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Abstract

A method of calculating analytical energy gradient of high-spin multiplet state by the SAC-CI (symmetry-adapted-

cluster configuration-interaction) method is developed and implemented. This method is expected to be a powerful tool

in studying the dynamics and properties of molecules having high spin-multiplicities. Good performance of this method

is shown for the quartet states of BHþ and Cþ
2 and for the quintet states of C2. The SAC-CI general-R method is also

extended to the high-spin states, and proved to be useful especially for calculating accurate adiabatic excitation energies

of the systems having quasi-degenerate orbital structure. � 2001 Published by Elsevier Science B.V.

1. Introduction

High-spin multiplet states sometimes appear for
molecules having degenerate or quasi-degenerate
orbital structure. Transition metal complexes and
clusters often have high-spin multiplet states in
their ground and lower excited states. High-spin
multiplet states are also important in the reaction
dynamics and energy relaxation processes like
predissociation and recombination processes. For
investigating molecular geometries, vibrations,
chemical reactions, energy relaxation processes,
and dynamics in high-spin multiplet states, the
information on the derivatives of the adiabatic

potential energy surfaces of molecules in these
states are very important. Furthermore, the de-
rivatives of the energy of these states with respect
to the external electric and magnetic fields provide
electric and magnetic properties of molecules in
these electronic states [1]. A purpose of this Letter
is to present a reliable method of calculating such
energy derivatives by the SAC (symmetry adapted
cluster)-CI (configuration-interaction) method for
the high-spin multiplet state.
The SAC/SAC-CI method [2–4] was originally

published in 1978 for studying ground, excited,
ionized and electron-attached (anion) states of
molecules and has been successfully applied to
various chemistries and physics involving many
different kinds of electronic states [5,6]. It has also
been applied to multi-electron processes by intro-
ducing SAC-CI general-R method [7–10] and to
high-spin states from quartet to septet spin mul-
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tiplicities [11,12]. The analytical gradient of the
SAC/SAC-CI energy was formulated and imple-
mented in this laboratory at the SD (single dou-
ble)-R level [13,14], and recently, it has further
been extended and implemented by the present
authors to include the SAC-CI general-R method
[15].
In this study, we develop further the analytical

energy gradient of the SAC-CI method to include
high-spin multiplet states. As shown in the expo-
nentially generated CI (EGCI) study [12] of the
high-spin states, quasi-degenerate orbital structure
often appears in the high-spin states of molecules.
It is therefore important to extend the SAC-CI
general-R method to the high-spin states, even
though an ultimate solution would be due to the
multi-reference theory [8–10]. The performance of
the developed method including the general-R case
was examined for the quartet states of BHþ and
Cþ
2 and the quintet states of C2. The details will be
given in a forthcoming paper [16].

2. Theory

The SAC-CI wavefunction is generated from
the correlated SAC ground state as [3,4,6]

Wp
SAC-CI ¼

X
N

dp
NR

y
NWSAC; ð1Þ

where fRy
Ng represents a set of excitation operators

and fdp
Ng their coefficients for the pth excited state.

In the present SAC-CI for high-spin multiplicity,
the operator fRy

Ng generates high-spin multiplet
state from the closed-shell SAC state. Since this
process is described by multi-electron processes
[11], the symmetry-adapted linked operators for
the quartet to septet spin states are written by the

multiple excitation operators summarized in Table
1, which gives only lower operators. Using these
operators, the SAC-CI wavefunctions for high-
spin multiplicities are expressed as

Quartet :

4WSAC-CI ¼
X
ijað Þ

da
ij
4Ra

ij

 
þ
X
ijkabð Þ

dab
ijk
4Rab

ijk

!
WSAC;

ð2Þ

Quintet :

5WSAC-CI ¼
X
ðijabÞ

dab
ij
5Rab

ij

 
þ
X

ðijkabcÞ
dabc
ijk
5Rabc

ijk

!
WSAC;

ð3Þ

Sextet :

6WSAC-CI ¼
X
ijkabð Þ

dab
ijk
6Rab

ijk

 
þ
X
ijklabcð Þ

dabc
ijkl
6Rabc

ijkl

!
WSAC;

ð4Þ
and

Septet :

7WSAC-CI¼
X
ijkabcð Þ

dabc
ijk

7Rabc
ijk

 
þ

X
ijklabcdð Þ

dabcd
ijkl

7Rabcd
ijkl

!
WSAC;

ð5Þ

where the parentheses mean that the summation is
limited to the non-redundant linked excitation
operators.
The SAC-CI equation is obtained by projecting

the Schr€oodinger equation for the SAC-CI wave-
function onto the space of the linked excited con-
figurations as

