIDEs). The dissipativity result of the theoretical solu-
tion for this class problem is presented. A type of extended one-leg methods are sug-
gested for the FIDEs. It is shown under suitable condition that a G(c, p, 0)-algebraically
stable one-leg methods is dissipative when they are used to the above problem. Numer-
ical examples are given to illustrate the correctness of our theoretical results.

Key words: functional-integro-differential equations, one-leg method, dissipativity,
algebraically stability, dynamical systems

1 introduction

Many interesting dynamical systems in physics and engineering are described by the
property of a bounded absorbing set so that all trajectories enter in a finite time and
thereafter remain inside (see [1]). Over the past few decades, the dissipativity results of
the analytic solution and numerical methods for various type dynamical systems have been
published. Among the authors of these papers we wish to mention just a few: R. Temam,
A. R. Humphries, A. M. Stuart, A. T. Hill, C. M. Huang and S. Q. Gan. Early in 1994,
Humphries and Stuart [2] studied the dissiativity of initial value problem and the Runge-
Kutta methods for ordinary differential equations (ODEs) firstly. In 1997, Hill [3,4] obtained
many results on the dissipativity of numerical methods for ODEs. In 2000, Huang [5] gave
a sufficient condition for the dissipativity of theoretical solution of DDEs with constant
delay, he also investigated the dissipativity of Runge-Kutta methods [5] and of one-leg
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methos [6] for EEds. In 2006, Wen [7] have further discussed the dissipativity of the solution
of general from Volterra functional differential equations (VFDEs) and the dissipativity
results are given. The dissipativity of θ-methods and Multistep-Runge-Kutta methods for
nonlinear Volterra delay-integro-differential equations (VDIDEs) are investigated by Gan [8]
and Zhang [9]. Subsequently, Wen [10,11] gave the dissipativity of the theoretical solutions
and one-leg methods for neutral delay integro-differential equations. In this paper, we
will study the dissipativity of a class of nonlinear functional-integro-differential equations
(FIDEs) (see (1) in section 2). This paper is organized as follows. In section 2, the result on
dissipativity of the theoretical solution are given. In section 3, the results of one-leg methods
for FIDEs are obtained. In section 4, the numerical experiments are given to illustrate the
theoretical results which we stated in previous sections.

2 The dissipativity of functional integro-differential equations

Let Cd be a d dimensional complex Euclidian space with the inner product 〈·, ·〉 and
the corresponding norm ‖ · ‖. For any given real symmetric positive definite k × k matrix
G = [gij ], the norm ‖ · ‖G on Cdk := (Cd)k is defined by

‖U‖G = (
k∑

i,j=1

gij〈ui, uj〉)
1
2 , U = (uT1 , u

T
2 , · · · , uTk )T ∈ Cdk.

Furthermore, for a symmetric matrix A, the symbols λA
max and λA

min denote the maximum
and minimum eigenvalues of A respectively.

Consider the following nonlinear functional integro-differential equations(FIDEs) of the
form (cf. [12, 13]){

d
dt

[
x(t)−

∫ t
t−τ g(t, ξ, x(ξ))dξ

]
= f(t, x(t), x(t− τ)), t0 ≤ t < T

x(t) = ϕ(t), t0 − τ ≤ t ≤ t0
(1)

where T ≤ +∞, τ > 0 is a given constant delay, the functions f : [t0, T ) × Cd × Cd → Cd,
g : D×Cd → Cd, and ϕ : [t0 − τ, t0]→ Cd are assumed to be continuous so that system (1)
has a unique solution x(t) and satisfies the conditions

Re〈f(t, u, v), u− w〉 ≤ γ + α ‖ u ‖2 +β ‖ v ‖2 +η ‖ w ‖2, t ≥ t0, u, v, w ∈ Cd (2)

‖ g(t, ξ, u) ‖≤ λ ‖ u ‖, (t, ξ) ∈ D, u ∈ Cd (3)

where λ > 0, with 2λ2τ2 < 1; D : {(t, ξ) : t ∈ [t0, T ), ξ ∈ [t − τ, t]} and γ,−α, β, η are
nonnegative constant. In order to investigate the numerical dissipativity of (1), we as-
sume further that f holds the condition: for any constant M > 0, there exists L > 0
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which is only dependent on M such that ‖ f(t, u, v) ‖≤ L holds for any t ≥ 0 and
‖ u ‖≤M, ‖ v ‖≤M, ‖ w ‖≤M .

Definition 2.1.(cf. [11]) The problem (1) in FIDEs is said to be dissipative in Cd if
there exists a bounded set B ⊂ Cd, such that for any given bounded set Φ ⊂ Cd, there is
a time t∗ = t∗(Φ) such that for any given continuous initial function ϕ : [t0 − τ, t0] → Cd

with ϕ(t) contained in Φ for all t ∈ [t0− τ, t0], the values of the corresponding solution x(t)
of the problem are contained in B for all t ≥ t∗. Here B is called an absorbing set of the
problem.

In order to study the dissipativity of (1), the following lemma play a key role:
Lemma 2.2 (see [11]) If u(t), w(t) ≥ 0, t ∈ [t0 − τ,+∞],⎧⎪⎨⎪⎩

u
′
(t) ≤ R(t) +A(t)u(t) +B(t) sup

t−τ≤ξ≤t
w(ξ), t ≥ t0,

w(t) ≤ G(t)u(t) +H(t) sup
t−τ≤ξ≤t

w(ξ)
(4)

and

sup
t0−τ≤ξ≤t0

w(ξ) ≤ G0

1−H0
sup

t0−τ≤ξ≤t0

u(ξ), (5)

whereA(t) is a continuous function satisfyingA(t) ≤ A0 with constantA0 < 0; R(t), B(t), G(t)
and H(t) are nonnegative continuous functions satisfying G(t) ≤ G0, H(t) ≤ H0 with con-
stants G0 ≥ 0, 0 ≤ H0 < 1, for t ∈ [t0,+∞]; τ ≥ 0 is a constant, and if there exists
0 ≤ p < 1 such that

pA(t) +
G0

1−H0
B(t) ≤ 0, for t ≥ t0, (6)

holds, then for t ≥ t0 we have{
u(t) ≤ −γ∗

(1−p)A0
+ φe−μ∗(t−t0),

w(t) ≤ G0
1−H0

−γ∗
(1−p)A0

+ G0

1−H0eμ
∗τ φe

−μ∗(t−t0)
(7)

where
φ = sup

t0−τ≤ξ≤t0

u(ξ), γ∗ = sup
t0≤t<+∞

R(t) (8)

and μ∗ > 0 is defined as

μ∗ = inf
t≥t0

{
μ(t) : μ(t) +A(t) +B(t)

G0e
μ(t)τ

1−H0eμ(t)τ
= 0

}
. (9)
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By applying Lemma 2.2 we can prove the following theorem.

Theorem 2.3 Suppose that x(t) is a solution of the problem (1) where f and g satisfy
(2) with α < 0 and (3), respectively, and there exists constant 0 < p < 1 such that

pα+
4

1− 2λ2τ2
(β+ + (η − α)λ2τ2) ≤ 0, t ≥ t0 (10)

then,
(i) for any t ≥ 0, we have

‖ x(t) ‖2≤ 4

1− 2λ2τ2
−γ∗

(1− p)α
+

1− 2λ2τ2

1− 2λ2τ2eμ∗τ φe
−μ∗(t−t0),

where φ = sup
t0−τ≤ξ≤t0

‖ ϕ(ξ) ‖2, and μ∗ > 0 is defined as

μ∗ = inf
t≥t0

{
μ(t) : μ(t) + α+ (β+ + (η − α)λ2τ2)

4eμ(t)τ

1− 2λ2τ2eμ(t)τ
= 0

}
;

(ii) for any given ε > 0, the problem (1) is dissipativity with an absorbing set

B = B

(
0,

√
4

1− 2λ2τ2
−γ∗

(1− p)α
+ ε

)
,

here and later, we denote that β+ = max{β, 0}.

3 Dissipativity of one-leg methods

As we all know that one-leg methods are a class of effective methods for OEDs, which
can be expressed as

ρ(E)xn = hf(σ(E)tn, σ(E)xn) (11)

in which h > 0 is the computational step size, xn is an approximation to x(tn), tn = t0+nh,
E denotes the shift operator:Exn = xn+1, and the polynomials

ρ(ζ) =

k∑
j=0

αjζ
j , σ(ζ) =

k∑
j=0

βjζ
j ,

are assumed to have real coefficients with αk �= 0, α0 + β0 �= 0, no common divisor and
satisfy the consistent conditions:

ρ(1) = 0, ρ
′
(1) = σ(1) = 1.
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Adapting methods (11) to systems (1) leads to⎧⎨⎩ρ(E)(xn − zn) = hf(σ(E)tn, σ(E)xn, σ(E)xn−m), n ≥ 0

zn = h
m∑
i=0

vig(tn, tn−i, xn−i)
(12)

where tn = nh, step size h = τ
m , m is a given positive integer, xn is approximations to

x(tn) and zn is an approximations to z(tn) :=
∫ tn
tn−τ

g(tn, ξ, x(ξ))dξ respectively. In methods

(12), we usually adopt the compound quadrature rules to discretize the integral items. In
the following, we always assume that the compound quadrature rules which we used satisfy
(cf. [12, 12])

h

√√√√(m+ 1)
m∑
i=0

|vi|2 < v (13)

where v > 0 is a constant with 4v2λ2 < 1. Here λ is given in (3).
In addition, for any given sufficiently smooth function y(t), we have

σ(E)y(tn) = y(σ(E)tn) +O(h2).

Therefore, we will further assume that the quadrature rules satisfies

‖σ(E)zn‖ ≤ h‖
m∑
i=0

vig(σ(E)tn, σ(E)tn−i, σ(E)xn−i)‖. (14)

This section will focus on the dissipativity analysis of G(c, p, 0)-algebraically stable one-
leg methods with respect to nonlinear FIDEs (1). Now we introduce some useful definitions
and lemma as follows firstly.

Definition 3.1. (See [14]). Let G be a real k × k symmetric positive definite matrix.
An one-leg method is said to be G(c, p, q)-algebraically stable, if for all real a0, a1, . . . , ak,

AT
1 GA1 − cAT

0 GA0 ≤ 2σ(E)a0ρ(E)a0 − p(σ(E)a0)
2 − q(ρ(E)a0)

2,

where Ai = (ai, ai+1, . . . , ai+k−1)
T , i = 0, 1. As an important special case, a G(1, 0, 0)-

algebraically stable method is called G-stable for short.
Lemma 3.2. (See [6]). Suppose {ξi(x)}qi=1 are a basis of polynomials for P q−1, the

space of polynomials of degree strictly less than q. Then, there is always a unique solution
yn, . . . , yn+q−1 to the system of equations

ξi(E)yn = Δi, Δi ∈ Cd, i = 1, . . . , q,
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and there exist a constant ς, independent of the Δi, such that

max
0≤i≤q−1

‖yn+i‖ ≤ ς max
1≤i≤q

‖Δi‖.

Definition 3.3. A method (12) is said to be dissipative if, whenever the method is
applied with a step size h to a dynamical system of the form (1) subject to (2) and (3),
there exists a constant r such that, for any function ϕ(t), there exists an n0 dependent only
on ϕ(t) and initial values y0, y1, . . . , yk−1, such that

‖yn‖ ≤ r, n ≥ n0

holds.
Now the dissipativity of one-leg methods (12) is state as follows.

Theorem 3.4. Assume that the one-leg method (11) is G(c, p, 0)-algebraically stable
with c ≤ 1 and that the problem (1) satisfies (2), (3) and (10). Then when h(α + β+ +
ηv2λ2) < p−(1+v2λ2), the method (12) for FIDEs (1) is dissipative, where p− = min{p, 0}.

Corollary 3.5 Assume that the one-leg method (11) is A-stable and that the problem
(1) satisfies (2),(3) and (10). Then when α + β+ + ηv2λ2 < 0, the method (12) for FIDEs
(1) is dissipative.

4 Numerical experiment

As an example, we consider the following two-dimensional system⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
d
dt

(
x1(t)− 1

4π

∫ t
t− π

12
eξ−t

(
7x1(ξ) + 3x2(ξ)

)
dξ
)
= −x1(t)

+ 1
96

(
x1(t− π

12) +
√
5x2(t− π

12)
)
+ f1(t),

d
dt

(
x2(t)− 1

4π

∫ t
t− π

12
eξ−t

(
3x1(ξ)− x2(ξ)

)
dξ
)
= −x2(t)

+ 1
96

(√
5x1(t− π

12)− 3x2(t− π
12)

)
+ f2(t),

t ≥ 0. (15)

where a, b are any given constants, and

f1(t) = cos(at)− a sin(at), f2(t) = sin(bt) + b cos(bt),

x1(t−
π

12
) =

x1(t− π
12)

1 + x21(t− π
12)

, x2(t−
π

12
) =

x2(t− π
12)

1 + x22(t− π
12)

.

For this system we have 2τ2λ2 = 1
18 < 1. We choose

α = −23

48
, β =

1

24
, η =

25

48
, λ =

2

π
, p =

16

25
, γ∗ = 2

√
(1− a)2 + (1 + b)2, τ =

π

12
.
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Then all conditions of Theorem 2.4 are satisfied. Therefore, the system (15) is dissipative
and B = B(0, 7

√
(1− a)2 + (1 + b)2) is an absorbing set.

We use the second order BDF method

xn+2 −
4

3
xn+1 +

1

3
xn =

2

3
hf(tn+2, xn+2) (16)

with the composite trapezoidal rule∫ t2

t1

φ(x)dx ∼= h
[1
2
φ(t1) +

m−1∑
j=1

φ(t1 + jh) +
1

2
φ(t2)

]
to solve the problem (15) and we select v = τ = π

12 which satisfies the condition (13). The
composite trapezoidal rule and method (16) have the same order(second order) so there is
no order reduction. The method (16) is A-stable, so it is equivalent to G-stable, according
to Corollary 3.5 the numerical solution is dissipative.

Let step size h = 0.004π/12, we consider different initial functions for t ∈ [ π12 , 0] as
follows

(I) y1(t) = 2 sin(t)et, y2(t) = (t+ 1)2 − 1;

(II) y1(t) = sin(2t), y2(t) = 2 cos(3t);

(III) y1(t) = 1.5 cos(5t), y2(t) = sin(4t).
respectively, the numerical results are shown in Fig.1-3. These numerical examples prove
that the problem (15) is dissipative. Therefore, this numerical example illustrate the cor-
rectness of our theoretical results.
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Figure 1: The numerical solution of (15) with initial function (I) and a = 3, b = 3 for
t ∈ [0, 10π] (left) and t ∈ [5π6 , 10π] (right) respectively.
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Figure 2: The numerical solution of (15) with initial function (II) and a = 3, b = 2 for
t ∈ [0, 10π] (left) and t ∈ [5π3 , 10π] (right) respectively.
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Figure 3: The numerical solution of (15) with initial function (III) and a = 5, b = 4 for
t ∈ [0, 10π] (left) and t ∈ [π, 10π] (right) respectively.
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Abstract

Strong repelling interactions between a few fermions or bosons confined in two-
dimensional circular traps lead to particle localization and formation of quantumWigner
molecules (QWMs) possessing definite point-group space symmetries. These point-
group symmetries are ”hidden” (or emergent), namely they cannot be traced in the
circular single-particle densities (SPDs) associated with the exact many-body wave func-
tions, but they are manifested as characteristic signatures in the ro-vibrational spectra.
An example, among many, are the few-body QWM states under a high magnetic field
or at fast rotation, which are precursor states for the fractional quantum Hall effect.
The hidden geometric symmetries can be directly revealed by using spin-resolved con-
ditional probability distributions, which are extracted from configuration-interaction
(CI), exact-diagonalization wave functions. The hidden symmetries can also be re-
vealed in the CI SPDs by reducing the symmetry of the trap (from circular to elliptic
to quasi-linear). In addition the hidden symmetries are directly connected to the ex-
plicitly broken-symmetry (BS) solutions of mean-field approaches, such as unrestricted
Hartree-Fock (UHF). A companion step of restoration of the broken symmetries via
projection operators applied on the BS-UHF solutions produces wave functions directly
comparable to the CI ones, and sheds further light into the role played by the emergence
of hidden symmetries in the exact many-body wave functions. Illustrative examples of
the importance of hidden symmetries in the many-body problem of few electrons in
semiconductor quantum dots and of few ultracold atoms in optical traps (where un-
precedented control of the interparticle interaction has been experimentally achieved
recently) will be presented.

Key words: Wigner molecule, emergent point-group symmetries, broken symmetries,
symmetry restoration, projection operator, unrestricted Hartree Fock, configuration in-
teraction, 2D semicoductor quantum dots, trapped ultracold atoms, fermions, bosons
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Figure 1: Unrestricted Hartree-Fock electron density in a 2D parabolic QD for N = 19
electrons and total-spin projection Sz = 19/2, exhibiting breaking of the circular symmetry
at RW = 5 and zero magnetic field. The electrons are (partially) localized in a (1,6,12)
multi-ring structure. which exhibits point-group symmetries. Remaining parameters are:
parabolic confinement, �ω0 = 5 meV; effective mass m∗ = 0.067me. Distances are in
nanometers and the electron density in 10−4 nm−2.

1 Introduction

This talk focuses on novel, somewhat exotic, types of clusters of few fermions or bosons.
In particular, we discuss clusters of electrons in manmade (artificial) quantum dots (QDs)
created through lithographic and gate-voltage techniques at semiconductor interfaces, and
clusters of neutral ultracold atoms (either bosonic or fermionic) in harmonic optical traps.
These cluster systems exhibit interesting emergent physical behavior arising from spon-
taneous breaking of spatial and/or spin symmetries at the mean-field level of theoretical
treatment [1, 2]; symmetry breaking (SB) is defined as a circumstance where a lower energy
solution of the Schrödinger equation is found that is characterized by a lower symmetry
than that of the full many-body Hamiltonian of the few-body system. Such SB in circu-
lar traps directly reflects the localization of of particles in cluster arrangements exhibiting
point-group symmetries instead of the continuous rotational symmetry expected from the
many-body Hamiltonian [2]. A prominent example is the formation of finite electron crys-
tallites (referred to as semi-classical Wigner molecules, SCWMs) in two-dimensional (2D)
QDs (see Fig. 1). Symmetry breaking at the mean-field level is also manifested in the tran-
sition [3, 4], induced by increasing the interatomic repulsive contact-interaction strength, of
the ground state of neutral atoms in a parabolic or toroidal 2D trap to a rotating bosonic
quantum Wigner molecule (QWM). An example is presented in Fig. 2, where the hierar-
chy of the successive approximations (broken symmetry UHF → symmetry restoration) is
illustrated, leading to the symmetry-restored, fully-quantal wave function (QWM) in Fig. 2
(c,d); the single-particle density (SPD) for the intermediate BS-UHF (SCWM) wave func-
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Figure 2: Single-particle densities and CPDs for N = 8 neutral repelling bosons in a rotating
2D toroidal trap with reduced rotational frequency Ω/ω0 = 0.2 and Rδ = 50. The confining
potential, mω2

0(r − r0)
2/2, is centered at a radius r0 = 3l0. (a) Gross-Pitaevski SPD. (b)

UHF SPD exhibiting breaking of the circular symmetry. (c) QWM SPD exhibiting circular
symmetry. (d) CPD for the QWM wave function (resulting from the method of symmetry
restoration), revealing the hidden point-group symmetry in the intrinsic frame of reference.
The fixed observation point is denoted by a white dot. The QWM ground-state angular
momentum is Lz = 16. Lengths in units of the oscillator length l0. The vertical scale is the
same for (b), (c), and (d), but different for (a).

tion is plotted in Fig. 2(b). Note that the point-group symmetry is not visible in the SPD
after the step of symmetry restoration is executed, i.e., it becomes hidden [see Fig. 2(c)],
but it is revealed via a conditional probability distribution (CPD); see Fig. 2(d).

The CPD gives the probability of finding a particle with spin σ at position r given that
another one (referred to as the fixed particle) with spin σ0 is located at r0. The degree of
particle localization is controlled by the Wigner parameter that specifies the strength of the
interparticle repulsion relative to the zero-point kinetic energy, i.e., RW = Z2e2/(κl0�ω0)
[2, 3] for a Coulomb repulsion and Rδ = gm/(2π�2) [2, 3, 4] for a contact-potential (Dirac-
delta) repulsion; Z is the charge of the particle, κ is the dielectric constant, ω0 is the
frequency of the harmonic trap, l0 =

√
�/(mω0) is the oscillator length, m is the particle

mass, and g is the strength of the contact interaction.

Of great value in analyzing the physics associated with the hidden symmetries is the
evolution of the lowest-energy band in the energy spectra (yrast band) as a function of the
two successive approximations (broken symmetry UHF → symmetry restoration). Figs.
3(a,b) present the evolution of yrast spectra (as a function of the rotational frequency Ω of
the trap) that are associated with the class of wave functions portrayed in Fig. 2. The most
prominent trend is that the ground-state angular momenta of the symmetry-restored wave
functions do not assume all the possible 2D values, but are restricted to stepwise values
Lz = Nk, k = 0, 1, 2, . . ., with N = 8, i.e., they change in steps of N = 8, where N is
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Figure 3: Properties of N = 8 neutral repelling bosons in a rotating 2D toroidal trap
as a function of the reduced rotational frequency Ω/ω0. The confining toroidal potential is
centered at a radius r0 = 3l0, and the interaction-strength parameter was chosen as Rδ = 50.
(a) QWM ground-state energies, EPRJ . The term QWM corresponds to projected (PRJ)
wave functions that preserve the total angular momentum (symmetry restoration). The
inset shows the range 0 ≤ Ω/ω0 ≤ 0.3. The numbers denote ground-state magic angular
momenta. (b) Energy difference EPRJ − EUBHF , where the subscript “UBHF” stands
for unrestricted bosonic Hartree-Fock. (c) Total angular momenta associated with (i) the
QWM ground states [thick solid line (showing steps and marked as PRJ); online black] and
(ii) the broken-symmetry UBHF solutions (smooth thin solid line; online red).

the number of particles [see Fig. 3(c) and the inset in Fig. 3(a)]. Such stepwise angular
momenta are usually referred to as “magic” and the associated ground states of enhanced
stability [see Fig. 3(b)] are finite-size precursors of the bulk fractional quantum Hall states;
see also Section 3 below.

2 Group theoretical analysis of symmetry breaking in unre-
stricted Hartree Fock

We mention here the case ofN = 3 fully spin polarized (Sz = 3/2) electrons in the absence of
a magnetic field (B) and for RW = 10 (κ = 1.9095). Fully spin polarized UHF determinants
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Figure 4: The UHF case exhibiting breaking of the circular symmetry for N = 3 electrons
and total spin projection Sz = 3/2 at RW = 10 and at zero magnetic field. (a-c): real
orbitals (modulus square). (d): the corresponding electron density (ED). The choice of the
remaining parameters is: �ω0 = 5 meV and effective mass m∗ = 0.067me. Distances are
in nanometers. The real orbitals are in 10−3 nm−1 and the total ED in 10−4 nm−2. The
arrows indicate the spin projection (Sz = 1/2) for each orbital.

preserve the total spin, but for this value ofRW the lowest in energy UHF solution is one with
broken circular symmetry. As it has been mentioned earlier, broken rotational symmetry
does not imply no space symmetry, but a lower point-group symmetry [5].

In Fig. 4 we display the UHF symmetry-violating orbitals (a−c) whose energies are
(a) 44.801 meV, (b) and (c) 46.546 meV, namely the two orbitals (b) and (c) with the
higher energies are degenerate in energy. Overall the BS orbitals (a−c) drastically differ
from the orbitals of the independent particle model. In particular, they are associated with
specific sites (within the QD) forming an equilateral triangle, and thus they can be described
as having the structure of a linear combination of “atomic” (site) orbitals (LCAOs). Such
LCAO molecular orbitals (MOs) are familiar in natural molecules, and this analogy supports
the term “semi-classical electron (or Wigner) molecules” for characterizing the BS-UHF
solutions. We notice here that the LCAO orbitals in Fig. 4 are familiar in Organic Chemistry
and are associated with the theoretical description of Carbocyclic Systems, and in particular
the molecule C3H3 (cyclopropenyl, see, e.g., Ref. [6]). The important point of course is not
the uniqueness or not of the 2D UHF orbitals, but the fact that they transform according to
the irreducible representations of specific point groups, leaving both the UHF determinant
and the associated electron densities invariant.

The electron density (ED) portrayed in Fig. 4(d) remains invariant under certain geo-
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Table 1: Character table for the cyclic group C3 [ε = exp(2πi/3)]

C3 E C3 C2
3

A 1 1 1
E′ 1 ε ε∗

E′′ 1 ε∗ ε

metrical symmetry operations, namely those of an unmarked, plane and equilateral triangle.
They are: (1) The identity E; (2) The two rotations C3 (rotation by 2π/3) and C2

3 (rota-
tion by 4π/3); and (III) The three reflections σI

v , σ
II
v , and σIII

v through the three vertical
planes, one passing through each vertex of the triangle. These symmetry operations for the
unmarked equilateral triangle constitute the elements of the group C3v [6, 7].

One of the main applications of group theory in Chemistry is the determination of the
eigenfunctions of the Schrödinger equation by simply using symmetry arguments alone. This
is achieved by constructing the so-called symmetry-adapted linear combinations (SALCs) of
AOs. A widely used tool for constructing SALCs is the projection operator

P̂μ =
nμ

|G|
∑
R

χμ(R)R̂, (1)

where R̂ stands for any one of the symmetry operations of the molecule, and χμ(R) are the
characters of the μth irreducible representation of the set of R̂’s. (The χμ’s are tabulated in
the socalled character tables [6, 7].) |G| denotes the order of the group and nμ the dimension
of the representation.

The task of finding the SALCs for a set of three 1s-type AOs exhibiting the C3v sym-
metry of an equilateral triangle can be simplified, since the pure rotational symmetry by
itself (the rotations C3 and C2

3 , and not the reflections σv’s through the vertical planes) is
sufficient for their determination. Thus one needs to consider the simpler character table of
the cyclic group C3 (see Table 1).

From Table 1, one sees that the set of the three 1s AOs situated at the vertices of
an equilateral triangle spans the two irreducible representations A and E, the latter one
consisting of two associted one-dimensional representations. To construct the SALCs, one
simply applies the three projection operators P̂A, P̂E′

, and P̂E′′
to one of the original AOs,

let’s say the φ1,

P̂Aφ1 ≈ (1)Êφ1 + (1)Ĉ3φ1 + (1)Ĉ2
3φ1 = (1)φ1 + (1)φ2 + (1)φ3

= φ1 + φ2 + φ3, (2)

P̂E′
φ1 ≈ (1)Êφ1 + (ε)Ĉ3φ1 + (ε∗)Ĉ2

3φ1 = φ1 + εφ2 + ε∗φ3, (3)
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P̂E′′
φ1 ≈ (1)Êφ1 + (ε∗)Ĉ3φ1 + (ε)Ĉ2

3φ1 = φ1 + ε∗φ2 + εφ3. (4)

The A SALC in Eq. (2) is real. The two E SALCs [Eq. (3) and Eq. (4)], however, are
complex functions and do not coincide with the real UHF orbitals. These complex SALCs
agree with BS-UHF orbitals obtained in the case of an applied magnetic field. On the
other hand, a set of two real and orthogonal SALCs that spans the E representation can be
derived fron Eq. (3) and Eq. (4) by simply adding and substracting the two complex ones.
This procedure recovers immediately the real UHF orbitals displayed in Fig. 4.

3 Restoration of circular symmetry: Group structure and
sequences of magic angular momenta

In the previous section, we discussed how the BS-UHF determinants and orbitals describe
indeed 2D molecular stuctures (semi-classical Wigner molecules) in close analogy with the
case of natural 3D molecules. However, the study of the WMs at the UHF level restricts
their description to the intrinsic (nonrotating) frame of reference. Motivated by the case
of natural atoms, one can take a subsequent step and address the properties of collectively
rotating QWMs in the laboratory frame of reference. As is well known, for natural atoms,
this step is achieved by writing the total wave function of the molecule as the product
of the electronic and ionic partial wave functions. In the case of the purely electronic or
bosonic WMs, however, such a product wave function requires the assumption of complete
decoupling between intrinsic and collective degrees of freedom, an assumption that might
be justifiable in limiting cases only.

Using the BS UHF solutions, this subsequent step can be addressed by using the post-
Hartree-Fock method of restoration of broken symmetries [2, 8] via projection (PRJ) tech-
niques.

In this section, we will use the PRJ approach to illustrate how certain universal proper-
ties of the CI (exact) solutions, i.e., the appearance of magic angular momenta in the exact
rotational spectra, [2, 9, 10, 11, 12, 13] relate to the symmetry broken UHF solutions. In-
deed, we will demonstrate that the magic angular momenta are a direct consequence of the
symmetry breaking at the UHF level and that they are determined fully by the molecular
symmetries of the UHF determinant.

As an illustrative example, we have chosen the relatively simple, but non trivial case,
of N = 3 electrons. For B = 0, both the Sz = 1/2 and Sz = 3/2 polarizations can be
considered. We start with the Sz = 1/2 polarization, whose BS UHF solution (let’s denote
it by | ↓↑↑〉) exhibits a breaking of the total spin symmetry in addition to the rotational
symmetry. We first proceed with the restoration of the total spin by noticing that | ↓↑↑〉 has
a point-group symmetry lower than the C3v symmetry of an equilateral triangle. The C3v

symmetry, however, can be readily restored by applying the projection operator in Eq. (1)
to | ↓↑↑〉 and by using the character table of the cyclic C3 group (see Table 1). Then for the
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intrinsic part of the many-body wave function, one finds two different three-determinantal
combinations, namely

ΦE′
intr(γ0) = | ↓↑↑〉+ e2πi/3| ↑↓↑〉+ e−2πi/3| ↑↑↓〉, (5)

and
ΦE′′
intr(γ0) = | ↓↑↑〉+ e−2πi/3| ↑↓↑〉+ e2πi/3| ↑↑↓〉, (6)

where γ0 = 0 denotes the azimuthal angle of the vertex associated with the original spin-
down orbital in | ↓↑↑〉. We note that the intrinsic wave functions ΦE′

intr and ΦE′′
intr are

eigenstates of the square of the total spin operator Ŝ2 (Ŝ =
∑3

i=1 ŝi) with quantum number
s(s+ 1) = 3/4, (s = 1/2)). This can be verified directly by applying Ŝ2 to them.

To restore the circular symmetry in the case of a (0, N) ring arrangement, one applies
the projection operator [2, 8, 14],

2πPI ≡
∫ 2π

0
dγ exp[−iγ(L̂− I)] , (7)

where L̂ =
∑N

j=1 l̂j is the operator for the total angular momentum. Notice that the
operator PI is a direct generalization of the projection operator in Eq. (1) to the case of
the continuous cyclic group C∞ [the phases exp(iγI) are the characters of C∞].

The projected wave function, ΨPRJ , (having both good total spin and angular momen-
tum quantum numbers) is of the form,

2πΨPRJ =

∫ 2π

0
dγΦE

intr(γ)e
iγI , (8)

where now the intrinsic wave function [given by Eq. (5) or Eq. (6)] has an arbitrary azimuthal
orientation γ. We note that, unlike the phenomenological Eckardt-frame model [13] where
only a single product term is involved, the PRJ wave function in Eq. (8) is an average
over all azimuthal directions of an infinite set of product terms. These terms are formed
by multiplying the UHF intrinsic part ΦE

intr(γ) with the external rotational wave function
exp(iγI) (the latter is properly characterized as “external”, since it is an eigenfunction of
the total angular momentum L̂ and depends exclusively on the azimuthal coordinate γ).

The operator R̂(2π/3) ≡ exp(−i2πL̂/3) can be applied onto ΨPRJ in two different ways,
namely either on the intrinsic part ΦE

intr or the external part exp(iγI). Using Eq. (5) and
the property R̂(2π/3)ΦE′

intr = exp(−2πi/3)ΦE′
intr, one finds,

R̂(2π/3)ΨPRJ = exp(−2πi/3)ΨPRJ , (9)

from the first alternative, and

R̂(2π/3)ΨPRJ = exp(−2πIi/3)ΨPRJ , (10)
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from the second alternative. Now if ΨPRJ �= 0, the only way that Eqs. (9) and (10) can be
simultaneously true is if the condition exp[2π(I− 1)i/3] = 1 is fulfilled. This leads to a first
sequence of magic angular momenta associated with total spin s = 1/2, i.e.,

I = 3k + 1, k = 0,±1,±2,±3, ... (11)

Using Eq. (6) for the intrinsic wave function, and following similar steps, one can derive
a second sequence of magic angular momenta associated with good total spin s = 1/2, i.e.,

I = 3k − 1, k = 0,±1,±2,±3, ... (12)

In the fully polarized case, the UHF determinant is denoted as | ↑↑↑ 〉, and it is already
an eigenstate of Ŝ2 with quantum number s = 3/2. Thus only the rotational symmetry
needs to be restored, that is, the intrinsic wave function is simply ΦA

intr(γ0) = | ↑↑↑ 〉. Since
R̂(2π/3)ΦA

intr = ΦA
intr, the condition for the allowed angular momenta is exp[−2πIi/3] = 1,

which yields the following magic angular momenta,

I = 3k, k = 0,±1,±2,±3, ... (13)

We note that in high magnetic fields only the fully polarized case is relevant and that
only angular momenta with k > 0 enter in Eq. (13) (see Refs. [15, 16]). In this case, in
the thermodynamic limit, the partial sequence with k = 2q + 1, q = 0, 1, 2, 3, ... is directly
related to the odd filling factors ν = 1/(2q + 1) of the fractional quantum Hall effect [via
the relation ν = N(N − 1)/(2I)]. This suggests that the observed hierarchy of fractional
filling factors in the quantum Hall effect may be viewed as a signature originating from the
point group symmetries of the intrinsic wave function Φintr, and thus it is a manifestation
of symmetry breaking at the UHF mean-field level.

4 Summary

The analysis presented above concerning the relation between hidden symmetries and emer-
gent signatures (e.g., magic amgular momenta) in the spectra of symmetry-restored mean-
field wave functions applies also in the case of configuration-interaction, exact many body
wave functions; see the review in Ref. [2]. The CI method requires large-scale, parallel
computations, but it has the advantage of providing benchmark results due to the achieved
high quantitative accuracy. We refer to this combination of mean-field and CI analysis as
computational microscopy [17].

Recently, we have incorporated in our CI computer codes the option of Dirac-delta
contact interactions, in addition to the long-range Coulomb one. Thus we have been able
to analyze the wave function anatomy of a few untracold fermionic (6Li) atoms in single
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and double optical traps, where the formation of quantum Wigner molecules can be asso-
ciated with the emergence of Heisenberg antiferromagnetic behavior [17, 18, 19] and the
creation of highly entangled states; e.g., the celebrated Bell states for two 6Li atoms. (Such
behavior was earlier predicted in the case of strongly repelling electrons in double quantum
dots [18].) The unprecedented experimental control of the interparticle interaction (from
zero to infinite strength) achieved in the case of a few trapped ultracold atoms is enabling
investigations of fundamental physics (such as high Tc and 1D and 2D magnetism) from a
bottom-up perspective. In addition, in analogy with the field of 2D semiconductor double
and triple QDs, it promises technological applications in the area of quantum information
and quantum computing. Our computational-microscopy approach can be used to investi-
gate the universal behavior in the strongly correlated regime of both ultracold fermionic or
bosonic trapped atoms and confined electrons.
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Abstract

The paper deals with method of cloud services using for testing process for students
specialized of applied mathematics in Moscow automobile and road technical university
at mathematical department. The SSSR-education system is developed for preparation
of test tasks with Tex compilation at the web-server and using of algorithm of adaptive
evaluation of tasks complexity. Also we discuss the advantages of using of cloud testing
service structure. This system has been tested on several student groups and shown an
increase in student performance at a regular testing.

1. Introduction

Many recent Russian and international conferences are devoted to the development of mod-
ern education. Education is a complex socio-technical system, which operates with a large
amounts of information, which must be stored and transferred. The modern world, being
the world of information technologies, requires a new methods and approaches for the pre-
sentation, processing and analysis of information. Using the systems modelling the virtual
reality and the Internet-resources, the educational process has taken a step to a new spiral
of evolution. The use of computer technology to address applications tasks is a required
attribute of the professional activities of any specialist. Therefore, preparation of students
in higher educational institutions, especially those who study applied sciences, is not pos-
sible without the use of modern education technologies. First of all, it relates to the use of
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intelligent knowledge control systems and computer information and communication tech-
nologies in the education process. The use of mobile computing devices (tablets, ultrabooks,
e-books, smartphones, etc.), permanent broadband access to the Internet which accelerates
the creation of cloud computing and the ability to connect to the remote data, now becomes
a more affordable everyday reality. Cloud services is one of the most promising directions
for the development of modern information technologies. Cloud services is a new service,
which implies the remote data processing and storage. Using the ”cloud” you can gain
access to the information resources of any level and any power, with the limitation of the
access rights to the information that is stored on the server, using only the access to the
Internet. Cloud services can be divided into the three main categories: infrastructure as
a service; platform as a service; software as a service. As an example of the use of cloud
computing technology in education we can mention a personal accounts for students and
teachers, electronic journals, data storage, where students may exchange and search for
information, where students may resolve certain educational tasks even in the absence of a
teacher or under his leadership. Our scientific group under the leadership of prof. Buslaev
A.P. since the beginning of 2000s is engaged in the development of the systems of distributed
monitoring and management of complex social systems (Bugaev, Buslaev, Kozlov, Yashina,
2011). In this work we consider the issues of information systems in the field of education
and algorithms for extracting of the useful information from a semi-structured source on the
example of our system of educational process maintenance - SSSR-Ed (Buslaev, Burikova,
Guseva, Nakonechniy, Yashina, 2013).

2. Methods of knowledge assessment based on test results

2.1. The use of information technologies for knowledge assessment pur-
poses

In recent years the computer technology has become an integral part of the modern teach-
ing methods. The solution to the problem of ensuring the individualization of learning,
improving the activity and the quality of education can be achieved only on the basis of the
limited use of electronic and computer equipment in the education process together with
the traditional methods of education science. Information capabilities and performance of
modern computers offer an unlimited scope for pedagogical creativity of teachers, allowing
to upgrade the old technologies and offering the new technologies and forms of education.
The advantages of the computer systems to control the quality of knowledge is the opera-
tiveness and performance of testing data processing. In the education process testing helps
to check the learning of this or that material, both by the teacher and by the student. For
example, if a student does not know how to find derivatives, it does not make sense for him
to start learning integrals. In addition, testing helps at entrance examinations as a first
phase: students entering a university, have different knowledge in a given area, so the test-
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ing helps to form a preliminary groups by skills, which in the future will be divided into the
interest areas. In the educational process itself testing serves as an objective assessment,
not dependent on the subjective opinion and relationships between the student and the
teacher. During sessional examinations testing helps to separate successful students from
the ones falling behind, which is important in large flows. Testing is used to evaluate not
only the work of students, but also the effectiveness of teaching methods and the work of
the teacher himself. The relevance of testing is also contingent upon the flexibility of the
system, different solutions to problems are possible, which in turn helps to assess students
from various points of view. However, testing can not be considered the major assessment
component of the education. Primarily for applied and arts professions that require not only
testing knowledge, but also the skills of a person. Therefore, in order to prepare specialists
in the field of applied mathematics was generated a cloud of tests.

2.2. Knowledge assessment models

Currently, there are different models of knowledge assessment, divided into three major
classes: models for assessing the level of knowledge, knowledge diagnostics models and
recognition models. The models to assess the level of knowledge aimed at obtaining an
integrated, quantitative mark of a testee - points. Diagnostics models allow to determine
problems in knowledge. Recognition models set the task to allocate the testee after the test
to one of the predefined classes, such as ”certified” or ”not certified”. A simple model of
knowledge assessment is more often used to assess the knowledge of large flows (Zayceva,
Prokofyeava, 2004). Student’s response to each task is evaluated based on the two-degree
scale (correct or incorrect). The mark is awarded by calculating the value of the parameter
R:

R =

∑k
i=1Ri

n
, (1)

where Ri is student’s correct answer to the task; k is the amount of correct answers of n
the presented ones (k?n), which, as a rule, is an integer (or it is rounded according to the
rules of mathematics). Final mark, as a rule, is determined by the following formula:

I =

{
1, R ≤ c1

2, c1 ≤ R ≤ c2,
(2)

where I is a final mark, {c1, c2, , cM} is the vector of boundary values (which was predeter-
mined), M is the highest possible mark. To assess the knowledge of applied mathematicians
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modern mental test theory is usually used - Item Response Theory (Rudinskiy, Grusheckiy,
2003). In contrast to the classical theory, where the individual score of the tested student
is viewed as a constant number, in IRT it is interpreted as some variable. The initial value
of the parameter is obtained directly from the empirical test data (mean of sample) As an
example of statistical assessment model let us review the method, considering the type of
data distribution. The main idea of this method is that with a sufficiently large test sample,
provided to the student (with the number of test questions not less than 50), the students
answers distribution functions, characterized by different levels of knowledge, tend to be
well-defined in accordance with laws of distribution, for example, a normal distribution. So,
if there is full and deep knowledge, the distribution of answers is close to an exponential
one with parameter 1, and in the case of the complete lack of knowledge - to exponential
distribution with parameter 0. If the student demonstrates not excellent, but smooth and
confident knowledge of the entire test topic, the distribution of his answers will be close
to normal with a distinct maximum and a relatively small dispersion, whereas if there are
significant gaps on a specific topics, this distribution will be close to normal with slightly
marked peak and a large dispersion. At the same time, when a student tries to guess the
correct answers (i.e., in case of a random selection) the distribution will be close to equal
one. The basic idea of the proposed algorithm is the following. When conducting automated
testing of knowledge, taking into account the answer options selected by the students, ob-
tained answers are grouped and constructed a frequency polygon of their distribution. Null
and alternative hypothesis of an exponential, normal and equilibrium distribution of the
sample of answers are consistently nominated. The nominated hypothesis are checked with
the appropriate consent criteria; the hypothesis, which has the highest degree of consent,
is selected for further analysis. Taking into account the parameters of the accepted law
of distribution, the size of the sample and the required probability belief, the size of the
confidence interval is calculated, which is projected onto the reference assessment scale for
the selection of the evaluation. In the case if the confidence interval is completely placed
in the area between the two neighboring marks, the higher one is awarded. The situation
in which the confidence interval overlaps the two neighboring marks suggests on the lack
of certainty of the test results. This uncertainty can be resolved either by providing the
trainee an additional test questions with subsequent repetition of the calculation with the
increased sample size, or by awarding a lower mark, corresponding to the overlap border of
the areas. In our work we used the algorithm of adaptive knowledge testing (Bessarabov,
Bondarenko, Kondratenko, Timofeev, 2016). This algorithm consists the following steps:
Organization of a homogeneous group of students for testing; Generation of organizational
test parameters; Taking into account the mean square error of preparedness, stochastic ap-
proximation is processed and optimal value of complexity of the test tasks is calculated;
The generated test is presented to the test group; After the test, statistical processing is
produced of obtained matrix of responses and value of the complexity of the test tasks is re-
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calculated; Adaptation parameters for a test group of students are computed to the test for
the next iteration; the difference between the resolution and the ability to test a calculation
error in the results is calculated; 8) The total score for each tested student is calculated.
Statistical methods are also applied for the assessment of the tests quality, reliability of the
testing, forecasting of the results of tests.

3. Cloud testing method based on SSSR-Ed

3.1. SSSR-Ed project

In these days cloud technologies are increasingly introduced in all spheres of life. Thanks to
such a rapid development the educational process is becoming more flexible and affordable.
In this article it was decided to tell about the cloud technology used in the education of
applied mathematicians, namely, to consider some of the modules of the SSSR-Ed system.
As a part of the REC project ”Theoretical and applied issues of creating systems of intelli-
gent monitoring and control of distributed processes” under the leadership of Buslaev A.P.
was developed a client-server system SSSR (1). SSSR system (smartphone, server, student,
routing) is a technology of automated data collection using mobile devices, smartphones
and tablets, with the sending of multimedia information to the server in a structured way.
Were developed the theoretical bases and client-server systems technologies for distributed
monitoring, and later the SSSR-Ed system was developed for the monitoring of educational
process in the University. Main tasks of the SSSR-EJ are the monitoring of the education
process in real time, its synchronization with the schedule, introduction of statistics on the
attendance and performance of students. The system provides an ability to record the situa-
tion at the classes in a real-time mode, even if the University is located in multiple buildings,
because the data transfer is carried through the 3G connection. EJ-SSSR database collects
information on attendance of each training session scheduled by the academic office, on the
type of this session (lectures, practical classes, laboratory work), on the multimedia of this
session, marks received by the students. After connecting to the server, in an online mode
the smartphone receives the real-time information about the session. Therefore, you can
not enter the relevant data neither before nor after the education session, allowing their
full credibility and hampering the implementation process. The main advantage over the
similar systems is the lack of binding to a specific operator workstation in order to im-
plement interaction between staff and the base. It was decided to use a variety of mobile
devices running Android and iOS operating systems as client devices. University staff have
the ability to transmit data through a smartphone using the GPRS, EDGE, 3G and Wi-Fi
IEEE 802.11 b/g technologies. Thus, multimedia data can be transmitted from any point
of the University, even if the University is geographically spread, and various buildings are
located at a considerable distance from each other. Client device requirements are very
moderate, allowing to use budget-friendly smartphones and tablets. Android devices need
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to have the operation system version 2.1 and above. For iOS devices - version 4 and above.
The disadvantages of the system are the need for a permanent Internet connection (if there
is no connection to the Internet it freezes and is unable to update the data) and the lack of
local mode.

Figure 1: Logical scheme of interaction.

Currently this system is tested on the basis of the MKiIT (Mathematical Cybernetics
and Information Technologies) academic department of the Moscow Technical University
of Communications and the Advanced Mathematics academic department of the Moscow
Automobile and Road Construction University. In addition, we have filed an application for
a patent for a utility model on the topic: ”The method of automated maintenance of the
educational process”. SSSR-Ed system includes several components: client part, server part,
cloud services. The client part of the system is installed on the Android operating system
and is necessary to transfer the information in real time. The Server part is a hosting,
which stores all the information transmitted from the client device, and is necessary for
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the output of the obtained information. Cloud services allow you to collect and submit
additional materials necessary for the successful studies.

Figure 2: Conceptual scheme of interaction processes in the SSSR-Ed project.

3.2. Method of test generation and database structure

In the Moscow Automobile and Road Construction University the department of ”Advanced
Mathematics” for more than 20 years is engaged in the research of automated systems and
information processing tools, it models and develops the mathematical software for the
new generation of computers, it develops software and information support for computer
networks, automated systems of computing complexes, services, operating systems and
distributed databases. The specialized system of typesetting TeX, which specializes in the
input of mathematical functions, and has an impressive list of symbols and mathematical
operands is also widely used. The TeX system is widely used at the department of ”Higher
mathematics” for writing of tutorial materials, manuals and assignments for students. TeX
convenient system for preparation the layout of the text containing mathematical formulas.
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Figure 3: Listing of testing scheme in Latex.

Figure 4: Testing scheme after compilation.
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TeX system is a specialized programming language. Donald Knuth not only came up
with the language itself, but also wrote a compiler for it that works smoothly on different
computer configurations. This system serves as a basis for other publishing systems used
in practice. More precisely, every publishing system based on TeX is a package of macros
(macro package) of this language. Let us underline the main advantages and disadvantages
of this product in comparison with similar ones. Advantages of this language include:

• It is free and open;

• More features compared to the classic word processors. For example, auto-compiled
contents, bibliographies, the possibility of merging documents, comfortable numbering
of formulas, figures, simple syntax of mathematical formulas, cross-references, etc.;

• Well-structured text;

• Wide variety of styles to prepare different documents;

• 100% backwards compatibility between versions;

• Convenient tags for the formation of the text;

• The possibility of collective work;

• The system to monitor versions of the document;

• LaTeX is actually designed specifically for the physical-mathematical articles that
contain many formulas;

• Portability of the document on different platforms.

The following should be considered as the weaknesses:

• The complexity of the mutual integration with documents created in ex and MS Word;

• The need to study the syntax of the layout that makes it difficult to work on the
initial stages of education.

We developed the online TeX compiler for our SSSR-ED system to make work with
mathematical formulas faster (3, 4). Students can access all LaTeX power and functions
without installing TeX-software on their gadget, usually their smartphones or tablets. De-
vice should have internet-access. Students may use the compiler any time, except the time
of exam or the planned test work. Any student can view the computing log file or share the
results with the fellow students. The Online TeX-system recommended itself as very power-
ful and useful tool among the teachers. The bank of test tasks on all the main topics of the
mathematics course for the occupations of III generation was created in order to monitor
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performance and learning achievements. The bank includes more than 3,000 tasks stored in
.lat format that may be opened in any text notepad. The ”Test Maker” app was developed
for convenience and correct configuration of tasks for teachers, preparing assignments for
the exam to a large audience. The teacher, on the basis of methodological considerations,
chooses topics and types of tasks from the proposed menu, and the software application
generates random options, differing by the numeric constants, and generates a ready-made
forms of examination tasks that have been formatted in LaTex (5).

Figure 5: Preparation of assignments.

Later the generation of texts was expanded and implemented the Scientia-test testing
system. This multifunction system provides support for monitoring students’ progress at
any one time in case if the students have the access to the system. Access is granted
through the username and password individually generated for each student. With such
identification any student can view his results and pass a sample test at any desired time
and from any device.
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3.3. Scientia-Test web-service

Scientia-Test is a universal tool for the automation of the intermediate control of students’
knowledge. It gives teachers an opportunity to fill the knowledge database, and students
have an opportunity to take the test on-line. This system is used in MADI only to solve
text tasks, but it can be used for a wide range of tasks:

• inspection and control of knowledge of university students at the intermediate control
of knowledge;

• self-control of the students (there is a ”mock” test in the systems, which allows any
student to prepare for the test at home);

• teachers can create test materials (both using the web-interface and through input of
the introduction into the designated form);

• creation of a single test base for a wide range of University subjects;

• preparation to the state accreditation from the University.

The program (website) to create scientia-test tests has proven its effectiveness by ensuring:

• effective automation of carrying tests and evaluation of the test results through a wide
range of features;

• convenient operation thanks to the modern user interface;

• elimination of physical and time-related costs due to the automated processing of the
results;

• independent creation of tests by teachers and, if necessary, independent work of the
students with the program (in case of self-control).
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Figure 6: Testing scheme.

We have made an add-on for the system that allows uploading tasks to the testing
database automatically, on the basis of files prepared in the latex format (6). This add-in
also allows the use of mathematical formulas in tests. With the module that simulates user
activities, assignment options are added to the testing system, which are then automatically
generated and compiled into a test. Thanks to the Internet now there is an opportunity to
carry tests not only in selected groups, but also in large streams in the form of examinations
and assignments. Test results are generated immediately and then are sent to the cloud,
where they are stored in an electronic attendance-based journal. Attendance card contains
statistics of marks both in the whole group and for a single student. The results are read
from the attendance cards, and the statistics is generated (7).

3.4. Cloud structure of the SSSR service

In the course of operation it was found that the SSSR-Ed, Scientia-Test systems and the Tu-
torial database mutually complement each other in the work of maintaining the educational
process. The problem was in their isolation and lack of the tools for mutual synchronization
between them. SSSR-Ed had an open platform, which was a web service, and it was used
as a basis to construct this cloud solution.
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Figure 7: Attendance card in cloud storage.

3.4.1. Integration of the Tutorial Database into cloud

Tutorial database represents the system containing of the two modules. The database itself,
containing the list of questions in the TeX format, distributed by topics, and the utility yo
generate unique tests. As an important part of the integration it was decided to abandon
the utility of test generation and replace it with a centralized system - Scientia-Test. We
started using the SSSR-Ed service for their mutual integration. The interaction process is
detailed below:
1) The student addresses a request to the SSSR-Ed system to provide the test;
2) SSSR-Ed extracts data from the Tutorial DB;
3) SSSR-Ed transfers the obtained data to Scientia-Test;
4) Scientia-Test generates a test for the student;
5) SSSR-Ed uploads the test results to its DB.
In the course of integration it was found out that the Scientia-Test system has a number
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of drawbacks, in particular, this system does not support any one of the languages for the
visual representation of mathematical formulas.

3.4.2. The interaction of SSSR and Scientia-Test

In the course of operation there was a problem: Scientia-Test system does not support any
one of the formulas visual representation languages, the tool to visually represent formulas
(TeX) was integrated into the SSSR-Ed system. The developed system retrieves the formula
text from the Tutorial database, processes it in LaTeX and generates an image that is to
be transferred to the Scientia-Test system. Because the Scientia-Test does not contain an
open service or the tools to import or export data, it was decided to use the Selenium
suite to upload and download data from this system. Selenium is a tool for automated
browser control. Automation of web-application testing is the most popular selenium area
of application. However, using selenium it is possible to automate any other routine actions
carried out through the browser. Using this package of tools we managed to simulate the
actions of the Scientia-Test database administrator. When loading the test data, the SSSR-
Ed system breaks the texts of the questions from the Tutorial database into components.
The texts of the assignments are transferred directly into the form, and texts, containing
formulas, are first sent to the module generating images, after which the link to such image
is transferred to the Scientia-Test.

3.4.3. Fraudulent protection

SSSR-Ed system supports the protection and access control of the users in the process of
testing. SSSR-Ed database contains data on the student, including his phone number. For
the implementation of the central testing we created a dedicated module, which allows to
allocate each student a unique temporary key and generate a unique test, as well as checks
the device from which the testing is performed (whether it is a computer in the classroom,
in which this test is carries, whether this authorization key was used from another device).
The data of the previous tests in the same way are stored in the SSSR-Ed DB, which allows
you to avoid issuing the same question to the same student in the case of a test-out exam.
Interaction process is as follows:
1) The teacher launched centralized testing;
2) SSSR-Ed retrieves questions from the tutorial database;
3) SSSR-Ed converts TeX into the format suitable for Scientia-Test;
4) Scientia-Test generates tests;
5) SSSR-Ed sends keys to the mobile phones of the students;
6) Students gain access keys (access keys are active only during the specific amount of time
allocated for the testing);
7) Students perform the tasks;
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8) The results are uploaded to the SSSR-Ed database.

4. Analysis of the implementation of this testing system in
the educational process

During the 2014/2015 academic year based on the AM academic department in the MADI
and MCIT academic department in the MTUCI was implemented a regular testing for the
disciplines: Discrete mathematics, Structures and algorithms of data processing, and FLP.
Recognition models place the task to allocate the testee after the testing to one of the
predefined classes, for example, after testing to one of the predefined classes, for example,
”certified” or ”not certified” (8).

Figure 8: Evaluation criterion: ”certified” and ”not certified”.

The initial value of the parameter is obtained directly from the empirical test data
(mean of sample) (9). Next, the statistical models are applied to the obtained results.

Evaluated 10 student groups consisting of 20-25 people each. Among five groups the
testing was conducted once a month regularly during the two semesters. The other five
groups learned in a regular mode and the testing was conducted only at the end of the
school year.
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Figure 9: Schedule of assessment IRT model.

The testing lasted for one hour and included 20 questions. The response to each question
was evaluated based on the 5-mark system. In the end all the test results were brought to
100% (points) system of calculation. Marks for testing are calculated by the formula (1).
The testing helped groups to carry out separate work, which helped to quickly determine
whether the material was learned and understood or not. The testing results themselves
were analysed by the several models. At first, the simple model for knowledge assessment
was considered. A point chart with the number of correctly resolved questions is constructed
based on the data obtained by the model (2) (8). The approximating straight line is
constructed on the chart, created on the basis of the current average score of students
in relation to the number of tasks. The more complex IRT model is used as the second
step in the knowledge evaluation (9). Testing marks are calculated by the formula (2) and
are not added to all the other ones. In each test the student can get from 0% to 100%,
therefore, receiving an assessment mark from ”2” to ”5”. The scale knowledge evaluation
is the following: 1) for each task in the test the student gets 5% (points):
- 1 point - provided the answer without any clarifications;
- 2 points - incorrect answer, but the way of finding solution is correct;
- 3 points - provided only half of the solution;
- 4 points - a small accuracy mistake in the solution;
- 5 points - correct and detailed answer.
2) by the 100-point system the marks are awarded by the following criteria:
0-50% - mark 2
51-70% - mark 3
71-85% - mark 4
86-100% - mark 5.
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Figure 10: Dynamics of the results of the regular testing of students.

Three students were selected from each of the groups, in which the tests were conducted,
to compare the results dynamics of the student compared to himself.

Above there is a statistics on the dynamics of the completion of testing by the individual
students from the group, in which the testing was conducted on a regular basis (data is
given in percentage) (10). Students of the ”average” and ”below average” level were chosen
deliberately, because the dynamics is less brightly expressed for the more successful students.
As can be seen from the diagram, in case of testing on a regular basis the performance
indicator either remains unchanged in an average or expresses a positive dynamics.

By the results of the monitoring of student behavior all students can be divided into 4
groups:

• Group A: did not pass any tests during the semesters;

• Group B: the group of students, in which there was no regular testing and the students
did not attend the classes;

• Group C: students passed tests not on a scheduled basis (group of students, who often
missed classes);

• Group D: group of students, who went though testing on a regular basis.

Using such a separation the average score of the final testing was displayed (11). As
can be seen from the graph, the students who has testing on a regular basis, on average
have a higher score than the others.
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Figure 11: Average final testing of students.

Conclusion

The significant optimization of centralized testing procedures has been performed. Online
TeX compiler allowed to normalize of tasks data base. The SSSR-Ed system gives possibil-
ities to students to use their mobile devices as a testing tool. Adaptive knowledge testing
increased the adequacy and uniformity of distribution among students by calculating of
relative magnitude of the task complexity. The use of cloud technologies is introduced into
the educational process, including the education of applied mathematicians, with a delay
and yet fails to find a wide application. Cloud technologies provide students with the op-
portunity to interact and to work collaboratively with the continuously expanding social
circle regardless of their location. These technologies deliver education materials through
the most cost-effective and reliable way, standing out by the ease of distribution and updat-
ing. Cloud computing technologies represent a new way to organize the education process
and offers an alternative to the traditional methods of education, creates opportunity for
personal education, team teaching and interactive classes. The main advantages of the use
of cloud computing technologies in education are not only the reduction of costs for the
purchase of necessary software, the more efficient and high quality educational process, but
also the fact that students will be more prepared to the life in the modern information
society.
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Abstract
Instantons have finite action with zero energy. They have been 
considered as configurations of quantum fields providing a 
tunnelling effect between the vacuums which have different 
topologies in space-time. In this study, we investigate the 
transition of four dimensional Gursey instantons from regularity 
to chaos under the bichromatic potential.
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1. Introduction
Solitons were discovered in the 19th century as undissipated surface waves on 
water and realized to obey nonlinear wave equations [1]. Since the discovery of 
soliton much progress has been made on the subject of nonlinear phenomena 
especially soliton dynamics. During the past forty years a rather complete 
description of solitons has been developed by the productive collaboration of 
mathematicians and physicists. In mathematical physics the amount of 
information on nonlinear wave phenomena obtained using solitons is quite high. 
Today it is known that solitons play an important role not only in nonlinear 
physics and mathematics but also in fiber lasers and communication engineering. 
There are four leading solitonic characters: instanton, monopole, vortex, and kink 
ones. Instantons are classical topological solutions with zero energy and finite 
action of the Euclidean version of field equations of any given model [2-4]. 
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Very recently the dynamical nature of dissipative Gursey Model has been studied 
to check the stability of Gursey instantons against external forcing and damping 
and chaotic instantons observed depending on system parameter values [5]. In this 
paper, we investigate the regular and chaotic solutions of Gursey Model under the 
bichromatic potential to get more information about the quantum dynamics of 
spinor type instantons in vacuum.

2. Model
The Gursey wave equation [6] is described by the conformal invariant Lagrangian 

4

3( )L i g� � ��� �� � , (1)

where the fermion field �  has scale dimension 
3

2
and g is the positive 

dimensionless coupling constant. The conformal invariant spinor wave equation 
that follows the above Lagrangian is 

1/3( ) 0.i g� �� ��� � � (2)

In Ref. [7], for the spinor type instanton solutions, it has also been shown that 
�� is related to spontaneous symmetry breaking of the full conformal group and
is characterized by being invariant under the transformations of a special 
subgroup [8], which in turn reflects the final symmetry properties of the ground 
state of the system. That is

2 2

( ) ( . 2 ) ( ) 0.
2

i a xR x d x
a� � ��� ��

� 	

� � � � � �� 

� �
(3)

Following the proposal of Ref [8] an operator � �R� was introduced

1 1
,

2
R aP D

a� � �
� �� �� �
� �

(4)

depending momentum ( P� ) and conformal scale invariant ( D� ) operators in the

four dimensional Euclidean space-time. Here a  is a parameter with the dimension 
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of length. Then, one finds 
� �2 2

a
g a x

�� �
�

as a solution. This solution is related 

to the special case (instanton) [7] of Euclidian configuration of Heisenberg ansatz 
[9]

( ) ( ) ,ix s s C� �� � � �� 	� �� � (5)

where C  is an arbitrary spinor constant; � �s�  and � �s�  are real functions of
2 2 2

1 2 3 4( , , , )s x r t x x x y x z x t�� � � � � � � in the Euclidean space-time, i.e.
2 2 2 2

1 2 3r x x x� � � .  Inserting Eq. (5) into Eq. (2), with 

d ( ) d ( )
4 ( ) 2 2

d d

s si i s s ix CC
s s� � � �

� �� � � � �� 	�� � � � 
 
 �� � �
(6)

and

� � � �
1 1

1/3 2 2 2 23 3

1/3

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ,

g igx s s s s g s s s s

CC C

� ��� � � � � � � � �
� 	

� � � �� 
� � (7)

where 

� �1/3 2 2 1/3( ) ( ) ( ) ( ) ,s s s CC�� � �� � (8)

one obtains the following nonlinear differential equations system 

1/32 2d ( )
4 ( ) 2 ( ) ( ) ( ) 0

d

ss s s s s s
s

�� � � � �� 	� 
 � �� � (9a)

1/32 2d ( )
2 ( ) ( ) ( ) 0,

d

s s s s s
s

� � � � �� 	� � �� � (9b) 
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where � �1/3
g CC� � for short. Substituting ( )As F u�� 
� and ( )Bs G u�� 
� ,

with
3

4
� � ,

1

2
� �� � , lnu s� and 2 2A B� [10], 
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1 1
2 22 2 2 2 3 3
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(10b)

we achieve the dimensionless form of the non-linear ordinary coupled differential 
equations system (9) as

� � 1/31/3 2 2d ( ) 3
2 ( ) ( ) ( ) ( ) 0

du 2

F u F u AB F u G u G u� � 	� 
 � �� �           (11a)

� � 1/31/3 2 2d ( ) 3
2 ( ) ( ) ( ) ( ) 0.

du 2

G u G u AB F u G u F u� � 	
 � � �� � (11b) 

Here F  and G  are dimensionless functions of u  and A , B are constants [10]. 
We call this equations system the Gursey Nonlinear Differential Equations 

System and the solution of it for � �1/3
1AB� � is the Gursey Instantons [11]. 

Gursey Nonlinear Differential Equations System can be written in the form of a 

vector field as follows by defining a new constant � �1/3AB� ��

1 1
2 2 2 23 3

3 1 3 1
, .

4 2 4 2G F F G G G F G F� �
� �

� 	 � 	� 
 � � 
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� �

f (12)

We take the divergence of Gf

2 2 2/3 2 2 2/3

3 3

4 3( ) 4
0.

3( )
. G

FG FG
F G F G

� �



� �
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�
�

� �
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�
f       (13) 
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Density is conserved since . 0� �f ; so the system is conservative. We find the 
Jacobian of Gursey Nonlinear Differential Equations System as

2
2 2 1/3

2 2 2/3 2 2 2/3

2
2 2 1/3

G

2 2 2/3 2 2 2/3

3 1
( )

4 3( ) 3( ) 2

1 3
( )

3( ) 2 4 3( )

,

FG G F G
F G F G

F FGF G
F G F G

J

� � �

� ��

� �
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� �

 
 � 
� �
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� (14)

and
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� � �
� �

�

(15)

The characteristic eigenvalues providing an understanding of the topological 
behavior around the singularity points come from T 0J I�
 � as

2 2 2 2
2 2 2 2/3

2 2 2/3 2 2 1/3 2 2 1/3

24 8 8
27 12 ( )

( ) ( ) ( )

4
.

3

FG F G F G
F G F G F G

� � � �
� �  


 
 
 
 �
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    (16)

For 0� � , one finds reel eigenvalues. Hence the fix point is hyperbolic. For the 
other �  values, eigenvalues are purely imaginary. So the fix points are elliptic 
[12].
We redefine Gursey Nonlinear Differential Equations System with the 
bichromatic potential to get more information about the quantum dynamics of 
spinor type instantons as

1
2 2 3

( ) 3
2 ( ) ( ) ( ) ( ) 0

2

dF u F u F u G u G u
du

� � 	� 
 � �� � (17a)

1
2 2 2 23

1 1 2 2

( ) 3
2 ( ) ( ) ( ) ( ) cos ( ) cos ( ) 0

2

dG u G u F u G u F u A u A u
du

� ! !� 	
 � � 
 � �� � (17b)
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( )dH u
du

"#�      (17c)

" is a constant by adding an extra dimension for numerical calculations. 1A and

2A are the amplitudes of external potential and 1! and 2! are its frequencies
respectively.

3. Numerical Results
Different kinds of soliton solutions not only valuable to the application in many 
fields but also attractive to study the nonlinear phenomena in physics in particular 
with the aid of the advanced computer technology. Methods from the viewpoint 
of nonlinear dynamics and chaos theory are quite useful in solving problems 
where chaos is present. For the Gursey model with potential, it is difficult to 
obtain exact solutions directly. So we present some numerical results to get more 
information about the quantum dynamics of spinor type instantons in vacuum. In 
Figure 1, the stability characterization of Gursey instantons is displayed for �=1
without potential [13,14]. 

Fig.1: Undamped Duffing type stability characterization of Gursey instantons 

for 1� � ; the equilibrium points are 
3 3 3 3

,
4 4

� �
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� �
and

3 3 3 3
,

4 4

� �
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� �

.
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In Figure 2 the phase space displays for different amplitude values with the initial 

conditions
3 3

(0)
4

F � 
 ,
3 3

(0)
4

G � and 1$ � are seen.. For the weak potential 

in Fig. 1(a) the system shows regular behaviour. As we reinforce the amplitude, 
Fig. 1(b) shows that the chaotic orbits appear in the region near the centre of 
phase space. Due to more amplified potential, Figs. 3(c) and (d) exhibit more 
chaotic regions. Hence, one can conclude that external potential having certain 
frequencies may change the stability characteristics of spinor-type Gursey 
instantons in phase space for the same initial conditions. When the amplitude of 
external potential increase enough the Gursey instanton can not pursue its stability 
for the above initial conditions.

(a) (b) 

(a) (b) 
Fig.2: Transition to chaos under the bichromatic potential for 1 0.448! � and 

2 0.346! � 1 0.001A � , 2 0.001A � (b) 1 0.1A � , 2 0.01A � (c) 1 0.191A � ,

2 0.13A � (d) 1 0.3A � , 2 0.1A �
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4. Conclusion
In summary, we present the Gursey Nonlinear Differential Equations System 
formed by the use of Heisenberg ansatz and we investigate it under the 
bicromatical potential to understand how the behaviours of spinor type Gursey 
instantons could be affected. The obtained results show vanishing of the stability 
characteristics of spinor-type Gursey instantons in phase space depending on the 
external potential parameter values. Instantons lies on the separable closed curves 
which correspond to regular trajectories without potential. However, potential 
destroys the separatrix and forms a stochastic layer. 
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Abstract
The (100)-type surface-induced heterogeneous nucleation of L10-
order domains was observed in a nanolayer, a nanowire and a
cubic nanoparticle of FePt. It was found that due to the specific 
competition between the three kinds of (100)-type free surfaces, 
the initial c-L10 variant long-range order appeared to be the most 
stable in the cubic FePt nanoparticle. The analysis of correlation 
effects revealed that chemical ordering in initially disordered 
samples was initiated at the free surfaces.

Key words: chemical ordering, nanostructures, Monte Carlo 
simulations 
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1. Introduction.
Free-surface-induced L10 chemical long-range ordering phenomena in a nanolayer, 
a nanowire and a cubic nanoparticle of FePt were studied by means of Monte Carlo 
simulations [1].  
Nanostructured L10 ordered intermetallics such as FePt, FePd, CoPt, have attracted 
interest for several decades due to their magnetic properties (technology of high 
density storage media) and to their surface activity (catalysis). The structural origin 
of the attractive properties of the alloys (first investigated in thin (nano) films and 
later in nanoparticles) is their L10 superstructure (Figure 1).  

Figure 1 Scheme of the L10 superstructure of FePt: (�) Fe atoms, (�) Pt atoms. 
The (100), (010) and (001) orientations of the sequences of alternate Fe and Pt 
monatomic planes define the a-, b- and c-variants of the L10 superstructure.  

Application of the intermetallics in the technology of high density magnetic storage 
media depends critically on the preparation of stable nanolayers or nanoparticle 
matrices showing an off-plane direction of the easy magnetization. This means that 
the material should be L10 ordered with Fe and Pt monatomic planes (Fig.1) 
oriented in parallel to the surface.
In our previous works (see [2] and the references therein) we revealed that the 
(100)-type free surfaces limiting the FePt layers destabilize the L10 superstructure 
variants with monatomic crystallographic planes of the same orientation – i.e. 
parallel to the surface. In view of the technological interest not only in magnetic 
nanolayers, but also in the matrices of nanoparticles it was important to examine 
the possible influence of the nanostructure geometry on the stability of the 
homogeneous L10 superstructure in FePt.

2. Methodology
The system was modeled with nearest-neighbor and next-nearest-neighbor 
interatomic pair interactions deduced from ab initio calculations.  The generated 
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samples, the dimensionality of which was determined by appropriate periodic 
boundary conditions imposed upon the generated supercells, were initially either 
perfectly ordered in the c-variant L10 superstructure (Fig.1), or completely 
disordered in the fcc crystalline structure.  Vacancy-mediated creation of 
equilibrium atomic configurations was modelled by relaxing the systems at 
temperatures below the ‘order-disorder’ transition point using the Glauber 
algorithm implemented with the vacancy mechanism of atomic migration. 

3. Results
The (100)-type-surface-induced heterogeneous nucleation of L10-order domains 
was observed (Fig.2) and quantified by means of an original parameterization 
enabling selective determination of volume fractions of particular L10- variants. 
Due to the specific competition between the three kinds of (100)-type free surfaces, 
the initial long-range order in the c-L10 variant appeared to be the most stable in 
the cubic nanoparticle. The free surfaces limiting the nanocube effectively 
stabilized the initial superstructure. The occurrence of this phenomenon is one of 
the most important conclusions of the present study. 

Initial 
configuration

After 1010 MC steps at �/��  =  0.95
All samples nanolayer nanowire nanocube

Figure 2 Atomic configurations in the samples initially ordered in the c-L10 variant
and annealed for 1010 MC steps at  �/�� = 0.95 (�� is the “order-disorder” 
transition point). Black and white dots represent Fe and Pt atoms, respectively.  

Atomic ordering starting from initially disordered FePt samples was simulated 
exclusively at �/��  =  0.95. Images of atomic configurations generated in the 
samples by 1010 MC steps (Fig.3) show well-marked L10-variant domain structures 
with statistically distributed antisite defects. 
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Initial 
configuration

After 1010 MC steps at �/��  =  0.95
All samples nanolayer nanowire nanocube

 Figure 3 Atomic configurations in the samples initially disordered and annealed 
for 1010 MC steps at  �/�� = 0.95 (�� is the “order-disorder” transition point). 
Black and white dots represent Fe and Pt atoms, respectively. 

While almost purely a-L10 variant superstructure was observed in the [100]-
oriented nanowire, a mosaic of a- and b-L10 variant domains was generated in the 

(010)-oriented “chimney” 

Figure 4 Pair-correlation parameter ��
(���) in initially disordered single FePt 

nanocube against the numbers of consecutive (010)-planes in the [010]-oriented 
‘chimney’. (�) 104 MC steps, (�) 105 MC steps, (�) 5�105 MC steps, (�) 106

MC steps, (�) 107 MC steps.

(001)-oriented nanolayer. No definite selection of the L10-variants in the nanocube 
resulted, in turn, in almost monovariant LRO in the inner part  and a quite high 
contribution of all other L10 variants close to the surface. The latter was inevitable 
due to any variant winning inside the cube being always unfavourable for one pair 
of surfaces. The analysis of correlation effects performed by means of a parameter 
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very sensitive to any deviation from the statistical distribution of atoms revealed
that chemical ordering was initiated at the free surfaces (Fig.4).
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Abstract 
Modelling strongly correlated systems and systems in dynamical 
environments requires fast, computationally scalable and 
efficient computational tools utilizing novel mathematical 
approaches and the latest hardware technologies. Parallel scaling 
of a newly developed parallel MCSCF code with NWChem to 
tens of thousands of processors and active spaces beyond 
CAS(20,20) is demonstrated. The Intel Phi multicore 
architecture combined with algorithmic advances were used 
achieve 5.5x improved performance for key kernels in plane 
wave ab initio molecular dynamics. 

Key words: MCSCF, Plane Wave Dynamics, Parallel, Intel Phi 

1. Introduction
The US Department of Energy is focusing a significant fraction of its resources to 
research on controlling chemical and physical processes in dynamical 
environments at the molecular and nanoscale that can lead to new or more 
efficient renewable energy resources (e.g. energy storage materials such as 
batteries, light harvesting systems, catalysts) and approaches to reduce the carbon 
footprint. Many relevant processes are driven by complex electronic structure 
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transitions and strongly correlated electronic systems that can be described by 
multi-configurational self-consistent field (MCSCF) methods [1]. To date, 
practical applications of this method has been restricted to studies of 20 electrons 
in 20 orbitals and takes huge amounts of wall-clock time on a single node. To 
achieve the fastest time-to-solution for the MCSCF, and to enable access to larger 
orbitals and electron spaces, computationally parallel, scalable and efficient 
computational algorithms need to be developed. In addition, most chemical 
reactions happen in complex and dynamical environments, often away from 
equilibrium. One methodology to describe these processes is ab initio molecular 
dynamics, for example plane wave density functional theory based ab initio
molecular dynamics. These methods are computationally expensive, and often 
limited to tens of picoseconds and hundreds of atoms. To enable simulations of 
longer time and length scales, algorithms need to be modified and optimized to 
take fully take advantage of the latest hardware technologies available to the 
computational chemistry community.  
In this paper we will discuss progress made in the development of a parallel 
MCSCF code. In the second part we will discuss our efforts to accelerate the 
solution of plane wave ab initio molecular dynamics algorithms through 
algorithmic developments utilizing the Intel Phi multicore architectures.   

2. Parallel MCSCF enables record size simulations  
A new parallel MCSCF code has been developed within the open-source 
NWChem software suite [2]. In an MCSCF, the most time consuming step the the 
configuration interaction (CI) algorithm, and specifically the calculation of the so-
called sigma vector.  An algorithm was devised that distributes the large CI vector 

of Slater Determinants over the available processors, while two-electron integrals 
are kept local to minimize bottlenecks related to data communication. A novel 
load-balancing scheme was developed, utilizing the general active space (GAS) 
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Figure 1: Scalability results for the Cr3 CAS(20,20) 
molecular system. 

Figure 2: Corenene  molecular 
system. 
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approach to spit the CI vector in smaller blocks, and distribute the amount of 
work per processor based on the length of the CI vector. Additional optimizations 
are ongoing where in addition to CI vectors length distribution the scheme will 
also approximate the level of work each section of the CI vector will be involved 
in. The parallel MCSCF algorithm was tested on the NERSC Cori machine and 
the Cr3 CASCI with 20 electrons in 20 orbitals leading to 2 billion Slater 
Determinants (SD), a calculation that is considered the largest possible and is 
extremely difficult to achieve with currently available codes, can be done in a 
matter of minutes on 500-1000 processors (see figure 1).  
To explore the limits of the new MCSCF code in NWChem, initial benchmark 
calculations were performed on a molecular system with 24 electrons in 24 
orbitals, a so-called CAS(24,24) with a half a trillion Slater Determinants (3.6 
trillion SDs without symmetry), a record calculation that far exceeds what has 
been currently feasible for the scientific community. NWChem’s new highly 
scalable MCSCF algorithm can run a single CI iteration corresponding on 7680 
processors in 15 minutes. Scalability testing, and additional load-balancing 
improvements to increase the number of processors to get an even faster time-to-
solution are ongoing. With the ability to tackle problem sizes of CAS(24,24) and 
beyond, NWChem provides access to scientific problem sizes inaccessible until 
now. A good example are extended π-conjugated systems, such as coronene (see 
figure 2), relevant to photochemistry and building functional nanodevices. 

3.        Improving performance of plane wave codes on Intel Phi 
Many-core CPU architectures, such as Intel’s Phi, will become the main stream 
resources for high-performance scientific computing. For example, LBNL’s 
NERSC Supercomputing Center will be taking delivery of their next petaflop 
system consisting of Intel Knight’s Landing Processors in 2016. Algorithms need 
to be modified and optimized to fully take advantage of a large number of 
hardware cores and threads per compute node. Here the focus is to optimize the 
performance of the Lagrange multiplier kernel in the plane wave ab initio 
molecular dynamics code in NWChem. This particular kernel is used when 
orthogonalizing the wave function, and consists of a sequence of dense matrix-
matrix products. The wave function is represented by a npack-by-ne matrix, where 
ne represents the number of electrons and npack is the number of plane wave basis 
functions. The particularity of the Lagrange multiplier kernel is that ne is 
significantly smaller than npack. Three types of matrix products need to be 
performed for each wave function during the computation: 

1.� A matrix with ne rows and npack columns is first multiplied by a matrix 
with npack rows and ne columns, therefore resembling an inner product. 