0 RK H
���� � Ep

SAC-CI

���Wp
SAC-CI

�
¼ 0; ð6Þ

Table 1

Lower R-operators for the SAC-CI calculation [11]

Spin multiplicity Linked operatorsa

Quartet 4Ra
ij ¼ ayaaaibajb

4Rab
ijk ¼ Sa

i
4Rb

jk

Quintet 5Rab
ij ¼ ayaaa

y
baajbaib

5Rabc
ijk ¼ Sa

i
5Rbc

jk

Sextet 6Rab
ijk ¼ ayaaa

y
baajbaibakb

6Rabc
ijkl ¼ Sa

i
6Rbc

jkl

Septet 7Rabc
ijk ¼ ayaaa

y
baa

y
caakbajbaib

7Rabcd
ijkl ¼ Sa

i
7Rbcd

jkl

a The operator Sa
i denotes singlet-type single excitation operator; S

a
i ¼ ðayaaaia þ ayabaibÞ=

ffiffiffi
2

p
.
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where Ep
SAC-CI is the SAC-CI energy of pth excited

state. Neglecting some less important unlinked
integrals [14], the SAC-CI energy measured from
the Hartree–Fock energy of the SAC state,
DEp

SAC-CI is derived from Eq. (1) as

DEp
SAC-CI ¼

X
M

X
N

dLðpÞ
M dRðpÞ

N HMN

 
þ
X
I

CIHM ;NI

!
;

ð7Þ

where DEp
SAC-CI ¼ Ep

SAC-CI � EHF, HMN and HM ;NI

are the Hamiltonian matrices defined by
h0jRMHR

y
N j0i and h0jRMHR

y
NS

y
I j0i, respectively, dLM

and dRN are the SAC-CI left- and right-vectors, and
CI is the SAC coefficient. In this Letter, we adopt
the convention that the subscripts I ; J ;K; L refer to
the SAC excitation operators Sy, while M ;N the
SAC-CI excitation operators Ry summarized in
Table 1.
The first derivative of the SAC-CI correlation

energy with respect to the external parameter a is
given in the Hamiltonian matrix form as [14]:

DESAC-CI
oa

¼
X
I

X
K

ZSAC-CIK

X
J

CJSKJ

 !
CI

(

� ZSAC-CII

)
oH0I
oa

þ
X
M

X
N

dLMd
R
N


 oHMN

oa
�
X
K

X
I

ZSAC-CIK CI
oHKI

oa

þ
X
M

X
N

X
I

dLMd
R
N CI

oHM ;NI

oa

� 1
2

X
K

X
I

X
J

ZSAC-CIK CICJ
oHK;IJ

oa
;

ð8Þ

where SIJ represents the overlap matrix that is
independent of the external parameters, and
H0I , HIJ and HI ;JK are the Hamiltonian matrices
defined by h0jHSy

I j0i, h0jSIHSy
J j0i and

h0jSIHSy
JS

y
K j0i, respectively. ZSAC-CIK is a compo-

nent of the SAC-CI Z-vector and is calculated
from the following simultaneous linear equation
[14]:

X
K

HKI

(
�

X
J

CJSKJ

 !
H0I � DESACSKI

þ
X
J

CJHK;IJ

)
ZSAC-CIK

¼
X
M

X
N

dLMd
R
N HM ;NI : ð9Þ

In the SAC-CI analytical energy gradient meth-
od, explicit calculation of the first derivative of
the SAC coefficient oCI=oa is circumvented by
using the interchange technique [17] or the so-
called Z-vector method [18]. The energy gradient
for the high-spin state is evaluated from Eqs. (8)
and (9).
The first derivative of the Hamiltonian matrix

element is expressed simply in terms of one- and
two-electron coupling constants as

oHXY

oa
¼
XMO

ij

cXYij
ofij
oa

þ
XMO

ijkl

CXY
ijkl

oðij jklÞ
oa

; ð10Þ

where the subscripts i, j, k, l refer to the spatial
orbitals, and fij and ðij jklÞ denote fock matrix
element and two-electron MO integral, respec-
tively. The matrix elements cXYij and CXY

ijkl are the
one- and two-electron coupling constants be-
tween configuration functions UX and UY and
are independent of the parameter a. cXYij and CXY

ijkl
for high-spin multiplicities are evaluated using
the combined algorithm of the projective reduc-
tion formalism for bonded functions developed
by Reeves and others [19–21], and our own
formalism [22] based on the table-CI type idea
[23].
Using Eq. (10), we can now rewrite Eq. (8) in an