2.� Two ne-by-ne matrices are multiplied together. 
3.� A matrix with npack rows and ne columns is multiplied by a ne-by-ne 

matrix. 
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Our experiments show that current BLAS implementations do not efficiently 
exploit the available parallelism in the first type of matrix product (see figure 3). 
Work was performed to develop an algorithm that better leverages the processing 
power of many-core processors on this specific inner matrix product, which is 
frequently encountered in computational chemistry codes. 
By replicating the ne-by-ne resulting matrix onto each thread, then distributing the 
work over the larger dimension (npack), and finally reducing each thread’s 
contribution into the final output matrix, our implementation achieves a 
significantly higher parallel efficiency on Intel Knight’s Corner processors. 
Moreover, as the Lagrange multiplier kernel handles three sets of wave functions, 

it is important to limit the 
number of synchronization 
points so that these three 
independent operations can be 
processed seamlessly. Our 
experiments show that best 
performance is achieved when 
using a combination of 4 MPI 
processes and 40 threads per 
process, a full Lagrange 
multiplier kernel execution can 
be performed in less than 0.17s 
when npack = 18008 and a 
number of electrons ne = 256. 
Overall, the results show the 

importance of preparing computational chemistry codes to the upcoming 
generation of processors that expose an unprecedented level of parallelism within 
each socket. A traditional approach solely relying on multithreaded BLAS 
operations is very unlikely to successfully exploit the available parallelism. It is 
therefore critical to express as much parallelism at the algorithm level and to 
remove synchronization points. 
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Figure 3: Comparison of the standard BLAS Intel MKL 
library (V0) and new reduction based (V2) algorithm 
performance of the Lagrange multiplier for an npack-by-
ne of 5000 by 200. A 5.5x performance was achieved. 
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Abstract 
Optimal trajectory planning plays an important role in many 
industrial applications where robotic manipulators do not 
provide the required productivity. Since productivity is affected 
by the manipulator speed, its end effector trajectory should take 
into consideration the manipulator dynamic characteristics such 
as the minimization of mechanical energy, minimization of link 
deflections and actuator constraints. To achieve these 
requirements and complete manipulator design, new motion 
planning algorithms - based on accurate mathematical modelling 
and simulation of the manipulators trajectories - should be 
developed. 
In this paper the analysis and conversion of the polygonal 
trajectory of the end-effector of a rotating extensible link 
manipulator to a curved trajectory (passing through each via 
point) using piecewise polynomial interpolation is considered. 
The polygonal trajectory is modelled using cubic curves in order 
to generate a smooth path and minimize link deflection - caused 
by link flexibility, clearance and deformation. In this context, 
the possible placement of the robotic manipulator base was 
examined using computational geometry techniques and related 
to its geometric path. 

Key words: template, instructions 
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1. Introduction
Optimal trajectory planning plays an important role in a wide range of industrial 
applications where robotic manipulators are used for improving productivity and 
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reducing production costs. To obtain the desired requirements, some of the 
existing algorithms [20, 22, 24] should be revised and new planning algorithms 
should be developed while considering the complexity of the new robotic arm 
design [13,16,17] and new requirements such as collision avoidance and joint 
characteristics [6,10,24].   
The increase complexity of the new manipulators like the newly developed 
medical robots, require rigorous trajectory planning studies [2,3]. Some 
manipulator requirements involving optimal trajectory planning while performing 
a specific task, reside in finding the “most suitable” location/orientation of the 
manipulator base [1,10,25]. Due to the manipulator dimensions and complexity, a 
proper method for finding an optimal location of the manipulator base is still an 
open problem (and will be part of this study). 
Generating trajectories – while considering some desired features and objectives - 
represents key issues in robotic applications. Path planning with automatic 
obstacle avoidance including kinematics and dynamics constraints [15], execution 
time   [7, 8] and jerk [11] are just some of the important features in trajectory 
planning. Continuous trajectories usually represented by piecewise interpolating 
curves with slope continuity, geometrically continuous Catmull-Rom splines [9], 
parametric and/or geometric continuous splines [21, 31] or uniform Cubic B-
Spline with parametric and geometric continuity, are adequate tools in generating 
a smooth motion of the manipulator especially when manipulator dynamics is 
considered. In this context, a geometric approach was considered in [10] to 
determine the base location for simple manipulators configurations, while an 
optimal location to address manipulator base location considering velocity 
performance was discussed in [26]. 
In this paper the trajectory planning of the end-effector (smooth path which 
minimize link deflection caused by clearance and deformation of flexible 
components) of a rotating extensible robotic arm/link manipulator is considered. 
The desired geometric path of the end-effector is generated by converting of the 
polygonal trajectory of the end-effector to a curved trajectory using piecewise 
polynomial interpolation. A ‘most appropriate’ placement of the base of the 
robotic manipulator is examined and related to its geometric path.  

2. Mathematical Modelling 

Manipulator Model
For a trajectory planning study of the rotating extensible manipulator arm, the 
mechanical model composed of a rigid link and a sliding (Fig. 1) is considered. 
The end effector of the manipulator follow the points ni pppp ......10 in Fig. 1.  
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Figure 1: Path followed by the end effector of the rotating manipulator a) non convex 
trajectory, b) non-convex C2 continuous parametric trajectory 

The rigid guide of the manipulator denoted by OE has length dOE, the sliding part 
which is denoted by SP - with its non-active end denoted by S and its active end-
effector denoted by P- has the length dSP. The distance dOP between the 
manipulator base location O and its end-effector P varies due to the motion 
(rotation) of the rigid guide of the extensible manipulator. The manipulator can 
perform quick stops after a% degree rotation, where % represents the angle 
between the guide and the horizontal direction.

Piecewise Trajectory Generation 
In order to achieve some desired properties of the manipulator trajectory 
piecewise polynomial interpolating curves may be considered. Such interpolating 
curves [7,8,15,19,21,26] guarantee slope continuity, and/or minimal data storage, 
and/or local control and smoothness (no abrupt changes in displacement and 
velocity). Good examples are the cubic splines (Hermite, Cardinal, Catmul-Rom) 
that can be represented by 3

3
2

2
10)( aaaap uuuu ����  where � �zyx aaa 0000 ,,�a ,

� �zyx aaa 1111 ,,�a , � �zyx aaa 2222 ,,�a , � �zyx aaa 3333 ,,�a .

The tangent and the normal to such a curve is represented using the unit tangent   

vector and unit normal vector )(un defined by 
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)(
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u
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p
pt
�

� ,
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)(
)(

u
uu

t
tn
�

� .

A Hermite cubic spline is defined by two successive control points (position) 
along with the slope continuity at each control point (1st derivative of endpoints).  
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A Hermite cubic spline is represented by a cubic polynomial, defined as 
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where the control points 0p and 2p , as well as the control slopes  and   are defined 

by 00 )0( app �� , 11 )0( app �� � , 32102 )1( aaaapp ����� ,

3213 32)1( aaapp ���� � .
A Cardinal cubic spline is defined by two successive control points (position) 

ip and 1�ip , along with the slopes at the control points which are determined from 

previous and subsequent control points 1
ip and 2�ip  in the sequence (the 
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respectively). A Cardinal cubic spline with tension is represented in its canonical 
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where the control points are defined by 01 )0( app �� ,

32102 )1( aaaapp ����� , 1)0( ap �� , 321 32)1( aaap ���� and where the 

tension st 21
� adjusts how much the derivatives are scaled, that is, 
� �02)0( ppp 
� s� ,  � �13)1( ppp 
� s� . Positive tension values tighten the trajectory 

while negatives tension values loosen the trajectory. A particular case of cardinal 
splines are the Catmul-Rom splines having the tension value t = 0. 

Since the cubic splines mentioned above lose their second-order continuity, 
uniform Cubic B-Spline (having C2 parametric continuity – motion related, and 
G2 geometric continuity – design related) should be used instead. The use of 
Catmull-Rom Splines [9] or uniform Cubic B-Spline having C2 and G2 continuity 
[4] are necessary when the uniqueness of the normal (vector normal to the curve) 
is needed, that is, the curve has a constant curvature. A well approached example 
of geometric continuous cubic B-Spline have been considered in [4] by 

� � � � � � � �213
3

212
2

211210 ,,,,)( $$$$$$$$ aaaapi uuuu ����     
  (3) 

where � � � � � �212211210 ,,,, $$$$$$ a a ,a and � �213 , $$a  are cubic polynomial 

functions constructed so that ),1()0( i1i pp �� ),1()0( 1 i1i pp �� i$��

)1()1()0( 2
2

1 ii1i ppp ����� ii $$ ��� . The cubic B-Spline described above has the desired 
C2 continuity since “two curves meet with G2 continuity if and only if their arc 
length parameterization meet with C2 continuity”[9].
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3. Computation of Base Location and Trajectory Generation 

The design of a manipulator trajectory in which the end effector can move 
smoothly along a desired path can be obtained using piecewise continuous 
parametric curves which can accurately describe and control the shape. Since for 
most of manipulator tasks the end-effector should actually pass through the points 
while providing continuity of the manipulator trajectory positions, velocities and 
accelerations, the use of such interpolating curves is required.  

Figure 2. Base Location algorithm 
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Due to the (relative) easiness in finding a possible placement of the robotic 
manipulator base when its end-effector follows a convex trajectory, the design of 
a convex and a non-convex trajectory and associated base location is treated 
separately using computational geometry techniques [5,12]. 

Convex Case 
The first step in determining the manipulator base location is to find if such a 
location exists. If polygonal trajectory of the end-effector of the manipulator is 
convex, a location of the manipulator base exists if and only if the system

(
)
*

+
�+

i

i

OPSPOE

SPOEOP

ddd
ddd

),max(
        

   (4)
has a solution. To determine a possible location of the manipulator base - for 
either a convex polygonal trajectory or convex piecewise trajectory - the Base 
Location algorithm described in Fig. 2 should be applied.

Non-Convex Case 
The first step in determining the manipulator base location - when the trajectory 
of the end effector is non-convex - is to find if such a location exists. In this case,
if the number of guards obtained using the Art Gallery Problem (AGP) [12,14,18]
algorithm is greater than one, the manipulator base problem has no solution, 
otherwise (number of guards equal to one) a location of the manipulator base exist 
if and only if Eq. (4) has a solution. Since Eq. (4) fails (circle C1 cannot be 
inscribed inside the non-convex polygonal curve or non-convex piecewise
trajectory shown in Fig. 3a and Fig. 3b respectively) the trajectory shown in Fig. 3
does not have a solution (although AGP is verified), and therefore a location of 
the manipulator base cannot be determined. 

(a)                                                       (b)

Figure 3: Manipulator (a) non-convex polygonal trajectory, and (b) non-convex C2

continuous parametric trajectory 
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4. Results 

Two examples are presented to illustrate the placement of the base and trajectory 
planning of the end-effector of the rotating extensible link for both convex and 
non-convex  trajectories. Simulations have been performed [23] for a manipulator 
composed of a rigid link of length dOE = 0.35 m and a sliding link of length dSP =
30 cm.  

Convex Case

Using the via points 0p , 1p , …., 10p  of the convex polygonal trajectory in Fig. 4a
a new manipulator trajectory [4,9] in which the end effector can move smoothly 
along the path have been obtained (Fig. 4b). The possible locations of the 
manipulator base for the polygonal trajectory (Fig. 4a) and pricewise trajectory
(Fig. 4b) have been determined using the Base Location algorithm. The location
of the manipulator base of the polygonal and pricewise trajectory is the interior of 
the green path shown in Fig. 4a and Fig. 4b respectively.

                                      (a)                                                          (b) 

Figure 4: (a) convex polygonal trajectory (red) and base location (green), (b) convex 
piecewise trajectory (red) end and base location (green)

Non-Convex Case 
The AGP algorithm was applied for the particular trajectory described by the 
points 0p , 1p , …., 8p in Fig. 5a and Fig. 5b.
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                                     (a)                                                              (b)

Figure 5:  (a) non-convex polygonal trajectory (red) and base location (gren), (b) non-
convex piecewise trajectory (red) and base location (green)

In this case one guard solve the visibility problem for both polygonal and its 
piecewise interpolating curve (Fig. 5a and Fig. 5b) which indicate a possible 
solution for the manipulator base location in both cases. A final validation and 
location of the manipulator base obtained using Eq. (4) is represented by the 
interior of the green path shown in Fig. 5a.

For the modified curved trajectory of the end-effector of the manipulator (Fig.
5b), the possible base location determined using the Base Location algorithm has
as graphical representation the interior the green piecewisee parametric curve
shown in Fig. 5b.

5. Conclusions 

In this paper the conversion of a polygonal trajectory of the end-effector of a
rotating extensible robotic arm manipulator to a smooth trajectory - which 
minimize link deflection caused by clearance and deformation of flexible 
components - using piecewise parametric curves is presented. The placement of 
the robotic manipulator base is examined and related to its continuous geometric 
path using cubic spline interpolating curves and computational geometry 
techniques such as convex hull, largest empty circle problem, smallest enclosing 
circle, triangulation and vertices 3-coluring. Simulations have been performed for
both the convex and non-convex case to show the newly generated trajectories
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Abstract 
This paper presents fractional differential transform method, 
which is a semi-analytical technique, for obtaining the numerical 
solution of the first Painlevé equation of fractional order.The 
fractional derivatives are described in the Caputo sense. The 
method's results are verified by calculating the residual error and 
explicitly reveal the efficiency and accuracy of the suggested 
technique. 

Key words: Fractional differential transform method, Caputo 
fractional derivative, fractional calculus,first Painlevé equation  

1. Introduction
Fractional calculus theory is a branch of the mathematical analysis that studies the 
possibility of taking real number powers of the differentiation and the integration 
operators. This generalized calculus is one of the most valuable and suitable tools 
to refine the description of numerous physical phenomena in science and 
engineering, which are indeed nonlinear. In mechanics, for example, fractional-
order derivatives have been successfully used to model damping forces with 
memory effect or to describe state feedback controllers [1-4]. In particular, the 
1/2-order derivative or 3/2-order derivative describe the frequency-dependent 
damping materials quite satisfactorily[5]. In fact, many physical phenomena can 
be modelled by fractional differential equations (FDEs), which have different 
applications in various areas of science and engineering such as thermal systems, 
turbulence, image processing, fluid flow, mechanics, and viscoelastic[1-4]. 
The Painlev´e equations were first formulated by Paul Painlevé [6]. It was found 
that, all of these equations have general solutions in terms of classical special 
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functions or elliptic functions, except for six special equations which are called 
the Painlev´e equations[7]. These six equations have a great variety of interesting 
properties and applications, for example [8] and reference therein. When general 
solution is impossible, one has to apply numerical techniques in order to 
approximate to solution. Due to this, some authors have proposed numerical 
techniques to approximate to the solutions of these equations.  
Ellahi et al. [9] used Homotopy Analysis Method for Painlevé equation II while 
Behzadi [10] used various approximate analytical methods and their 
modifications for Painlevé equation I.  Fornberg et al. [11] applied Taylor/Padé-
based ODE initial value solver for Painlevé equation I. Moreover, Hesameddini et 
al. [12] used the Legendre wavelet method to solve  Painlevé equation II while 
Abramov et al. [13] applied a numerical technique, which is referred as the 
successive elimination of singularities, to solve all the six Painlevé equations. 
The first type of the Painlevé equations, Painlevé equation I, which is formulated 
in the following form 

xxyxy )(6)('' 2 (1.1)

with initial conditions 
.)0(',)0( 10 �� yy (1.2)

This problem arises in various physical contexts including the critical behaviour 
near gradient catastrophe for the focusing nonlinear Schrodinger equation[14].  
Now we introduce fractional order into the integer order ordinary differential 
equation given in Eq. (1.1). The new equation is described by the following 
fractional order differential equation 

ttyxyDx )(6)( 2

0

� (1.3)

where (.)
0

�
xD  is the fractional derivative operator in the Caputo sense and �  is a 

parameter describing the order of the fractional time derivative with ]2,0(� ,
subject to the same initial conditions given in Eq.(1.2). Frankly, the equation of 
integer-order can be viewed as a special case of the fractional-order equation  by 
putting the fractional order of the derivative equal to two. In other words, the 
ultimate behavior of the fractional system response must converge to the response 
of the integer order version of the equation.  
The major aim of this study is to analyse Eq. (1.3) and try to come to some 
conclusions regarding the behavior of its solutions. To the best of our knowledge, 
this work introduces the first available numerical solution for  the first Painlevé 
equation of fractional-order. For this reason, we intend to obtain the approximate 
solution of Eq. (1.3) subject to the initial conditions (1.2) via fractional 
differential transform method.
This work is organized as follows. In Section 2, we present some necessary 
definitions and notations related to fractional calculus. In Section 3, we introduce 
the fractional differential transform method used in this paper to obtain the 
approximate semi-analytical solution for the fractional differential equations (1.3).
In Section 4, the proposed method is applied to the problems (1.3)-(1.2) while 
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numerical simulations are presented graphically in Section 5. Finally, the 
conclusion is given in Section 6. 

2. Preliminaries 
In this section, we give some basic definitions and properties of the fractional 
calculus theory which are used further in this work.
There are several definitions of a fractional derivative of order 0� [2]. The 
two most commonly used definitions are the Riemann–Liouville and Caputo. 
Each definition uses Riemann–Liouville fractional integration and derivatives of 
whole order. The difference between the two definitions is in the order of 
evaluation. Riemann–Liouville fractional integration of order � is defined as 

0,0,)()-(
)(

1
)(

0
0

1- ,,
-

� . xdttftxxfJ
x

x

x
x �

�
� . (2.1)

The next two equations define Riemann–Liouville and Caputo fractional 
derivatives of order � , respectively, 
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dx
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�� (2.2)
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�
� xf

dx
dJxfD m

m
m

x
�� (2.3)

where mm �1-  and �Zm . For now, the Caputo fractional derivative will 

be denoted by �
*D  to maintain a clear distinction with the Riemann–Liouville 

fractional derivative. The Caputo fractional derivative first computes an ordinary 
derivative followed by a fractional integral to achieve the desired order of 
fractional derivative. The Riemann–Liouville fractional derivative is computed in 
the reverse order.We have chosen to use the Caputo fractional derivative because 
it allows traditional initial and boundary conditions to be included in the 
formulation of the problem, but for homogeneous initial condition assumption, 
these two operators coincide. For more details on the geometric and physical 
interpretation for fractional derivatives of both the Riemann–Liouville and Caputo 
types see [2].

3. Fractional differential transform method
In this section, we introduce the fractional differential transform method used in 
this paper to obtain approximate analytical solutions for Eqs. (1.3)-(1.2). This 
method has been developed in [15] as follows: 
The fractional differentiation in Riemann–Liouville sense is defined by 

@CMMSE 1359 ISBN: 978-84-608-6082-2



THE FIRST PAINLEVÉ EQUATION OF FRACTIONAL ORDER

],
)-(

)(
[

)-(

1
)(

0
0 m-1

dt
tx

tf
dx
d

qm
xfD

x

x qm

m
q
x �-

� (3.1)

for .,,1- 0xxZmmm � Let us expand the analytical and continuous 

function )(xf in terms of a fractional power series as follows: 

/0

�
�

0 0 )x-)(()(
k

k

xkFxf � , (3.2)

where �  is the order of fraction and )(kF is the fractional differential transform 
of )(xf .
In order to avoid fractional initial and boundary conditions, we define the 
fractional derivative in the Caputo sense. The relation between the Riemann-
Liouville operator and Caputo operator is given by 
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obtain fractional derivative in the Caputo sense [16] as follows: 
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Since the initial conditions are implemented to the integer order derivatives, the 
transformation of the initial conditions are defined as follows: 
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where, q is the order of fractional differential equation considered. The following 
theorems that can be deduced from Eqs. (3.1) and (3.2) are given below, for 
proofs and details see [15]. 
Theorem 1. If )()()( xhxgxf , then ).()()( kHkGkF

Theorem 2. If )().()( xhxgxf , then .)-()()(
0l

k
lkHlGkF

�
�

Theorem 3. If )()()()()( 121 xgxgxgxgxf mm
� � , then  
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4. The fractional differential transform solution of Painlevé Equation 
I

By taking the differential transform of Eq. (1.3), we obtain 
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5. Numerical results 
In this section, as mentioned above, we use the method proposed in Ref.[15] for  
the numerical simulations of Eq. (1.3). This method is a very effective tool to give 
numerical solutions of fractional order differential equations[17-18]. It may be
used both for linear and nonlinear problems encountered in science and 
engineering.  
We take 10� and  01� as the initial conditions. 

6. Conculusion 
In this paper, the first Painlevé equation of fractional order is studied and its 
approximate solution is presented. 
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Abstract 
Probability plots are used as graphical techniques of goodness-
of-fit. Confidence bans are included in a normal probability plot 
to detect non-normality in a set of observations with the 
advantage that the conclusion is not influenced by the 
subjectivity of the observer. In this contribution we have 
developed the extension of the confidence bands based on the 
exact distribution of the order statistics for Normal S-P Plots.   
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1. Introduction
In 1983, Michael [1] proposed a new probability plots named stabilized 
probability plot or S-P Plot. This graph appears as a transformation of P-P Plots 
with the aim of stabilizing the variance of the represented points. For example, 
when the theoretical distribution is the normal distribution, in Q-Q Plots, the 
points nearest to the centre of the graph have variances lower than the farthest. In 
case of P-P Plots takes place on the contrary. With this new graph, this drawback 
is avoided.

Michael proposed acceptance regions for Normal S-P Plots. In this work, we 
perform the extension of confidence bands for Normal S-P Plots, through the 
analysis of variability in Normal Q-Q Plot based on the exact distribution of the 
order statistics. 

@CMMSE 1363 ISBN: 978-84-608-6082-2



CONFIDENCE BANDS IN NORMAL S-P PLOTS 

2. Normal S-P Plot 
Given a set of ordered observations, (1) ( ),..., nx x and ( )8 x  the normal distribution 

function, the steps to construct a Normal S-P Plot are the following: 
1) Determine the value of the plotting positions (pi). In this step we have to 

choose one definition for pi; we choose Hazen’s definition [2], i.e.:  
0.5

1,...,i
ip i n

n



� �

2) Calculate abscissa values by applying the transformation: 

� �1/22
1,...,� �� �� �

� �
i ir arcsen p i n

π
3) Determine:  

( ) ˆ
1,...,

ˆ

� �

� 8 �� �
� �

i
i

x μ
v i n

σ
Using the corresponding unbiased estimators for the parameters μ and σ of 
the normal distribution. 

4) Calculate the y-axis values through the application of the transformation: 

� �1/22
1,...,� �� �� �

� �
i is arcsen v i n

π
5) Draw, for each i=1,…,n, the point: 

� �,i ir s

3. Extension of confidence bands based on the exact distribution of 
the order statistics for Normal S-P Plots  

In 1983, Michael proposed acceptance regions for Normal S-P Plots. In this 
section we develop the extension of the confidence bands in Normal Q-Q Plots 
based on the exact distribution of the order statistics [3], to be applied to Normal 
S-P Plots.   

Given a set of ordered observations, (1) ( ),..., nx x and ( )8 x  the normal distribution 

function, the steps to construct confidence bands in a Normal S-P Plot based on 
the exact distribution of the order statistics are as follows: 

1) Fix a significance level α.
2) Draw a Normal S-P Plot for the observations using the corresponding 

unbiased estimators for the parameters μ and σ of the normal distribution, 
following the steps in section 2. 
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3) Determine, for each (1 ),i i n+ +  the values ( )
1 ( )ip α  and ( )

2 ( ),ip α  which 

are the quantiles of order ( / 2)α  and 1 ( / 2),α
  respectively, of a Beta 
distribution ( , 1).Beta i n i
 �

4) Apply the transformation proposed by Michael to stabilize the variance in 
the values obtained in the previous step: 

� �
� �

( )
1

( )
2

2
( ) 1,...,

2
( ) 1,...,

� �

� �

i
i

i
i

l arcsen p α i n
π

u arcsen p α i n
π

5) For each i, draw the following lower and upper limits through the points 
(ri,li) and (ri,ui). 

6) Join those points to create the effect of confidence bands. 

The application of this graph with the confidence bands is that we will reject the 
hypothesis of normality if at least α% of the observations fall outside the 
confidence bands.  
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Abstract 
High Efficiency Video Coding (HEVC) was developed by the 
Joint Collaborative Team on Video Coding (JCT-VC) to replace 
the current H.264/Advanced Video Coding (AVC) standard, 
which has dominated digital video services in all segments of 
the domestic and professional markets for over ten years. In 
terms of rate-distortion (R-D) performance, HEVC roughly 
doubles the R-D compression performance of H.264/AVC but at 
a cost of extremely high computational and storage complexities 
during encoding. Since its standardization, several open-source 
HEVC video codecs have been developed. This paper presents a 
rate-distortion/complexity analysis of the open-source HEVC 
codecs using objective measures of assessment in order to 
analyse their real capabilities. The comparison was done using 
settings provided by the developers of each codec. Experimental 
results show that the HEVC codecs analysed cannot achieve an 
acceptable good trade-off between coding efficiency and 
complexity. 

Key words: HEVC codecs, Evaluation, Computational Cost 

1. Introduction
In the last years, H.264/Advanced Video Coding (AVC) [1] has been the most 
widespread video compression standard for all types of applications and 
scenarios. Nevertheless, the continuous market demands for a better quality of 
experience and the advent of new video formats such as the Ultra High Definition
(UHD) resolution motivated the development of the High Efficiency Video 
Coding (HEVC) standard [2]. Established by the Joint Collaborative Team on 
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Video Coding (JCT-VC) in early 2013, HEVC roughly doubles the Rate 
Distortion (R-D) performance of H.264/AVC. This improvement in coding 
efficiency comes, however, at the expense of an extremely high computational 
complexity [3]. The popularity of those emergent formats requires of higher 
compression efficiency, and demands higher performance computation. However, 
some constraints to the video processor devices have to be considered, such as the 
reduced battery capacity of the hand-held and mobile devices. 

With the aim of reducing this high computational complexity, several suboptimal 
fast HEVC video codecs have been developed by the industry. Up to this date, 
several HEVC encoders have been released, but most of them are commercial 
products whose features and operating principles are kept confidential. Therefore, 
only open-source encoders are considered in this paper.  

Among the existing open-source HEVC encoders, HEVC Test Model (HM) [4] as 
an HEVC reference codec is able to achieve the best coding efficiency among the 
existing HEVC encoders, but its object-based C++ implementation results in poor 
performance in terms of computational complexity. Hence, it is targeted for 
research and conformance testing rather than practical encoding. The 
commercially funded x265 [5] is the most well-known practical open-source 
HEVC encoder. It is based on HM C++ source code which has been enhanced by 
extensive assembly optimizations, multithreading, and techniques from the open-
source x264 encoder. F265 [6] is another industrial HEVC encoder. It is 
implemented in C with assembly optimizations. Although the source code for 
these two commercially led projects are under open-source licenses, contributors 
to these projects must sign an agreement giving the companies copyright to their 
work. Requiring such agreements leaves room for non-commercial projects, such 
as Kvazaar [7], that do not require signing separate agreements to participate. 
Kvazaar is an academic open-source HEVC encoder initiated and coordinated by 
[8]. It is licensed under GNU GPLv2 license. Kvazaar uses a reverse design 
approach compared with x265: it has been developed from scratch using HM 
primarily as a reference for its encoding scheme and individual algorithm 
implementations. In addition, Kvazaar is developed in C. This more hardware-
oriented approach eases source code acceleration, portability, and parallelization. 
HEVC Open MPEG Encoder (HomerHEVC) [9] is an open-source, real-time, 
multiplatform HEVC video encoder under LGPL license. Finally, DivX also 
presents its DivX HEVC encoder known as Divx265 [10]. 

This paper focuses on a comparative evaluation of the quality/computational cost 
of the open-source HEVC codecs using objective measures of assessment in order 
to analyse their real capabilities. The comparison was done using settings 
provided by the developers of each codec. 
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The remainder of this paper is organized as follows. Section 2 includes some 
technical background to the new HEVC standard. Section 3 presents the open-
source HEVC video codecs under study, and then the experimental results are 
given in Section 4. Finally, Section 5 concludes the paper. 

2. Technical Background
HEVC can be considered an evolution of the current H.264/AVC, since it 
maintains the same block-based hybrid approach used in all previous video 
compression standards. In addition, new tools have been introduced in HEVC that 
increase its coding efficiency compared with H.264/AVC [11]. 

One of the most important changes affects picture partitioning [12]. HEVC 
defines a new flexible Coding Tree Unit (CTU) structure which is a replacement 
of the Macroblocks (MBs), 16×16 pixel blocks, used in the previous standards. 
With the aim of achieving an optimal adaptation to the content details, CTUs can 
vary from a size of 64×64 pixels, to something much smaller, as it can be 
iteratively partitioned into four square sub-blocks of half resolution, named 
Coding Units (CUs), with a minimum allowable size of 8×8 pixels. Therefore, a 
CTU can be further partitioned into four depth levels, from d=0 for 64×64 CU to 
d=3 for 8×8 CUs, having 4d CUs in each depth level. Thus, a CU in depth level d
can be denoted as CUd,k (k=0,1,.., 4d-1), and the four sub-CUs pending on CUd,k
are denoted as CUd+1,4k+i (i=0,1,.., 3). In a CTU of 64×64, it can be observed that 
the maximum number of available CUs is/

=

=

3

0

4
d

d

d

.

HEVC increases even more the flexibility of the CTU by defining two tree 
structures containing new unit types: the Prediction Units (PUs), and the 
Transform Units (TUs). For intra-picture prediction, a PU uses the same 2N×2N 
size as for the CUd,k to which it belongs, allowing it to be split into four N×N PUs 
only for CUs at the minimum depth level. Therefore, the PU size can range from 
64×64 to 4×4 pixels. For inter-picture prediction, several non-square rectangular 
block shapes are available in addition to square ones, allowing eight different PU 
sizes (2N×2N, 2N×N, N×2N, N×N, 2N×nU, 2N×nD, nL×2N, nR×2N). The 
prediction residue obtained in each of the PUs is transformed using various TU 
sizes from 32×32 to 4×4. In Figure 1, an example of the partitioning is shown, 
depicting how a CTU is structured in a hierarchical tree where each CU branch 
ends in a leaf (CUd,k) that is the root for the two new prediction and transform 
trees. Figure 2 shows the partitioning of CTU into CUs (white), PUs (green) and 
TUs (black) applied to the Basketball Pass sequence. 

It should be noted that a CTU can be split into 341 different PUs (/
=

=

3

0

4
d

d

d ), and each 
of these available PUs has to be evaluated for all intra/inter prediction modes 
available, and each of the obtained residual blocks can be transformed into up to 
three TU sizes. HEVC checks most of the PUs (inter and intra modes) to decide 
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whether it should split a CU or not by choosing the best R-D case. Furthermore, 
in the case of inter prediction, for each of these PU partitions a motion estimation 
algorithm is called. This wide range of possibilities makes HEVC much more 
computationally expensive than its predecessor, H.264/AVC. HEVC introduces 
changes in other modules too, such as intra prediction (where a total of 35 
different coding modes can be selected), new image filters or new transform sizes 
[11], among others. 

The above analysis evidences the need to reduce the Rate-Distortion Optimization
(RDO) complexity for the HEVC intra/inter prediction, in order to make real time 
HEVC video codecs with the best possible performance. With the aim of reducing 
this huge RDO complexity, several suboptimal fast HEVC video codecs have 
been developed by the industry using a reduced set of prediction modes that are 
previously selected as candidates, in a low complexity evaluation process.

Figure 1. Partitioning of CTU into CUs, PUs and TUs. 

Figure 2. Partitioning of CTU into CUs (white), PUs (green) and TUs (black) 
applied to Basketball Pass sequence. 
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3. Open-Source HEVC Video Codecs
With the aim of reducing this high computational complexity, several suboptimal 
(from the coding efficiency point of view) open-source HEVC encoders have 
been developed by the industry.  

Among the existing open-source HEVC encoders, HM [4] as an HEVC reference 
codec is able to achieve the best coding efficiency among the existing HEVC 
encoders. Recommendation ITU-T H.265.2 contains an accompanying reference 
software for Rec. ITU-T H.265 | ISO/IEC 23008-2 High Efficiency Video Coding 
[2]. The HM software includes both encoder and decoder functionality. Reference 
software is useful in aiding users of a video coding standard to establish and test 
conformance and interoperability, and to educate users and demonstrate the 
capabilities of the standard. For these purposes, the accompanying software is 
provided as an aid for the study and implementation of Rec. ITU T H.265 | 
ISO/IEC 23008-2. However, its object-based C++ implementation results in poor 
performance in terms of computational complexity. Hence, it is targeted for 
research and conformance testing rather than practical encoding.  

x265 [5] is a commercially funded open-source implementation of the 
H.265/HEVC compression standard.  The x265 project is led by MulticoreWare, a
leading provider of high performance video software libraries.  The x265 codec is
available under the GNU GPL v2 license.  Development is funded through license
fees paid by commercial companies, who receive a commercial license which is
less restrictive than the GPL v2 (with respect to open-source requirements for the
system that integrates x265). The x265 team has licensed the rights to port and
adapt x264 for use in x265.  Most of the video encoding algorithms developed for
x264 have been incorporated in x265, including rate control functions, the look-
ahead function, macroblock tree, b-pyramid and adaptive quantization. It is based
on HM C++ source code which has been enhanced by extensive assembly
optimizations and multithreading techniques.

Vantrix, a global provider of high-performance media delivery solutions, recently 
announced the creation of F265 [6] open-source project to accelerate the 
development of a free H.265/HEVC video encoder. Vantrix has made the source 
code for its HEVC codec available to the F265 project under the OSI BSD license 
terms. That means that whether you are an academic researcher or work for a 
commercial entity, you will have access to source code and the ability to freely 
distribute any derived works. The standard behaviour for F265 is to encode the 
source video at average size and quality, meaning that those looking for custom 
values need to manually tamper the encoding parameters. F265 also allows users 
to disable the stats output that can be used for profiling and benchmarking, as well 
as deactivate the assembly support even it is available. It is implemented in C 
with assembly optimizations.  
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Kvazaar [7] is an academic open-source HEVC encoder initiated and coordinated 
by [8] with the following primary goals: 1) coding efficiency close to HM, 2) 
modular structure to ease its parallelization and portability, and 3) excellent 
source code readability and documentation. To obtain these objectives with the 
highest possible encoding speed and with minimal computation/memory 
resources, Kvazaar is developed from scratch in C. This unique approach uses the 
object-based C++ implementation of HM as a reference for its encoding scheme 
and individual algorithm implementations, but it adopts completely new data and 
function call tree structures. The supported platforms are x86, x64, and PowerPC 
on Windows, Linux, and Mac.  

HomerHEVC [9] is an open-source, real-time, multiplatform H.265/HEVC video 
encoder under LGPL license. The current features in its version 2.0 are: 
multiplatform (Linux, Windows), 8 bit-depth, intra and baseline profile, multiple 
references for IPP, all intra prediction modes, 2N×2N and N×N inter prediction 
modes, all prediction sizes (64, 32, 16, 8, 4), all transform sizes (32, 16, 8, 4), half 
pixel and quarter pixel precision motion estimation, rate control modes (fixed QP, 
CBR and VBR), deblocking filter, Sample Adaptative Offset (SAO), WPP and 
frame based parallelization for massive parallelism, sign hiding bit enabled, intra 
RDO and intra-inter fast R-D. Current SSE42 optimizations (intrinsics) are: Intra 
prediction, motion estimation, inter prediction and biprediction with 1/8 pixel 
chroma precision, intra prediction, reconstruction, SAD, transforms, quantization 
and SAO. 

Finally, DivX and NeuLion solutions are powering the professional creation, 
secure distribution, and multi-screen playback of high-quality video for leading 
companies around the world [10]. DivX securely distributes video to multiple 
screens enabling over-the-top service operators and platforms to differentiate their 
service, reduce operating costs and extend audience reach, with support for iOS, 
Android, web, PC, Mac, game consoles, set-top boxes and smart TVs. DivX 
enables Pay TV Operators, Broadcasters, Channels, OTT Services and In-Flight 
Entertainment system vendors to create, securely distribute and play over-the-top 
video across a wide array of screens including mobile and smart TVs. The DivX 
Certified devices include an addressable device base of over 1 billion.  

4. Rate-Distortion/Complexity Analysis

4.1. Encoding Parameters 

This section aims to evaluate the rate-distortion/complexity capabilities of the 
open-source HEVC codecs presented in this paper. The parameters used for each 
encoder are listed in Table 1. Our experiments rely on the default configuration of 
HM 16.6 which is used as an anchor for the obtained results. With regard to the 
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rest of the open-source HEVC codecs under study, the default medium encoding 
presets have been used, which define the sets of parameters that achieve a trade-
off between performance and coding efficiency. For a fair comparison, the 
experiments are conducted with a single-threaded implementation of all of them 
by disabling its parallelization options.  

The hardware platform used in the experiments is composed of an Intel® Xeon® 
E5-2630L v3 CPU running at 1.80 GHz and 16 GB of main memory. The 
encoders have been compiled with GCC 4.8.5-4 and executed on CentOS 7 
(Linux 3.10.0-327). Turbo Boost has been disabled to achieve the reproducibility 
of the results.

Table 1: Encoder Parameters used for Simulation. 

Encoder Parameters

HM -c (encoder configuration file) -c (sequence configuration file)
--IntraPeriod=(intra period) --QP (qp)

HomerHEVC

-widthxheight (resolution) -n_frames (frames) -frame_rate (fps)
-bitrate_mode 0 -qp (qp) -gop_size (0 for AI, 1 for LP, 2 for RA)
-intra_period (intra period) -n_enc_engines 1 -n_wpp_threads 1
-performance_mode (preset)

Kvazaar 
--input-res (resolution)  -n (frames)  --input-fps (fps)  --qp (qp)
-p (intra period)  --gop (8 for RA, lp-g4d4r4t1 for LP)  --threads 1
--wpp --preset (preset)

x265 
--input-res (resolution)  -f (frames)  --fps (fps)  --qp (qp)
--keyint (intra period)  --bframes (0 for LP)  --pools 1 
--frame-threads 1  –p (preset) 

Divx265 
-s (resolution) -n (frames) -fps (fps) -I 1 -qp (qp) -aqo (medium)

F265 
-w (resolution)  -c (frames)  -p "fps=(fps,1) qp=(qp) wpp=1
key-frame-spacing=(intra period)  bframes=(7 for RA, 0 for LP)
ref=(3 for RA, 4 for LP)"

In order to ensure a common framework for the simulations, the experiments were 
conducted under the Common Test Conditions and Software Reference 
Configurations recommended by the JCT-VC [13] for the All-Intra (AI), Low-
Delay (LP) and Random-Access (RA) mode configurations. That recommendation 
specifies the use of four Quantization Parameter (QPs) (22, 27, 32 and 37) and a 
set of 18 test sequences classified in five classes, A to E, which cover a wide 
range of resolutions from the largest (2560×1600 pixels) to the smallest (416×240 
pixels), and frame rates from 60 fps to 24 fps. All the sequences use 4:2:0 chroma 
subsampling and a bit-depth of 8 bits: 

− Class A (2560×1600 pixels): Traffic and PeopleOnStreet.
− Class B (1920×1800 pixels): Kimono, ParkScene, Cactus, BQTerrace and

BasketballDrive.
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− Class C (832×480 pixels): RaceHorsesC, BQMall, PartyScene and
BasketballDrill.

− Class D (416×240 pixels): RaceHorses, BQSquare, BlowingBubbles and
BasketballPass.

− Class E (1280×720 pixels): FourPeople, Johnny and KristenAndSara.

4.2. Metrics 

The rate-distortion/complexity analysis was evaluated in terms of Computational 
Complexity Reduction (CCR) and R-D performance for all open-source HEVC 
codecs under study, and both of them were compared to the HM codec results 
used as reference. For the CCR measure, the Time Saving (TS) metric was 
computed following the Equation (1): 

100
)(.

)(.)(.
(%). ⋅−=

HMTimeEnc
HMTimeEncHEVCcodecTimeEncSavingT  (1) 

Regarding the R-D performance, the average Peak Signal to Noise Ratio (PSNR) 
metric was calculated for each luma (PSNRY) and chroma components (PSNRU, 
PSNRV) and for the full number of frames of each sequence. In order to obtain a 
global quality measure, the average PSNR of the three components, denoted as 
PSNRYUV, was also computed. As mentioned above, the chroma subsampling 
format of the test sequences was 4:2:0, so the well-known PSNRYUV according to 
Equation (2) was used, which applies weight pondering to the PSNR obtained for 
each component. Those weights are recommended by the JCT-VC in [14] and 
they are considered a fair representation of the visual quality, which is more 
sensitive to the luminance stimulus than the chrominance. 

8

6
)( VUY

YUV
PSNRPSNRPSNRdBPSNR ++⋅= (2) 

The PSNRYUV for the four QPs were used for the computation of the R-D 
performance by using the Bjøntegaard Delta Rate (BDR) metric defined by ITU 
[15, 16] and recommended by the JCT-VC. The BDR provides the average 
difference between the R-D curves measured as a percentage of bit rate that is 
necessary to increase or decrease to achieve the same PSNR quality in both 
curves. In our simulation, a positive BDR means the encoded bit rate using the 
open-source HEVC codec under study is higher than the bit rate obtained with 
HM, thus that is denoted as the penalty in terms of bit rate. 
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4.3. Simulation Results 

Table 2 shows the experimental results of open-source HEVC codecs under study 
compared with the HM 16.6 reference software for the AI configuration. It can be 
observed that HomerHEVC codec obtain the highest time savings (98.42%) while 
increasing the bit rate penalty by around 35%. On the contrary, x265 codec 
obtains the lowest bit rate penalty (11%) with a considerable average same saving 
(70%). The results obtained by Kvazaar report much better time savings of over 
25% compared with x265, and a bit rate increase lower than 2.5% in terms of 
BDR, which is a very good balance between speed-up and rate penalty. Finally, 
the F265 codec shows a huge computational complexity reduction of over 94%, 
while increasing the bit rate penalty by around 69%. 

Table 2: Time Savings (TS) and Coding Efficiency (BDR) results for AI configuration. 

Classification Sequence Frames

HomerHEVC Kvazaar x265 F265 

TS 
 (%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

Class A 
(2560×1600) 

Traffic 150 -98,36 34,9 -95,73 13,0 -71,03 7,4 -93,70 76,4
PeopleOnStreet 150 -98,30 37,2 -95,79 12,7 -71,94 7,1 -93,81 77,9

Class B 
(1920×1080) 

Kimono 240 -98,50 42,3 -95,97 13,4 -68,58 11,3 -93,24 76,1
ParkScene 240 -98,44 25,5 -95,53 12,0 -69,22 7,4 -93,95 45,0
Cactus 500 -98,46 35,2 -95,68 14,5 -69,83 10,9 -93,99 63,1
BasketballDrive 500 -98,51 53,7 -95,98 15,6 -70,04 13,7 -93,64 104,8
BQTerrace 600 -98,48 34,5 -95,84 13,5 -71,30 9,3 -94,32 64,3

Class C 
(832×480) 

BasketballDrill 500 -98,42 40,6 -95,50 15,8 -71,65 10,4 -94,05 86,3
BQMall 600 -98,37 36,0 -95,59 13,0 -71,14 10,3 -94,09 72,6
PartyScene 500 -98,37 24,0 -95,12 11,3 -72,06 6,4 -95,04 39,1
RaceHorses 300 -98,44 26,3 -95,34 11,3 -69,71 8,3 -94,14 46,3

Class D 
(416×240) 

BasketballPass 500 -98,34 31,6 -95,25 13,4 -70,46 19,9 -94,27 62,5
BQSquare 600 -98,44 19,9 -95,25 12,0 -71,97 11,4 -95,17 39,4
BlowingBubbles 500 -98,36 23,7 -94,97 12,0 -70,95 10,9 -95,17 36,8
RaceHorses 300 -98,37 25,5 -95,05 12,6 -68,86 15,1 -94,54 48,6

Class E 
(1280×720) 

FourPeople 600 -98,39 42,1 -96,27 13,0 -71,40 10,0 -93,52 96,1
Johnny 600 -98,57 49,5 -96,79 16,0 -70,61 15,3 -93,30 109,6
KristenAndSara 600 -98,54 41,8 -96,81 15,0 -70,78 12,7 -93,31 104,0

Class A -98,33 36,07 -95,76 12,84 -71,49 7,22 -93,76 77,14 
Class B -98,48 38,21 -95,80 13,81 -69,80 10,52 -93,83 70,66 
Class C -98,40 31,71 -95,39 12,84 -71,14 8,86 -94,33 61,11 
Class D -98,38 25,16 -95,13 12,49 -70,56 14,34 -94,79 46,82 
Class E -98,50 44,49 -96,62 14,64 -70,93 12,68 -93,37 103,25 

AVERAGE -98,42 34,67 -95,69 13,33 -70,64 10,99 -94,07 69,39

Table 3 shows the experimental results of open-source HEVC codecs under study 
compared with the HM 16.6 reference software for the LP configuration. It can be 
observed that all open-source HEVC codecs show a huge computational 
complexity reduction of over 95% (except F265 codec), while increasing the bit 
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rate penalty by over 60% which is not a very good balance between 
computational complexity reduction and rate penalty. High time savings are 
obtained by the open-source HEVC codecs using several suboptimal and reduced 
set of prediction modes in the picture partitioning.

Table 3: Time Savings (TS) and Coding Efficiency (BDR) results for LP configuration. 

Classification Sequence Frames

HomerHEVC Kvazaar x265 F265 

TS 
 (%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

Class A
(2560×1600) 

Traffic 150 -98,56 70,1 -96,39 66,5 -95,70 47,9 -41,90 80,4
PeopleOnStreet 150 -98,93 38,4 -96,28 39,5 -96,01 37,4 -60,30 53,2

Class B 
(1920×1080) 

Kimono 240 -98,78 51,5 -96,39 49,0 -95,69 37,2 -50,91 64,7
ParkScene 240 -98,66 52,3 -96,20 55,2 -95,49 55,5 -46,91 61,3
Cactus 500 -98,77 74,0 -96,35 61,1 -95,93 62,4 -49,92 91,5
BasketballDrive 500 -98,89 50,1 -96,41 53,6 -95,86 48,4 -54,34 82,7
BQTerrace 600 -98,69 165,9 -96,21 99,4 -95,37 78,7 -46,23 100,8

Class C 
(832×480) 

BasketballDrill 500 -98,87 70,8 -96,13 46,1 -96,13 56,5 -55,25 105,5
BQMall 600 -98,77 61,3 -96,00 63,9 -96,05 58,6 -51,71 70,1
PartyScene 500 -98,87 109,4 -95,91 53,7 -95,63 84,1 -57,24 71,7
RaceHorses 300 -99,06 42,8 -96,31 50,4 -96,20 37,6 -63,39 52,0

Class D 
(416×240) 

BasketballPass 500 -98,91 40,4 -96,14 40,6 -96,16 40,6 -60,87 55,3
BQSquare 600 -98,71 237,2 -95,75 99,5 -95,19 127,7 -53,66 91,9
BlowingBubbles 500 -98,77 86,6 -95,73 56,6 -95,66 81,0 -56,44 69,1
RaceHorses 300 -99,00 43,3 -96,19 49,9 -96,01 46,1 -64,78 45,0

Class E 
(1280×720) 

FourPeople 600 -98,49 103,1 -96,85 67,6 -96,56 56,9 -33,86 125,2
Johnny 600 -98,43 167,7 -97,10 120,3 -96,37 76,8 -29,42 161,7
KristenAndSara 600 -98,52 125,1 -97,15 88,8 -95,99 59,1 -33,87 135,7

Class A -98,75 54,23 -96,33 52,98 -95,85 42,64 -51,10 66,75 
Class B -98,76 78,75 -96,31 63,64 -95,67 56,43 -49,66 80,21 
Class C -98,89 71,07 -96,09 53,52 -96,00 59,20 -56,90 74,82 
Class D -98,85 101,90 -95,96 61,67 -95,75 73,86 -58,94 65,32 
Class E -98,48 131,97 -97,03 92,23 -96,31 64,28 -32,38 140,84 

AVERAGE -98,76 88,33 -96,30 64,53 -95,89 60,70 -50,61 84,31

Table 4 shows the experimental results of open-source HEVC codecs under study 
compared with the HM 16.6 reference software for the RA configuration. It can 
be observed that Divx265 codec obtain the highest time savings (99.19%) while 
increasing the bit rate penalty by around 64%. On the contrary, x265 codec obtain 
the lowest bit rate penalty (55%) with similar time saving (94%) compared with 
Divx265. Kvazaar and HomerHEVC codecs shows an excessive bit rate penalty 
of over 100% with similar time saving results (around 96%) compared with 
Divx265 and x265. Finally, F265 presents the worst balance between 
computational complexity reduction and rate penalty. It is obvious that these 
open-source HEVC codecs use suboptimal decisions in order to speed up the 
encoding process at the expense of an increase in bit rate penalty.  
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Table 4: Time Savings (TS) and Coding Efficiency (BDR) results for RA configuration. 

Classification Sequence 

HomerHEVC Divx265 Kvazaar x265 F265 

TS 
 (%) 

BDR 
(%) 

TS 
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

TS  
(%) 

BDR 
(%) 

Class A 
(2560×1600) 

Traffic -98,60 130,6 -99,33 53,3 -96,95 99,0 -94,24 41,1 -58,11 201,9
PeopleOnStreet -98,89 60,3 -99,32 50,9 -96,61 56,0 -94,38 40,3 -69,56 139,1

Class B 
(1920×1080) 

Kimono -98,74 109,9 -99,12 41,9 -96,78 84,8 -93,49 48,1 -63,56 192,7
ParkScene -98,65 114,7 -99,11 53,6 -96,75 88,7 -93,79 47,7 -61,11 157,6
Cactus -98,76 130,4 -99,04 55,2 -96,77 103,4 -94,45 64,1 -61,74 221,0
BasketballDrive -98,86 99,6 -98,91 45,0 -96,81 87,0 -94,15 63,7 -63,69 199,8
BQTerrace -98,72 221,8 -98,99 73,5 -96,65 189,7 -93,69 69,8 -58,53 230,4

Class C 
(832×480) 

BasketballDrill -98,84 114,9 -99,29 63,5 -96,64 70,5 -94,91 47,7 -65,74 216,2
BQMall -98,74 132,1 -99,22 76,0 -96,51 117,0 -94,42 67,1 -60,89 205,8
PartyScene -98,80 178,0 -99,19 71,1 -96,18 98,9 -94,21 60,7 -65,26 152,8
RaceHorses -99,00 68,9 -99,19 61,2 -96,51 76,0 -94,63 46,2 -71,74 158,6

Class D 
(416×240) 

BasketballPass -98,87 72,0 -99,21 59,6 -96,56 64,1 -94,60 47,1 -68,75 143,5
BQSquare -98,63 320,7 -99,24 106,0 -96,07 196,8 -93,52 83,1 -61,39 187,3
BlowingBubbles -98,70 155,8 -99,17 77,8 -96,14 101,9 -94,29 64,7 -64,21 157,7
RaceHorses -98,93 69,9 -99,19 69,5 -96,41 75,1 -94,34 49,1 -72,31 150,3

Class E 
(1280×720) 

FourPeople -98,59 162,3 -99,32 51,3 -97,53 89,7 -95,28 45,5 -53,17 276,7
Johnny -98,58 257,1 -99,23 72,8 -97,71 141,6 -94,90 60,2 -51,10 341,5
KristenAndSara -98,62 190,3 -99,25 65,7 -97,76 116,6 -94,74 56,3 -52,49 307,8

Class A -98,75 95,45 -99,32 52,10 -96,78 77,49 -94,31 40,70 -63,84 170,50 
Class B -98,75 135,28 -99,04 53,83 -96,75 110,69 -93,91 58,68 -61,73 200,29 
Class C -98,85 123,50 -99,22 67,96 -96,46 90,60 -94,54 55,42 -65,91 183,37 
Class D -98,78 154,58 -99,20 78,22 -96,30 109,47 -94,19 60,99 -66,67 159,71 
Class E -98,60 203,24 -99,27 63,25 -97,67 115,98 -94,97 54,00 -52,25 308,66 

AVERAGE -98,75 143,85 -99,19 63,77 -96,74 103,15 -94,33 55,69 -62,41 202,26

5. Conclusions
This paper presents a rate-distortion/complexity analysis of the several open-
source HEVC codecs using objective measures of assessment in order to analyse 
their real capabilities. For AI configuration Kvazaar and x265, obtain a very good 
balance between speed-up and rate penalty. However, for LP and RA 
configurations, it can be observed that most open-source HEVC codecs under 
study shows a huge computational complexity reduction of over 95%, while 
increasing the bit rate penalty in an excessive way (by over 100%) which is not a 
very good balance between computational complexity reduction and rate penalty. 
Finally, x265 could be selected due to its cutting-edge status among the open-
source HEVC encoders under study. 
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Abstract 
In this work, a briefly review of the most recent results on the 
geometric quantification of chirality through a calculation of the 
Hausdorff chirality measure for several well-known bare and 
ligand-protected gold clusters will be presented. In addition, 
results, based on density functional theory calculations, on the 
enantiospecific adsorption of the cysteine amino acid on chiral 
gold clusters will also be discussed.  

Key words: chirality, clusters, enantiospecific adsorption 

1. I{ntroduction
Chirality has been found as a relevant property of nanomaterials, including 
ligand-protected metal clusters and nanorods. This property is not only crucial in
nanotechnology developments related with asymmetric catalysis and chiroptical 
phenomena, but also generates fundamental questions on the existence of chirality 
at the nanoscale. In fact, x-ray total structure determination, electron diffraction 
studies, NMR and circular dichroism spectroscopies, as well as theoretical 
calculations performed on gold clusters protected with thiolate or phosphine 
ligands have confirmed the existence of chiral structures in the size range of 18-
144 Au atoms. In this work [1], we realize a comparative analysis of the degree or 
amount of chirality existing in chiral ligand-protected gold clusters (LPGC),
through a geometric quantification, using the Hausdorff chirality measure (HCM).  

The interaction of biological molecules like chiral amino acids with chiral metal 
clusters is becoming an interesting and active field of research because of its 
potential impact in, for example, chiral molecular recognition phenomena. In 

@CMMSE 1387 ISBN: 978-84-608-6082-2



particular, the enantiospecific adsorption (EA) of cysteine (Cys) on a chiral Au55

cluster was theoretically predicted a few years ago [2,3]. In this work, we also 
present theoretical results, based on density functional theory, of the EA of non-
zwitterionic cysteine interacting with the C3-Au34 chiral cluster [4], which has 
been experimentally detected in gas phase, using trapped ion electron diffraction.  

2. Results
The geometric quantification of chirality in LPGCs across the size range of 18-
144 Au atoms was performed through the HCM approach, using the cluster 
structural information obtained from XRC and TEM measurements, as well as 
from DFT calculations. The calculated HCM values assign a quantitative 
measurement to the chirality existing in LPGC, including those corresponding to 
the cluster core, its protecting ligand arrangement, and their combination. These 
HCM values allow for the comparison between the chirality existing in the cluster 
core and in the ligand arrangement in order to gain insight into the origin of 
chirality. In addition, it is also possible to compare the index of chirality of LPGC 
among different sizes. The results presented in this work [1] indicate that the 
HCM values are consistent with those known trends on the origin of chirality 
obtained from symmetry considerations and CD measurements discussed 
previously for some chiral clusters. For example, the chirality of the Au38(PET)24

and Au102(p-MBA)44 clusters has been mainly attributed to the chiral arrangement 
of the ligands protecting a nearly symmetric (achiral) core, whereas in the 
Au20(PPh3)4 cluster, the chirality has been associated with the existence of an 
intrinsically chiral Au20 core, composed of an icosahedral Au13 core surrounded 
by a helical Y-shaped Au7 motif. The HCM values obtained for these chiral 
clusters not only confirm these qualitative trends, but also provide a framework 
for a systematic quantification of chirality.  Moreover, our results have also 
shown the capability of the HCM approach to provide new information on the 
chirality of clusters that was not mentioned in their initial reports describing their 
original synthesis and structural characterization. In this respect, the HCM 
approach was also useful to provide insights into the chiroptical properties of 
LPGC. In fact, we consider that this capability would be an adequate alternative 
for an initial understanding of chirality in the larger LPGCs to be synthesized, 
where first principles calculations of the CD spectrum will be scarce due to the 
high computational cost involved. In summary, our results show the clear 
advantages for a systematic quantification of chirality in LPGCs through the 
HCM approach, both in terms of its consistency with known trends and the 
capability to provide new insights. In particular, it has been shown that the Au-S
interface plays a preponderant role in the overall chirality of most of the LPGC 
under study. Future extensions of this work, that would provide further validation 
of the geometrical quantification of chirality, are the search for systematic 
correlations between the HCM values and physical or chemical observables like 
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optical activity, and the strength of the enantiomer-specific interaction between 
LPGC and other chiral systems [1]. 

Our results also show that the adsorption energy of the amino acid depends on 
which enantiomers participate in the formation Cys-Au34 chiral complex [4]. EA 
was obtained in the adsorption modes where both the thiol, and the thiol-amino 
functional groups of Cys are adsorbed on low-coordinated sites of the metal 
cluster surface. Similarly to what was obtained for the Cys-Au55 chiral complex, 
in the present work, it is found that the EA is originated from the different 
strength and location of the bond between the COOH functional group and 
surface Au atoms of the Au34 chiral cluster. Calculations of the vibrational 
spectrum for the different Cys-Au34 diastereomeric complexes predict the 
existence of a vibro-enantiospecific effect, indicating that the vibrational 
frequencies of the adsorbed amino acid depend on its handedness.
The present results provide a useful example of how the structural, vibrational, 
and energetic properties of a chiral complex (chiral molecule interacting with a 
chiral cluster) depend on the enantiomers of its constituents. Although this 
phenomenon was previously reported for the structural and energetic properties of 
the Cys-Au55 complex [2.3], in this work, it is also predicted for the vibrational 
frequencies of the Cys-Au34 chiral complex. In order to experimentally confirm 
the enantiospecific phenomena mentioned above, the development of novel and 
accurate enantioseparation methods is necessary, as well as precise a control of 
the synthesis and composition of the chiral complexes.
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Abstract 
Traditionally, hedonic models have been widely used in mass 
assessments of properties, but may present spatial 
autocorrelation problems. By using the property appraisal 
registers of four Spanish appraisal companies, several spatial 
and hedonic models were developed. Better results were 
obtained by the spatial models.  

Key words: ordinary least squares, spatial econometric model, 
housing values, appraisal companies, mass appraisal 

1. Introduction

Real estate valuations are a complex matter because of the high heterogeneity of 
the characteristics of immovable properties, which makes performing a massive 
valuation system difficult. Furthermore, real estate appraiser’s independence has 
been periodically scrutinized in not only Spain, but also in many other countries, 
whenever a plunge in real estate prices occurs.  

In Spain, the significance of the mortgage lending market, and the real estate 
industry in general, is very marked. In 2013 the real estate sector peaked at 13% 
of Spain’s GDP. According to the “Boletin Económico” of the Banco de España 
(Bank of Spain) [1], the total amount of mortgage lending granted for home 

@CMMSE 1390 ISBN: 978-84-608-6082-2



MASSIVE ASSESSMENT OF REAL ESTATE APPRAISALS

acquisition and rehabilitation continued to rise until 2010, when it peaked at the 
largest amount of 663 billion €. In 2013 total mortgage loans reached 65% of the 
GDP, which is much higher than in Italy (22%), France (41%) or Germany (46%), 
but below the Netherlands (107%), Denmark (101%) or the United Kingdom 
(85%). It is also important to consider the stock of more than 6 million mortgages 
by the end of 2012. 

In order to determine the proper value of real estate collaterals, appraisals should 
be considered an important issue in property assessments. Appraisal values are 
critical in banking systems and in the mortgage lending market.  

When a mortgage originates, an appraisal is necessary to determine a very 
relevant ratio for risk control and management purposes: the loan-to-value ratio 
(LTV Ratio) is a lending risk assessment ratio that financial institutions and other 
lenders examine before approving mortgages. Typically, assessments with high 
LTV ratios are generally seen as being at higher risk. It represents the ratio of the 
first mortgage lien as a percentage of the total appraised value of real property. 

Although it is not difficult to calculate the amount to be loaned, the property value 
is not estimated directly and should be appraised by a professional real estate 
valuer. 

Likewise, prudential regulation requires the periodically assessment of the 
mortgages portfolio in order to determine the capital requirements level: this 
depends on the type of collaterals and the LTV ratio level: e.g. if loans are 
collateralized by residential property, and when the LTV is lower than 80%, 
capital requirements are lower than if LTV >80%. 

Moreover, regarding non performing loans portfolios or foreclosed assets, it is 
necessary to appraise property to evaluate the expected losses of loans or 
impairment of property. 

Finally, the properties and premises that correspond to banks are to be accounted 
at a fair value, and then an appraisal is required. 

Having accurate appraisals provides valuable information when mortgage loan 
procedures arise, and in cases of impairment, losses are minimized (the appraisal 
should enclose information about the probability of default). Depending on the 
information cost and the losses reduction that an appraisal facilitates, appraisal 
market prices should be optimized. This is the main reason to develop massive 
valuation models that will lead to efficient fast immovable property valuations.  
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Traditional linear hedonic models were very popular at the beginning of the 
1960s, but have received plenty of criticism because of specification inaccuracies, 
such as omitting linearity principles [2] and multicollinearity problems, non 
linearity and heteroscedasticity [3]. These mistakes means that not all the 
predictor variables have the appropriate sign and residual values in the scatter plot 
graph, show a trend along predicted values, and are not compatible with the 
principle of independent and identically distributed errors [4]. 

Spatial interaction produces proximity or neighborhood effects on different scales. 
This problem was recognized by Student in 1914 and was solved by spatial 
econometrics. Its development took place in the 1980s and 1990s thanks to the 
implementation of geographical information with high availability and data 
access, and also to the development of Geographic Information Systems (GIS) 
and specific software for spatial data analyses [5]. In GIS, data are geo-
referenced: latitude and longitude or coordinates XUTM and YUTM. 

Autocorrelation or spatial dependence implies that the value of a variable is 
conditioned by the value of that variable in one region or more adjacent ones. 
Therefore, the First Law of Geography states that: "everything is related to 
everything else, but near things are more related than distant things” [6].  

Spatial regression models have been used in different works of massive real estate 
valuations: Herath and Maier (2013) used a sample of 1656 bid prices apartments 
in Vienna in 2009-2010 [7]; Zang, Du, Geng, Liu and Huang (2014) analyzed 236 
sales of commercial properties in China [8]; Zoopi, Argiolas and Lai (2015), who 
analyzed those factors with an influence on housing values in Cagliari in 2012, 
used a sample of 304 apartments [9]. 

The aim of this paper was to model the appraised values of multifamily 
apartments in the province of Valencia (Spain). We used 5551 data for 2014 
provided by four appraisal companies to develop hedonic and spatial regression 
models by maximum likelihood. 

The reason for selecting the province of Valencia is because it has several features 
that make it ideal as a pattern of the main characteristics of the Spanish residential 
market: Valencia is a big city with 800 000 inhabitants. The province is located 
on the littoral with high tourist influx towns such as Oliva, Cullera and Gandia. 
Inland there are towns with industrial or agricultural activity, such as Requena, 
Onteniente and Alzira. 
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2. Data  

The regression model and the successive tests analysis are based on a database of 
5551 records of multifamily housing in the province of Valencia. The source of 
these data corresponds to the appraisals completed during 2014 by four Spanish 
Appraisal Companies following the information requirements from Order ECO / 
805/2003, which include Spanish real estate valuation methodologies. The houses 
valuation breakdown for each company is: 1313 Company S0; 3348 Company S1; 
362 Company S2 and 528 by Company S3. 

Apart from the appraised value (in euros), other variables are selected, such as 
area (in square meters) and the age of the house in years (corrected with the time 
from the last complete overhaul, wherever appropriate).  

Table 1 shows the descriptives of the selected quantitative variables. 

Table 1. Characteristics of properties 

 Value (euros) Value per 
square meter 
(euros/m2) 

Area (m2) Age (Years) 

Mean  113,669.9   1078.7   101.7   36.6  
Standard desv  94,418.6   607.5   33.4   22.6  
Minimum  11,865.0   155.0   30.0   1.0  
Maximum  1,600,332.0   5673.5   639.0   195.0  
Mode  91,403.0   1269.5   72.0   45.0  
Median  90,750.0   926.4   98.0   40.0  

Other available house characteristics are: swimming pool, air conditioning, 
building quality, preservation state, number of parking lots, type of floor, m2 
terrace, etc. 

The “jerarquía” variable was also selected, which is obtained from the Dirección 
General del Catastro, and refers to the value of land considered for cadastral 
purposes. “Jeraquía” ranges from 1 (top land value) to 67 (lower value). 
 
Finally, the housing spatial location is defined by the geographic coordinates 
longitude and latitude. Graph 1 shows the value map of the houses near the city of 
Valencia city to be analyzed, and others located in northern areas (Sagunto) or in 
southern areas (Gandia, Onteniente, etc.). As we can see, there are areas with a 
higher value (dark red) in the city center of Valencia and the former Turia 
riverbank, with the highest values (dark red) similarly to some areas close to the 
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seaside. In the metropolitan area of Valencia, values are lower, but with some 
heterogeneity. 

Graph 1. Map of the value of the properties located in the province of 
Valencia 

More details in Graph 2: housing values in downtown Valencia. 

Graph 2. Housing Map Values in downtown Valencia 

3. Methodology
Following other works [7,9,10],�we firstly estimated the Ordinary Least Squares
(OLS) Hedonic Regression Model, and then the spatial econometric models.

The Hedonic Regression Model expression is: 
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Yi = α + β j * X
ji
+ε  

where: Yi = House value i 
Xji = Vector of the j explanatory variables for property i 
ε = Error term  

This regression model was based in the following hypothesis: E[ ]=0; 
homoscedasticity; normality of residuals; linearity and absence of 
multicollinearity. 

We considered the predicted variables to be: total house value and per square 
meter house value, both logarithmically and as referred to in several works 
[4,7,11]. 

The predictor variables we considered were as follows: 

a) Houses structural characteristics:
Quantitative:
Ln [size (m2)]2: the squared Ln of the housing area.
Ln [age (years)]2: the squared Ln of the housing age (corrected with the time
from the last complete overhaul, wherever appropriate).
Qualitative:
Swimming pool: if there is a swimming pool in the condominium (1= yes;
0=no)
Air conditioning: Air conditioning in the apartment (1= yes; 0=no)
Construction quality: Building quality (1= High quality; 0=rest)
Preservation: Housing state of preservation (1= good or very good; 0=rest)
Lift: The building has an elevator (1= yes; 0=no)

b) Socio-economic characteristics:
L Jerarquía: the ln of the jerarquía value. It depends on the characteristics of
the property’s location.

c) Appraisal company: S0, S1, S2 and S3. They are four dummy variables. Their
value is 1 if the appraisal was performed by company 0, and 0 otherwise.

The OLS model tests considered to analyze the significance of the regression 
coefficients were the Snedecor’s F-test and the student’s t-test. The R2 and the log 
likelihood ratios were considered to compare the goodness of fit of the models, as 
well as the Akaike (AIC) and Schwartz criteria (SC). 

Besides the following were analyzed: the condition number of multicollinearity, 
the Jaque-Bera normality test, and the Breusch-Pagan and Koencker-Bassett 
heteroscedasticity tests. 

ε
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After selecting the best hedonic model, we analyzed the spatial autocorrelation 
statistical parameters: Moran’s I and Lagrange Multiplier (LM), developed 
according to the maximum likelihood theory [7,12].  Moran`s Index indicates if 
any type of spatial correlation appears, and the LM tests specify the possibility of 
analyzing the hypothesis of non spatial dependence caused by an omitted spatial 
lag or of spatially correlated errors. So the LM test checked two types of spatial 
correlation: spatial lag dependence � and spatial error,��: 

The Spatial Autoregressive Lag Model (SAR) is: 

� � �� � �� � �� � � ��� � � ��� ����

The Spatial Autoregressive Error Model (SEM) is. 

Y = α + βi * X
i
+ε  

� � �� ��� � �               ��� ����

Where 
� = is the spatial correlation coefficient 
� = is the error correlation coefficient 
W = is the spatial weights matrix 

This weights matrix is symmetric, transposed, positive, non stochastic and 
squared N*N, where N is the number of observations or immovable properties 
with the elements or weights (wij) that outline the interdependence intensity 
between each couple of housing values I and j. Diagonal values are always zero 
(wii=0), and this matrix can be estimated considering the distances between 
properties. The most popular to consider is the Euclidean metric [3], and this was 
applied in this work. However, there are many other possibilities, and sometimes 
weights are corrected with other variables, such as the importance index from 
each business area [8]. The software tool used was Geoda.     

4. Results

The results of the two OLS linear regression selected models are shown in the 
second column in Tables 2 and 3 after considering the total housing values and 
the per square meter value, both logarithmically respectively.  

Table 2. Comparison of the estimated results of the OLS regression and spatial 
econometric models for total values 
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OLS Spatial Lag 
(SAR) 

Spatial Error 
(SEM) 

Variable Coefficient Coefficient Coefficient 
House Characteristics 
Ln [size (m2)]2 0.09675*** 0.09662*** 0.09685*** 
Ln [age (years)]2 -0.02432*** -0.02408*** -0.02381***
Swimming pool 0.17539*** 0.17191*** 0.17515*** 
Air conditioning 0.06854*** 0.06896*** 0.07111*** 
Construction Quality -0.05679*** -0.05705*** -0.05548***
Preservation 0.12996*** 0.12727*** 0.13171*** 
Light 0.32552*** 0.32361*** 0.32532*** 
Socio-economic 
Characteristics 
Ln Jerarquia -0.44025*** -0.43832*** -0.4399***
Valuation Companies 
S1 0.18702*** 0.18240*** 0.18579*** 
S2 0.47124*** 0.45519*** 0.47242*** 
S3 0.35080*** 0.32931*** 0.35216*** 
Constant 10.60451*** 10.19084*** 10.59464*** 
N  5,551 5,551 5,551 
R2 0.8076 0.8088 0.81045 
F-statistic 2118.86 
ρ 0.03627*** 
λ 0.09166*** 
Log likelihood -888.248 -877.134 -864.097
Akaike info criterion (AIC) 1800.5 1780.27 1752.19 
Schwarz (SC) 1879.96 1866.35 1831.65 
Likelihood Ratio Test (LR 
test) 

22.2270*** 48.3017*** 

*** p-value <0.001  

Table 3. Comparison of the estimated results of the OLS regression and the spatial 
econometric models for the per square meter values 

OLS Spatial Lag 
(SAR) 

Spatial Error 
(SEM) 

Variable Coefficient Coefficient Coefficient 
House Characteristics 
Ln [size (m2)]2 -0.01204*** -0.01148*** -0.01184***
Ln [age (years)]2 -0.0245*** -0.02385*** -0.02392***
Swimming pool 0.1727*** 0.16697*** 0.17265*** 
Air conditioning 0.0681*** 0.07147*** 0.07085*** 
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Construction Quality -0.0521*** -0.05327*** -0.05107***
Preservation 0.1301*** 0.12650*** 0.13202*** 
Light 0.3237*** 0.32339*** 0.32316*** 
Socio-economic 
Characteristics 
Ln Jerarquia -0.44856*** -0.44466*** -0.44801***
Valuation Companies 
S1 0.1864*** 0.18113*** 0.18503*** 
S2 0.4835*** 0.45311*** 0.48515*** 
S3 0.3490*** 0.32161*** 0.35038*** 
Constant 8.3459*** 7.9407*** 8.33294*** 
N  5,551 5,551 5,551 
R2 0.7141 0.71646 0.71796 
F-statistic 1257.92*** 
ρ 0.05597*** 
λ 0.09360*** 
Log likelihood -922.017 -903.701 -896.817
Akaike info criterion (AIC) 1868.03 1883.4 1817.63 
Schwarz (SC) 1947.49 1919.48 1897.09 
Likelihood Ratio Test (LR 
test) 

22.2270*** 50.4006*** 

*** p-value <0.001  
*** p-value <0.001  

Both models showed a good fit level R2 = 0.81 when considering the total 
properties value, and R2 = 0.71 when considering the per square meter value. All 
the variables coefficients were significant at the 99% level of confidence.  

The multicollinearity, heteroscedasticity, non normality and spatial dependence 
tests for each model are shown in Table 4.  

Table 4. Test of multicollinearity, heteroscedasticity, non-normality and spatial 
dependence en OLS 

Ln Total_Value  Ln per_Sq_mtr 
Value  

Tests DF Value DF Value 
Multicollinearity 
condition number 

38.599 38.599 

Heteroscedasticity 
Breusch-Pagan 11 406.63*** 11 406.09*** 
Koencker-Bassett 11 278.06*** 11 273.75*** 
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Non-normality 
Jaque-Bera 2 199.097*** 2 216.86*** 
Spatial dependence 
Moran’s I 7.10*** 7.25*** 
Lagrange Multiplier (lag) 1 22.326*** 1 36.793*** 
Robust LM (lag) 1 0.678 1 2.261 
Lagrange Multiplier 
(error) 

1 49.48*** 1 51.642*** 

Robust LM (error) 1 27.83*** 1 17.11*** 

As we can see in Table 4, both models showed no multicollinearity problems, but 
heteroscedasticity problems were detected when the Breusch-Pagan and Koenker-
Bassett tests were executed. The same problems appeared for normality errors 
according to the Jarque-Bera test. 

The spatial dependence tests (Moran´s I, LMlag, RLMlag, LMerror, RLMerror) 
also showed spatial dependence problems, and better results were expected with 
the Spatial Error Model (SEM). 

The third and fourth columns in Tables 2 and 3 show the Spatial Lag Models 
(SAR) and SEM compared with the OLS model. 

5. Conclusions

The outputs of the OLS and ML models are strikingly similar, as other studies 
have indicated [9]. 

Both the models obtained with the total value as the per square meter value gave 
significant differences among the four valuers, as evidenced by the significant 
coefficients of the variables associated with the companies. This indicates that, 
regardless of the housing and hierarchy characteristics, the company S0 
valuations performed valuations downwardly, while the company S2 estimated 
values upwardly after comparing all the analyzed companies. 

However, spatial dependence problems were detected in the OLS, which meant 
that spatial regression models had to be developed, as in other works on real 
estate valuations, and better results were obtained, as deduced from the R2, Log 
likelihood, Akaike and Schwarz tests. 

As in other works [7,10], but unlike others [9], SAR outperformed SLM, as 
evidenced by the Likelihood Ratio test. 
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1. Extended abstract
We present here a theory of optical properties of graphene quantum dots with 
sizes from clusters to microstructures. The electronic, optical and magnetic 
properties of graphene can be modify by engineering lateral size, shape, edge, 
number of layers and sublattice symmetry [1-4] of graphene quantum dots(GQD). 
Graphene quantum dots confine Dirac Fermions, both electrons and holes, with 
strength of their interaction controlled by both background dielectric constant and 
lateral confinement. Here we present new results describing the role of 
interactions in multi-exciton complexes composed of Dirac fermions in 
conduction and valence band, including theory of bi-excitons [4] in transient 
absorption spectra[5]. Building on our previous work [1-3] we describe the single-
particle energy spectra using the tight-binding model based on Pz carbon orbitals. 
All direct and exchange two-body Coulomb matrix elements are computed using 
Slater Pz orbitals for on-site and nearest and next nearest neighbors and 
approximated for farther neighbors. The Coulomb interactions are screened by a 
dielectric constant of external medium and sigma electrons changing the ratio of 
Coulomb interactions to the tunneling matrix element. For a given GQD with a 
defined shape, size, edge, and dielectric constant we compute the fully self-
consistent Hamiltonian of Hartree-Fock quasiparticles. The many body ground 
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and excited states are expanded in a finite number of electron-hole pair excitations 
from the Hartree-Fock ground state and computed using exact diagonalization 
technique with Hilbert spaces of the order of 10^6 configurations. This allows us 
to establish ground state and exciton and biexciton spectra and their Auger 
coupling. For colloidal GQDs the degeneracy of the top of the valence and bottom 
of conduction band leads to characteristic X and XX bands and two degenerate 
bright exciton states. Excitations from dark excitons to both excited exciton states 
and bi-excitons determine transient absorption spectrum and help us to identify 
possible XX-X-GS cascades. Comparison with experimental transient absorption 
spectra [5] will be made.  
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Abstract 
This paper presents a method for nested fluid simulation based 
on smoothed particle hydrodynamics. Given suitable 
background flow information of an “external flow” as it evolves 
in time, our method simulates the motion of particles only 
within a local material region. In order to perform the simulation, 
the background physical quantities need to be transferred to the 
local fluid particles. We employ ghost particles to carry the 
given physical quantities to the nested fluid. We also solve the 
problem of density computation appropriately for the ghost 
particles. Our numerical tests show that accurate local fluid 
motion can be obtained in such a nested volume of fluid 
particles. 

Key words: smoothed particle hydrodynamics, fluid simulation 
MSC2000: 

1 Introduction
This paper proposes a method for simulating fluid flow in a nested Lagrangian 
domain by smoothed particle hydrodynamics (SPH) [1] as exemplified by the 
labelled region in Figure 1. For geophysical and environmental flows nesting of 
fine resolution domains into larger domains is the dominant technique to 
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affordably resolve flow in a local domain that is influenced by complex large-
scale phenomena in the surrounding environment. 

Our method applies SPH only within a limited material volume and specifies an 
algorithm to transfer velocity and density from the “outer computation” to the 
bounding material surface of that volume. 

Similarly, the particle tracking method (PTM) [2, 3] tracks fluid particle motion in 
a given “external” flow field. Generally, the velocities applied in PTM to move 
particles are simple interpolations that don’t satisfy momentum conservation, nor 
commonly local mass conservation and travelling time. The proposed method 
considers the physical laws at every time step with SPH, and thereby conserves 
local mass and momentum within the interpolation limits of SPH. 

(a) simulation step: 0

(b) simulation step: 20,000
Fig. 1. Snapshots of particle locations in a typical simulation. The motion of the 
labelled fluid of fully defined particles (left) and our partially defined particles 
(right) is compared at the same simulation step.
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In particle based simulation of liquid flow, enforcing incompressibility is very 
important. During initial development, SPH in computer graphics has been 
successfully applied to simulate liquid flow with interactive speed [4] but doesn’t
enforce incompressibility. For incompressible fluid, moving particle semi-implicit 
[5] solves a pressure Poisson equation. Weakly compressible SPH (WCSPH) [6]
uses Tait’s equation to satisfy a weak compressibility condition while reducing
the computational cost. Later, predictive-corrective incompressible SPH [7],
implicit incompressible SPH [8] and divergence-free SPH [9] decrease the
computational cost by applying a longer time step. This work employs WCSPH
for weak incompressibility of fluid flow.