MO representation in terms of the effective density
matrices (EDMs):

oDESAC-CI
oa

¼
XMO

ij

cSAC-CIij

ofij
oa

þ
XMO

ijkl

CSAC-CIijkl

oðij jklÞ
oa

: ð11Þ

The matrix elements of the EDMs cSAC-CIij and
CSAC-CIijkl are represented as
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cSAC-CIij �
X
I

X
K
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 !
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X
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X
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and

CSAC-CIijkl �
X
I

X
K
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X
J
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 !
CI

(

� ZSAC-CII

)
C0Iijkl

þ
X
M

X
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N CMN
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�
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X
M

X
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X
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R
N CIC

M ;NI
ijkl

� 1
2

X
K

X
I

X
J

ZSAC-CIK CICJC
K;IJ
ijkl ; ð13Þ

respectively [13,14], where M, N run over the
excitation operators of the SAC-CI high-spin ex-
pansions (Eqs. (2)–(5)), and I, J, K over those of
the SAC expansion.
The SAC-CI general-R method has also been

extended to the present SAC-CI gradient code for
high-spin states. For example, Ry

N operators of
quartet and quintet spin states include not only
double (4Ra

ij and
5Rab

ij ) and triples (
4Rab

ijk and
5Rabc

ijk )
but also quadruple (4Rabc

ijkl and
5Rabcd

ijkl ) and higher-
order excitation operators. In the general-R cal-
culations, the unlinked terms that are redundant
with the linked terms are dropped out.
The high-spin SAC-CI analytical energy gradi-

ent code has been implemented in the SAC-CI96
program system [24], which has further been in-
corporated into the development version of the
GAUSSIAN suite of programs [25]. The numerical

check was done by confirming that the calculated
analytical energy gradient is equal to the numerical
differentiation of the energy within computational
accuracy.

3. Applications

3.1. Quartet states of BHþ

First, we apply the SAC-CI high-spin analytical
energy gradient method to the calculation of the
spectroscopic constants of the quartet states of
BHþ. Though there are no experimental data for
these quartet states, they were theoretically studied
by the multi-configurational self-consistent field
ðMCSCFÞ þ CI method [26] and two of them, a4P
and b4R� states, were found to be bound states.
The basis set is the double-zeta plus polarization
(DZP) basis of Huzinaga–Dunning [27,28],
(9s5p1d/4s1p)/[4s2p1d/2s1p]. All the MOs were in-
cluded in the active space and no configuration
selection was performed. The quartet states of
BHþ were obtained by the ionizations of the
neutral closed-shell state. We used the approxi-
mately variational SAC-CI (SAC-CI-V) method.
Table 2 shows the results of the equilibrium

internuclear distance re, the harmonic vibrational
frequency xe, and the adiabatic excitation energy
Teðb4R�–a4PÞ, compared with those by the
MCSCF-CI method [26]. The values of xe were
numerically calculated using the analytical first
derivatives. The excitation level denotes the num-
ber of electrons involved in the excitation process
from the closed-shell ground state and the excita-
tion character is shown by the SAC-CI coefficients
of the main configurations. The low-lying a4P
state is described by the two-electron process,
while the b4R� state is represented by the three-
electron process. Therefore, two types of calcula-
tions were performed: DT-R included Rð2Þ and
Rð3Þ operators and DTQ-R further included Rð4Þ
operators, where the number in the parentheses
show the number of excitations in the excitation
operator. For the a4P state, both SAC-CI DT-R
and DTQ-R methods gave similar results, which
were also the case in the previous application to
the low-spin states of one-electron process [15]. On
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the other hand, for the b4R� state, the results of
the DT-R method were improved by the DTQ-R
method: the effect of including the Rð4Þ operators
was 0.03 �AA, 110 cm�1 and 0.3 eV for re;xe and Te,
respectively. This improvement was not so re-
markable in comparison with the low-spin states
of multi-electron process [15], since the system is
small and the variational space of the DT-R cal-
culation is relatively large. The present results for
these two states agree reasonably well with those
of the MCSCF-CI method [26].

3.2. Quartet states of Cþ
2 and quintet states of C2

Next, we examine the performance of the
present method for the quartet states of Cþ

2 and
the quintet states of C2 using, in this case, the
perturbation selection technique. The basis set is
the correlation-consistent polarized valence triple-
zeta set (cc-pVTZ) without f polarization function
[29,30], (10s5p2d)/[4s3p2d]. The SAC-CI-V high-
spin calculations were performed, including all
the MOs in the active space. The perturbation
selection was due to the state-selection scheme
[31]. For the ground state of C2, the energy
threshold for the linked operator was 1
 10�7
a.u. and the unlinked terms were written as the
products of the important linked terms whose
DTCI coefficients are larger than 0.005. For the
quartet and quintet states, the thresholds for
R(2), R(3) and Rð4Þ operators were 1
 10�7 a.u.
and the thresholds of the CI coefficients for

calculating the unlinked operators in the SAC-CI
method were 0.005 and 0.0 for R and S opera-
tors, respectively. When the perturbation selec-
tion is performed at every geometry, the potential
energy surface may become discontinuous.
Therefore, during the geometry optimization, we
used the common set of R and S excitation op-
erators, which were determined by the perturba-
tion selection for the initial geometry. We used
the experimental geometry as the initial one.
When experimental geometry is not available, the
optimized geometry at the DT-CI/DTQ-CI level
is used as the initial one. We have found that the
dependence of the results on the initial geometry
was negligibly small as far as proper geometries
were used. In this calculation, we confirmed the
convergence of the optimized geometry: geometry
optimization was again performed using the ex-
citation operators determined by the perturbation
selection at the optimized geometry.
First, we discuss the quartet states of Cþ

2 ,
whose ground is X4Rþ

g [32]. The X4Rþ
g –B

4R�
u

electronic transition was studied by laser excita-
tion spectroscopy and the spectroscopic constants
of these states were determined [32]. Theoreti-
cally, some of the quartet states of Cþ

2 have also
been studied by the multi-reference (MR)-CI
[33,34] and CCSD(T) methods [35]. Table 3
summarizes re;xe and Te for the X

4Rþ
g ; A

4Pg and
B4R�

u states of Cþ
2 calculated by the SAC-CI

method in comparison with the experimental and
other theoretical values.

Table 2

Excitation levels, equilibrium internuclear distances ðreÞ, adiabatic excitation energies ðTeÞ, and harmonic vibrational frequencies ðxeÞ
for the quartet states of BHþ

State Method Excitation re xe Te Main configurationa ðjCj > 0:3Þ
level (�AA) ðcm�1Þ (eV)

a4P SAC-CI DT-R 2 1.735 829 0.000 0:87ð2r�13r�11pÞ þ 0:45ð2r�13r�11pÞ
SAC-CI DTQ-R 2 1.743 803 0.000 0:86ð2r�13r�11pÞ þ 0:44ð2r�13r�11pÞ
MCSCF-CIb 1.741 765 0.000

b4R� SAC-CI DT-R 3 1.476 1466 4.429 0:79ð3r�21p2r�1Þ þ 0:41ð3r�22r�11p2pÞ
�0:41ð3r�22r�11p2pÞ

SAC-CI DTQ-R 3 1.449 1575 4.132 0:78ð3r�21p22r�1Þ þ 0:41ð3r�22r�11p2pÞ
�0:41ð3r�22r�11p2pÞ

MCSCF-CIb 1.451 1595 4.170

aThe electronic configuration and excitation level are given relative to the closed-shell BH, namely, ðcoreÞ2ð2rÞ2ð3rÞ2.
bRef. [26].
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The excitation level means that the SAC-CI
main configurations of X4Rþ

g and A
4Pg are pro-

duced by the two-electron processes from the
closed-shell state, while that of B4R�

u by the three-
electron process. For the ground state X4Rþ

g , both

SAC-CI DT-R and DTQ-R methods gave excel-
lent results in comparison with the experiment: the
effect of the quadruples was negligible and the
deviations from the experiment were 0.004 �AA and
32 cm�1 for re and xe, respectively. For A

4Pg

Table 4

Excitation levels, equilibrium internuclear distances ðreÞ, adiabatic excitation energies ðTeÞ, and harmonic vibrational frequencies ðxeÞ
for the quintet states of C2

State Method Excitation level re xe Te Main configuration a ðjCj > 0:3Þ
(�AA) ðcm�1Þ (eV)