As mentioned above, nested models are typically applied with fixed-grid solvers. 
For example in [10], a grid based nested model has been developed to offer a 
cost-effective accurate fluid simulation with high spatial resolution in limited 
areas. Recently, a hybrid model combining a Boussinesq model and a local SPH 
model has been also developed to study coastal wave propagation efficiently [11].
In the future, the method proposed here should work to nest a high resolution 
particle simulation into either a Lagrangian or Eulerian computation of the outer 
domain. One can anticipate the need for both one-way and two-way coupling, but 
the current work considers only the simpler one-way coupling. 

In the proposed method, the background information needs to be transferred to the 
partially defined fluid particles. We solve this problem by generating ghost 
particles around the fluid and interpolating the background information to the 
ghost particles. We apply Poisson disk sampling (PDS) [12] to distribute the ghost 
particles. PDS is a technique used for rendering in computer graphics [13] and has 
been extended to two dimensions [14], arbitrary dimensions [12] and parallel 
computing [15].

In the originally proposed ghost SPH [16], PDS is used to generate ghost particles 
and model the effect of air surrounding bodies of liquid. A reduction of 
computational cost is achieved by avoiding the generation of ghost particles in [17,
18]. In contrast, our ghost particles act to transmit velocity and density from a 
surrounding liquid. 

We found that the standard density formulation [16] combined with ghost 
particles suffers from serious errors because of the random sampling of positions 
in PDS. We solve this problem by applying an alternative density formulation that 
is robust against particle positions. We also simplify PDS to fit fluid simulation 
with a flag-based method. Our flag-based method avoids the construction of level 
sets of distance from the fluid surfaces which was used for the ghost particle 
generation method in [16]. The test results show that our ghost particles 
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adequately model the effects of the background flow surrounding the local nested 
fluid region.

2 Nested smoothed particle hydrodynamics 
We aim to simulate the motion of fluid within a nested Lagrangian domain, and 
have adopted SPH for this purpose. We assume that the fluid densities and 
velocities at the bounding surface of the inner computational domain are available 
as background information, normally from a computation in the outer domain. Let 

)(xt@ be the background fluid density and )(xv t the background velocity 
defined on the computational domain "  at an arbitrary time 0At . Given a set 
of local particles with initial positions "600

2
0
1 ,,, kxxx � , the purpose is to 

determine their subsequent positions t
k

tt xxx ,,, 21 � at �,3,2, tttt BBB� ,

where tB  is the time step. Our formulation is based on WCSPH [6], which is 
designed to compute weakly compressible fluid motion.

In order to perform the simulation, the physical quantities of the background need 
to be transferred to the nested fluid particles. For this purpose, we employ ghost 
particles. In this section, we assume that ghost particles fill a layer whose 
thickness equals the kernel support radius of fluid particles that enclose the nested 
fluid region at time t.

The fluid motion is calculated with WCSPH as follows. 
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where t
iv indicates the velocity of the i-th fluid particle at time t , and press
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if and g  respectively denote the accelerations due to pressure, viscous stress, 
and gravity. In WCSPH, the pressure and viscous accelerations of the i-th fluid 
particle are calculated as follows.
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where h  and sc denote the effective radius and speed of sound in the fluid, m ,
p , @  and �  denote the mass, pressure, density, viscosity of each particle,

jiij vvv 
� and jiij xxx 
� , and ),( hWW ijij x� is the cubic spline kernel 
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W [19]. The pressure of both the fluid and ghost particles are calculated by 
Tait’s equation [6]: 
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In the standard formulation, the density of the i-th fluid particle is computed by

/�
j

ijj
t
i Wm@ . (3) 

Note that the index j  in (1), (2) and (3) includes both the fluid particles and 
ghost particles while i  doesn’t include the ghost particles. Accordingly, the 
unknown quantities, j@  and jv , at the j-th ghost particle need to be determined. 

For this purpose, we interpolate the given background values to the ghost particle
and determine the physical quantities at the nested particles.

In our numerical tests, Equation (3) employed in the original WCSPH causes 
huge errors because of the random distribution of the position of the ghost 
particles, i.e., the computed density is too sensitive to the location of the 
surrounding particles. We found that another formulation, 

/ �DB��B�

j
ijiijj

t
i

tt
i Wmt v@@ , (4) 

is far less sensitive to the position of the surrounding particles and solves the 
problem of the instability. Extensions of Equation (4) used in [20, 21] might be 
considered, but increase computational costs. In this paper, we employ Equation 
(4) instead of the standard one.

Figure 5 shows one of the results of the density computation in our numerical 
tests. As can be seen from Figure 5, the density computed by Equation (3) causes 
serious density fluctuation even a stationary fluid case, but application of 
Equation (4) duplicates the quantity with sufficient accuracy. Note that the 
relative density errors (around 0.01%) computed with Equation (4) is sufficiently 
lower than the compressibility (1%) of our weakly compressible fluid.

Although the reason of the high accuracy of Equation (4) compared to Equation 
(3) is not proved, the following mechanism relates to the accuracy. Equation (3)
depends on only the randomly distributed ghost particle positions but not the
physical quantities of the ghost particles. On the other hand, Equation (4)
calculates the density depending on the velocities of the ghost particles
determined from the background information. The velocity of the ghost particle
compensates the error arising from the random ghost particle position. In addition,
Equation (4) produces only small variation with small time interval while
Equation (3) produces considerably large variation on account of the ghost
particle’s position varying every time step.
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3 Generating ghost particles
Here, we explain how to generate ghost particles around the fluid. In the existing 
method [16], level sets are applied to compute distance from the fluid surface. We
propose a simplified generation method of ghost particles to avoid the 
construction of the level set. 

Instead of the level set values, flags are assigned to each background cell. We 
then check the validity of particle creation of the sampled ghost particles 
depending on the flags of the corresponding cell. 

The flag in each background cell is assigned to one of the integers 0, 1, 2, 3 and 
indicates one of the following situations: flag value 0) cell is out of the range of 
the kernel support radius; flag value 1) cell is within the range of the kernel 
support radius and far from the fluid surface; flag value 2) cell is within the range 
of the kernel support radius but near the fluid surface; flag value 3) cell is too 
close to the fluid particles. The ghost particles are only generated inside cells 
having a flag value of 1 or 2. 

The flag allocation is executed as described in Figure 2. Firstly, generate grids of 

cells whose edge lengths are nrPDS where PDSr is the sampling radius and n
is dimension of the domain (2 or 3), and initialize all flag values to 0. This cell 
length is specified to allow at most one ghost particle per cell [12]. With initial 
particle spacing l, we use lr 8.0PDS � for the sampling radius. Secondly, set flag
value 3 if any fluid particles belong to it. Next, set flag value 2 if the value of that 
cell is not 3 and any part of the cell lies within the sampling radius from any fluid 
particle. Lastly, set flag value 1 if that flag value is 0 and any part of the cell lies 
within the kernel support radius l� . For simplicity, we approximate the cells 
with flag 1 by the cubic (square for two dimensions) shaped cells centered at the 

cell containing the fluid particle with 1)2ceil( PDS �rnl� number of cells for
each edge. Here, the function ceil maps a floating-point argument to the least 
following integer. 

After setting the flags, ghost particles are generated by PDS [12]. The sampling 
starts from the fluid particles in the domain. The ghost particles are generated 
within the cells having the flag value 1 or 2. The rejection process in PDS is 
implemented with the neighbor particles not only generated ghost particles but 
also fluid particles if the sampled position is within the cell with flag value 2. In 
the case of flag value 1, only the generated ghost particles are applied to the 
rejection process of PDS. In the computations described herein, we set flags and 
generate ghost particles at the beginning of every time step. 
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4 Performance analysis 
We tested the performance of our method with two kinds of test cases: stationary 
fluid (Figure 3a) and dynamic fluid (Figure 3b). The tests assess the 
reproducibility of the fluid motion simulated by the same WCSPH including the 
density computation for both full simulation in the whole domain and for nested 
local simulation. We apply the boundary condition used in [6] for both cases. The 
background flow field is produced by assigning the physical quantities of the 
nearest neighbor particle gained from the full SPH simulation. In order to reduce 
the computational cost, we apply counting sort for neighbor particle search as 
presented in [22] but simulation is implemented on a CPU. 

In both test cases, we use the same parameters: 5100.1 
E�Bt ,
4101086.4 
E�m , 10000 �@ , 2.0�� , 20�sc , 2��  and n ml 0@� . The 

speed of sound is determined so that the weakly compressible condition (the 
maximum compressibility is less than 1% for both cases) is satisfied. For the 
stationary fluid case, we simulate the fluid motion for 200,000 steps in advance to
satisfy the stationary condition enough. We compare the obtained physical 
quantities reproduced by Equation (3) and Equation (4) in the starionary fluid case.
We apply the zeroth-order kernel correction [23] for the simulation with Equation 
(3).

Figure 4 shows the results of full simulation and our local simulation with a
stationary fluid case. From Figure 4, no difference can be seen between the full 
simulation and our local simulation. Figure 5 shows the evolution of the density 
of the full simulation with Equation (3) (Figure 5a), the local simulation with 

Fig. 2. A flag mapping example for a particle with 2�� n� . The point 
indicates a fluid particle.
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Equation (3) (Figure 5b), the full simulation with Equation (4) (Figure 5c) and the 
local simulation with Equation (4) (Figure 5d). Significant density error can be 
seen in the local simulation results calculated with Equation (3), but our method 
with Equation (4) reproduces the physical quantities accurately with a relative 
density error around 0.01%.

(a) a stationary fluid case (b) a dynamic fluid case
Fig. 3. Our test cases. The motion of the labelled fluid in the full simulation is 
compared with that of the nested fluid.

(a) simulation step: 0

(b) simulation step: 100,000
Fig. 4. The results of a stationary fluid case of (left) the full simulation and 
(right) our nested local simulation. Motion of the labelled fluid is compared.
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Figure 6 compares the results of full simulation and our local simulation for a
dynamic fluid case. From Figure 6, the labelled fluid’s motion in the full 
simulation is perfectly reproduced by our local simulation. Figure 7 shows the 
evolution of the density of the full simulation and our local simulation. For the 
density computation, we apply Equation (4) in this dynamic fluid case. The results 
show that our technique reproduces the fluid quantities accurately even if the fluid
moves dynamically.

5 Conclusion
We presented a nested simulation method with locally defined fluid particles. We 
employ WCSPH to satisfy the weakly compressible condition. The motion of the 
nested particles follows given background information. In order to transfer the 
background flow to the fluid, we generate ghost particles around the fluid. We 
also solve the density computation problem adequately for the ghost particles and 
simplified the generation of ghost particles with a flag-based method. 

The test results show that the proposed technique accurately reproduces the fluid 
motion of fully simulated fluid. The reproducibility is accurately achieved in both 
the stationary case and dynamic case. 

(a) Full simulation with Equation (3) (b) Local simulation with Equation (3)

(c) Full simulation with Equation (4) (d) Local simulation with Equation (4)
Fig. 5. The density evolution in the case of stationary fluid.
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Abstract
Equations of motion for density matrices are formulated for 
interacting electron systems by taking into account static 
Hartree-Fock energy levels and wave functions as input. The 
resultant quantum kinetic equations can simulate time evolutions 
of excitation and relaxation of electrons after time-varying 
external fields are switched on.  Applications to ionizing atoms
and bulk electron gas are presented. 

Key words: density matrix, quantum electron dynamics, orbital 
relaxation, electron gas

1. Introduction
In quantum mechanics, the motion of particles may generally be analyzed from a 
viewpoint of transitions among quantum states.  When an external field is 
applied to an interacting many-electron system, for instance, some electrons are 
excited from occupied to unoccupied orbitals, leaving holes behind.  The holes 
in turn exert attractive Coulomb forces on the other electrons, modifying their 
spatial distributions and energy levels.  We have been developing quantum 
kinetic equations with the density matrix formalism based on such a viewpoint [1]. 

Our theory takes into account unrestricted Hartree-Fock (UHF) calculations of 
energy levels and wave functions in the initial unperturbed state as input; we then 
introduce density matrices represented in terms of the those UHF orbitals.  After 
an external field is switched on, the dynamics of electrons and holes are simulated 
through time evolutions of those density matrices without computing wave 
functions any more. 
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The structure of the density matrix equations is highly nonlinear so that the
validity of their numerical solutions should be checked carefully through 
comparison with analytical results.  In the CMMSE14 Conference, we have 
examined elementary problems such as the response of noninteracting electrons to 
a locally applied potential well [2]. In this work, numerical analysis is extended 
to interacting electrons; orbital relaxation dynamics in an ionizing atom is 
reported in Sec. 3.1. The theory is also applicable to the dynamics, transport, 
and impurity problems in bulk electron gas, as we shall briefly summarize in Sec. 
3.2.

  

2. Basic Formalism  
Let us consider a system of N� spin-up and N� spin-down electrons in the 
potential field of fixed ions. To begin with, we solve the UHF equation [3] self-
consistently for the initial (t = 0) ground state, and compute the energy levels 

k�� and wave functions ( )k�	 r for a set of single-particle states k
(=1,2,� ,NAO) with spin �
���
��. If the usual basis-set expansion technique 
[3] is used here, the total number of atomic orbitals so obtained (NAO) is limited to 
the size of the basis set.

Suppose that an external potential field ext ( , , )v t�r is applied to this system for
time t > 0. To compute subsequent electron dynamics, the matrix elements

� � *
ext ext( ) ( ) ( , , ) ( )k kkkv t d v t� �� 	 � 	 �� � � r r r r (1)

and the two-electron Coulomb repulsion integrals

1 2 3 4 1 2 3 4

2
* *

1 2 1 1 2 2
1 2

( ) ( ) ( ) ( )k k k k k k k k
eV d d��

� � � �	 	 	 	�
� ��

�� �r r r r r r
r r

  (2)

should be evaluated in advance.  We note here that the indices k, k� , etc., extend
from occupied ( ,1 k N� �� � ) to virtual ( , AO1N k N� � � � � ) orbitals; the mixing 

of those orbitals plays an essential role in orbital relaxation illustrated later in Sec. 
3.1.

The dynamics of electrons obeys the time-dependent Schrödinger equation 
( ) / ( ) ( )i t t H t t�� � � �� for the total wave function ( )t� .  Instead of ( )t� , we 

simulate the one-electron density matrix defined as
†( ) ( ) ( )kk kkt t c c t� ��� � �� � � , which in turn depends on the two-electron 

density matrix † †( ) ( ) ( )ijkl i l kjt t c c c c t��
� � ��� �

��� � � [4].  Here, †
kc �  and kc �

represent the creation and annihilation operators, respectively, for state {k,�}.
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Since ( ) ( ) ( ) ( ) ( )ijkl ik jl jk ilt t t t t��
� � �� � �� � � � � ��

� �� � in UHF 

approximation [4], the time-dependent Schrödinger equation can be reduced [1] to
coupled nonlinear differential equations for ( )kk t�� � that involve matrix 

elements (1) and (2).  Here, the attractive electron-hole interaction enters 
through the self-energy matrix

� �1

1 2 1 1 2 1 1 2 1 11 2

1 2 1

( ) ( ) (0)kk kk k k k k k k kkk k k
k k

t V V t f�� ��
� �� � �

�
� � � �� ��

� �� � �� ��� . (3)

It is convenient to decompose the density matrix equations further into the 
diagonal part ( ) ( )k kkf t t� ��� representing the occupation number of state {k,

�� and the off-diagonal part ( )kk t�� � related to the configuration mixing 

between states k and k� .  The final expressions for the density matrix equations 
can be found in Ref. [1].

  
Initially, the density matrix is diagonal and hence (0) 0kk �� � � for k k�� ; it 

then follows from (3) that (0) 0kk �� � �� .  The initial diagonal elements are set as

(0) 1kf � � for k N��  and (0) 0kf � � for AO1N k N� � � � .

3. Applications 

3.1. Atomic orbital relaxation 

Orbital relaxation associated with core-level ionization of an atom or a bulk 
material plays a crucial role in the interpretations of x-ray absorption and 
emission spectra [5].  Density matrix simulations of orbital relaxation dynamics 
have been carried out for K-shell ionization of a Na atom (N� = 6, N� = 5).
Initial UHF calculations have been performed by using the Slater-type 7s6p basis 
set (NAO = 25), as shown by the left panel of Fig. 1. The 1s electron has been 
removed gradually for t > 0 by introducing a phenomenological ionization term

ion 1 ,[1 exp( / )] ( )sw t f t� � � � in the equation for 1 , ( ) /sf t t�� � , with an ionization 

rate wion and a time constant  
for an onset of the perturbation.  The 1s hole so 
created produces an attractive potential field, to which the outer electrons respond 
and adjust themselves.  The ionization term is turned off when the total number 
of electrons ( ) ( )kkN t f t���� is decreased exactly by 1 and hence the atom 

becomes a singly charged ion.  The middle panel of Fig. 1 depicts time 
evolutions of the energy levels evaluated as the eigenvalues of the instantaneous 
Fock matrix

( ) ( )kk k kk kkF t t� � �� � �� � �� � � . (4)
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For a comparison, the right panel exhibits the energy levels of a Na+ ion with a 
core hole in the 1s� orbital, obtained by a separate UHF calculation with the same 
basis set as above. 

We assume that the ejected electron does not interact with the remaining electrons. 
Then, provided that wion is small and  is long enough, the adiabatic theorem
ensures that the simulation should automatically converge to the ground state of a
singly charged ion with fully relaxed orbitals. This conjecture is corroborated in 
Fig. 1, where we find that each energy level displayed in the middle panel 
eventually approaches the corresponding eigenstate of an ion plotted in the right 
panel.  

FIGURE 1: Orbital relaxation dynamics in the K-shell ionization of a Na atom.
The left panel depicts the UHF energy levels k��  in the ground state.  The solid 
and dotted lines correspond to occupied and unoccupied orbitals, respectively.  
The 1s levels (not shown) are located at 1 , 40.48 a.us �� � � .  The middle panel 

shows eigenvalues of the instantaneous Fock matrix (4) computed through 
numerical solutions to the density matrix equations.  The simulation parameters 
are wion = 0.1 a.u. and  = 100 a.u.  The right panel is same as the left panel but 
for a Na+ ion with a core hole in 1s� orbital. 
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In orbital relaxation, not only the energy levels but the orbital shapes are modified.  
The latter may be caused by a configuration mixing of state k with other states k’, 
which is detectable through an off-diagonal matrix element ( )kk t�� � .

Numerical results reveal that some of the matrix elements ( )kk t�� � for 

occupied (k) and virtual (k’) orbitals take on nonnegligible values after 
convergence ( 200t ! a.u.); this means that the Koopmans’ theorem on the 
ionization energy p 1sI ��! � [3], which neglects orbital relaxation, is no longer 

satisfied due to a strong perturbation by the core hole.

3.2. Other applications 

By appropriately choosing the onset time scale of external fields  and the number 
of electrons N, the density matrix equations can demonstrate quantum electron 
dynamics in various settings from small to bulk systems and from adiabatic to 
nonadiabatic perturbation regime, as sketched in Fig. 2.  Brief summary of 
recent progress is given below. 

FIGURE 2: Overview of physical phenomena studied with the density matrix 
equations for various combinations of   and N.  

(a) Oscillation of a trapped particle
Consider a particle confined in a large box.  When an attractive potential well is
applied suddenly near the centre of the box, the quantum distribution of the 
particle exhibits oscillation around the potential well, whose frequency is 
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determined by the energy difference between the ground and first excited states 
[1,2].  The physical origin of the oscillation can be attributed to an electronic 
excitation across the Landau-Zener type pseudo-crossing of those two potential 
energy curves.

(b) Multiphoton ionization
Under an intense laser field, a bound electron in an atom can be excited to 
continuum via absorption of multiple photons. According to the pioneering 
theory of Keldysh [6], the kinetic energy � of the photoelectron emitted through n-
photon absorption is given by p pn I U� "� � �� , where " is the photon 

frequency, Ip is the ionization energy of the bound electron;  2 2 2
p 0 / 4U e E m"�

is the ponderomotive energy, defined as an average kinetic energy of a free 
electron of charge �e and mass m under an oscillating electric field E0cos("t). 
We have proven [1] that the Keldysh formula for the multiphoton ionization rate 
of a hydrogen atom can be reproduced analytically from the density matrix 
equations through approximating the continuum wave function by a plane wave.
Numerical analysis of the multiphoton ionization has also been made with the aid 
of the spherical-harmonics expansion of the continuum density matrices [7].

(c) Plasma oscillation
Plasma oscillation is a long-wavelength collective motion of charged particles 
triggered by a local charge imbalance [8].  The relation between the frequency "
and the wave vector q of the plasma oscillation depends on the Planck constant,
reflecting its quantum-mechanical nature. For an electron gas, whose single-

particle wave function ( )�	k r is given by the plane wave exp( )i #k r , we have 
demonstrated plasma oscillations in q-t space by solving the density matrix 
equations numerically using the spherical-harmonics expansion method [7].  
Here, the diagonal matrix elements fk�(t) remain constant whereas the off-

diagonal elements , ( )t� �k k q exhibit oscillations driven by the self-energy 

matrix , ( )t� �k q k� .  When the exchange term involving 
1��� in (3) is neglected,

the theory becomes equivalent to the conventional random-phase approximation 
[8].

(d) Impurity problems
When a charged impurity is inserted into an electron gas, the tail of the induced 
electron density exhibits a spatial oscillation called Friedel oscillation [1,2]; it
originates from a discontinuity in the Fermi distribution function across the Fermi 
level in the unperturbed state.  For this system, Anderson also predicted the 
orthogonalization theorem, which states that the overlap integral of the Slater 
determinants with and without the impurity vanishes in the limit of N $% ; it is 
a consequence of catastrophic low-energy electronic excitations across the Fermi 
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level [1,2].  These are both static phenomena but can be reproduced by the 
density matrix equations for uniform electron gas to which the impurity potential 
is slowly (adiabatically) applied [1,2]. 

(e) Drude formula of ac conductivity
The Drude formula, proposed more than one hundred years ago, is well
established as a standard expression for the electric conductivity due to itinerant 
noninteracting electrons in metals and semiconductors [9].  For an ac electric 
field with frequency ", it reads

2
e coll

* coll

1
( )

1

n e
m i
 

� "
" 

�
�

� , (5) 

where *m  and ne represent the effective mass and the number density of the 

electrons, respectively;  coll refers to the collisional relaxation time.  In most 
textbooks (e.g., [9]), this formula is derived either from the classical Newton’s 
equation of motion or the semiclassical Boltzmann equation. Although the Kubo 
formula offers a general quantum-mechanical expression of conductivities [10], it 
has been a long-standing difficulty to derive (5) from Kubo formula especially for 
low-frequency regime " coll < 1, due in part to a complexity in the treatment of 
phonon-assisted intraband transitions [11]. Alternatively, we have shown [12]
that linear-response analysis of the density matrix equations, which avoids a 
perturbative treatment of electron-phonon scattering, facilitates a lucid quantum-
mechanical derivation of formula (5) over the entire "-regime. 
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Abstract 
We solved the Schrödinger equation of the two- and three-
electron harmonium systems with the Free Complement - Local 
Schrödinger Equation (FC-LSE) method. The results agreed 
with the Cioslowski’s energies to five digits, and, in some cases,
a little lower in the sixth digits. It was observed that the rij terms 
are important in both the two- and three-electron harmonium 
systems. 

Key words: Free Complement method, Harmonium 

1. Introduction
A harmonium system is an artificial and imaginary system but important 

because it is an exactly solvable system [1]: it is also a good model of a quantum 
dot [2]. Harmonium atoms consist of a nucleus and some electrons, where the 
electron-nucleus potentials are harmonic and the electron-electron potentials are 
Coulombic. The Hamiltonian of the harmonium is written as 

2
2 2

1 1 1

1 1

2 2

N N N

i i
i i j i ij

H r
r

!
� � , �

� 
 � � �/ / / , (1) 

where N is the number of electrons, and ! is a force constant.  The two-electron 
harmonium (N = 2) was first studied by Kestner and Sinano lu [1], and they 
found that the exact wave function is expressed in a closed form with a r12 term. 
The two- and three- electron harmoniums are widely studies by Cioslowski, Taut, 
Pernal, Staemmler, Strasburger, Matito, Trickey and Loos et al. [3-8].
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Solving the Schrodinger equation of harmonium

When the last term (Coulombic term) in Eq. (1) does not exist, the exact 
wave function of this system in the ground state can be written as 

� � � �2 2
1 1 2 2exp expA a r a r� %� 	� 
 
� � (2) 

for N = 2, and 

� � � � � �2 2 2
1 1 2 2 3 3 3exp exp expA a r a r z a r� %� 	� 
 
 
� � (3) 

for N = 3, where A is the anti-symmetrizer , 1 2 3 2a a a !� � � , and % is a proper
sin function. 

 In the two-electron harmonium, where there exists the Coulombic term, the
exact wave function in the ground state is written as 

� �2 2
1 2 12

1 1 1
exp exp 1

4 4 2
r r r� �$ $�� � � �� �� 
 
 � 
� � � �� �

� � � �� �
(4) 

when ! = 1/2 [2] . The � �121 2r� term in Eq. (4) is additionally multiplied to 
the non-Coulombic-term system (Eq. (2)) due to the Coulombic terms in the 
Hamiltonian. In the three-electron harmonium, unfortunately, the exact wave 
function is not found in a closed form yet. 

 Solving the Schrödinger equation (S.E.) of any atoms and molecules is one of 
the goals for quantum chemists because it governs the world of chemistry. In 
2004, one of the authors proposed the Free Complement (FC) method, with which 
we can solve the Schrödinger equations exactly [9]. When analytical integration is 
not possible, we use the FC-Local Schrödinger Equation (FC-LSE) method [10-
13].  

The FC-LSE method is based on a sampling method, which can be applied to 
any systems without integration problems. We have reported some applications of 
the FC-LSE method to some organic and inorganic molecules [12, 14].  

In this presentation, we apply the FC-LSE method to solve the Schrödinger 
equations of the two- and three-electron harmonium systems. 

2. Free-Complement Local-Schrödinger-Equation method
The details of the FC-LSE method were explained in Ref. [11-13]. The FC 

wave function is generated as follows, using the simplest iterative complement 
(SIC) formula given by  

� � � � � �1
1 11n n

n nC g H E� � 


 
� 	� � 
� � , (5) 

where H is the Hamiltonian of the system (Eq. (1)). The g function was 
introduced to cancel the divergence in the Hamiltonian: For the two-electron 
harmonium, we take 

12g r� , (6) 
and for the three-electron harmonium 

3

1
ij

j i
g r

, �

� / . (7) 
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Solving the Schrodinger equation of harmonium

It was proven that the SIC formula leads to the exact wave function at 
convergence. The initial wave function � �0� is arbitrary if it has an overlap with

the exact wave function. Operating gH and g operators on � �0� n times according

to Eq. (5), we can pick up linearly independent analytical functions � �{ }nF . The
FC wave function at order n is expressed in a linear combination as

� � � � � �
� �

1

nM
n n n

i i
i

C� F
�

� / , (8) 

where � �{ }nF is referred to complement functions (cfs) and M(n) is the number

of the cfs. The � �n� determined by Eq. (8) converges to the exact solution of the

SE as the order n increases, if the coefficients � �{ }nC  are correctly determined. In 

the FC-LSE method, the coefficients � �{ }nC  are determined as follows: When �
satisfies the Schrödinger Equation, the following equation holds for any point r ,

� � � �H E� ��r r . (9) 

Inserting � �n� into Eq. (9), we obtaine

� � � �
� �

� � � � � �
� �

� �
1 1

n nM M
n n n n

i i i i
i i

C H E C� �F F
� �

�/ /r r ( 1.. sN� � ), (10) 

for any sampling points { }�r  where Ns is the number of the sampling points. We 

use Eq. (10) to determine the coefficients � �{ }nC  and energy E. Eq. (10) can 
be written in matrix form as E�AC BC , where � � � �n

i iA H� �F� r and � � � �n
i iB� �F� r .

Multiplying †B from the left, we get E�HC SC  where †�H B A and †�S B B ,
and the (i,j)-th elements of M(n) x M(n) matrices H and S are calculated by

� � � �1

sN
ij i jH H� ��

F F
�

� / r r� ���� and � � � �1

sN
ij i jS � ��

F F
�

� / r r� ���� , respectively. By solving Eq. 

E�HC SC , we obtain the total energy E and corresponding coefficients � �{ }nC .

3. Two-electron harmonium
First we calculate the two-electron harmonium with the FC-LSE method [13].

The Hamiltonian is given in Eq. (1) and we set ! = 1/2. In this case the exact 
solution is known in a closed form [2]. 

The initial function � �0F we employed is Eq. (2) with � �1 2 1 2% � $ $ �� 
 ,
since it is the exact wave functions of the non-Coulombic term system. At order n
= 1, the generated cfs are G H � � � � � � � �G H0 0 02 2

12 1 2, r , r rF F F F� � . To determine their linear 

combination coefficients, we need at least two sampling points if we ignore the 
normalization constant. The position of the sampling points is arbitrary in this 
case since the generated cfs are complete. For example, using only two sampling 
points G H � �G H1 1 1 2 2 2, , , , ,x y z x y z� �r � �{ -1.1,0.3,0.4,-0.5,1.2,-2.3 ,� � �1.2,0.2,-1.2,0.8,2.5,-0.9 }
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Solving the Schrodinger equation of harmonium

� �1,2� � in Eq. (10) gives G H G H1,1 2,0C � and E = 2 au exactly. This is the 
exact solution of the two-electron harmonium [2]. Even if we use any other two 
sampling points, we obtain the same exact results. At the higher order n, different 
cfs are generated, but their coefficients become exactly zero with arbitrary 
sampling points. 

4. Three-electron harmonium
Next we study the three-electron harmonium. The force constant ! in Eq.

(1) is taken to be ! = 10, 1, and 0.1. The initial function � �0F is taken as the
exact solution of the non-Coulombic term system (Eq. (3)) with 1 2 3 2a a a !� � � ,
and the spin functions are taken as

� �1 1 2 1 2 3% � $ $ � �� 
 (11) 
and

� �2 1 2 3 2 3% � $ � � $� 
 . (12) 

These two spin functions can represent any spin state of three-electron doublet 

state. The cfs generated are generally written as 

� � � �3 13 231 2 12 2 2
1 2 3 12 13 23 1 1 2 2 3exp expn m mn n mA r r r r r r a r a r zF %� 	� 
 
� � (13) 

where ms and ns are non-negative integers, and % is either of Eq. (11) or (12).
The sampling points { �r } were generated in the Metropolis sampling method [15] 
so as to distribute along the density of the initial wave function. We used Ns = 106

sampling points.  
In Table 1, the dependence of the energy on the number of the sapmling 

points are shown for ! =1 with the order n = 5 wave function. Even if the number 
of the sampling points increases, the energy does not change within 6-digits 
accuracy. This implies the wave function is almost independent of the sampling 
points.

Table 1. FC-LSE energy of the three-electron harmonium for ! = 1.0 calculated with m x 105

sampling points at order n = 5.
Number of 

Sampling points
FC-LSE energy 

(au) �2 error

1 x 10^5 7.3397433 1.137 x 10^(-5)
2 x 10^5 7.3397343 1.622 x 10^(-5)
3 x 10^5 7.3397388 1.528 x 10^(-5)
4 x 10^5 7.3397392 1.371 x 10^(-5)
5 x 10^5 7.3397322 1.353 x 10^(-5)
6 x 10^5 7.3397353 1.343 x 10^(-5)
7 x 10^5 7.3397387 1.294 x 10^(-5)
8 x 10^5 7.3397395 1.271 x 10^(-5)
9 x 10^5 7.3397364 1.288 x 10^(-5)

10^6 7.3397336 1.277 x 10^(-5)
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In Table 2, the calculated energies and the number of generated cfs are 
shown for different !s. At order n = 1, the energy has only three-digit acuracy 
for ! =1, but as the order n increases the energies become accurate. At order n =
5, the energy for each ! agreed with Cioslowski’s value to five digits [3]. For ! =
1 at order n =5, our energies are a little lower than Cioslowski’s energy in the 
sixth digits . The energy at order n = 1 for ! =10 is accurate compared to that 
for ! =1. It is because when !I is very large the harmonium atom can be regarded 
as the non-Coulombic-term system, since the last term in Eq. (1) is negligibly
small compared to the second term, and that the initial function (3) is already a
good approximation for such system.

In Table 3, ten cfs that have the largest coefficients are shown, where the cfs 
have the form of (13) and the exp( ) part are eliminated for simplicity. The most 
important cfs are the initial functions themselves (Eq. (3)) , as expected, with the 
coefficients 0.336126. The third to 32nd cfs are all 13 2312

12 13 23
m mmr r r type functions 

without 31 2
1 2 3

nn nr r r terms. This observation is similar to the two-electron harmoium 
case, where the exact wave function is written as a product of the exact wave

Table 2. The FC-LSE energies of the three-electron harmonium.
order n M ω=10 ω=1 ω=0.1

1 12 61.1362460 7.3433333 1.0758841
2 43 61.1373310 7.3397419 1.0609231
3 119 61.1381907 7.3397329 1.0596357
4 276 61.1384248 7.3397350 1.0594616
5 568 61.1385124 7.3397336 1.0594491

61.1385255 7.3397411 1.0594492E(Cioslowski) [a]
[a] Ref. [3]

Table 3.  Ten largest coefficients and complment functions for ! = 1 at order = 5 [a].
coefficient spin function [b] Multiplied terms
0.336126 1
-0.336126 2
-0.327530 2 r13

-0.291100 2 r23

0.291100 1 r13

0.289951 1 r12

0.283847 1 r12 r13

-0.270102 2 r12 r23

-0.248970 2 r13 r23

-0.238449 2 r12

[a] Each cf is normalized to unity, and the total wave function is normalized to unity. The
cfs have the form of Eq. (13).
[b] see Eqs. (11) and (12).
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fcuntion of the non-Coulombic-term system and the � �121 2r�  term, as shown in 
(4).

5. Summary
In this study, we applied the FC-LSE method to solves the Schrödinger

equation of the two- and three-electron harmonium systems. The results are as 
accurate as Cioslowski’s values to five digits. The most important cf is the initial 
function (3), i.e. the exact wave fcuntion of the non-Coulombic-term system, and 
the next important cfs are type of 13 2312

12 13 23 0[ ]m mmA r r rF F� functions. 
In the presentation, we will show some more details of the theory and the 

calculated results. 
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Abstract 
Graph theory is a fundamental tool in the study of economic 
issues, and the input-output tables are precisely one of the main 
examples of it. This mathematical approach allows to model 
economic systems and helps understanding on its overall 
functioning. The main contribution of this work is to provide a 
suitable model to makes possible applying mathematical tools, 
such as graph theory, to better understanding the way the labor 
market works. In this paper, it is performed an analytical study 
of the labor markets by means network analysis. This approach 
allows using the network concepts such as coverage, invariance, 
orbit and structural functions. It is defined supply-demand and 
competition functions as basic relationships functions on labor 
markets. Finally, an application example on labor markets is 
described and some conclusions are drawn about it. 

Key words: mathematical methods, circular flow, networks 
models, applied mathematics, modelling 

1. Introduction

The main idea behind the structural analysis is to identify the links or 
relationships that exist in input-output table [1]. It helps to find circularities in 
economic phenomena [2] and allows us to have a diversified and comprehensive 
vision of the analyzed economy. 
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The labor market [3] can be considered as an ecosystem in which networks or 
trade flows occur between income and work and where everything is 
interconnected [4]. Circular flow of income is a model used to explain, in a very 
simplified way, the basic functioning of the economy. This model represents an 
economic cycle of income and work in which are represented the resource and 
income flows between the entities involved in an economy [5]. Based on this 
theory, the circular flow of the economic activity is made through the market [6].
The key ideas behind this circular flow are the movement of factors and 
relationships among economic agents. 

The search for a balance in the ecosystem of the labor market according to the 
above scheme is based on the balance between the needs of products and services, 
job offers and job demands. In this case, the companies always find professional 
profile needed for each job vacancy and every worker would work in the right job 
for him/her. However, this simplified model is not taking into account other 
aspects such as salary, working conditions or the workplace. 

In this research we aim to interpret the labor market through networks theory that 
are represented by graphs and where characteristic concepts of the theory of chaos 
as cover, invariance and orbits interact with the circular flow concept. 

2. Basic concepts summary 

The concepts and relations introduced in this and following sections formalize a 
mathematical theory that aims to advance in the development of models to help 
understand economic phenomena of current society. The application of these 
mathematical concepts and relations to domain of the economy can create 
analogies that improve our understanding on the functioning of the market, on the 
interdependence relations of the entities and on the real flow of goods and 
services from one sector of the economy to another. From there, criteria will be 
created to build economic policy and to reduce the inaccuracies in calculating the 
national income. 

Definition 1: Labor Market S=(M,R) is the pair formed by object set M,
determined by all people offer their skills to employers in exchange for wages, 
salaries and other forms of compensation. Participants in the labor market include 
any person ix  who is seeking to work for a wage and any person or company jy
that is looking for people to perform labor and a set of binary relations, so that 
RJP(MxM)=P(M2); that is, Kr6R / rJMxM where r={(x1,y1),(x2,y2),...,(xi,yi),....
/(xi,yi)6MxM}. (P means “parts of a set”).
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Definition 2: In a labor market S=(M,R), a set of companies ALM 1{y }n
i iA ��  is a 

circular flow if its elements satisfy the relationships (y1,y2)6r, (y2,y3)6r,..., (yn-

1,yn)6r,(yn,y1)6r , where r6R. We assume that R is a set of relations between 
elements of M. For example, if rc is the competition relation, (yi,yj)6rc will signify 
that the companies yi and yj compete among themselves for more market share or 
if rsd is the supply-demand relation, (yi,yj)6rsd means that company yi has 
outsourced company yj  performing some activity.

Definition 3: Let S=(M,R) be a labor market and let the company yi6M. We will 
call the element in P(M) formed of ( )n

c if y n NK 6  the orbit of yi, and we will 

denote it as ( )iOrb y . In other words, it will include all the direct and indirect 
influences attained from yi.

Definition 4: Let S=(M,R) be a labor market and let the set of companies 
A6P(M). We will call the element in P(M) formed of ( ) ,n

c i if y n N y AK 6 K 6
the orbit of A, and we will denote it as ( )Orb A . In other words, it will include all 
the direct and indirect influences attained from companies in A.

From these basic concepts, some relations among agents can be deducted within 
the theory framework to explain their behavior in the real word. The formulation, 
description and demonstration of these propositions are developed in the full 
manuscript. Deeper explanations about relation between the theory and how the 
labor market works will be also exposed in the full research. In addition, to help 
better understand the introduced concepts, an application example is detailed in a 
real case of the labor market.

3. Application Example & Discussion
An example illustrates a practical case of application of the theory proposed in a 
part of the labor market in a Spanish region. The analysis through the theory 
allows draw some conclusions on the labor market structure from the economic 
point of view. 

In the example, the labor market will be segmented into three levels according the 
position of the firms in the circular flow of income. The results of the application 
of structural functions on agents and firms are described schematically in tables. 
The results and findings by applying the developed theory to the previous tables 
will be explained. 

This example and a wide discussion about its results will be developed in the full 
research manuscript. 
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4. Conclusions

In this work a mathematical model for try to better explain the labor market 
mechanism has been proposed. The proposal described is based on previous 
works about graph and network theory. Some new concepts of the theory have 
been introduced. Orbits, coverage, invariant set and circular flow are defined 
between entities of the labor market. 

As a result, the model predicts that decisions affecting the offers and demands for 
labor are not independent. Indirect relationships between offers and demands of 
job occur because the relations of the orbits of the companies. From these 
relationships, the structure of individual employment is determined by a causal 
chain that initially involves the supply market in a separate firm that eventually 
makes the offer. For example, the demand for a computer technician by a 
company depends on there being demand for these services from another 
company creating an indirect relationship to this ecosystem. Thus creating new 
labor opportunities and jobs is not depending exclusively on the contracting 
company but of the usefulness of their services to others firms. 

Moreover, new relationships of competition according to the skills of workers are 
found. Specialized jobs are concentrated in specific firms and an increase of 
competition among unskilled workers occurs. These predictions of the theory are 
consistent with the evolution that is currently experiencing the labor market and 
new business strategies of companies. 
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Abstract 
In this paper we present a methodology to compute non-
radiative internal conversion (IC) rate constants and its 
application to a series of small copper clusters (Cun, n=3, 6 
and 9). The underlying theoretical background and details 
of the numerical implementation will be discussed. The 
need to quantify internal conversion rate constants possibly 
occurring in photoinduced catalysis are illustrated trough  
the analysis of the IC rate processes.

Key words: Internal conversion rates, TDDFT, hot-electron 
induced dissociation 

1. Introduction
The interest to study non-radiative internal conversion is due to the recent 
renewed considerations of photophysical processes on noble nanoparticles in view 
of their potential applications for energy conversion and photocatalysis. For 
example, in the spherical noble nano-structures with a size > 2 nm, the localized 
surface plasmon, a collective oscillation of the conduction electrons, resonance 
occurs at the visible to near UV region of the spectrum. By an optical excitation in 
resonance of the surface plasmon band, the energy of electrons rises above the 
Fermi level to higher energy levels, creating so-called hot electrons. These hot 
electrons normally cool down very fast (in fs to ps time scale) due to scattering by 
phonons. If the hot electrons can be transferred to the anti-bonding orbitals of 
adsorbed molecules before they cool down, the dissociation reactions can be 
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enhanced by order of magnitudes [1]. It was shown that the small clusters have 
“molecular-like” optical behavior and the relaxation of the hot-electrons are 
slower (in the order of hundreds of ps) compared to the large particles. 

2. Results and Conclusions
The method to derive the temperature dependent internal conversion rate constant 
(IC) is based on the path integrals of Gaussian type correlation function, 
originally proposed by Pollak et al [2] and further developed by Niu et al. [3]. The 
spontaneous emission rate can be evaluated, according to the Fermi golden rule, 
starting from the following general expression: 

where 

and )(
fi fiif EEE PP7 
� is the Dirac-delta function, the indices i and f refer to the 

final and initial state, respectively. The Qik and !ik are the vibrational quantum 
numbers and frequencies of the first state, respectively. Using the Condon 
approximation, the matrix elements of the Born-Oppenheimer Hamiltonian can be 
expressed as: 

/ RR88�
l
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PPH PPPP
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In the present work the extension of this theoretical protocol, developed by Niu et 
al., was implemented and tested for transition metal clusters. The major 
computational difficulties to use the method proposed to study internal conversion 
processes in organic compounds is mainly because of the large number of d-
multiplets in the transition metal clusters for which the excited state dynamics 
becomes computationally demanding. Despite computationally challenging, this 
formalism is a promoting-mode free rate containing Dushinsky rotation effect, so 
the mixing of the vibrational modes is explicitly considered and the method is 
fully analytical.  

We applied this approach to quantify the internal conversion rate constants in
minima structures of neutral copper clusters Cun (n=3,6,9) [4]. In the internal 
conversion processes the electronic excitation energy is transformed into the 
vibrational energy of the electronic ground state, which involves vibronic 
coupling, i.e., an electron-nuclear vibration interaction. If this interaction is large 
in electron-transporting materials, the dissipation of the energy should be large 
because the hopping electron couples strongly with intramolecular vibrations. 
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The IC values depend on the computational accuracy of the electronic excitation 
energies, ground, and excited states vibrational frequencies. It is therefore 
essential to provide also analysis about the performance of time-dependent 
Density Functional Theory that has been used to derive the excited state 
properties.  

The most important conclusions can be summarized as follows: (i) computations 
of the non-radiative IC rate constants allow identifying the most probable 
relaxation pathways in the hot-electron induced relaxations, i.e. to identify the 
vibrational states to which the hot electrons might relax with the largest 
probability; (ii) the fast electron relaxation occurs when the H-H vibrational mode 
couples to the excitations involving mainly the transition between a Cu3

molecular orbital with sp character and �  of hydrogen molecule; (iii) the results 
illustrate also the necessity to include the Dushinsky mixing effect in the IC 
description. 
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Abstract
A high number of difficulties have been detected in the field of 
geometry related with students´ visualization skills at the last 
high school level. This study is an approach of an intervention in 
order to improve students’ knowledge of geometry mathematical 
concepts throughout their association with the graphical 
representations in the second course of Science and Technology 
high school level. To carry out this purpose, several resources 
such as 3D manipulative resources and ICT resources (dynamic 
mathematics software) will be used to contribute to the 
development of students’ spatial intelligence and a better 
understanding of mathematical concepts due to the fact that they
are innovative methodologies that respond to the requirements 
of the students in the present-day society.

Key words: geometric visualization competence, graphical 
representation, dynamic mathematics software, manipulative 
resources, 3D impression.
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1. Introduction
In relation to geometry, it has been found that students have problems when trying 
to understand geometry curriculum contents. Specially, the most typical problems 
occur in the study of vectors, planes and lines and their corresponding equations. 
This problem has been studied since decades ago, and studies such as Brihuega 
(1997) stated that the most important fact that induced the problems students had 
with geometry was that it was taught from an algebraic point of view instead of 
trying to develop the visualization competence.  
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The result of this way of teaching is that students just learn formulas and the lack 
of critical thinking is observed when the problem statement changes. The abstract 
reasoning does not take place in their minds and they do not look to the geometric 
basis that take place to the algebraic formula.

Some studies (Barrantes and Balletbo, 2012) consider that geometry is a 
mathematical area which evolves loads of benefits and it is of great interest in the
field of education. It helps students to improve their visual abilities and develop 
their critical thinking. Moreover, geometry is of the interest of students due to the 
fact that it takes places of the real life, loads of geometrical figures can be found
in the daily life. From a constructivism point of view, by which students built 
their own knowledge taking their motivation as the starting point, geometry is one 
that fields of knowledge more feasible to potentiate significant knowledge based 
on the previous concepts of the students.  

It is important to mention that the origin of geometry was the aim of 
understanding the form of physical objects which are around us taking 
observation as an initial point of view. Trying to introduce this way of learning 
geometry in the classrooms can be the key to success. 

Manipulative materials can be very useful in order to solve mathematical 
problems as they maximize students’ creativity and abstraction capacity (Ledesma 
2010). 

Nowadays, thanks to ICT resources, such as games or special software the process 
of learning geometry becomes much more easy and motivating for the students 
and, what is better, it helps them to improve their spatial vision and so their 
abstraction ability. 

In relation to 3D impression, it helps to illustrate the world throughout special 
models which are built for defined aims. It is important to take into account that 
motivation in human beings to things around us starts from our senses and the 
same happens with geometry. The motivation to geometrical figures starts in the 
eyes, so it seems required to let students use them in the classroom to learn 
geometry. 

It is also important to emphasize that 3D impression can be a very effective 
resource to those students who have little visual ability and its use can help them 
to acquire the specific vocabulary in a significant way rather than in a memoristic 
one.  
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3D impression can be used by students of several courses from primary education 
to high level education and in several subjects and their economic costs are being 
reduced.

In order to cover a little more in relation to the research carried out on learning 
geometry it is important to remark some investigations which combine the use of 
the educational software GeoGebra with traditional methodologies (Iranzo and 
Fortuny 2009). 

2. Objectives

The general objective of this study is to develop a geometry classroom 
intervention at the last level of Science and Technology high school education in 
order to help student to understand mathematical concepts throughout their 
relation to their graphical representations.  

In order to get the main objective, some specific were stablished:
- To understand vectors, lines and planes equations through their graphical
representation using both traditional methodologies and ICT resources.
- To perform students´ spatial ability that could help them with their
following studies at university.
- To perform critical thinking that can help students to solve problems by
their relation with their vital experiences.
- To maximize interdisciplinarity connecting geometry concepts in
mathematics and drawing subjects.

3. Methodology

This study is based on the research about the integration of GoeGebra software 
and 3d impressions to solve analytic geometry problems. 

The hypothesis to probe is whether the combined use of both methodologies, 
GeoGebra software and a manipulative technological one, 3D impressions, could 
enable students to understand the algebraic expression of vectors, lines and 
planes.

This intervention was carried out in the second course high level education in a 
group of 32 students of Science and Technology. To develop it, some activities 
has been proposed so as to help students to represent vectors, lines and planes 
equations using both GeoGebra software and 3D impression.  
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First of all a previous phase was carried in which it was important to study how 
the methodology was going to be carried out, the teacher availably and ICT 
performance, the resources, especially the 3D printer and its use. It was also
required to test the abilities if students in using ICT resources.

During the planning phase it was important to carry out activities selection, their 
design and temporary implementation, as well as an evaluation methodology lined 
with the curriculum stablished.   

Several sessions were required so as to approach to this planning phase. The 
methodology alternated 3D impression with GeoGebra. First of all 3D impression 
was carried out using the program Tinkercad to print son geometrical figures 
especially for the understanding of plane equations. Then it was carried out a brief 
explication of the software GeoGebra by using some easy examples. The learning 
process was carried out in groups to maximize collaborations between students 
with the aim that they could came up with the theoretical approaches. 

4. Results and discussion

The most important result the study released was that all groups were able to 
come with the vector and line equations when working with these two 
methodologies.  

There have been some important aspects that this study brought to light: 
- Teacher are too much focused on solving algebraic problems rather than
using graphical representations.
- Teaching mathematics in high school is so focused on the goal of getting
good results to access to university instead of in developing important skills and
competences such as spatial intelligence.
- Times and schedules sometimes enable the capability to implement these
type of innovative methodologies into the classrooms.
- For students is so difficult to solve geometric problems due to the fact that
they have little spatial capability so trying to abstract the concepts to solve the
problems is even harder for them.
- Spatial intelligence is so important for the person because the world in
which we move is in 3D, but the truth is that sometimes it is just released to the
drawing subjects.

The work developed also brought to light several difficulties: 
- The visualization process of the algebraic expressions of planes and lines
is very hard for students.
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- Students did not have problems in order to learn formula to calculate the
distance between two lines or the angle between a line and a plane, but they do
not use critical thinking with the results obtained because they had problems when
trying to visualize them.
- The way by which teachers introduce geometry in the classrooms is
focused in the algebraic point of view rather than in the visualization.

In scientific and technological fields, display ability can be very important and for 
this reason it is believed that the results of this study are really surprising due to 
the fact that students that opt form this high level studies al high school are 
supposed to study scientific or technological degrees in which spatial intelligence 
is very important.  

The methodology proposed helps to improve the following aspects related to the 
mathematical competence. 
- Critical thinking is improved so students can explain how they have come
up with the solutions and why.
- The ability to visualize points, vectors, lines and planes in the space is
highly increased improving the capacity to understand the required formulas to
solve different problems more significantly.
- The ability to plan a problem has increase as they have potentiated their
mental visualization.
- The combined use of the software GeoGebra and 3D impression as
resources has been very helpful and highly motivating for students and have help
them to improve other skills necessary in a scientific and technological world.

5. Conclusions

The combined use of manipulative resources, 3D impression, and a technological 
software has helped students to develop important skills such as spatial vision, 
digital competence and critical thinking in order to learn geometry concepts.  

Moreover, the use of this methodology potentates the significant learning due to 
the fact that the students are the protagonists of their own learning process and 
that it enhances their motivation and creativity.

3D impression is an innovative resource not very use in the classrooms due to 
economic costs it requires, but taking into account that in the near future the 
acquisition of one of these resources will be more effective and the it can be used 
by students of different levels in several subjects it is proposed as a methodology 
that can introduce a load of benefits in the learning process.  
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Abstract
The European Higher Education Area has been a change in 
teaching methodology putting the student as the protagonist of 
their learning. This change modifies the role of teacher and 
student. The demand for more independent work by students,
commits the university to create support and guidance systems.
(Section 4.3 of Annex of RD 1393/2007 of October 29, which 
requires the existence in the degree courses of "accessible 
systems support and guidance of students once enrolled"). In 
this communication we present the work done to date in 
designing a Tutorial Attention Program, called "MENTOR 
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Program", aimed at all new students of the School of Industrial 
Engineering based on peer tutoring. This design includes: a 
comprehensive review of existing in other Spanish universities, 
study the roles and responsibilities of the members of the 
program (Tutor Teachers, Mentor Students, Tutored Students), 
setting the agenda for implementation in fixing the meetings of 
the various agents, enrolment periods, the selection of 
mechanisms for disseminating the program and materials design 
(logo, posters, ... ) . 

Key words: tutorial, transversal competences, social 
responsibility, permanent training 

1. Introduction
Since the beginning of undergraduate degrees at the School of Industrial 
Engineering we have found that many new students have difficulties: complex 
schedules, three seats, student representation… 

In this regard, 21 teachers from 9 different departments with teaching at the 
School of Industrial Engineering from the University of Valladolid (UVa),
including 4 members of the management of the School of Industrial Engineering
and General Secretary of the UVa, we are designing a Tutorial Attention Program 
called "MENTOR Program". 

The program is based on peer support to facilitate speedy integration of new 
students into the university environment. We expect that  upperclassmen,
"Mentors", supervised by a teacher, "Tutor", orient and advise a group of new 
students, "Tutored" to help them in their academic and social integration in the 
university, and contribute the success of their studies.

The team of 21 teachers has extensive experience in teaching innovation, teaching 
in all degrees of the School of Industrial Engineering, different departments and 
areas of knowledge so it is an interdisciplinary project that focuses on 
coordination. It is geared primarily to the ongoing training of team members, the 
consolidation of our team, and social responsibility in our educational 
environment. 

For each of the 10 groups of first course, two Mentors of the same degree that 
Tutored are sought. In total 20 Mentors are needed, although training courses 
would be extended to a somewhat larger number just in case there were 
unforeseen. With this project, Mentors will develop transversal competences in 
high demand by companies, such as leadership and oral communication. 

The team of teachers has worked in sub-teams attending these steps:
Step 1: Find information on peer tutoring. 
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Step 2: Search training courses.
Step 3: Structuring and realize the MENTOR Program.
Step 4: Find ways of dissemination.

2. Objectives
The overall objective is design, for new students in the School of Industrial 
Engineering, a system of peer mentoring to facilitate their incorporation into 
university life, which will help them succeed in their studies. 

The specific objectives are:
1. Find information on different ways to perform actions tutoring.

They have been analyzed and studied tutorial action programs at the
University of Burgos, of the Polytechnic University of Madrid, University
of the Basque Country and the Carlos III University of Madrid. Seeing the
dynamics of each of these programs we have determined our tutorial
attention plan based on the characteristics of our school and our students.

2. Search courses/workshops for "Mentors" so that they can develop
their social skills, counseling and leadership.
We have raised three workshops for Mentors

� On communication, teamwork and leadership. In our team there is
a professor in the Department of Management and Marketing and
Market Research who is an expert on these issues. She will give
this course.

� On the operation and organization of the University of Valladolid
that will give the General Secretary, who is part of our team.

� On the operation and organization of the School of Industrial
Engineering who will teach a member of the Directorate (Director,
Academic Secretary and two Assistant Directors are part of our
team).

3. Search and make courses/workshops for "Tutors" for enhancing
their personal and professional training and a good follow-up
mentoring process.
In January the team of teachers receives a course, "GUIDELINES FOR
TUTORING among students" taught by Professors Almudena Ochoa and
Piera Maresca, of the Polytechnic University of Madrid. With this course
we decided how we were going to design our program, since the program
Mentors UPM also serves a large number of new students and the
characteristics of our School are very similar to those of ETSIDI
University Polytechnic University of Madrid.
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4. Propose and make a good advertising system for the MENTOR
Program.
A logo that identifies the MENTOR program (Figure 1), a website which
has all the information and from which the registration of Mentors can be
done, a poster (Figure 2) and a flyer (Figure 3) have been designed and
diffused by the School. Mentor program has been spread too by Twitter
and through Moodle.

In addition, we have joined the Network of Mentoring University of Spain
environments publicizing our project.

3. Dissemination Figures

     FFigure 11.. Logo FFigure 2. Poster advertising  
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FFigure 3. Flyer (both faces)  

4. Schedule of  the MENTOR Tutorial Attention Plan
April / May 2016
� Campaign to disseminate the new call of the Mentor Project.
� Mentors’ registration in the website.

    June / July 2016 
� Meeting to pass the documents for the development of the Mentor

2016-2017.
� Mentors’ selection. Assigning teams Tutor-Mentors-Tutored.

September to December 2016: Project Development
� First week of September:

Seminar on general operation of the UVa (2 h).
Seminar on general operation of the Eii  (2 h).
Seminar on leadership, teamwork and oral communication (6/8  h).
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� Each month, two meetings Tutor-Mentors to prepare each meeting
Mentors-Tutored.

� Each month, two meetings Mentors-Tutored. Mentors have to do a
report of each meeting.

� In mid-December, Mentors will pass a satisfaction questionnaire
about the Mentor Project to the Tutored.

March 2017 
� Project closure meeting. Information about evaluation of it and

suggestions for improvement.
� Satisfaction questionnaire about the Mentor Project, both Mentors

and Tutors.

     April 2017 
� Delivery of the work end report from Mentors to their Tutors.
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Abstract 
To estimate the useful life of Computerised Tomography Equipment (CT), with 
the aim of planning a budget the purchase of equipment and for the renewal of CT 
equipment within an already installed base so as to, therefore, maintain and ensure 
quality in providing an imaging diagnostic level in the National Health System. 

The design of a prediction model provides an advance warning of the appearance 
of any technology leap that involves technological obsolescence in Computerised 
Tomography technology in use.    

The starting data is made up by the different Computerised Tomography models 
commercialised since 1974 and that have provided a technology leap in CT 
technology. 

It is necessary to know if the data distribution fits into a normal curve, because if 
this is not so the data will be transformed. A main components analysis in this 
methodology has allowed for a reduction in the number of variables on the 
survey-file in Computerised Tomography technology and facilitates subsequent 
work without a significant loss of information. The Log Binomial Regression 
Model has enabled probability calculations on answers (technology leap) to the 
different levels of stimuli (changes in variables, temporary development, detection 
system, imaging resolution and equipment power). Using a Discriminant analysis, 
the objective has been to estimate, based on time, the chances of a technological 
leap occurring.    

Key words: CT, Medical technology, Obsolescence 
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1. Objectives set
To estimate the technological life of Computerised Tomography equipment (CT) 
with the aim of planning a purchasing budget to obtain equipment and renew the 
already installed base of technology equipment (CT) and therefore maintain and 
ensure quality in providing an imaging diagnostic level in the National Health 
System.     

The design of a prediction model provides an advance warning of the appearance 
of any technology leap that involves technological obsolescence in Computerised 
Tomography Technology in use. 

2. Results
Principal Components Analysis 

The strategy followed has been to find a solution that enables us to explain the 
maximum percentage of variance and an acceptable parsimony of the model and 
to reduce the 18 descriptive CAT model variables; to set the explained percentage 
of variance in 92.9%, which is fulfilled in the first six factors in the present study 
and represented in graphic 1. 

Graphic 1 
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A rotation of factors has been done and the varimax orthogonal rotation method has been 
used (axis turn orthogonally, in the same angle), which is intended to minimise the 
number of variables with high saturations in the same factor. The aim of this method is to 
increase the highest saturations in a factor, while decreasing the lowest for the factor to 
be easily interpretable. 

The importance of each factor is evaluated considering the proportion of variance 
explained by the factor after rotation. 

The 18 evaluated technical parameters in Computerised Tomography  Technology 
have been grouped in three main components: Detection System (detector 
material, reconstruction matrices, reconstruction time, chest and abdomen  scans, 
CT number range (HU), Processor, Maximum tube power (kW), scans ways) 
which explains 72.4% of the variance; Imaging Resolution (cutting thickness 
range, hard disk, selected kV, fine beam, thick beam) which explains 13.55% of 
the variance and Equipment Power (X-ray generator, number of data by turn or 
image, digital subtraction) which explains 7.1% of the variance. 

Survival Analysis 

The periods of follow-up in this type of analysis are almost always different, since 
the models of CT go  incorporating to the study during all the period of 
observation, by what the last in doing it, shan been observed during a period of 
lower time that those that went in at the beginning. The time of failure of each 
model is measured from his date of entrance to the study. For each model of team 
has  of a real time, that is the one who corresponds  with the date in which this 
incorporates  to the study until his last observation, and of a time "t" that it is the 
one who represents the time (in years, months, days, etc.) that was the model of 
team in follow-up. 

It has employed  the methodology of Kaplan-Meier, with which, the intervals 
determine  by the occurrence of the event, that is to say, the probability of 
survival is calculated every time that occurs an event. The conditional probability 
of survival, that is the probability to be a survivor in the end of the interval 
conditioned to that it is a survivor in the beginning of the same for each model of 
team, calculates  from the exact number of cases in risk when producing  the 
event. It assumes that the instantaneous tax is zero during the interval between 2 
events. 

The methodology of Kaplan-Meier can be used to estimate the probability of 
survival above a period of time given. This method poporciona an estimator to be 
free of the event in the time t. For the calculations of the curve of survival, 
analysed  a period of time of 34 years from 1974 to 2008. In this time entered  13 
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models of teams of CT. The times of survival (in years) of the 13 subjects were 3, 
2, 1, 5, 3, 1, 2, 11, 4, 1, 5, 2. 

The table 1 sample the table of life for these data, giving the proportion of 
survival in the times of survival no censored. The probability of survival remains 
in 0,8 until the time of the first event (3 years). The average of survival can obtain  
from the curve of Kaplan-Meier like the time in which the curve changes of a 
probability of greater survival of 0,5 to a minor of 0,5; in our investigation the 
average of survival of a model of CT are 4 years. 

KAPLAN-MEIER

Sujeto Status
Cumulative 
Survival

Standard 
Error

1 1 0,8 0,1789
2 0
3 0
4 1 0,4 0,2966
5 0

Table 1 

The curve of survival is drawn like a "staggered function": the proportion of 
survival remains constant between events. The times censored are indicated by 
marks on the curve of survival, which facilitate us the research of the times of 
survival of the subjects to which has not occurred them the event (fig. 2). 
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Figure 2 

Analysis Logit 
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usually coded with 1 to represent the occurrence of the studied event or 0 to 
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showing its estimated coefficient β for the equation variables, typical error of β
(S.T.), the Wald statistic, the degrees of freedom (df) and the p-value for the 
significance of the estimated coefficient (Sig.), the reason for the estimated 
advantages (Exp(β)) and the confidence interval for exp(β) at  95%. 

Table 1. 
VARIABLES β Std. Error Wald df Sig. Exp(B)

Intercept -6,717 3,249 4,275 1 0,039
DETECTION -3,975 1,901 4,372 1 0,037 0,019
RESOLUTION -3,766 1,814 4,312 1 0,038 0,023
POWER -2,461 0,998 6,076 1 0,014 0,085
YEARS 0,431 0,194 4,904 1 0,027 1,538

The logistic regression allows us to approximate an assessment on the influence 
of each main component with the passing of time, the implementation of a 
technology leap, with its significant influence with positive signs of temporary 
evolution (0.430), and with a negative sign for the main component the detection 
system(-3.974), image resolution (-3.766) and equipment power (-2.460), as well 
as a technology leap expectative depending on the independent variables 
influence for temporary evolution (1.538) and main components, detection system 
(0.018) image resolution (0.023) and equipment power (0.085). 

Discriminant Analysis 

The monitoring periods of this type of analysis are almost always different given 
that the CT models incorporate into the study at different periods of the 
observation, in which case, the last in doing so have been observed during a lesser 
period than those that entered at the beginning. The failure time of each model is 
measured from the start date of each model’s study. Every model has real time, 
this corresponds to its incorporation date until its last observation and a time “t” 
which represents time (in years, months, days and so on), the time in which each 
model was monitored. 

The Discriminant methodology has been used so that the intervals are determined 
by the event occurrence, that is to say, the survival probability is calculated every 
time an event happens. The conditional probability of survival, this being the 
probability of being a survivor at the end of an interval which is conditioned by 
the fact that each model is already a survivor at the start of the interval, is 
calculated from the exact number of risk cases when the event occurs. This 
assumes that the instantaneous rate is zero during the interval between two events.  

The Discriminant analysis can be used to estimate the probability of changing the 
CT model over a determined period of time and the factors influencing.   
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As in the Log Binomial, the explanatory variables used in the model are the 3 
components calculated. The prediction model obtains a lower percentage of 
success than the Log Binomial, around 66.7%.  

Table 2 presents the results of the Discriminant analysis, showing the estimated 
coefficient for the equation variables. The Canonical correlation shows a result of 
0.481, meaning a good discrimination for the function. Moreover, the Lambda 
Wilkx shows a value of 0.769 and a p-value of 0.05. 

Table 2. 
Variables Coefficients 
DETECTION 1,822 
RESOLUTION 2,250 
POWER 1,147 
YEARS -2,888

The most important factor in influencing the change of technology seems to be 
the image resolution followed by the detection system and a negative sing for 
temporary evolution. 

3. Relevance and practical use of results for the Health Area

The results of the present project will enable advance knowledge of the 
expectations of technological change in CT technology, allowing an advance in 
investment planning for this technology, for acquiring and installing the 
equipment in hospitals where this type of technology still does not exist and for 
the renewal of technology bases already installed. 

The results of the present research can be validated by the application of other 
medical technologies, thus amplifying the impact of this research. 

All this will have to be reflected by an investment budget plan for technology 
acquisition.  
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Abstract 
Quantum mechanics / molecular mechanics (QM/MM) 
simulations have been performed to study the effects of aqueous 
solvent and biological ligands onto structural and electronic 
properties of thiolate-protected Au25(SR)18

- clusters. The 
nanocluster structure experiences modest changes in the solvent, 
which are seen as flexibility (“fluxionality”) in the Au core. The 
glutathione ligands shield the metallic core while distorting its 
symmetry via sterical hindrance effects. Our results demonstrate 
that the previously reported agreement between the calculated 
HOMO-LUMO gap of Au25(SR)18

- and the optical measurement 
is due to cancellation of errors: The underestimation of the 
theoretical band gap has been compensated by missing solvent. 
For the solvated nanocluster with glutathione ligands, a hybrid 
DFT functional results in a HOMO-LUMO gap value of 1.5 eV, 
in good agreement with optical measurements. These results 
show that the effect of ligands/solvent should be included for a 
proper comparison between theory and experiment. 

Key words: gold clusters, glutathione ligands, density functional 
theory, molecular dynamics, QM/MM 
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1. Introduction 
Gold nanoclusters (AuNC) with protecting thiolate ligands have been extensively 
used as carriers of biological molecules, such as DNA, antibodies and specific 
proteins [1-3]. Various AuNCs of different sizes and a variety of protecting 
ligands for the gold core have been synthesized recently [4]. Among them, 
Au25(SR)18

- is one of the smallest ligand-protected gold cluster for which the X-
ray structure is known [5]. It is spherical and symmetric, constituted by an 
icosahedral Au13 gold core and six Au2(SR)3 dimeric staple motifs protect the 
gold core in an octahedral arrangement (Figure 1) [6]. Recently, structures of even 
smaller ligand-protected gold clusters have been predicted computationally [7]. 

 
Figure 1. Description of the Au25(SR)18

- structure. The organic ligands attached to the 
sulphur atoms are not shown for clarity. Six dimeric staple motifs (SR-Au-SR-Au-SR) at 
the Au-S interface are the protecting units that are bonded to the Au13 icosahedral core. 
Gold and sulphur are shown green and yellow, respectively. 
 
Different hydrophobic alkanethiolates and chiral ligands have been used as ligand 
units [8-10]. Therefore, there may be nonspecific hydrophobic interactions that 
interfere in the binding target if these AuNCs are used to bind biological 
molecules. Some functionality needs to be introduced to the nanocluster to 
eliminate such interactions and to selectively bind the target molecules. 
Glutathione (GSH) is a tripeptide formed by a glutamate, a cysteine and a glycine 
(see Figure 2 for atomic structure). It is often used as a ligand because it is able to 
selectively bind proteins such as glutathione-S-transferase [3] and single chain 
antibody fragments [2]. The GSH amino acid sequence can be written as γ-Glu-
Cys-Gly, and it has 2 asymmetric carbon atoms which introduce chirality. At 
physiological pH, both carboxylic acids are deprotonated, i.e. negatively charged, 
whereas the amino group is protonated, i.e. positively charged. Therefore, the 
total charge of a GSH ligand is -1. 
 
It has been shown that Au25(GSH)18

- is very stable [11], but its crystallographic 
structure has not been resolved. GSH is a bulky biological ligand comprising 
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several charged groups and its presence is expected to modify the structural and 
electronic properties of AuNC with respect to small alkanethiols. We present here 
QM/MM simulations of the structure and electronic properties of two clusters of 
composition Au25(SR)18

- (R  = glutathione or alkanethiolate) in vacuum and 
aqueous solution [12]. For simplicity, we have used methanethiolate (i.e. the 
smallest alkanethiolate) as a model of alkanethiol ligands, but this system already 
captures the essential chemistry at the Au-S interface layer. The simulated 
systems are presented in Figure 2, and the division between QM and MM 
domains is highlighted. 
 

�
Figure 2. The solvated Au25(SCH3)18

- (top) and Au25(GSH)18
- (bottom). For Au25(SCH3)18

- 
the QM region is zoomed on the right, where the QM zone is shown in color (Au in green, 
S in yellow, C in black and H in grey). For Au25(GSH)18

-, the ball & stick representation 
of a GSH peptide (negatively charged) is shown on the right. Hydrogens are shown 
transparent for clarity. The black dashed line shows the γ-peptide linkage between Glu 
and Cys. The green dashed line shows the normal peptide linkage between Cys and Gln. 
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2. Methods   

Prior to the QM/MM molecular dynamics, MM simulations with classical 
potentials were performed, up to 8 ns, using the NAMD software [13]. Ligands 
were modelled with the FF99SB force field [14], and water molecules were 
described with the TIP3P force field [15]. Snapshots of the MM equilibrated 
systems were taken for the subsequent QM/MM simulations. The QM/MM 
interface is modelled by the use of monovalent carbon pseudopotentials which 
saturate the valence of the QM atoms at the border (linking atoms) [16]. The 
electrostatic interactions in the interface of the two regions are described in 
reference [17]. 

For the QM part, we perform ab initio molecular dynamics (AIMD) simulations 
based on the density functional theory (DFT) of electronic structure. AIMD 
simulations were performed within the Car-Parrinello approach [18] and using the 
CPMD package [19]. A fictitious electron mass of 600 a.u. and an integration 
time step of 0.12 fs guaranteed a good control of the adiabaticity for ionic and 
electronic equations of motion in all the systems where QM or QM/MM 
molecular dynamics simulations were performed. The simulation temperature was 
set to 300 K by coupling it to a Nosé-Hoover chain thermostat for the ionic 
degrees of freedom [20]. The Kohn-Sham orbitals were expanded in a plane wave 
(PW) basis set with a kinetic energy cutoff of 90 Ry.  The exchange-correlation 
functional employed the parameterization by Perdew-Burke-Ernzerhof (PBE) 
[21]. Furthermore, a hybrid functional (PBE0 [22]) was used to compute HOMO-
LUMO gaps for the optimized structures in order to evaluate the effect of 
including a portion of the exact exchange interaction on the electronic properties. 
The electron-ion interactions were described by using pseudopotentials which 
take into account the combined effect of nuclei and core electrons onto valence 
electrons.  

Three model systems were prepared for the simulations: (1) Au25(SCH3)18
- in the 

gas phase; (2) Au25(SCH3)18
- in an aqueous solution; and (3) Au25(GSH)18

-  in an 
aqueous solution. The structure of the Au25(SCH3)18

- system was optimized with 
DFT, followed by room temperature AIMD simulations for 7.5 ps using the 
CPMD program. An explicit water solvent was considered for the last two 
systems, which were modelled with the CPMD QM/MM approach for 7.5 ps, 
each. 

3. Results  
The solvent does not affect the global structure of the Au25(SCH3)18

- framework 
significantly, as the Au13 core and the six (protecting) staple motifs are preserved. 
However, the cluster expands slightly: the largest difference between the isolated 
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and the solvated Au25(SCH3)18
- at 0 K appears for the Au(a’)-Au(c) distance (0.11 

Å or 3.2 %) which involves the outer core gold atoms (icosahedron vertices, 
Au(a´)) and those of the staple motifs (Au(c)).  During the MD simulation (300 
K), the average values of the Au-Au bonds show a further increase up to 0.10 Å 
(for Au(a’)-Au(a’)), while the S-Au bonds remain almost intact (within ± 0.03 Å).  
 
Figure 3 displays the distribution of interatomic distances for the solvated 
Au25(GSH)18

- at room temperature (QM/MM simulation). For the Au-Au bonds 
(center (a), 12 core vertices (a´) and 12 staple (c) atoms), the distributions are very 
broad, which demonstrates the flexibility of these bonds, termed previously as 
“fluxionality” for bare Au clusters [23]. Hence, the introduction of bulkier ligands 
can easily induce changes in the Au13 core. The Au-S bond distances show two 
distributions depending on the type of the Au atom (core or staple) with markedly 
different locations and shapes.  

 
Figure 3. Histogram of the six main distances that define the structure of Au25(GSH)18

- 
during the 7.5 ps QM/MM simulation at 300 K. The dashed lines show the optimized 
values for each distance.  Note that the Au(c)-Au(a’) bonds are weak (“aurophilic”). The 
calculated radii of gyration are 4.12 and 4.10 Å for the full Au25 cluster or 1.49 and 1.44 
Å for only the Au13 gold core, for ligands being GSH and SCH3, respectively. 
 
Comparison between the AuNC structures with the two ligands (thiolate and 
glutathione) shows that the overall structure of AuNC is not significantly 
distorted. However, marked variations are found at 0 K for the Au(a’)-Au(a’) 
bond distances (GSH), which increase up to 0.08 Å in comparison with the 
methanethiolate ligands. Furthermore, the increase of the Au-Au bond distances is 
even more pronounced at 300 K in comparison with Au25(SCH3)18

-  in vacuum 
(0.09-0.14 Å). This is due to the solvent effects and steric hindrance of the bulky 
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ligands, which modify the Au-Au bonding via mechanochemical coupling. For 
GSH ligands, the Au13 core expands slightly to accommodate better the bulky 
ligands, and the first shell water solvent causes electrostatic effects on the electron 
density. The Au(a’)-S-Au(c) angle decreases due to the formation of hydrogen 
bond interactions among the GSH ligands. 
 
Table 1. Hirshfeld charges of the five atomic types for Au and S. The labelling of sulphur 
atoms distinguishes between the staple ends (S) and apex atoms (Sap in the middle).
 

System a a' c S Sap 
Au25(SCH3)18

- in vacuum -0.673 -0.176 0.455 -0.263 -0.423 
Solvated Au25(SCH3)18

- -0.649 -0.182 0.445 -0.307 -0.436 

Solvated Au25(GSH)18
- -0.591 -0.176 0.400 -0.294 -0.481 

 
Atomic (Hirshfeld) charges were computed from the valence electron density to 
analyze the effect of the solvent and the ligand type on the electronic structure of 
the AuNCs.  Table 1 displays the computed values for the different types of gold 
and sulfur atoms and Figure 4A displays their changes using a radar chart.   
 

 
Figure 4. (A) Change of the atomic Hirshfeld charges for the most representative atoms 
of Au25(SCH3)18

- and Au25(GSH)18
- solvated in water with respect to the ones obtained for 

the isolated Au25(SCH3)18
- (blue area). (B) HOMO-LUMO gap of these systems with PBE 

and PBE0 exchange-correlation functionals. Green bars correspond to Au25(SCH3)18
-, 

whereas yellow bars refer to Au25(GSH)18
-. 

 
Introducing the solvent makes sulfur atoms more negative, and the corresponding 
charge is partially transferred from the negatively charged central Au atom (a) 
which has an effective charge of -0.65e. The charge transfer effect gets more 
pronounced for Sap (apex, -0.48e) when the ligand is GSH, and hence the staple 
motifs become less electrophilic. The Au atoms in the staples (c) are positively 
charged (+0.40e) reflecting their different oxidation state.  The atomic charges in 
the Au13 icosahedron vertices are insensitive to the changes in environment. 
 

@CMMSE 1479 ISBN: 978-84-608-6082-2



QM/MM SIMULATIONS OF AU NANOCLUSTERS IN WATER 
 

It should be emphasized that the HOMO-LUMO gap and the optical absorption 
gap are not the same quantity. However, they are closely related and the reported 
HOMO-LUMO gaps for generalized gradient approximation (GGA) functionals 
display a strong correlation with the computed and/or experimental lowest optical 
transitions of AuNCs [24]. Furthermore, recent studies have shown for more 
accurate hybrid functionals that the lowest optical transition is over-estimated by 
the HOMO-LUMO gap [24,25]. 

 
Figure 5. Shapes of the Kohn-Sham orbitals for Au25(SR)18

-. HOMO (1P symmetry, 
bottom) and LUMO (1D symmetry, top) orbitals are displayed from two perspectives to 
better visualize their shapes, and they are depicted in blue and red to highlight different 
nodal signs. The cluster is shown transparent for clarity. 
 
The electronic structure of Au25(SR)18

- corresponds to a closed-shell configuration 
of an 8-electron superatom with occupied 1S (two electrons) and  1P (six 
electrons, degenerate HOMO) orbitals, and the LUMO orbitals have 1D 
symmetry (Figure 5) [6,26]. The HOMO-LUMO gaps for the optimized structures 
of the studied systems are reported in Figure 4(B). The results clearly demonstrate 
how the solvent reduces the band gap significantly by 22% for the SCH3 ligand 
system, with respect to the same system in vacuum (1.19 eV and 0.93 eV, 
respectively).  However, this reduction by the solvent is in a wrong direction since 
the experimental optical gap is 1.3 eV [27].  
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Here, one should note that the HOMO-LUMO gap is expected to depend also on 
the ligand, as a consequence of the charge transfer effects and the variation in 
AuNC symmetry. In fact, replacing the ligand with GSH distorts the AuNC 
geometry, which adopts a C1 symmetry instead of the original Ci symmetry of 
Au25(SCH3)18

-. Most importantly, the HOMO-LUMO gap reduces further by 31% 
(0.93 eV vs. 0.65 eV), which means now an under-estimation of the experimental 
reference value by a factor of 2.  
 
In general, hybrid exhange-correlation functionals such as PBE0 give more 
accurate results (larger values) for electronic band gaps than standard GGA 
functionals. The PBE0 value of Au25(GSH)18

- is 1.54 eV and it is close to the 
measurement once the ligand is the same as in experiments [11]. Previously, it has 
been reported for AuNCs that PBE0 has poor performance for HOMO-LUMO 
gaps (severe over-estimation [24]), but we claim that this has been related to the 
limited description of the simulated system itself where the ligand has been 
different and solvent absent. For example, our PBE0 calculation gives here a 
value in the gas phase (2.20 eV), which is much too large and underlines the 
importance of including GSH ligands and solvent environment. 