X1Rþ
g SAC 0 1.245 1875 0.000

Exptl. 0 1.243 1855 0.000

15Pþ
g SAC-CI DT-R 2 1.580 936 3.235 0:94ð1p�2

u 3rg1pgÞ
SAC-CI DTQ-R 2 1.572 983 3.082 0:91ð1p�2

u 3rg1pgÞ

15Rþ
g SAC-CI DT-R 2 1.364 1472 4.233 0:64ð2r�1

u 1p
�1
u 3rg1pgÞ þ 0:64ð2r�1

u 1p
�1
u 3rg1pgÞ

SAC-CI DTQ-R 2 1.365 1473 4.526 0:64ð2r�1
u 1p

�1
u 3rg1pgÞ þ 0:61ð2r�1

u 1p
�1
u 3rg1pgÞ

15Dg SAC-CI DT-R 2 1.347 1595 5.750 0:66ð2r�1
u 1p

�1
u 3rg1pgÞ � 0:66ð2r�1

u 1p
�1
u 3rg1pgÞ

SAC-CI DTQ-R 2 1.347 1564 5.752 0:65ð2r�1
u 1p

�1
u 3rg1pgÞ � 0:65ð2r�1

u 1p
�1
u 3rg1pgÞ

a The electronic configuration is given relative to ðcoreÞ4ð2rgÞ2ð2ruÞ2ð1puÞ4.

Table 3

Excitation levels, equilibrium internuclear distances ðreÞ, adiabatic excitation energies ðTeÞ, and harmonic vibrational frequencies ðxeÞ
for the quartet ground and excited states of Cþ

2

State Method Excitation level re xe Te Main configurationa ðjCj > 0:3Þ
(�AA) ðcm�1Þ (eV)

X4R�
g SAC-CI DT-R 2 1.406 1344 0.000 0:93ð1p�2

u 3rgÞ
SAC-CI DTQ-R 2 1.407 1383 0.000 0:89ð1p�2

u 3rgÞ
MRCIb 1.413 1360 0.000

MRCIc 1.411 1335 0.000

CCSD(T)d 1.402 1369 0.000

Exptl. e 1.403 1351 0.000

A4Pg SAC-CI DT-R 2 1.246 2038 0.915 0:93ð2r�1
u 1p

�1
u 3rgÞ

SAC-CI DTQ-R 2 1.250 1939 1.243 0:90ð2r�1
u 1p

�1
u 3rgÞ

MRCI b 1.270 1840 1.370

MRCIc 1.259 1874 1.200

CCSD(T)d 1.254 1924 1.164

B4R�
u SAC-CI DT-R 3 1.323 1659 5.125 0:88ð2r�1

u 1p
�2
u 3r

2
gÞ

SAC-CI DTQ-R 3 1.349 1539 2.617 0:85ð2r�1
u 1p

�2
u 3r

2
gÞ

MRCIb 1.355 1470 2.500

MRCI c 1.352 1507 2.470

CCSD(T)d 1.343 1553 2.488

Exptl. e 1.347 1508 2.436

a The electronic configuration and excitation level are given relative to the closed-shell C2, namely, ðcoreÞ4ð2rgÞ2ð2ruÞ2ð1puÞ4.
b Ref. [33].
c Ref. [34].
dRef. [35].
e Ref. [32].
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state, no experimental value was found, but the
SAC-CI results were close to those of the MRCI
and CCSD(T) methods. For B4R�

u state, the DTQ-
R method drastically improved the results by
including R(4) operators, especially for Te. The
differences between the DTQ-R and experimental
results were 0.002 �AA, 0.18 eV and 31 cm�1 for re; Te
and xe, respectively. The SAC-CI analytical en-
ergy gradient method has well reproduced the ex-
perimental and other theoretical results, regardless
of the excitation level, when the general-R calcu-
lation is performed.
Finally, we calculated the spectroscopic con-

stants of the quintet states of C2 by the present
method. For the quintet states of C2, three
states, 15Pg; 1

5Rþ
g and 1

5Dg states, were found
to be bound states by the previous EGCI and
CAS-CI studies on the high-spin states [12].
Unfortunately, these states have not yet been
observed spectroscopically. The SAC-CI results
were given in Table 4 with the ground state
calculated by the SAC method. Though the
ground state of C2 has quasi-degenerate charac-
ter, the SAC method well reproduced the ex-
perimental values of re and xe. Note that the
various electronic states of C2 were studied by
the general-R method in [7]. Three quintet states
were described by two-electron process, and
therefore both SAC-CI DT-R and DTQ-R
methods gave similar results.

4. Summary

In this Letter, we have developed and imple-
mented the SAC-CI analytical energy gradient
method for the high-spin multiplet states from
quartet to septet spin states. The reliability and
usefulness of the present method have been con-
firmed from the applications to the quartet states
of BHþ and Cþ

2 , and the quintet states of C2
molecules. The general-R method has also been
extended to the high-spin states, which is useful
for the system having quasi-degenerate orbital
structure. We expect that the present method
should be a powerful tool for investigating the
dynamics and the properties of molecules in the
high-spin multiplet states.
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