4. Conclusions  

We have performed QM/MM simulations for the Au25(SR)18
- clusters with two 

side groups to elucidate the effect of introducing a biological ligand (GSH) and 
explicit water solvent [12]. The overall changes in aqueous environment are 
consistent for both side groups although their characters are different, and this 
suggests that our results can be extended to other AuNCs. For atomic structure, 
our findings demonstrate that the icosahedral Au13 core and the six dimeric SR-
Au-SR-Au-SR staple motifs are always preserved. However, the bond distances 
and angles exhibit visible changes under different conditions (“fluxionality”). The 
GSH ligands shield the metallic core and protect it towards nucleophilic attacks of 
external agents that can lead to undesired interactions. While methanethiolate (as 
other alkanethiols) is hydrophobic, the GSH ligands are hydrophilic and actively 
form hydrogen bonds with water and other neighboring ligands (amine and 
carboxylate groups). Changing the ligand from SCH3 to GSH results in a different 
charge distribution which affects the HOMO-LUMO gap. Furthermore, GSH 
causes changes in the cluster symmetry due to the flexible nature of Au-Au bonds. 
This reduces the HOMO-LUMO gap further.  

The HOMO-LUMO gap of AuNCs depends sensitively on the ligands and solvent 
environment. Previously, the role of solvent has been neglected in the theoretical 
studies of ligand-protected Au and Ag clusters, which have reported HOMO-
LUMO gaps and/or optical absorption spectra (GGA) in good agreement with 
experiments [24,28]. However, we claim that this surprisingly good 

@CMMSE 1481 ISBN: 978-84-608-6082-2



QM/MM SIMULATIONS OF AU NANOCLUSTERS IN WATER 
 

correspondence (for standard DFT) is based on a cancellation of errors where the 
effect of missing solvent (and wrong ligands) is counterbalanced by the band gap 
underestimation.  

Our QM/MM simulations show that the water solvent and ligand-exchange with 
GSH reduce the calculated (PBE) band gap drastically such that it underestimates 
the experiment by a factor of 2. However, once the hybrid PBE0 functional is 
used with QM/MM, we are able to produce a computed value (1.54 eV) that is 
slightly above the experimental optical gap. This result (HOMO-LUMO gap) 
presents an upper bound for the optical absorption gap and future work is needed 
to compute the optical absorption spectrum with the corresponding transitions. 
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Abstract 
The surfaces of many plant leaves are superhydrophobic, a 
property that may have evolved to help keep the leaves clean, by 
encouraging the beading and rolling of water droplets. Here we 
introduce effective slip into a model for a rolling droplet on a 
superhydrophobic surface and examine under what conditions 
slip might be important for the flow. In particular, we examine 
three limiting cases of the model where dissipation in the rolling 
droplet is dominated by viscous dissipation, surface friction or 
contact line friction respectively. We find that in molecular 
dynamics simulations of droplets on ideal surfaces, surface 
friction due to slip can dominate the motion of small nanoscale 
droplets, while in larger droplets motion is likely to be 
dominated by viscous shear, and slip can be neglected. On 
highly engineered superhydrophobic surfaces with large 
effective slip lengths, we find that contact line dissipation may 
play a role.  

Key words: Superhydrophobic surfaces, droplets, effective slip 

1. Introduction
Superhydrophobic surfaces that exploit the Lotus effect [1] to achieve contact 
angles close to 180o are of interest both becuase of their role in biology [2], and 
for their potential technological applications [3]. Nature appears to use these 
structures to keep leaves clean: it is supposed that droplets are able to roll down 
the leaves, entraining dirt and contaminants as they go [4]. Indeed, experiments 
have found that droplets do roll rather than slide down superhydrophobic surfaces 
[5].  
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More recently, however, flows over superhydrophobic surfaces have been studied 
because they effectively violate the no-slip boundary condition [6]. When in the 
Cassie state, droplets or larger scale flows are essentially lubricated by a layer of 
air, leading to large effective slip lengths, with drag only occurring at the few 
points of the surface where the flow makes contact with the substrate. On such 
superhydrophobic surfaces effective slip lengths of micrometres to tens of 
micrometres have been observed [7, 8], scaling proportionally to the typical 
microstructural length scale [8, 9]. In some experiments, on highly ideal 
superhydrophobic surfaces, slip lengths of hundreds of microns have even been 
measured [10].  
 
So do droplets slip as they roll down leaves? The leading model for the motion of 
droplets on superhydrophobic surfaces, due to Mahadevan and Pomeau [11], 
assumes a no-slip boundary condition [11], so in its current form it cannot be used 
to answer this question. In this talk we introduce slip into this model and examine 
under what conditions slip might be important for describing the flow. Recent 
experiments have found that on highly engineered superhydrophobic surfaces, 
rolling can be entirely suppressed [12]. Here, however, we will restrict ourselves 
to the case where droplets roll and slip, and examine the transition between these 
two regimes. 

2. Results 

We will consider droplets that are smaller in radius than the capillary length, κ−1 

= (γ/ρg)1/2, where γ is the droplet surface tension (for water ≃ 2 mm). The contact 
zone radius, where the droplet is in contact with the surface, can be shown to be ∼ 
R2/ κ −1. The droplet is assumed to be on a titled superhydrophobic surface (at 
angle α to the horizontal), with a contact angle of 180o. The centre of mass 
velocity of the droplet, U, is considered to be the sum of its rolling velocity, Ur, 
plus a sliding velocity Us due to slip at the droplet contact zone (see Fig. 1). In the 
contact zone, the velocity gradient |∇u| goes as ∼ Ur/R. An effective Navier slip 
boundary condition which is assumed to hold over the surface of the contact 
region relates the slip velocity to the velocity gradient in the contact zone: Us = b 
|∇u|, so that Us = Ur b/R and U ∼ Ur(1+b/R) = Us(1+R/b).  

Here the slip length b should be considered an effective slip length [9]. The use of 
an effective slip length is justified provided the size of the contact surface, l, is 
much larger than the structuring of the superhydrophobic surface. For a surface 
composed of arrays of posts, with post spacing L, the effective slip length b is 
expected to scale as L/φ1/2 where φ is the area fraction of the surface covered by 
the posts. Thus we are justified in using an effective slip length provided l � L ∼ 

φ1/2b.  
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In steady-state, the energy dissipated by the droplet must be balanced by the gain 
in gravitational potential energy. We consider two mechanisms for dissipation: 
viscous and frictional. The ratio of frictional dissipation to viscous dissipation can 
be shown to scale as b/l. If (b/l << 1) then viscous dissipation dominates then it 
can be shown that U ∼ (γ κ −1/μR)(1+b/R)2 sin α, while if (b/l >> 1) then 
dissipation by frictional forces in the droplet contact zone is dominant and U ∼ 
(γR/μb)(1+b/R)2 sin α. We test this theory using molecular dynamics simulations 
of the rolling droplet on superhydrophobic surfaces.  

 

 
Figure 1: A droplet rolling down a superhydrophobic surface tilted at an angle αα  to the 
horizontal. The centre of mass velocity U is assumed to be the sum of a rolling component Ur 
and a sliding component Us. 
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Abstract 
Ab initio methods have the ability to shed light on complex 
physical and chemical phenomena that are often hardly 
accessible experimentally. We employ quantum chemical 
computations, mainly density functional theory with dispersion 
correction, to understand elementary processes in different 
phases of metal organic vapour phase epitaxy (MOVPE), a 
technique that is used to grow highly ordered thin films of 
semiconductor materials e.g. for applications in optical devices. 
Analysis of chemical bonding and reactivity in the gas phase, on 
the surface and at the resulting interfaces of covalent 
semiconductor materials (e.g. silicon, gallium phosphide) helps 
to interpret experimental measurements and predicts 
improvements for this challenging procedure. 
Elementary processes in all steps of MOVPE can have a crucial 
influence on the quality of the resulting films. In many cases, 
these key steps are hardly understood or experimentally 
inaccessible (e.g. reaction barriers) and theory can provide a 
crucial step forward in understanding. 

Key words: density functional theory, growth modelling, ab 
initio, functional materials 

1. Introduction
The controlled growth of thin films on surfaces is of high technological 
importance for the fabrication and performance optimization of semiconductor 
devices or optical coatings. One driving element is the need to move towards 
further miniaturization by a higher integration density of desired materials on a 

@CMMSE 1489 ISBN: 978-84-608-6082-2



AB INITIO EPITAXY

smaller scale. To meet the need of advanced applications in the field of 
nanotechnology, reliable procedures for the controlled functionalization of 
surfaces have to be developed and understood. In contrast to “top-down” 
approaches imposing a defined structure onto a surface, the “bottom-up” 
approaches aim at building the desired features onto a surface by specific growth 
experiments. Prominent techniques to achieve the growth of films in a controlled 
fashion are the Metal Organic Vapour Phase Epitaxy (MOVPE or MOCVD) and 
Atomic Layer Deposition (ALD). 
Elementary processes in all steps of these processes can have a crucial influence 
on the quality of the resulting films. In many cases, these key steps are hardly 
understood or experimentally inaccessible (e.g. reaction barriers). This provides 
an ideal ground for the application of ab initio approaches for the interpretation of 
experimental results and in a further step the prediction of material properties and 
the inspiration of new experiments. The goal is an improved fundamental 
understanding of these intriguing processes and the growth of materials with 
improved properties  - e.g. less defects or better optical properties.   
   

2. Quantum chemical approach to MOVPE  
We employ quantum chemical computations, mainly density functional theory 
with dispersion correction, to shed light on the elementary processes in different 
phases of the MOVPE process. The state-of-the-art of this technique is depositing 
metastable materials (e.g. quaternary nitrides or bismides) which requires low 
growth temperatures. Therefore, chemical reactions in the gas phase and at the 
surface are the kinetic bottleneck for precursor decomposition and film growth. 

The description of MOVPE processes by ab initio methods requires as a first step 
a detailed analysis of the possible gas phase reactions.[1] The first generation of 
MOVPE precursor molecules (hydrides) required high deposition temperatures 
and exhibited only limited gas phase chemistry.[2] The growth of metastable 
materials requires more information regarding the precursor chemistry since the 
low growth temperatures required imply complex gas phase decomposition 
chemistry of the precursors beyond simple homolytic cleavage steps.[3] For the 
gas phase chemistry of Ga(C2H5)3 and P(t-(C4H9)H2) (known as TEGa and TBP in 
the MOVPE literature) we find very high barriers for several reactions advertised 
earlier[4] and unusual reaction mechanisms relevant for ligand design.[5, 6] The gas 
phase mechanism was also found to be relevant for the surface-assisted 
decomposition steps. 

The surface termination plays a crucial role in setting up the right computational 
model for the investigations of surface adsorption and precursor reactivity. The 
transport of precursor molecules onto the heated substrate mostly uses hydrogen 
as a carrier gas. The adsorption and desorption kinetics of H2 on Si(001) have 
been extensively covered in the experimental and theoretical literature.[7, 8] We 

@CMMSE 1490 ISBN: 978-84-608-6082-2



AB INITIO EPITAXY

focus on the thermodynamically most stable surface termination taking into 
account the chemical potential of H2 under MOVPE conditions (p = 50 mbar, T = 
400 – 1200 °C) and find a good agreement with experimental findings only with 
elaborate computations of the full phonon spectrum.[9]

The epitaxial growth of a non-polar semiconductor material on a polar one 
(heteroepitaxy) results in formation of interfaces with interesting structural and 
electronic features. In a joint endeavour of experiment and theory, we could 
reveal the thermodynamic and kinetic reasons for the unusual appearance of 
GaP/Si interfaces. Intermixing models established previously are not sufficient to 
explain the pyramidal structure observed experimentally. Instead, relative facet 
stabilities in the interface region and adatom mobilities during growth need to be 
quantified to find a rationale for the atomistically-resolved experimental 
measurements.[10]

It is shown that quantum chemical approaches with and without periodic 
boundary conditions deliver detailed insight for a highly complex experimental 
procedure like metal organic vapour phase epitaxy. 
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Recent advances in obtaining thousands of three-dimensional structures of 
proteins and nucleic acids, complemented by atomic-resolution molecular 
dynamics (MD) simulations, have allowed researchers to see motion of 
biopolymers in atomic details. However drawing accurate, specific, and 
quantitative predictions of how biopolymers respond to various stimuli remains a 
challenge. The difficulty is that biopolymers exhibit intricate multidimensional 
dynamics that involve a multitude of timescales, from fast picosecond-range 
thermal motions of small atomic groups to slow large-scale concerted motions 
spanning from nanoseconds to micro-second regimes and longer. Such slow 
motions are believed to determine the cellular functions of biopolymers in the first 
place. Over the recent years, we developed a novel computational framework, 
which we denote as the essential collective dynamics (ECD) analysis, allowing to 
accurately characterizing the dynamics of slow collective motions in 
macromolecules [1-10]. The framework stems from our statistical-mechanical 
analysis of generalized Langevin dynamics [1,3,4], allowing to identify invariant 
(stable and persistent) correlations of atomic groups’ motion from short fragments 
of MD simulations of macromolecules in solution. Subsequently, we have derived 
and tested a suite of specific descriptors, such as dynamics domains [1-5], main-
chain and side-chain pair correlations [4,5], and main-chain flexibilities [2-6]. The 
predictions that we have obtained from sub-nanosecond or nanosecond-scale MD 
trajectories agree very well with X-ray [8] and NMR [1-5,7] structural data, some
of which represent significantly longer timescales. The ECD framework has 
proved to be very efficient in characterizing dynamical stability of individual 
protein molecules [1,2,5,7-9], as well as protein-protein [5,8,9], protein-DNA [6], 
protein-small molecule [8,9], and protein-nanoparticle [10] complexes.
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This presentation introduces our software tool for ECD analysis of biopolymers,
which we are preparing for open-source release [11]. The tool is implemented as a 
Linux package comprising a set of C++ applications integrated into a Python 
wrapper. Using short sub-nanosecond segments of production MD trajectories, 
pre-built scripts allow doing accurate predictions about main-chain flexibility 
profiles and/or pair correlations in a macromolecule. In this framework, 
exhaustive conformational sampling is avoided by addressing invariant dynamical
modalities [4], which would pertain beyond the sampling data set. 

(A) 

(B) 

Figure 1: Examples of ECD analysis for protein G (Protein Data Bank ID 1IGD).
(A) – main-chain fexibility profile; (B) – main-chain pair correlations map [11].
The blue bars represent �-helix and red bars represent β-strands. In panel (B), low 
levels of the descriptor (purple and blue colors) identify stronger pair correlations.

@CMMSE 1494 ISBN: 978-84-608-6082-2



ESSENTIAL COLLECTIVE DYNAMICS OF BIOPOLYMERS 

Acknowledgements:

The author is happy to thank Nikolay Blinov, Mark Berjanskii, Santo Poulose, 
Bilkiss Issack, Taras Fito, Oliver Stueker, Lyudmyla Dorosh, and Jonathan Mane, 
whose dedicated work and extensive programming contributions made it possible 
to develop and test the new software tool.

References: 

[1] M. STEPANOVA, Dynamics of essential collective motions in proteins,
Phys. Rev. E 76 (2007) 051918.

[2] N. BLINOV, M. BERJANSKII, D. S. WISHART, AND M. STEPANOVA,
Structural domains and main-chain flexibility in prion proteins,
Biochemistry 48 (2009) 1488–1497.

[3] M. STEPANOVA, Identification of dynamic structural domains in proteins, 
analysis of local bond flexibility, and application for interpretation of 
NMR experiments, Molecular Simulation, 37 (2011) 729-732.

[4] A. POTAPOV AND M. STEPANOVA, Conformational modes in biomolecules: 
Dynamics and approximate invariance, Phys.Rev.E 85 (2012) 020901 (R).

[5] B.B. ISSACK, M. BERJANSKII, D.S. WISHART, AND M. STEPANOVA,
Exploring the essential collective dynamics of interacting proteins: 
application to prion protein dimers, PROTEINS: Structure, Function, and 
Bioinformatics 80 (2012) 1847-1865.

[6] K. BARAKAT, B. B. ISSACK, M. STEPANOVA, AND J. TUSZYNSKI,
Comparative analysis of essential collective dynamics and observed NMR 
flexibility profiles in evolutionarily diverse prion proteins, Prion 5 (2011) 
188 – 200.

[7] K.P. SANTO, M. BERJANSKII, D.S. WISHART, AND M. STEPANOVA, Effects 
of temperature on the p53-DNA binding interactions and their dynamical 
behaviour: Comparing the wild-type to the R248Q mutant, PLoS ONE 6
(2011) e27651.

[8] L. DOROSH, O.A. KHARENKO, N. RAJAGOPALAN, M.C. LOEWEN, AND M.
STEPANOVA, Molecular mechanisms in the activation of abscisic acid 
receptor PYR1, PLoS Computational Biology 9 (2013) 1003114.

[9] L. DOROSH, N. RAJAGOPALAN, M.C. LOEWEN, AND M. STEPANOVA,
Molecular mechanisms in the selective basal activation of pyrabactin 
receptor 1: Comparative analysis of mutants, FEBS Open Bio 4 (2014) 
496-509.

[10] O. STUEKER, V. ORTEGA, G. GOSS, AND M. STEPANOVA, Understanding 
interactions of functionalized nanoparticles with proteins: A case study on 
lactate dehydrogenase, Small 10 (2014) 2006-2014.

[11] J. MANE AND M. STEPANOVA, Essential collective dynamics analysis user
guide, Version 1.0, University of Alberta, Edmonton, 2016.

@CMMSE 1495 ISBN: 978-84-608-6082-2



Proceedings of the 16th International Conference 
on Computational and Mathematical Methods 
in Science and Engineering, CMMSE 2016 
4-8 July, 2016

Modelling of Nanoparticle-Enzyme Complex

Oliver Stueker1 and Maria Stepanova1,2

1 Department of Electrical and Computer Engineering,
University of Alberta; 

2 Department of Physics, Astronomy, and Materials Science,
Missouri State University 

emails: ostueker@gmail.com, ms1@ualberta.ca

Abstract 

Key words: nano-biological conjugates, molecular simulation 

Nano-bio-electro-mechanical engineering is a rapidly advancing interdisciplinary 
field of research and innovation. Emerging technologies integrating biological 
components with nanostructured solid surfaces are expected to revolutionize 
biomedical instrumentation, environmental diagnostics, and green energy 
harvesting capabilities. The ongoing transformative convergence of information 
and biomedical technologies requires, in the first place, efficient bio-sensors and 
bio-actuators allowing for adaptive and addressable interfacing of electronic and 
biological components. However, in order to design such systems rationally, 
computational studies are required that would allow to better understand and 
predict the properties of all parts of the integrated systems. The challenge is that, 
traditionally, modeling of solid state materials and biological polymers has been 
largely unrelated. In order to efficiently predict properties of nano-biological 
conjugates, cross-disciplinary modeling approaches are required. In our recent 
work [1] we developed a detailed, all-atom platform for predicting the interaction 
of proteins with bio-functionalized metallic surfaces in solution. As an example, 
we have investigated a binding of L-lactate dehydrogenase (LDH) enzyme with 
gold nanoparticle (NP) decorated with a monolayer of mercapto-undecanoic acid 
(MUA). This presentation addresses challenges of such modelling, as well as our 
suggested solutions. An atomistic molecular mechanics model has been used to 
describe a gold nanoparticle with a diameter of ~4.2 nm decorated with 386 MUA 
molecules (Figure 1). The model is based on the OPLS-AA force field [2] with 
proper extensions [3,4]. The model of the MUA monolayer has been validated by 
simulating a similar monolayer on a planar, yet atomistic gold surface (Figure 2), 
and comparing the results with existing published works [5]. Molecular dynamics 
(MD) simulations have been conducted [1] for the three systems comprising free
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LDH enzyme, functionalized gold NP, and a NP-LDH complex in water (Figure 
3), for 10 ns each at T=300K using the GROMACS software package. The 
orientation of LDH in the complex with the NP was chosen according to the 
respective electrostatic potentials.  

Figure 1: A single 
alkyl-thiol molecule 
on a gold surface.

Figure 2: MUA monolayer on a planar atomistic gold 
surface, constructed for benchmark validation of the 
model of decorated NP surface. 

Figure 3: Snapshot of MD simulation for the nanoparticle-LDH complex [1]. 
In the LDH gray, red, green, and blue colors show the four identical subunits.

Employing our original essential collective dynamics (ECD) framework, we have 
investigated how the binding of NP influences the conformation of LDH tetramer 
structure (Figure 4). The results demonstrate that, although the dynamics of LDH 
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main chains exhibit only a minor response to the NP binding, the dynamics of 
side chains are significantly altered in all four active sites of the enzyme. These 
results also demonstrate that atomistic modeling of NP-protein interactions,
complemented by the essential collective dynamics analysis, can be used to 
understand the interaction of biopolymers with nanoparticles, and potentially 
other nanostructured objects.

(A) (B)
Figure 4: Change of intra-molecular side-chain correlations in LDH upon the NP 
binding. (A) – intramolecular difference correlation maps of side chains in one of 
the LDH subunits; (B) – the change of correlations color-mapped onto the area of 
active site in the subunit. The magenta color indicates areas which become more 
constrained, and green color shows less constrained areas in comparison to the 
free LDH. The red, yellow and pink bars represent α-helices, β-sheets, and 3/10-
helices, respectively. 
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Abstract 
This paper focuses on two important optimisation problems: (i) 
the maximum size of the system that can be serviced by a given 
number of sources so that the unsatisfied demand does not 
exceed a tolerable level and (ii) the minimum number of sources 
needed to service random demands so that the unsatisfied 
demand does not exceed a tolerable level. To solve these
problems, a computational framework for determining the 
expected fraction of unsatisfied demand on a time interval has 
been created and closed-form solutions for the expected fraction 
of unsatisfied demand have been derived. 

Key words: unsatisfied demand, constraint on resources, 
probability, risk, random demand, sources, consumers

1. Introduction
Risk is often linked with the collision of random demands for a particular 

resource on a finite time interval. Unsatisfied demand occurs if one or more 
demands arrive at a time during which all available sources are engaged in 
servicing other demands. 

The need for assessing this risk is often present in many manufacturing 
processes where a number of machine centres demand expensive measuring 
equipment, control equipment, production equipment or an operator, at a random 
time during the production process. Because the control equipment is expensive 
and unique, it is usually not feasible to equip each machine centre with a separate 
piece of equipment. The demands for the resource may occur at random times 
during a shift. If the start of demand for consumer i is denoted by 'si' and the end 
of demand by 'ei', Fig.1 illustrates the problem by three machine centres 
demanding X-ray portable equipment for measuring the residual stresses at the 
surface of quenched components, at random times s1,s2 and s3, for duration 
intervals (s1,e1), (s2,e2) and (s3,e3). 
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Figure 1. Constraint on the supplied resource for three machine centres. 

If a single piece of control equipment is available, a simultaneous demand from 
more than a single centre cannot be satisfied. The overlapping region (s3, e2) in 
Fig.1 marks unsatisfied demand on the supplied resource. 

For a complex systems (production system, computer network, etc.), the 
random demands are often failures of the separate components building the system 
each of which demands a repair resource. 
 In queuing theory, the Poisson process has been traditionally used as a 
statistical model for random events occurring in a time interval (Khintchine, 1969; 
Gross & Harris, 1985; Gnedenko & Kovalenko 1989; Thompson, 1988; Allen 
1990). Neither of these classical comprehensive texts, nor more recent 
comprehensive texts devoted to various problems in queuing theory and 
probability (Kalashnikov 1994; Giambene 2005; Weiss, 2006) treats the question 
related to risk of unsatisfied demand from random requests on a time interval. 

From Figure 1, it is clear that the problem of unsatisfied demand can be reduced 
to a problem of geometrical probability where a segment of specified length L is 
covered by randomly placed smaller segments with different lengths. The 
probability of unsatisfied demand can then be estimated by the probability of an 
overlap by two or more than two segments. For a single available source, the 
expected time of unsatisfied demand is numerically equal to the expected fraction 
of area covered simultaneously by two or more than two segments. 

There are already a number of publications related to covering the 
circumference of a circle with segments or a linear segment with segments 
(Solomon 1978; Stevens 1939; Shepp 1972; Coffman et al., 1998; Coffman et al., 
1994; Justicz et al. 1990).

Stevens (1939) derived closed-form expressions for the probability of covering 
a circle by a specified number of randomly positioned arcs of the same length and 
for the probability of existence of a specified number of uncovered gaps. 
Randomly positioned arcs with different lengths have been considered in Shepp 
1972, where a condition has been derived for covering the circle with probability 
equal to one. A segment covered by randomly positioned smaller segments has 
been considered in (Justicz et al. 1990) where the probability of existence of a 
segment which intersects every other segment has been estimated.  

Despite the substantial progress made in problems related to covering a large 
segment with randomly positioned smaller segments, no study seems to exist 
related to estimating the expected lineal fraction covered by m or more random 
segments. The answer to this question however, is the key to evaluating the risk of 
unsatisfied demand. 

An important aspect of the problem related to risk associated with unsatisfied 
demand on a time interval is the maximum tolerable level of the probability of 
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unsatisfied demand. The tolerable level of the probability of unsatisfied demand 
depends on the magnitude of the consequences resulting from unsatisfied demand 
and must be set individually, by the risk experts in the respective application area. 
Thus, for injured or critically ill patients demanding life-saving medical 
equipment, the consequences of unsatisfied demand can be grave. In this case, 
unsatisfied demand means human fatalities and the maximum tolerable level of the 
probability of unsatisfied demand is very low. In the case where the monitoring 
services of a single available operator are needed for the successful operation of a 
number of machines, each of which places a random demand, the consequences of 
unsatisfied demand are significant and the maximum tolerable level of the 
probability of unsatisfied demand is low. For machine centres demanding for 
example measuring equipment to control the surface roughness of machined work-
pieces, the consequences of unsatisfied demand are moderate and the 
corresponding tolerable level of the probability of unsatisfied demand is moderate. 

Questions of significant practical importance, directly related to the problem of 
unsatisfied random demand, are:  

(i) What is the minimum number of sources servicing a given number of
consumers so that the probability of unsatisfied demand remains below the 
maximum tolerable level? 

(ii) What is the maximum number of consumers that can be serviced by a single
source so that the probability of unsatisfied demand remains below the maximum 
tolerable level? 

The purpose of this study is to provide answers to these questions. The answer 
is important to find the optimal balance between the number of provided sources 
and the risk of unsatisfied demand. More provided sources than the optimal 
number is costly and undermines the profitability of the enterprise; fewer provided 
sources than the optimal number increases the risk of unsatisfied demand which 
leads to a disrupted production  

2. Estimating the risk of unsatisfied demand by the expected
fraction of the time of unsatisfied demand

Suppose that m pieces of a particular resource are available which can satisfy m
simultaneous demands, but not m+1 or more simultaneous demands. If the 
different demands are represented as overlapping segments with different lengths 

id , the risk of unsatisfied demand can also be estimated with the expected fraction 
of length covered simultaneously by more than m random segments randomly 
placed along a segment with length L.

Consider a case where the duration of the demand for the ith consumer is equal 
to id , during the operation period with length L. The ratio of the duration of the 

demand and the time interval 'L' will be denoted by Ldii /�� .
Before determining the expected time fraction of unsatisfied demand, the 

following theorem related to a coverage of space with volume V by n 3-D
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randomly placed interpenetrating objects with volumes iv  ( ni ,...,1� ), will be 
stated and proved. The volume fractions of the separate objects will be denoted by 

Vvii /�� . The coverage of a point from the volume V is a 'coverage of order k' if 
exactly k objects cover the point. The following theorem then holds. 
Theorem 1. The expected covered fraction of order k (k=0,1,...,n) by n 
interpenetrating objects with volume fractions i� , is given by the k+1st term of the

expansion T
�

�

n

i
ii

1

])1[( �� .

Proof. The volume fraction covered by exactly m objects can be determined from 
the probability that a randomly selected point in the volume V will sample 
simultaneously m overlapping (interpenetrating) random objects. The probability 
that a randomly selected point in the volume V will sample simultaneously m
overlapping objects is equal to the probability that a fixed point from the volume V
will be covered exactly m times by randomly placed objects in the volume V.

Let 0p denote the probability that the fixed point will not be covered; 1p
denote the probability that the fixed point will be covered by exactly one random 
object,...,and np denote the probability that the fixed point will be covered by all n
random objects. 

Because the locations of the random objects are statistically independent events, 
the probability of the event 0A  that a fixed point in the volume will not be covered 
by any of the random objects given by 

T
�


�
n

i

n
iAP

1
0 )1()( � ,                                                     (1) 

which is the probability that the fixed point will not be covered by the first, the 
second,...,the nth object. 

The probability of the event 1A that exactly one random object will cover the 
fixed point is a sum of the probabilities of the following mutually exclusive 
events: the first object covers the fixed point and the rest of the random objects do 
not; the second object covers the fixed point and the rest of the objects do not and 
so on. As a result, the probability )( 1AP  that the fixed point will be covered by 
exactly one random object is given by 

/ T
�

X
� �

�
�

�

�

�
�
�

�

�

�

n

i

n

ik
k

kiAP
1 1

1 )1()( �� (2) 

The probability that exactly two random objects will cover the fixed point is a 
sum of the probabilities of the following mutually exclusive events: the first and 
the second random object cover the fixed point and the rest of the objects do not; 
the first and the third random object cover the fixed point and the rest of the 
random objects do not and so on, until all possible combination of two objects out 
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of n are exhausted. As a result, the probability that the fixed point will be covered 
by exactly two random objects is given by 

/ T
�
�
�

�

�

�
�
�

�

�

�

XX
�)2,1

2;1
1

212 )1()(
ii

n

ikik
k
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where /
2,1 ii

 denotes the sum over all possible combinations of two indices i1 and 

i2 out of n. The number of these combinations is 
)!2(!2

!

2 

���

�

�
��
�

�
n
nn

.

Continuing this reasoning through the cases 3,4,...,n, the probability )( mAP  that 
the fixed point will be covered by exactly m random objects is given by 
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where /
imi ,...,1

 denotes the sum over all distinct combinations of m indices i1,i2,...,im

out of n. The number of these combinations is 
)!(!

!

mnm
n

m
n
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�

�
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�

�
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The fixed point can either remain uncovered, covered by exactly one, two,...,n
objects and there are no other alternatives. Therefore, the events 0A , 1A ,..., nA  are 
mutually exclusive and exhaustive. According to the third axiom of the probability 
theory, their probabilities add up to one:

/
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n

i
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0
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Equation (6) can also be presented as an expansion of the expression

T
�

�

n

i
ii

1

])1[( �� . The theorem has been proved.■

Theorem 2. The expected fraction of order k (k=0,1,...,n) from the volume V,
covered by n interpenetrating objects with volume fractions i� , coming from a 
particular distribution with mean �  is given by the k+1st term of the 

expansion 1)1(])1[(
0

�
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�

�
��
�
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Proof. 
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The probability )( mAP  that the fixed point will be covered by exactly m random 
objects is given by equation (4). For the expected values of the left and right hand 
side of this equation we have:   
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Because  the volume fractions k� of the covering bodies are independent random
variables, according to a well-known result in statistics, the expectation of a 
product of random variables is equal to the product of the expectations of the 
random variables. Consequently, equation(7) becomes: 
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As a result, the expected fractions from the volume V, covered by the separate 
random objects with volumes v, are given by the separate terms of the binomial 
expansion of  

1])1[( ��
 �� (9) 
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The expected fraction of the volume covered by exactly m random objects is given 
by

mnm
m m

n
AP 

��

�

�
��
�

�
� )1()( �� (11) 

The expected covered volume depends only on the mean volume of the covered 
objects and does not depend on the variance of the volumes of the covering objects 
or on their shape. 

Now consider a case where n consumers demand a particular resource, during 
an operating period with length L. The durations of the demands from the 
consumers are id  (i=1,...,n). The ratios of the durations of the demands from the 

separate consumers are given by Ldii /�� . The maximum number of consumers 
whose demand can be satisfied simultaneously by the sources is m. 
Theorem 3. If one source can satisfy only a demand from a single consumer at a 
time, the expected time fraction of unsatisfied demand related to m sources and n 
consumers is given by the expression  

@CMMSE 1510 ISBN: 978-84-608-6082-2



UNSATISFIED DEMAND ON A TIME INTERVAL 

/
�



�A 
��

�

�
��
�

�

�

m

i

ini
m i

n
p

0
1 )1(1 �� (12) 

Proof. Unsatisfied demand related to m sources and n consumers (n > m) is 
present in the case where more than m consumers require a source simultaneously. 
Let 0p denote the probability that a fixed point in the interval (0,L) will not 

sample any demand; 1p denote the probability that the fixed point will sample 

exactly one random demand,...,and mp denote the probability that the fixed point
will sample exactly m random demands. 

The probability 1�Amp that the fixed point will sample more than m random 
demands, randomly placed in the time interval (0,L) is then given by 

)...(1 101 mm pppp ���
��A (13) 

According to equation (10), the sum of the probabilities mppp ��� ...10  is given 

by/
�
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)1( �� . Hence, the theorem has been proved.■

Note that the sum in the right hand side of equation (12) is part of the binomial 
expansion of the expression n])1[( �� �
 , which is equal to unity (see equation 

10). In equation (12), the term n)1( �
 is the expected fraction of time during 

which no demand is present, the term 11)1( �� 

 nn  is the expected fraction of 
time during which exactly one random demand is present, the term 

22)1(
21

)1( �� 


E

 nnn

is the expected fraction of time during which exactly two 

random demands are present simultaneously,..., mmn

m
mnnn �� 



EEE
�



)1(
...21

)1)...(1(

is the expected fraction of time during which exactly m random demands are 
present simultaneously. The equations presented in this paper have been verified 
by a Monte Carlo simulation involving measuring and accumulating directly the 
multiple intersections. Because of lack of space, the details related to the algorithm 
have been omitted. 

3. Determining the optimal number of consumers served by a
specified number of sources

Consider a finite time interval during which a number of consumers demand a 
particular service independently and randomly, for a particular duration d.
Constraint on the repair resources occurs if a random demand arrives while all 
sources are serving other consumers. Suppose that the maximum tolerable 
expected fraction of unsatisfied demand is � . Solving equation (14) with respect 
to n then yields the maximum number of consumers that can be serviced: 
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This equation can be solved by a repeated bisection. 
Figure 2 gives the expected fraction of unsatisfied demand as a function of the 
number of consumers. The figure corresponds to a fraction  15.0/ �� Ld�  of an 
individual demand. 

Figure 2. The expected fraction of unsatisfied demand as a function of the number of consumers, at 
different number of sources m. 

By using repeated bisection, at a specified maximum acceptable level %10��
and 3�m  sources, the repeated bisection routine determined that at most 12  users 
can be serviced by the sources without exceeding the specified critical level 

%10�� of unsatisfied demand. 
At a specified level of unsatisfied demand (for example %20�� , the 

maximum number of consumers that can be satisfied can also be determined 
directly from the curve. As can be verified from the plots in Fig.2, increasing the 
number of sources sharply increases the number of consumers that can be serviced 
without exceeding the maximum tolerable fraction of unsatisfied demand. 

4. Determining the optimal number of sources serving a given
number of consumers

Suppose that the number of consumers n and the maximum tolerable expected 
fraction of unsatisfied demand �  have been specified. Solving equation (14) with 
respect to m now yields the minimum number of sources required to service the n
consumers such that the expected fraction of unsatisfied demand does not exceed 
� . Finding the minimum number of sources which guarantees a risk of unsatisfied
demand below a specified level is critical in striking the right balance between risk
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of unsatisfied demand and costs. If the sources are medical personnel, repairmen 
or simply extra equipment, increasing the number of sources unnecessarily means 
extra salary costs or investment, which undermines the profit. Too few sources 
means increased risk of unsatisfied demand, risk of fatalities, damage to health, 
dissatisfied customers, etc. 

Again, equation (14) can be solved by a repeated bisection with respect to m, by 
keeping the number of customers n and the fraction Ld /��  constant. 
Alternatively, �  versus m can be plotted and the smallest value m which still 
gives expected fraction of unsatisfied demand smaller than the specified value �
can be selected. 
Figure 3 gives the expected fraction of unsatisfied demand as a function of the 
number of sources for different ratios 6.0,5.0,4.0,3.0,2.0,1.0/ �� Ld� . The 
number of consumers is fixed ( 20�n ).  

By using repeated bisection, at a specified maximum acceptable level %10��
and 20�n  consumers each characterised by a fraction 2.0/ �� Ld� , the 
repeated bisection routine determined that the minimum number of sources must 
be 6 for the expected fraction of unsatisfied demand to remain below 10%. 

At a specified level of the expected fraction of unsatisfied demand (for example 
%20�� , the minimum number of sources that can guarantee expected fraction of 

unsatisfied demand of %20��  or below can also be determined directly from the 
curve. 

5. Expected fraction of unsatisfied demand for random demands 
following a homogeneous Poisson process on a time interval
Suppose that the random demands follow a homogeneous Poisson process with 
density � , on a time interval with length a. The number of available sources is m. 
The durations of the random demands follow a particular distribution with mean 
� . Unsatisfied demand is present only if the number of random demands is 
greater than the number of available sources m. 
The expected fraction of unsatisfied demand given that there are exactly 1�, mn
random demands on the time interval is given by 
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For mn + , the expected fraction of random demand is zero. 
For random demands following a Homogeneous Poisson process with density � , 
on a time interval with length a, the probability that there will be exactly 1�m

random demands on the time interval 0,a is given by 1)(
)!1(

�
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a
m
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.

The weighted fraction of unsatisfied demand given that there will be exactly 1�m
random demands is therefore given by 
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Figure 3. The expected fraction of unsatisfied demand as a function of the number of sources, at 
different ratios Ld /�� . 

Consider a complex system (production system, computer network, etc.) where the 
random demands are the failures of the separate components building the system.
The presented computational framework can then be applied to determine the 
maximum size of the system that can be serviced by a given number of repair 
people and also the minimum number of repair people needed to service a system 
of given size. 

6. Conclusions
• A computational framework has been created for evaluating the risk of
unsatisfied demand arising from random demands satisfied by multiple sources.
• At the heart of the proposed computational framework is a general equation
evaluating the risk of unsatisfied demand by the expected fraction of time of
unsatisfied demand. The equation covers the important case of multiple sources
servicing multiple random demands.
• Based on the closed-form solution, an efficient optimisation method has been
developed for determining the maximum number of consumers that can be
serviced by a given number of sources, such that the risk of unsatisfied demand
remains below a maximal tolerable level.
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• Based on the closed-form solution, an efficient optimisation method has been
developed for determining the minimal number of sources needed to service a
specified number of consumers such that the risk of unsatisfied demand remains
below a maximal tolerable level.
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Abstract 
In this study, we investigate the regular and chaotic solutions of 
a BEC system in 1D tilted Gaussian optical lattice potential by 
constructing their Poincaré sections in phase space depending on 
the system parameters.
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1. Introduction
The condensate is well described by a mean field theory and a macroscopic wave 
function  , solving the nonlinear Schrödinger equation so-called Gross– Pitaevskii 
equation (GPE) [1, 2, 3] that includes a nonlinear term representing particle-
particle interactions [4, 5]. GPE is an integrable system and the integrability could 
be easily broken by external potentials of different forms [4, 5]. So it is difficult to 
obtain its exact solutions with external potential analytically. Therefore we 
perform numerical simulations in this paper. We investigate the regular and 
chaotic solutions of the BEC system in the tilted Gaussian optical lattice potential. 
As is well known, the main traditional way for checking chaos is the construction 
of Poincaré section [6, 7, 8, 9, 10, 11] which provides regular and chaotic 
behaviour regions. Therefore we construct the Poincaré sections in phase space 
depending system parameters.  
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2. Model  
In the low temperature regime, a BEC is well described by the non- linear 
Schrödinger equation known as the Gross–Pitaevskii Equation (GPE) with the 
macroscopic wave function ( , )x t� ��  which evaluates with time and space [12, 
13]. The 1-D Gross-Pitaevskii equation is given as 

� �
2 2

2

02
( , ) ( , ) ( , ) ( , )

2 exti x t x t V x g x t x t
m x

� � � �� � 	� 
 � �� ��

2 2

(��
( , )( ,,� �                                (1) 

where m  is the mass of the atoms of the condensate, 0g  describes the interaction 

between atoms in the condensate and given by 2
0 4 sg a mS� 2

sa msS  where sa  is s-
wave scattering length between atoms. It is positive for repulsive interaction and 
negative for attractive interaction (in our case 0a C ). � �extV x  is the external 

trapping potential. We choose the external trapping potential as below, 

� � ( )extV x V x Fx� �                  (2) 

where ( )V x  is the optical potential and F the inertial force. This force, which 
generates a tilted optical potential, accelerates the atoms in the x direction and 
leads to the atoms tunnelling out of the traps [4, 14]. In this paper, we investigated 
1-D Gross-Pitaevskii equation under the tilted Gaussian optical lattice potential. 
We construct a potential which involve Gaussian peaks along the x direction in 
spatial phase by using Fourier transform procedure. Each Gaussian peaks 
described by Eq.3. A is amplitude of each Gaussian peaks and μ and σ are the 
system parameters.   

� �2

22( )
x

f x Ae
Y

�





�                                         (3) 

In order to generate Gaussian pulse potential, we define a step length

max minx xxx
n



�                  (4) 
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maxx and minx  are maximum and minimum border for numerical calculation. 

n defines the step length. We create B matrix by evaluating ( )f x  from maxx to

minx as below.  

� �
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x tt
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�
��

�
��                (5) 

The discreet Fourier Transform of B matrix is given in Eq. 6 
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               (6) 

From C matrix, we find Eq.7 that generates one dimensional Gaussian pulse 
potential.

� � � �
max

1

2

2 1
( ) Cos

j

j j
j

C jV x Abs C w x Arg C
xxn n �


� �� � 
� �
� �

/             (7) 

here max

3
1

2

ttj
S�

� �

In Fig. 1 we show Gaussian pulse potential a) without tilted term, b) with small 
tilted term. 
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Figure 1: Plot the Gaussian pulse potential with the parameters 1A � , 90n � ,
50� � , 5.26� � , 0.02w � , min 0t � , max 200t � , max 10.071j � (a) 0F � and (b) 

0.0004F �

In order to obtain a simple description and a better understanding of the BEC 
dynamics, we consider  Z as [12] 

( , ) ( )
i t

x t x e
�

Z � 8                             (8) 

Here �  is the chemical potential of the condensate and ( )x8  is a real function 
independent of time. ( )x8  is normalized to the total number of  particles in the 
system, i.e., 

2
( )x dx N8 �.                             (9) 

where N is the particle number. 

Substitution of Eqs.(3) and (4) into Eq.(1) 

2 2
2

02
( ) ( ) ( ) ( ) ( )

2
x x V x Fx g x x

m x
� � � 	8 � 
 8 � � � 8 8� ��

2 2

(
�

8(
�

        (10) 

which can also be written in the following form 
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d V x x
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 � 8 8� �            (11) 

Where 0
2 2 2 2

22 ( ) 2 2
( ) , , ,

mgmV x m mFx
h

�Q � [ \� �� � � �� �
� �

�2
\, ,

2 2
\ �\

�
��2 2 2

[ \
2 2

, ,
2 2

. Setting the solution of 

Eq. (7) of form

( )( ) ( ) i xx x e %F8 �                                                              (12) 

Inserting Eq. (8) into Eq. (7), 

22
2

2
( )

d d x x
dx dx

F %F Q [ � \ F F� � � 	� � � 
 �� � � �� �
                                                (13a) 

22 0
d d
dx dx

%F� � �� �
� �

                                                        (13b) 

Eq. (13b) denotes the existence of a flow density, 

22
dJ
dx
%F�                                                                                           (14) 

If we put J into Eq. (13a), we have a nonlinear equation as below. 

2 2
2

2 3
( )

4

d J x x
dx

F Q [ � \ F F
F

� 	� � � 
 �� �                                        (15) 

It is difficult to obtain the exact solution of Eq. (11) due to its complexity 
therefore numerical solutions were performed. For numerical solution we can 
reduce Eq. 15 in to first order coupled equations. 
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3F � "3F33 � "                                                                                                                (16c) 

If we take 0w J[ \� � � � for Eq.16(b), we find

1 2F F�1 2F F1 21 2                                                                                                    (17a) 

� � � �� �
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21
2 1 1
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2
[ Cos 1 ]

j

j j
j

C Abs C Arg C
n n

F � F F
�

� � 
 
 
/1
2 [

C1F22 �� 1[                               (17b) 

3. Regular and Chaotic Numerical Solutions
In this section, we investigate the regular and chaotic solutions of the BEC system 
with attractive interaction in different parameter regions. We consider the 
Gaussian trap that the system exhibits regular and chaotic behaviours under it. 
Fig.2 shows that the Poincaré sections with twenty different initial conditions for 
the parameters set 0.2J � , 1 1P � , 2 0.8P � , 1 2w S� , 2 5w S� , 0.5� � initial 

condition: [0] 0.1F � 
 , '[0] 0.9F � . Fig.2(a) display the regular state distribution 
on the complete phase space for 0.01[ � . As we weaken flow density, Fig.2(b) 
exhibits chaotic orbits.
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(a)                                                            (b) 

Figure 2: (a) Regular phase space of BEC with the Gaussian optical lattice 
potential for 0.01[ � (b) Chaotic phase space for 0.000001[ �

Parameters set: , , 0.5� � , 1\ � 
 with twenty different initial 

condition 90n � , 50� � , 5.26� � , min 0t � , max 4000t �

In Fig.3 we see the phase space displays and time series plots of system under the 
Gaussian optical lattice potential for the one initial condition [0] 0.1F � ,

'[0] 0.4F � and 0.00001[ � , 0.5� � . The system exhibits regular behaviours but 
when the flow density is taken very small the phase orbit on the Poincaré section 
become aperiodic and chaotic, respectively, as shown in Figs. 3(a) and 3(b). 

(a) 
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(b) 

Figure 3: (a) Regular phase space and time series plot of BEC with the Gaussian optical 
lattice potential for 0.1A � , 0.8J � . (b) Chaotic phase space and time series plot for 

1.5A � , 0.002J � . Parameters set: 0.2J � , 0.00001[ � , 0.5� � and [0] 0.1F � ,

'[0] 0.4F � , 90n � , 50� � , 5.26� � , min 0t � , max 4000t � .

4. Conclusion
In summary, we have studied the BEC with the tilted Gaussian optical lattice 
potential. The regular and chaotic numerical solutions of system are investigated 
by constructing the Poincaré sections depending on flow density and tilted term. 
Numerical solutions indicate that there exists chaos in the system. These 
instabilities of the system refer to negative interatomic interactions.  
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Abstract

The introduction of new educational trends triggers the development 
of innovative methods to collect, analyse and report the data 
subsequently generated. This paper discusses the implementation of a 
multi-stage mathematical class ranking model as a method in learning 
analytics, applied to a Computer Science module. The model applies 
the principle of Pareto optimality in an outputs-only data 
envelopment model to categorise students into classes of similar 
efficiency which are ranked according to dominance. The model is 
then adapted to calculate improvement targets for each student.  

Key words: class ranking, data envelopment analysis, learning 
analytics, Pareto optimality, student ranking. 

1. Introduction

Development in educational technology has seen traditional learning 
models in instruction gradually being replaced with modern trends like 
blended- and online learning [1]. These trends include the use of learning 
management systems, sites on social media networks and the incorporation 
of learning analytics (LA). LA includes the real-time collection of data, or 

“big data”, which are so large that conventional collection methods have
proved inadequate [2]. It also encompasses the use of analyses on big data 
to make multi-criteria decisions, report and inform in the educational 
system [3]. While blended learning methods in education are gaining 
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popularity and being implemented more frequently, the process of 
accurately measuring student progress is proving to be somewhat of a 
challenge. 

LA presents an important instructional application in the form of 
monitoring individual student performance [4]. The timely collection of 
data also enables lecturers to measure the progress of students at any 
stage of instruction. It has been found that regularly informing students on 
their academic progress and ranking in relation to their peers, stimulates a 
competitive attitude which effectively motivates them to try and 
outperform their class mates [5]. LA also enables lecturers to use 
predictive modelling techniques which can: 

� Provide students with early academic outcome alerts [4]; and

� Help identify and provide interventions for academically at-risk
students at an early stage [3].

In this paper, a multi-stage class ranking model will be implemented as a 
LA method to rank students and provide improvement intervention 
targets. The model uses a data envelopment analysis (DEA) approach 
which is a special linear programming application in which the 
performance efficiency of a specified number of operating units with the 
same objectives is measured relative to one another [6].  

In the next section, the concept of Pareto optimality and how it relates to 
this work is discussed and the mathematical model used for DEA is 
formulated and explained. This is followed by an outline of the dual-
formulation used to determine intermediate improvement targets for 
students. Section 3 describes the application of the multi-stage 
mathematical model on a data set of a Computer Science module, followed 
by a discussion of the results and some concluding remarks. 

22. Pareto optimality and DEA

DEA is commonly implemented in cases where different operating units, or 
decision making units (DMUs), need to be compared with one another. 
Typical examples include banks, hospitals, fast-food outlets within a 
certain chain, or in this case, students according to academic performance. 

DEA compares a certain number of DMUs based on their inputs or 
resources and their outputs [7], by calculating an efficiency score that 
represents the relationship between its inputs and outputs. The result 
gives an indication of whether a particular unit is less efficient than the 
others. It is however very difficult to determine fair, comparable inputs 
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where students are concerned. Consider for instance the accuracy of data 
relating to the number of hours study time per student, or lifestyle factors. 

A similar problem was addressed by Kao and Lin [8] who implemented a 
DEA model without inputs to categorise Management Colleges into classes 
of differing levels. All colleges in the same class were considered equally 
efficient based on their outputs, and could not be compared to one 
another. This class ranking model will be applied to arrange students into 
different classes of efficiency, where all students in the same class are 
considered equally efficient. As far as can be ascertained, the DEA 
outputs-only class ranking has not previously been used on students in 
such an application. 

One of the advantages of this model is that the principle of Pareto 
optimality applies, meaning that Pareto-efficient students are categorised 
into one class, and they dominate those in lower classes. In a traditional 
DEA output-oriented method, a DMU, or in this case a student, is 
considered Pareto-efficient if none of the output scores can increase 
without decreasing another one of the output scores or without increasing 

at least one of the input scores [9]. In mathematical terms, student �� is
Pareto-efficient if no other feasible student � � �� exists so that ���� >
����� for some output criteria �� and ��� > ���� where � � �� and ��� � ����
for all input criteria �, where ��� are the output levels for student �, with

� = 1, … , �, ��� are the input levels for student �, and � = 1, … , �.

For this application, it means that all students considered to be Pareto 
optimal should be categorised as equally efficient and receive the same 
ranking, while those they dominate must be ranked lower. Consider for 
example, a data set of five students, denoted by A to E. These students 
must be evaluated on two outputs, which are scores for class attendance 
and class assignments, shown in Table 1. 

Table 1: Example data set 

Output1 Output2 Total 

(Attendance) (Assignments) 

Student A 20 70 90 

Student B 80 70 150 

Student C 65 60 125 

Student D 50 90 140 

Student E 50 50 100 
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If the two criteria are considered equally important, it would mean that 
student B is the most efficient, followed by students D, C, E, and A 
respectively. However, student performance is rarely measured with 
criteria that are considered equally important. Attendance cannot be 
compared to assignments, so it will be more rational to search for those 
students who dominate others. This is done by calculating an efficiency 
score for each student. The dominance relationship of the students 
represented by the data set, are shown in Figure 1.  

Figure 1: Dominance relationship of the example data set 

Students D and B lie on the Pareto optimal frontier, denoted by line 

segments D’DBB’, and are called Pareto optimal because they dominate
students A, C, and E. The dominant students are categorised into the 
highest class and have the highest ranking. Students A and C are 
dominated because they lie inside the frontier and are categorised into a 
lower class. Likewise, student E is dominated by students A and C and is 
in the lowest class. This means that students D and B who are members of 
the dominant set will have the highest class ranking, followed by students 
A and C, and student E will have the lowest class ranking. Although 
student E had a higher total score than student A, he/she was categorised 
into a lower class. This happens when a student performs predominantly 
well in all the criteria then the equal weights method results in a higher 
ranking, whereas the dominance method favours a student who performs 
exceptionally well in a specific criterion.  
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Finding the dominant sets for calculating the efficiency score, or composite 

index  ��, is done by implementing a basic DEA model without inputs. 
Pareto optimal students are therefore determined using the following 
simple DEA output-only model [8]: 

Maximise �� = ! ���"�
#

�$�
  (1) 

subject to ! �%�"� � 1
#

�$�
,   & = 1, … , ' (2) 

 "� * + > 0,   � = 1, … , � (3) 

where �� is the composite index for every student �, �%� is the output 

measure of student & in criterion �, "� is the weight for criterion �, ' is the 

number of students to be evaluated, � is the number of criteria, and + is a 
small positive number. 

The purpose of constraint (3) is to ensure that all outputs are considered 
when calculating student efficiency, which means that no weights are 
allowed to be zero. For each student, the optimal weights are selected for 

calculating the composite index  ��. If  �� = 1, student � is considered 
Pareto optimal, categorised as a member of the current dominating set 

and excluded from further calculations. If  �� < 1, then student � is Pareto 
non-optimal and remains in the list of students still to be categorised. This 

process is repeated � times, once for each of the students. Table 2 
compares the rankings of the equal weights method to the classes in the 
dominance method. 

Table 2: Equal weight rankings vs. dominance class rankings 

Equal weight method  Dominance method 
Ranking Student  Class Student 
1 B  1 B 
2 D  1 D 
3 C  2 A 
4 E  2 C 
5 A  3 E 

 

Here the difference in ranking is evident in the case of student A, who 
performed poorly in output 1 and good in output 2. The equal weights 
method ranked student A 5th, whereas the dominance method ranked this 
student into class 2. 
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The algorithm for determining Pareto optimal students and the 
subsequent class ranking [10], according to model (1)-(3) follows. 

AAlgorithm 1: Class ranking multiple DMUs 
Input: Let - = {234�, … , 2346} be the set of ' DMUs, and 7 8 :;. 
Output: A number of sets, ?�, … , ?@, where all units in ?% have the same 

ranking, and are ranked higher than those in  ?� for &, � 8
{1, … , A} and & < �. 

1 A B 1; 
2 while - � C do 
3  Initialise ?@ 
4  7 B 1; 
5  wwhile 7 � ' ddo 
6   � B 234D; 
7   Apply model (1)-(3) and calculate �� 
8   iif �� = 1 tthen 
9    Add unit � to ?@ 
10    Delete unit � from - 
11   end 
12   7 B 7 + 1; 
13  end 
14  A B A + 1; 
15 end 

  

Algorithm 1 will repeat until all the students have been categorised into 
classes. Although this stage determines the classes and resulting class 
rankings, students can only improve their positions if they knew which 
criteria need to be improved and by how much. To provide them with 
such intervention actions, intermediate targets must be set for each 
student. This is done using the dual formulation of model (1)-(3) [8]: 

Minimise   �� = ! F% G  + ! ��
#

�$�

6

%$�
 (4) 

subject to  ! �%�F% G  �� = ���
6

%$�
,   � = 1, … , � (5) 

   F�%, �� * 0, & = 1, … , '; 
� = 1, … , � (6) 

where �� is the composite index, �%� is the output measure of student & in 

criterion �, ' is the number of students to be evaluated, � is the number 
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of criteria, and + is a small positive number. Denote I = J F%6%$� , then

(��� +  ��)/I is the target, and � = 1, … , �.

Although the calculated efficiency �� is the same as in model (1)-(3),

model (4)-(6) presents student � with targets to make an improvement, 
providing that the student is not a member of the highest class already. If 

a student belongs to the AKL class with A � 1, this model calculates A G 1
targets to show how much the student must improve in each criterion to 
be categorised in the next higher class. 

The multi-stage model is therefore implemented in two phases: calculating 
the Pareto optimal students and categorising them into classes using 
model (1)-(3), and determining intermediate targets for all dominated 
students to improve their class rankings using model (4)-(6). The 
implementation of this multi-stage model on a data set of marks for 
students in a Computer Science module follows. 

33. Implementation of the multi-stage mathematical model

The multi-stage model was implemented to obtain the class ranking of 
students according to their academic progress in a Computer Science 
module. The data set contains four criteria for 26 students enrolled in the 
module. The criteria are average scores for assignments, attendance, 
formative assessments, and summative assessments. Table 3 presents the 
four initial output criteria for each student, the total of the four criteria, 
and the class ranking resulting from Algorithm 1. 

Table 3: Average output scores (rounded), total of output scores, and 
resulting class ranking of the students 

Output1 Output2 Output3 Output4 

Student Assignments Attendance 
Formative 
assessments 

Summative 
assessments Total Class 

2 98 100 100 95 393 1 

3 75 100 97 83 355 2 

9 88 100 93 92 373 2 

10 74 100 93 68 335 3 

13 66 89 77 87 319 3 

23 62 100 85 72 319 3 

24 77 100 90 65 332 3 

1 14 63 73 65 215 4 

6 58 89 75 63 285 4 

11 65 100 88 53 306 4 
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12 64 100 73 57 294 4 

17 68 78 90 58 294 4 

19 41 100 73 63 277 4 

8 54 88 58 44 244 5 

15 24 89 83 57 253 5 

18 43 100 63 58 264 5 

20 52 89 60 55 256 5 

21 36 75 85 59 255 5 

25 26 67 83 60 236 5 

26 25 100 65 55 245 5 

5 41 78 62 57 238 6 

7 35 100 58 22 215 6 

14 53 78 10 44 185 6 

22 43 89 40 54 226 6 

16 26 78 52 46 202 7 

4 21 78 35 35 169 8 

The students are categorised into 8 classes, which are ranked in order of 
dominance. The number of students in each class is shown in Figure 2.  

 

Figure 2: Number of students categorised into each class 

From Table 3 it follows that student 2 is categorised into class 1 and 
therefore ranked higher than all the others. Students 3 and 9 are members 
of class 2, which means they are dominated by student 2, and themselves 
dominate the rest of the students. The students in classes 1 to 3 performed 
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well in all the criteria but especially so in output 2, attendance. The class 
ranking of these groups will therefore not differ very much from an equal-
weighted ranking. However, a student with a higher total score can be 
dominated by one with a lower total score. Consider for example the data 
of students 1 and 5 which are repeated in Table 4. 

Table 4: Comparison between students 1 and 5 

 Output1 Output2 Output3 Output4   

Student Assignments Attendance 
Formative 
assessment 

Summative 
assessment Total Class 

1 14 63 73 65 215 4 

5 41 78 62 57 238 6 
 

Student 5 is a member of class 6 and has a total score of 238, which is 
much higher than that of student 1 who is a member of class 4 and has a 
total score of 215. The dominance method here favours student 1 who has 
performed well in outputs 3 and 4, and poorly in output 1, as opposed to 
student 5 who had rather average scores for all those outputs. 

The second stage of the model provided each student with intermediate 
targets which, if reached should categorise the student into a higher class. 
The targets are in the form of scores for each of the criteria. Suppose for 
example, that student 5 who is a member of class 6 wants to improve 
his/her class level, then targets are calculated by solving model (4)-(6). 
These targets for student 5 are shown in Table 5. 

Table 5: Intermediate targets for class level improvement for student 5 

Class level Output1 Output2 Output3 Output4 

 Assignments Attendance 
Formative 
assessment 

Summative 
assessment 

6 (current) 41 78 62 57 

5 42 96 66 58 

4 45 87 74 63 

3 62 100 85 73 

2 57 100 79 73 

1 67 100 79 73 

  

The current class of student 5, with output scores of 41, 78, 62, and 57 
respectively, is level 6. If the student wants to advance to level 5, output 1 
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needs to improve from 41 to 42, output 2 needs to improve from 78 to 96, 
and so forth.  

This LA technique presented students with early academic outcome alerts, 
helped to identify academically at-risk students and also provided real-
time intervention targets which students could use for improvement. 

44. Conclusions

The increased use of blended- and online learning techniques in education, 
leads to learning management systems and LA progressively being 
implemented to manage and supervise data resulting from such modules. 
One of the requirements of LA is that lecturers must provide students 
with real-time feedback on their progress in their studies. This led to the 
search for novel and improved methods for measuring student progress 
and performance while also calculating reachable targets for student 
improvement.  

This paper discussed the successful implementation of a multi-stage 
mathematical ranking model in a Computer Science module. The first 
stage of the model used the principle of Pareto optimality implemented in 
an output-only DEA model to categorise the students into classes of 
similar efficiency which were then ranked according to dominance. The 
second stage implemented the dual-formulation of the DEA model which 
provided each student with an intermediate target per relevant criterion, 
for class level improvement. 

The mathematical ranking model implemented in this study enabled the 
comparison of students in terms of incomparable criteria. Students who 
had the same totals were for instance not necessarily categorised into the 
same class and students in the same class could not be compared. 
Although they could see which criteria they needed to improve for 
increased efficiency, not all of the targets could in reality be reached. 
Consider for example a formative assessment which generally constitutes a 
semester test. Depending on the lecturer, the mark cannot change after the 
test has been taken.  

The addition of features which would allow students within the same class 
to be compared, as well as determining intermediate targets for only some 
of the criteria while others remain fixed, are currently being investigated.  
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Abstract 
During the plate forming by line heating, a large amount of heat
is applied to the metal surface in order to attain certain
curvature. Although this is the best way existing to bend a thick
steel plate, the lack of knowledge about the mechanism of 
forming causes delay and over cost, thus automation is needed.
In this paper, the effect of previous heating on inherent 
deformation by following heating, more specifically, the case of 
heating lines intersecting (crossing) each other is studied in 
details. The case of single crossed heating lines was examined in 
Part 1 of the paper. The second part discusses the case of more 
than one crossed heating lines. Experiments of multiple heating 
lines are performed to validate the mathematical model. The
influence of multiple crossing in inherent deformation is 
explained, and new relationship between deformation and 
crossing effect are presented. Finally, some conclusion of this 
study are drawn. 

Key words: Line heating, crossed heating lines, crossing effect, 
multiple crossed heating lines, plate forming. 

1. {ntroduction
Line heating is one of the most significant plate forming processes used in the 
shipbuilding industry. However, the line heating process is far from been fully 
automated causing delays in production, even when some attempts have been 
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made. The main reason of this is the fact that the relation between applied heat 
and final plate deformation, the key to automating the process, is too complicated
to analyze by using simple mechanical models. Aiming to solve this, many 
researchers has presented theories to explain both the thermal and mechanical 
problem (eg. Jang, Seo and Ko (1997), Chang, Liu, and Chang (2005), Ling and 
Atluri (2006), Osawa, Hashimoto, Sawamura, Kikuchi, Deguchi, and Yamaura 
(2007), Liu (2006), Liu, Liu, and Hong (2007)). However, most of
these researches have been focused on the numerical analysis of single
heating lines applied to small plates, which may result in unreliable results. The 
authors have proposed some improvement in the existing models,
considering a series of factors affecting the plate forming such as the geometry
of the plate, the cooling condition, the location of the heating, the heat-
induced curvature, the residual stresses, the material properties, and the inter-
heating temperature (See Vega et all (2009) and Vega et all (2011)). Real 
plate sizes and heating condition were implemented. Results of numerical 
analysis and experiment showed better agreement when those factors were 
considered. More recently, a series of paper considering multiples heating lines, 
such as the case of overlapped and parallel heating lines were published (Vega 
et all (2013)).  
In Part 1 of this paper (Vega et all (2015)), our discussion focused on the
crossing effect produced by two crossed heating lines. However, in plate
forming by line heating, multiple heating lines are applied in different directions 
until the plastic strain necessary to form the plate is attained. On the other
hand, when two or more heating lines are applied close to each other, the
resulting deformation depends on the separation between heating lines. For 
this reason, the crossing effect produced by multiple heating lines may differ 
from that of single heating lines, as it would be explained in details in this paper.

2 F�ormulation of the 3D thermal elastic-plastic model
The same FEA developed in the first part of the paper has been used to study 
the influence of crossing on inherent deformation of multiples crossed heating lines. 
Plate geometry as well heating and cooling conditions are similar to those utilized in
the first part. More details of the FEA, the heating, and cooling condition, and the 
material properties are found in the first part of the paper and in Vega et all (2011). 

2.1 V�alidation of the FEA
In order to validate our numerical model we realized experiments of multiple 
line heating. Figure 1 shows the plate model used in the experiment. Where, three 
heating lines, named as heating A, B and C are applied. The heating sequence is as 
follows: B $ C $ A. During the experiment, before applying heat, the plate was cooled
down to room temperature. In this way, the influences of crossed heating lines were 
evaluated for the same experiment avoiding influences of inter-heating temperature. 
The heating and cooling conditions, as well the geometry of the heating source, are 
the same for all the heating lines. In the beginning, small holes were drilled along both 
sides of each heating line, on the top and bottom surface, as it is seen in the figure. 
To evaluate the plate deformation, distances between the measuring points are measured 
before and after each 
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heating. Both transversal and longitudinal direction are considered. Thus, shrinkage and 
bending produced by each heating line are subsequently evaluated.  
Figure 2 shows a comparison of the distribution of the transverse shrinkage obtained 
from experiments and that obtained by simulation of a straight heating line. Where, 
simulation results agree quite well with experimental results. Both, the average 
deformation and its variation along the heating line are well captured by the numerical 
model. The cross effect, as well as the influence of the separation between crossed areas 
on cross effect, are clearly observed in the figure. It is important to note that the
complexity of this kind of experiment is high. In addition, it is costly and time-
consuming, reducing the possibility of obtaining large number of data.  

Figure 1. Plate model used to estimate deformations produced by multiple heating lines 
during experiments of plate forming by line heating 
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 Figure 2 Transverse Shrinkage obtained from experiments and by simulation of
multiples heating lines (Plotted along heating A, Figure 1)  

3.�I{nherent deformation due to multiple heating lines
In part one of the paper it was concluded that residual stresses produced by previous�
heating affect the inherent deformation of subseqent heating. The case of two crossing
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heating lines, under different heating conditions, is discussed in detail. However, and as 
is mentioned above, in plate forming by line heating, several heating lines need to be 
applied. Thus, it is correct to think about the cross effect for multiples crossing points, or 
in another worlds, the effect of complex patterns of residual stress in the inherent 
deformation. Figure 3a shows and example of multiple heating lines. The heating 
sequence is following the numbers order in the figure. Figures 3b and c show the 
distribution of plastic strain plotted after the last heating. In all cases, plate was cooled 
down to roon temperature before apply the next heating. As seen in both figures, the 
distribution of plastic strain is complex, specially at the crossing areas. Two important 
points are drawn from these figures: first, inherent deformation of multiple heating line is 
not simple and second, the cross effect for multiple heating lines is not the same at each 
crossed area. This study is performed by using a 3000 x 3000 x 40 mm mild steel plate. 
Noted that this plate is larger than the one use to validate the FEA (2000x2000x40mm). It 
is important to mentioned that when small plates (smaller than 1000 mm) are used, the 
inherent deformation is understimated (Vega (2009)).  

(a)  (b) 

(c) 

Figure 3 Example of múltiples heating lines (a) Sequence of heating, (b) Plastic 
strain (εx component), and (c) Plastic strain (εy component)

4�. Residual stress due to multiples heating lines
As shown in previous section, the distribution of plastic strain in a plate where multiples 
heatng lines are applied is complex, as a result, the inherent deformation and the cross 
effect may be carefully examined. Let us consider the same plate model shows in Figure 
3a, but instead of using the same heating pattern, six parallel heating lines are first 
applied. The first heating line is applied at 500 mm from plate side edge, and the 
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following lines are applied parallel, spaced at 400 mm from each other. The distribution 
of residual stresses produced by each heating line is expected to be similar to that shown 
by plotting the residual stress distribution of a single heating line. However, when 
parallel heating lines are applied closely to each other, the existing residual stress is 
influenced by the thermal cycle of the new heating line and therefore a new pattern of 
residual stress, different to the one produced by single heating is produced. Similar 
behavior is observed by application of additional parallel heating lines. Figure 4 shows 
the distribution of residual stress in x and y direction obtained after applying the last 
heating line. It may be noted that at the position of the last heating line, the tensile 
residual stress is higher (similar to the one obtained from a single heating), while at 
earlier heating lines, it is smaller. It may also be observed that outside of the heated areas, 
compressive residual stress in x direction and tensile residual stress in y direction are 
larger than in the case of single heating line (See part one of the paper). The variation of 
residual stress changes with the separation between parallel heating lines as shown in 
Figure 5 where the case of parallel heating lines spaced 200 mm from each other, applied 
over the same plate, is shown. Here it can be seen that for smaller separation between 
parallel heating lines, the larger amount of residual stresses accumulates far from the 
heated area, while at the heated area residual stresses are smaller. In both cases, 400 and 
200 mm of separation between parallel heating lines, the pattern of residual stresses is 
different so it is expected that the cross effect is also different. In the following section, 
the cross effect produced by multiples heating line is studied in detail.  

Figure 4 Distribution of residual stresses produced by parallel heating lines spaced 400 
mm
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Figure 5 Distribution of residual stress due parallel heating lines spaced 200 mm 

5. C	rossing effect due to multiple crossing heating lines
As explained in previous section, when multiple heating lines are applied, the residual 
stress pattern vary depeding on the separation between heating lines. In analyzing the 
cross effect produced by multiple heating lines it may be necessary to take into account 
two important aspects as follows: 1) The residual stress at the crossing area will be 
smaller while that outside of the heating are is larger than that produced by a single 
heating. 2) The fact that the residual stress outside of the heated area increases with 
multiples heating lines, means that the inherent deformation produced not only at the 
heated areas but also far from that, is influenced by residual stresses. In order to introduce 
these two points in the analysis of inherent deformation we need to separate the crossing 
effect into two components: that caused by the residual stress in the crossing area (heated 
area), and that caused by the residual stress existing outside of the heated area, otherwise 
it will be confused and difficult to estimate. 

Figure 6 shows the crossing effect on inherent deformation in case of parallel heating 
lines spaced 400 mm from each other. The heating condition are the same as previous. 
Note that the cross effect on each component oh inherent deformation follows similar 
trend that the pattern of residual stresses showed in Figure 4, been the one produced at 
the last crossing area the larges. In addition, the four components of the cross effect, at 
the crossed area, are smaller compared with the cross effect produced by single heating
(Figure XXX in part one of the paper), while outside of the crossed area are larger. 
Similar trend was also noted when performed the same study but changing the separation 
between heating lines. It is important to remark that in each case of this study, we keep 
both the separation and the heating condition constants. If any of these vary, the cross 
effect vary. Considering all possible combinations of heating condition and separation 
between heating line would require additional extra work that is out of the scope of this 
paper. 
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Figure 6 Distribution of crossing effect on inherent deformation for heating lines spaced 
400 mm (a) Longitudinal shrinkage, (b) Transverse shrinkage, (c) Longitudinal bending 

and (d) Transverse bending  

In case of multiple heating lines the cross effect shows a complex distribution as seen in 
Figure 6. In addition, it become difficult to estimate the cross effect for each crossing 
area separately. To overcome this, we introduce the concept of total inherent deformation 
which is given by the integration of the plastic strain over the whole plate as is given by 
Equation 1 to 4.  

���� hdxdydzx
t
x /*�� (mm2)  (1) 

hzdxdydy
t
y /*���� ��     (mm2) (2) 

��� �� dxdydzhzx
t
x )12/h/()2/( 3*�(    (radians . mm) (3) 

��� �� dxdydzhhzy
t
y )12//()2/( 3*�( (radians . mm) (4) 

By using these equations, the total cross effect for multiples heating lines can be 
determined assuming that it distribute uniform along each heating line, as follows: 

&t
x =

tn
x

t
x

t
x

t
x ���� .....21 ���          (mm2) (5) 
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Once we know the total cross effect, it will be necessary to separate it into the tow 
components mentioned before. The resulting cross effect is an approximation of the real 
one, however if all the parameter are considered, accurately values are obtained by this 
way.

�. Relationship between the cross effect and the separation of parallel
heating lines 
The same heating pattern used during experiments of line heating (Figure 1) was 
later used to simulate the variation of cross effect with separation between parallel 
heating lines. The heating and cooling conditions are the same for all the cases thus, 
the cross effect is mainly dependent on the pattern of residual stresses of each 
particular case. Figure 7 shows the results. Herein, we named the separation between 
parallel heating lines with the letter c. Note that in these figures, the two components of 
crosse effect (that produced at the crossing area (solid lines) and that produced outside 
the crossing area (in dashed lines) are presented. Values on the figures correspond to 
the total cross effect, thus may not be compared with previous figures.  

7 	onclusions
The primary objective of this paper was to develop a new method that can improve the 
precision in predicting plate deformation during the plate forming by line heating. In 
order to accomplish that objective, a FEA has been performed to study the influence of
multiple crossed heating lines on inherent deformation during the plate forming by line 
heating. From the results of this study the following conclusions are drawn: 

1. Experiments of multiple heating lines were performed using the induction heating
system IHI-α. The comparison between simulation and experiments shows good
agreement. In addition, the cross effect as well as the influence of separation
between crossed areas on cross effect are well captured in the experiments. Thus,
demonstrate our suggestion, that it is necessary to consider the cross and parallel
effect in the analysis of multiple heating lines is correct.

2. The inherent deformation produced by multiple crossed heating lines applied
close to each other is influenced by residual stresses produced by previous
heating lines.

3. The concept of crossing effect proves to be useful when considering the effect of
multiple crossed heating lines on inherent deformation. An inherent deformation
database of crossing effect is proposed as an alternative for prediction plate
deformation.
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(a)  (b) 

(c)          (d) 

Figure 7 Relation between crossing effect on inherent deformation and separation 
between parallel heating lines for both, at the cross area (solid lines) and at outside of the 
cross area (dashed lines) (a) Longitudinal shrinkage, (b) Transverse shrinkage, (c) 
Longitudinal bending and (d) Transverse bending 
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Abstract

Based on the works [1] and [2], we focus here on the problem of parallel computing
the component topological tree ([3]) of a binary digital image I of dimension nxm.
We use 4-adjacency for black pixels and 8-adjacency for white pixels. Using as many
elementary unit processing as pixels the digital image has and taking as mathematical
model of I the graph-based structures of [1, 2] called homological spanning forest (HSF,
for short), we design and implement an almost fully parallel algorithm for computing
the topological (component) rooted tree of I.

Key words: 2D digital image, component tree, parallelism

1 Introduction

A parallel computational framework for topological computation within 2D digital image
context is developed in [1, 2]. The two main steps of any topological processing in such
framework are in order:

• Input data and extraction of the ROI. In order to avoid segmentation and noise
issues which are ubiquitous mathematically ill-posed problems in the area of Digital
Imagery, the input data are 2-dimensional integer-valued matrices associated to a
binary or gray-level presegmented 2D digital image I. In a binary digital image, the
ROI is specified by the set of black pixels.
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An almost full parallel algorithm

Figure 1: Example of topological connected tree of a digital image

• Elementary sequential or parallel step; generation of homological spanning
forests (HSFs, for short) of the ambiance discrete space. After embedding
the pixel-based digital image within a much more bigger regular ambiance sub-pixel
scenario, the computational strategy is to generate in a parallel way a kind of dense
graph skeleton of I, called HSF. More precisely, we are interested in a HSF of the
digital image, such that its restriction to the ROI D has a minimal number of 4-
connected components. For achieving this, we use techniques of parallel ”transport”
of interactions between pixels through the graph-based scaffolding of the HSFs.

Our interest here is to design and to implement a parallel algorithm based on the
previous approach for computing the topological component tree of binary digital image. If
we determine that the set of black pixels is the ROI D of I, we employ 4-adjacency between
pixels of D and 8-adjacency for pixels of I \D.

2 Component tree of a 2D binary image

The component tree of a 2D binary digital image I (being D the set of black pixels) is the
rooted tree having as alternate level nodes the 4-connected component of black pixels and
the 8-connected component of white pixels, and as edges the relationships between them of
the kind ”to be sourrounded by”. An example of component tree of a binary image is shown
in Figure 1. The root of the component tree is always represented by the dummy white
region in which it is embedded the whole binary image. In Figure 2, the corresponding black
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4-connected components (green squares, sinks) and 8-connected components (red squares,
sources) of a face-like binary image are identified. This topological recognition is based
on the parallel optimization of HSF structures given in [2], in which resulting HSFs have
always the minimal number of black 4-connected components (see Figure 3).

Finally, the component tree of the image is deduced from this final HSF, in such a way
that the critical sinks are connected through the HSF to the resulting sources, Due to the
fact that the numbers of these sinks and sources are very small with regards to the total size
mn of the image, this process can be efficiently and fastly done. Finally, the results given
by the algorithm for generating the component tree in this concrete case are the following:

Number of sinks= 6; number of sources= 4.

Table of sinks:
92 61
165 33
194 163
200 33
226 33
258 17

Table of sources:
33 258
61 226
163 226

Determination of the Component Tree:

33 61 163
92 0 −1 0
165 −1 0 0
194 0 0 −1
200 −1 0 0
226 −1 1 1
258 1 0 0

3 Implementation.

In order to check the speed and scalability of the algorithm, a non-fully functional but
complete implementation has been done in C++ using OpenMP directives.

The fundamental topological tools have been transformed so as to promote an effi-
cient parallel implementation in any parallel-oriented architecture (GPUs, multithreaded
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Figure 2: Left: Original face-like image.Only 4-adjacency is valid for Foreground (black)
pixels See that the nose is not connected with the glasses. Right: Sinks (red squares) and
sources (red squares) of the face. An additional source in the most left-bottom corner has
been added to represent a virtual foreground source for the whole image.

Figure 3: Left:Initial HSF of the binary image; Right: Final HSF having the minimal num-
ber of black 4-connected components. The component tree can be automatically extracted
from this structure.
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computers, SIMD kernels and so on), by taking advantage of the inherent massive data
parallelism that any image processing has.

The time complexity of this algorithm is of the order of the logarithm of the sum of the
width and the height of the image. Only a linear term appears on the last sequential steps
(including the determination of the edges of the rooted component tree). Moreover, the
algorithm is almost fully parallel, so it is expected to scale well for any parallel architecture
(GPUs, SIMD kernels, multithreaded, etc.).
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